SPHERICAL CODES WITH GOOD SEPARATION,
DISCREPANCY AND ENERGY

PAUL LEOPARDI

Equal-area partitions of S¢.
An equal area partition of S? is a nonempty finite set P of Lebesgue measurable
subsets of S ¢ R?, such that
U r=s5%

ReP
and for each Re P,
o (S%)
Pl
where o is the Lebesgue area measure on S¢.

Diameter bounded sets of partitions.
The diameter of a region R C R?*! is defined by

o(R) =

diam R :=sup{||x — y|| | x,y € R}.
A set Z of partitions of S% ¢ R is diameter-bounded with diameter bound
K eR, ifforall Pe=, foreach Re P,

diam R < K |P|~Y¢.

Spherical polar coordinates on ST C R4+,

Spherical polar coordinates describe x € ST C R4*! by one longitude, & € R
(modulo 27), and d — 1 colatitudes, &; € [0, 7], for j € {2,...,d}.

The spherical polar to Cartesian coordinate map ® : R x [0,7]97 — S ¢ Ré+!
is

@(51,52,...,§d) = ($1,$2,...,xd+1),

d d
where 1 :=cos&; H siné;, wx2:= Hsinfj,
Jj=2 Jj=1

d
x) = cos {1 Hsinfj, ke{s,...,d+1}
=k

Spherical caps, zones, and collars.
The spherical cap S(p,0) C S? is

S(p,0) :={q¢€ St | p-q> cos(6)} .
For d > 1, a zone can be described by
Z(1,B8) == {0, ...,&a) €S | &a € [1, 81},

where 0 <7< <.
Z(0, ) is a North polar cap and Z(7,7) is a South polar cap.
fo<r<p<m, Z(r,03) is a collar.
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Mesh norm (covering radius).
The mesh norm of X := {xy,...,xy} CS? is

mesh norm X := sup mincos™'(x - y).
yeSd xeX
Minimum distance and packing radius.
The minimum distance of X := {xy,...,xx} C S? is

min dist X := min_|x—y],
x#£yeX

and the packing radius of X is

dX:= mi x-y)/2.
pra Jhin_cos (x-y)/

Mesh ratio and packing density.

The mesh ratio of X := {xy,...,xx} C S? is

mesh ratio X := mesh norm X / prad X.
The packing density of X is
pdens X := No(S(x,prad X))/ o(S%).

Normalized spherical cap discrepancy.

We use the probability measure & := o /o (S9).

For X := {x1,...,xx} CS?% the normalized spherical cap discrepancy is

disc X := sup sup mi/ﬂ —5(S(y.0)|-

yeS? 9€0,7]

Normalized s -energy.
For X := {x1,...,xx} CS? the normalized s-energy is

N
B0 =N Y xxl

i=1 x;#x;€X

and the normalized energy double integral is

L= / d / eyl do(ds(y).

Separation and discrepancy imply energy.

Theorem.
Let (X1,Xa,... €N) be a sequence of S¢ codes for which there exist c¢1,co > 0
such that each Xy = {Xn1,..., XN N} Satisfies
xari = xn gl >0 NTHYE (i # )
disc X <o N4
Then for the normalized s energy for 0 < s < d, we have for some c3 >0,
Eo(Xn) < Iy + 3 N&/d=Da,

For EQSP Matlab code.
See SourceForge web page for EQSP:
Recursive Zonal Equal Area Sphere Partitioning Toolbox:

http://eqsp.sourceforge.net
E-mail address: paul.leopardi@usyd.edu.au



