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The players: the sphere, point sets, potentials

The unit sphere is S
d :=

{

x ∈ R
d+1 | ‖x‖ = 1

}

.

We treat sequences of point sets of the form (X1, X2, . . .) , with

Xn := {xn,1, . . . , xn,n} ⊂ S
d, so that |Xn| = n,

the Riesz potential

Us(r) := r−s, 0 < s < d,

and Riesz kernel

Φs(x, y) := Us(‖x − y‖) = ‖x − y‖−s.
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The story: separation, convergence, energy

For a sequence of point sets X on S
d , define

En(X)Φs :=
1

n2

n
∑

k=1

n
∑

j=1

j 6=k

Φs(xn,k, xn,j).

Let µ be the normalized Lebesgue area measure on S
d . Define

I Φs :=

∫ ∫

Φs(x, y) dµ(x) dµ(y).

Theorem 1. For a well-separated and weak-star convergent
sequence of point sets X on S

d , for 0 < s < d ,

En(X)Φs → I Φs as n → ∞.
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Separation

We say our sequence X is well separated

if there is a constant γ such that

‖x − y‖ > γn−1/d

for all x, y ∈ Xn .
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Weak convergence

A sequence of measures (ν1, ν2, . . .)

on a compact metric space S

converges weakly to the measure ν if and only if
∫

S

f(x) dνn(x) →

∫

S

f(x) dν(x)

for all continuous f .

(Billingsley 1968, 1999)
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Weak-star convergence

Our point set Xn ⊂ S
d defines a normalized counting measure via

equal weight quadrature,

µn(A) :=
|Xn ∩ A|

|Xn|
=

|Xn ∩ A|

|n|
,

∫

Sd

f(x) dµn(x) =
1

n

n
∑

k=1

f(xn,k).

We say that X is weak-star convergent if µn converges weakly to
µ , the normalized Lebesgue area measure on S

d .
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Precedents: minimum energy points

Let Ωs be a sequence of minimum En(.)Φs energy point sets on
S

d , for 0 < s < d . Then

En(Ωs)Φs = I Φs + O(ns/d−1) and
En(Ωs)Φs 6 I Φs − Cns/d−1 .

(Wagner 1990, 1992, Rakhmanov, Saff and Zhou 1994, Brauchart
2004)

For d − 1 6 s < d , Ωs is well separated.
(Dahlberg 1978, Kuijlaars, Saff and Sun 2004)

It is well known that for 0 < s < d , Ωs is weak-star convergent.
(Götz 2000, 2003, Götz and Saff 2000, Damelin and Grabner 2003)
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Examples

1. Minimum energy sequences.

For d − 1 6 s′ < d and 0 < s < d ,

En(Ωs′)Φs → I Φs.

2. Well-separated, diameter-bounded equal area sequences.
(Alexander 1972, Stolarsky 1973,
Rakhmanov, Saff and Zhou 1994, Zhou 1995,
Kuijlaars and Saff 1998)

3. Well-separated spherical designs.
(Grabner and Tichy 1993, Hesse and Leopardi (submitted))
• For strength t , spherical cap discrepancy is O(t−1) .
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Punctured measures

For a measure ν and a point x ,

define the punctured measure ν[x] by

ν[x](A) := ν (A \ {x}) .

Then, eg.

∫

Sd

f(y) dµn[xn,k](y) =
1

n

n
∑

j=1

j 6=k

f(xn,j).
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Energy functionals

For a measure ν and a kernel φ defined on a space S define

I(ν)φ :=

∫

S

∫

S

φ(x, y) dν(y) dν(x),

E(ν)φ :=

∫

S

∫

S

φ(x, y) dν[x](y) dν(x).

For S
d and the measures µ , and µn for a fixed X , define

In := I(µn), I := I(µ),

En := E(µn), E := E(µ).

These definitions agree with those used in Theorem 1.
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Proof of Theorem 1: Cutoff potential

Fix 0 < s < d .

Fix a weak-star convergent and well-separated sequence X ,

with separation constant γ .

Define ∆m := γm−1/d .

Now define the cutoff potential Um by

Um(r) :=

{

∆−s
m (0 < r 6 ∆m)

U(r) = r−s (r > ∆m).
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Proof of Theorem 1: Split

By the triangle inequality, for any m, n ∈ N ,

|En Φ − I Φ| 6 an + bm,n + cm,n + dm,n + em,

where

an := |En Φ − En Φn|,

bm,n := |En Φn − En Φm|,

cm,n := |En Φm − In Φm|,

dm,n := |In Φm − I Φm|,

em := |I Φm − I Φ|.
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Convergence of an = |En(Φ − Φn)|

Since (U − Un)(r) = 0 for r > ∆n ,

the separation condition guarantees that

an = 0 for any n.
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Convergence of bm,n = |En(Φn − Φm)|

For m > n , bm,n = 0 by the same argument as for an .

Define Θn := 2 sin−1(∆n/2) .

For m < n , for any k , separation gives a bound on

µn

(

S(xn,k, θ) \ S(xn,k, Θn)
)

in terms of the packing of small spherical caps S(y, Θn/2)
within the larger cap S(xn,k, θ + Θn/2) .

We use this bound with a Riemann-Stieltjes integral to show that
bm,n < ε

4
if both m and n > Mb ,

where Mb is defined using ε, d, s and γ .
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Convergence of cm,n = |(En − In)Φm|

cm,n =
1

n2

n
∑

k=1

Φm(xn,k, xn,k)

=
Um(0)

n
=

∆−s
m

n
= γ−sms/dn−1

<
ε

4
if n > Nc(m),

where

Nc(m) := 4γ−sms/dε−1 + 1.

The Riesz energy of point sets on the unit sphere under weak-star convergence – p. 15/18



Convergence of dm,n = |(In − I)Φm|

For any m , the weak-star convergence of X ensures that

dm,n → 0 as n → ∞,

since weak convergence of µn → µ
implies weak convergence of µn × µn → µ × µ .

(Billingsley 1968, 1999)

So we have dm,n < ε
4

if n > Nd(m) ,
where Nd(m) depends on ε, m and X .
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Convergence of em = |I(Φm − Φ)|

We have

em =
ωd

ωd+1

∫ Θm

0

(r−s − ∆−s
m )(sin θ)d−1dθ

where ωd := σ(Sd−1) and r = 2 sin(θ/2) .

It can be shown that em < ε
4

if m > Me ,
where Me is defined using ε, d, s and γ .
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Proof of Theorem 1: Reassembly

So we have |En Φ − I Φ| < ε if

n > max (M, Nc(M), Nd(M)) ,

where

M := max(Mb, Me).

In other words, |En Φ − I Φ| → 0 as n → ∞ .
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