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Theplayers. the sphere, point sets, potentials

The unit sphere is S¢ := {x € R |||z]|| =1}.
We treat sequences of point sets of the form (X, X, ...), with
X, i ={Tni,...,Tpnn} C S% sothat | X,| = n,
the Riesz potential
Us(r) :=r"° 0<s<d,
and Riesz kernel

P (xz,y) :=Us(||lxz —yl|) = ||z —y|| "
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The story: separation, conver gence, energy

For a sequence of point sets X on S<, define

1 n n
E.(X)®, := — Y Y @o(Tnyks Tanyj)-
k=1 3=1
ik

Let 1o be the normalized Lebesgue area measure on S<. Define

I, :://<I>s(w,y) du(z) du(y).

Theorem 1. For a well-separated and weak-star convergent
sequence of point sets X on S9,for 0 < s < d,

E,(X)®, - 1®, as n — oo.
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Separ ation

We say our sequence X Is well separated
If there Is a constant ~ such that
—1/d

|z —y|| > n

forall z,y € X,,.
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Weak convergence

A sequence of measures (vq, va, .. .)
on a compact metric space S

converges weakly to the measure v if and only if

[ 1@ dva(@) = [ 1(@) dv(@
for all continuous f.

(Billingsley 1968, 1999)
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Weak-star conver gence

Our point set X,, C S¢ defines a normalized counting measure via
equal weight quadrature,

X, NA|  |X,N A

pn(A) := X, 7] )
[ £(@) diae) = 3 Flana)

We say that X Is weak-star convergent if p,, converges weakly to
1, the normalized Lebesgue area measure on S<.
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Precedents. minimum energy points

Let 2, be asequence of minimum E,,(.)® energy point sets on
S¢,for 0 < s < d. Then

E,(Q,)®, =1®, + O(n*/91) and
E,(Q,)®, <I®, — Cn/4 1,

(Wagner 1990, 1992, Rakhmanov, Saff and Zhou 1994, Brauchart
2004)

Ford — 1 < s < d, Qg is well separated.
(Dahlberg 1978, Kuijlaars, Saff and Sun 2004)

It is well known that for 0 < s < d, €2, Is weak-star convergent.
(Gotz 2000, 2003, Gotz and Saff 2000, Damelin and Grabner 2003)
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Examples

1. Minimum energy seguences.

Ford—1<s’ <dand 0 < s < d,

E,.(Q)®, — 1&,.

2. Well-separated, diameter-bounded equal area sequences.
(Alexander 1972, Stolarsky 1973,
Rakhmanov, Saff and Zhou 1994, Zhou 1995,
Kuijlaars and Saff 1998)

3. Well-separated spherical designs.
(Grabner and Tichy 1993, Hesse and Leopardi (submitted))

e For strength ¢, spherical cap discrepancy is O(t™1).
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Punctured measures

For a measure v and a point x,

define the punctured measure v[x] by

v[z](A) :=v (A\ {z}).
Then, eg.

F) dunlensl®) = =3 F(@ny)

ik

Sd
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Energy functionals

For a measure v and a kernel ¢ defined on a space S define

T(v)o = / / b(z,y) du(y) dv(z),
E(v)¢ = / / bz, y) dvz)(y) dv(a).

For S¢ and the measures p, and p,, for a fixed X , define

L :=Z(pn), I:=Z(p),
E, = E(pn), E:=&(p).

These definitions agree with those used in Theorem 1.
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Proof of Theorem 1. Cutoff potential

FIX 0 < s < d.

Fix a weak-star convergent and well-separated sequence X,
with separation constant ~.

Define A,,, := ym~1/2,

Now define the cutoff potential U,,, by

Az 0<r<Ay)
Um(r) = {U(r) =7r—° (r>A,,).
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Proof of Theorem 1. Split

By the triangle inequality, forany m,n € N,

|Enq) _ I(I)l < an, _|_ bm,n _|_ Cm,n _l_ dm,n _l_ €ms

where
a, := |E,® — E, ®,,|,
b = |E, ®, — E, ®,,|,
Cmn = |En ®Pm — LI, P,
Amn = |In @ — 1P,
em = |1 P, — IP|.
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Convergence of a,, = |E,(® — ®,,)]

Since (U —U,)(r) =0forr > A,

the separation condition guarantees that

a, = 0 foranyn.
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Convergenceof b, , = |En(®, — ®,,,)]

For m > n, b,,, = 0 by the same argument as for a., .
Define ©,, := 2sin™ " (A,,/2).
For m < n, for any k, separation gives a bound on

Hn (S (Znks 0) \ S(Tnky ©r))

in terms of the packing of small spherical caps S(y, ©,,/2)
within the larger cap S(z,x, 0 + ©,/2).

We use this bound with a Riemann-Stieltjes integral to show that
bmn < 5 If both m and n > M,,
where M, is defined using €, d, s and ~.
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Convergence of ¢, = |(Ep — 1) @i

1 "
Cm,n — ) (I)m(wn,ka wn,k)
n k=1
_ Um(O) _ A'r—n, — ,y—sms/d,n—l
n n

€ .
< Z If n > Nc(m),

where

N.(m) := 4v*m*/ %™ 4+ 1.
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Convergenceof d,, , = |(In, — I) @, |

For any m, the weak-star convergence of X ensures that

dmn, — 0 asn — oo,

since weak convergence of u,, — u
Implies weak convergence of w,, X pt, — X L.

(Billingsley 1968, 1999)

Sowe have d, ., < % if n > Ng(m),
where Ng(m) depends on e, m and X .
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Convergence of e,,, = |I(®,,, — P)]

We have

Wd

Em

Om
/ (r—° — A_®)(sin )% 'do
0

Wd+1
where wg := o (S471) and » = 2sin(6/2).

It can be shown that e,,, < i If m > M,_,
where M., is defined using €, d, s and ~.
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Proof of Theorem 1. Reassembly

Sowe have |E,,® —1®| < € if

n > max (M, N.(M), Nqg(M)) ,
where
M := max(M,, M.,).

In other words, |E,,® —I®| — 0 as n — oco.
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