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Outline of talk

e Some definitions,

* Property (R) and Reimer’s proofs,

e Conjectures on Jacobi polynomials,
e Partial results in—1/2,1/2]?,

e \Weaker resultfora > 3 > —1/2,

e Application to Property (R).
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Some definitions: 1 — notation

Se 1= {X € Ra+1 | Zd_l_l = 1},
wq := o (S?),
‘ﬁ'r(r,a’lg) «— Péaa:@)/Péaa:B)(l) ’

©(>P) .= smallest zero ird of P{*")(cos 6),

Zo(z) =T(a+1) ()" Ju(2).
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Some definitions: 2 — polynomial spaces

We useP,,(S%) to denote the real polynomials ¢!, of
maximum total degree , restricted taS¢, with dimension

D(d,n) := dimP,(S%) = (" ji‘ d) n (n + ;i — 1)

and reproducing kerneb (¢t (x,y) := &4+ (x . y), where

d d
595_1)

(I)(d+1) o— 2 (j_l_ 1)n—1 (
" Wd (5 _I_ ]-)n—l "
_ Pl g

Wd "
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Property (R)

Quadrature regularityLe Gia and Sloan (1999%loan and
Womersley (2000)Later refined into Property (R).

An admissiblesequence of quadrature rulé®,,...) on

S¢ C R4+, has ruleQ; = (X, W;) with strengtht and
cardinality |Xt| = N, with all weights W, ;, positive.

An admissible sequence of quadrature rulespaperty (R)
(Hesse and Sloan, 2003, 200#and only if, given¢ € (0, 7],

there exists positive constanjsand t, such that for ally € S¢
and each rule€); in the sequence, if > t, then

Y wgk <o (S (y,%))

Xt,k S(Yat)
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Property (R) and Reimer’s proofs: 1

Reimer (2000, 2003)roved that any admissible sequence of
guadrature rules is quadrature regular and satisfies Ryqjpor

The(2000)proof usesP(z’2 2 , and the following limit theorem
(Szeg0 1939 — 1975)

Theoreml.For o, 3 > —1, z € C,

z
lim P(a’ﬁ) (cos —) = Za(2).
n

"—>00

The formula holds uniformly in every bounded region of the complex
z plane.
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Property (R) and Reimer’s proofs: 2

FromReimer’sproofs(2000, 2003)mmediately follows:
Lemma 1. Let Q := (X, W) be a positive weight quadrature rule
on S¢ of strength 2n.

Let K := $4+1),

(dd

Thenfor 0 & (O,n@,f’rl)) ,forany y € S¢,

K (1)
Z Wi S K?2 (cos Q)
XkGS(Y7%) n
—2
— Wd (f’(g’g_l) (cos g)) .
D(d, n) " n
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Monotonicity of P19 (cos 8 /n) ?

Sequence ofP(19)(cos 8/n) seems monotonic to the first zero:

0.8 -
0.6 -

0.4 1

0.2 ] /

0.2 1

0.4 1
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Conjectures on Jacobi polynomials

Conjecture 1. For a« > —1, 3 > —1,iffor 8 € (0, @g""ﬂ)] we
have

- ~ 0
PP (cos ) < PL*P) (cos 5) (1)
thenfor n > 1, 8 € (0,nO(*P)], we have

~ 6 ~ 0
PT(La,,B) (COS E) < P"’('/(—T—’lﬁ) (COS Y 1) (2)

and therefore

n@A < (n+1)077). (3)
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Where does premise (1) hold?

alpha

(302 + 208 — [32+9a+ﬁ—|—)\/ +ﬂ+2 +(a+P)2+3a+T78+4=0.
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Partial results in [—1/2,1/2]?

So far proved:
n@®A < (n4+1)0H forn>1, (a,B) € (—1,1)°

(Sturm comparison déatteschi (1987%)

p(aﬁ) (cos ) < P( ’ﬂ) (cos %)
forn>1,0¢€ (0,m), (a,8) € {(—3,5):(3,—3),(5:3)}

(Koumandos 2005)
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Weaker resultfor o > 3 > —1/2

Theorem2.Forn > 1, a > 38 > —z, 0 € (0,%], wehave

6\ " 0\ 7tz Bled) 0
<2n sin —) (n sin —) * ( COS —) <
2n n n
a—p3 0 5+2 _ 0
. ( B)
1 .
) <("’+ )Smn+1> Frta <°Sn+1>

Proved by Sturm comparison using

i _ 2 1 232 2
FP (9) 1= (4. o )+<1+a+ﬁ+1> :

((271, + 2) sin 0
2n + 2

n? \ 4sin 5 4 cos? % 2n
(] a—|—% (4] B"‘z - 0
V,,Sa’ﬁ)(e) = <2n sin —) (cos —) ( P) (cos —) ,
2n 2n n

o

302 V(a’ﬁ)(e) i F(a’ﬁ)(e) V(a’ﬁ)(e) — 0.
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Application to Property (R): 1

From Lemma 1 and Conjecture 1 immediately follows:

Conjecture 2. Let Q := (X, W) be a positive weight quadrature
ruleon S¢ of strength 2n.

d d__
Thenfor 8 € (0, ®;2%’2 1)),for any y € S¢,

Wd ~(d d_q) —2
< e 0) .
Z Wi D, n) A (cos 0)

XkES(Y7%)
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Application to Property (R): 2

Conjecture 3. For t > to > 2,let Q = (X, W) bea positive
weight quadrature rule on S¢ which is exact on P;(S%).
Thenfor ¢ € (0,7), for any y € S¢, we have

> wkéclt_déclczd<5<y,%)),

Xk:ES(bﬁ%)

—2
~(d d_
cy = 297wy d! (P1(2’2 2 (COS g)) .

—d+1
Coy 1= d (sinc é) o<

Wd—1 to

where
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Application to Property (R): 3

Lemma 1 and our weaker result, Theorem 2, give us only:
Theorem 3. With the same conditions and notation as Conjecture 3,
for ¢ € (0, ), for any y € S¢, we have

Z wk<63t_d<63620<5<y,%)),

Xkes(}ﬁ%)

where

ci1,co asper Conjecture 3.
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