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Quadratic forms

(Lounesto 1997)
For vector space

�

over field

�

, characteristic

��� �

:

�

Map

�	� � 
 �

, with

� �� 
 � � � � � � 
 ��� �� � �� 
 � �

� � � 
 � � � � 
� 
 � , where

�� ��� � 
 �� given by

� � 
� � � � �
�

� � � � 
 � � ��� � � 
 � � � � � � �

is a symmetric bilinear form
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Quadratic spaces, Clifford maps

(Porteous 1995; Lounesto 1997)

�

A quadratic space is the pair

� �� � �

, where

�
is a quadratic

form on

�

�

A Clifford map is a vector space homomorphism

�� � 
 �

where

�

is an associative algebra, and

� �� � � � � � � � �� � �
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Universal Clifford algebras

(Lounesto 1997)

�

The universal Clifford algebra

�� � � �

for the quadratic space� �� � �

is the algebra generated by the image of the Clifford
map �� such that

� � � � �

is the universal initial object such
that

�

suitable algebras

�

with Clifford map �� �

a
homomorphism

�� � � � � � � 
 �

�� � �� � ��
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Real Clifford algebras ��� �

(Porteous 1995)

�

The real quadratic space

���� �

is

�� 	 �

with


 � 
 � � � �

� �

�� � �


 
 � �
�


�� �

 
 �

�

For each �� � � �� the real universal Clifford algebra for

� ��� �

is called

���� ��

� ���� � is isomorphic to some matrix algebra over one of:�� � � �� �� �� � � �

�

For example,

� �� � �� � � � �
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Notation for integer sets

�

For

� � �

, define


� �
� 
 � �

� �� �

�
	 � ��
 ��� �
� 



� �
� 
 � �

� �� �

�
	 � �
 ��� �
� 


� � � � � � the power set of
�

�

�

For � ��� � �

, define

� � �� � � � � � �� � � �� � � � � � � �� � �� �� �
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Frames for Clifford algebras

(Hestenes and Sobczyck 1984; Wene 1992; Ashdown)

�

A frame is an ordered basis

��� � �� � � � � � �
�

for
��� �

which puts
a quadratic form into the canonical form




.

�

For �� � � �� embed the frame for

��� �

into
���� � via the maps

� � � �� �� � � 
 ���� �

�� ��� � 
 ���� �

� �� 
 � � � 
� 
 � � �� �
�

http://glucat.sf.net – p.7/16



Real frame groups

(Braden 1985; Lam and Smith 1989)
For �� � � �� define the real frame group

� ��� � via the map

�� � �� �� � � 
 ���� �
with generators and relations

��� � � 
 � � � 
 � � 
 � � � � � ��

� � 
 � � � � � if

� � � ��� if

� � �

� 
 �	� � � �	� � 
 � � ��� � 
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Canonical products

(Bergdolt 1996; Lounesto 1997; Dorst 2001)

�

The real frame group

� ��� � has order

� � 	 � 	 �

�

Each member � can be expressed as the canonically ordered
product

� � � �

� �

� 


� � �

�

�� � �� 
 �� �

� 
 � �

where

� � � �� �� � � � �� � 
 � �� � � �
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Clifford algebra of frame group

(Braden 1985; Lam and Smith 1989; Lounesto 1997; Dorst 2001)

�

For �� � � �

embed

� �� � into

���� � via the map

� � ���� � 
 ��� �

� � � � �� � � � � � �

� � 
 � � �� 
� � � � � � � � � � � � � � � �
�

�

Define basis elements via the map

�� � � �� �� � � 
 ���� �� � � � � �

� �

� 
�

Each � � ���� � can be expressed as

� �
�� � � � �� � �

� � � �

http://glucat.sf.net – p.10/16



Neutral matrix representations

(Cartan and Study 1908; Porteous 1969; Lounesto 1997)
The representation map

�� and representation matrix
� � make

the following diagram commute:

�� � � �� �� �� � � � 
 � ��

��
�	
��



�	
��


��

� � � � � � � � � 


� 
� � �� 

� ��
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Real representation matrix �

2 4

2

4

Real representation matrix R
1
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Real representation matrix �

8 16

8

16

Real representation matrix R
2
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