Almost H-projective structures and their description as
parabolic geometries

Katharina Neusser

Australian National University
Mathematical Sciences Institute

Kioloa, March 2013

Katharina Neusser (ANU) Almost H-projective structures Kioloa, March 2013 1/20



1. Almost complex manifolds

= = = E DA
Katharina Neusser (ANU) Almost H-projective structures



1. Almost complex manifolds

Suppose that (M, J) is an almost complex manifold with dimg(M) = 2n.
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1. Almost complex manifolds
Suppose that (M, J) is an almost complex manifold with dimg(M) = 2n.
We denote the Nijenhuis tensor of J by
N(X,Y) = [X, Y] = [UX, JY] + J([JX, Y]+ [X, JY]).
N is a two-form with values in TM, which is of type (0,2), i.e.

N(JIX,Y) = —JN(X, Y).
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N(X,Y) = [X, Y] = [UX, JY] + J([JX, Y]+ [X, JY]).
N is a two-form with values in TM, which is of type (0,2), i.e.
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Theorem (Newlander-Nirenberg 1957)
(M, J) is a complex manifold <= N = 0. J
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1. Almost complex manifolds
Suppose that (M, J) is an almost complex manifold with dimg(M) = 2n.
We denote the Nijenhuis tensor of J by
N(X,Y) = [X, Y] = [UX, JY] + J([UX, Y] + [X, JY]).
N is a two-form with values in TM, which is of type (0,2), i.e.

N(JIX,Y) = —JN(X, Y).

Theorem (Newlander-Nirenberg 1957)
(M, J) is a complex manifold <= N = 0. J

A complex connection on an almost complex manifold (M, J) is an affine
connection V that preserves the complex structure VJ = 0.
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For any complex connection V on (M, J) we have:
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For any complex connection V on (M, J) we have:
o —4-times the (0,2)-part of its torsion TV equals

—[TV(X,Y) = TV(UX, V) + J(TY(UIX,Y) + TY(X,JY))]

which coincides with the Nijenhuis tensor N.
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For any complex connection V on (M, J) we have:
o —4-times the (0,2)-part of its torsion TV equals

—[TY(X,Y) = TYV(IX,IY)) + JTYV(IX,Y) + TV(X,IY))]

which coincides with the Nijenhuis tensor N.
e the curvature has values in gl(TM, J):

RY(X,Y)oJ=JoRY(X,Y).
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For any complex connection V on (M, J) we have:
o —4-times the (0,2)-part of its torsion TV equals

—[TY(X,Y) = TYV(IX,IY)) + J(TY(IX,Y) + TYV(X,JY))]
which coincides with the Nijenhuis tensor N.

e the curvature has values in gl(TM, J):
RY(X,Y)oJ=JoRY(X,Y).

Proposition (Lichnerowicz, 1955)

On any almost complex manifold (M, J) there exist a complex connection
such that TV = —%N.
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For any complex connection V on (M, J) we have:
o —4-times the (0,2)-part of its torsion TV equals
—[TY(X,Y) = TY(IX,JY)) + J(TY(IX, Y) + TV(X,IY))]

which coincides with the Nijenhuis tensor N.
e the curvature has values in gl(TM, J):

RY(X,Y)oJ=JoRY(X,Y).

Proposition (Lichnerowicz, 1955)

On any almost complex manifold (M, J) there exist a complex connection
such that TV = —%N.

Such a complex connection is not unique. Complex connections V with
TV = —%N are sometimes called minimal connections.
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For any complex connection V on (M, J) we have:
o —4-times the (0,2)-part of its torsion TV equals
—[TY(X,Y) = TY(IX,JY)) + J(TY(IX, Y) + TV(X,IY))]

which coincides with the Nijenhuis tensor N.
e the curvature has values in gl(TM, J):

RY(X,Y)oJ=JoRY(X,Y).

Proposition (Lichnerowicz, 1955)

On any almost complex manifold (M, J) there exist a complex connection
such that TV = —%N.

Such a complex connection is not unique. Complex connections V with
TV = —%N are sometimes called minimal connections.

There exists a complex torsion-free connection on (M,J) <= N =0.

Corollary J
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2. Almost H-projective structures
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2. Almost H-projective structures

Two affine connections V and V on an almost complex manifold (M, J)

are H-projectively equivalent : <= there exists a real 1-form T € Q(M)
such that

VxY =VxY +T(X)Y +T(Y)X = T(UX)JY = T(JY)IX

=ur (X)(Y)

for all vector fields X, Y € X(M).
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2. Almost H-projective structures

Two affine connections V and V on an almost complex manifold (M, J)

are H-projectively equivalent : <= there exists a real 1-form T € Q(M)
such that

VxY =VxY +T(X)Y +T(Y)X = T(UX)JY = T(JY)IX

~~

=vr(X)(Y)
for all vector fields X, Y € X(M).
o vy € QY(M, gl(TM, J))

@ Hence, if V is a complex connection, then any H-projectively
equivalent connection V is complex too.
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2. Almost H-projective structures

Two affine connections V and V on an almost complex manifold (M, J)

are H-projectively equivalent : <= there exists a real 1-form T € Q(M)
such that

VxY =VxY +T(X)Y +T(Y)X = T(UX)JY = T(JY)IX

—or(X)(Y)

for all vector fields X, Y € X(M).
o vy € QY (M, gl(TM, J))

@ Hence, if V is a complex connection, then any H-projectively
equivalent connection V is complex too.

@ Since vy (X)(Y) = vy (Y)(X), H-projectively equivalent connections
have the same torsion.
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Definition

Suppose that (M, J) is an almost complex with dimg > 2.
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Definition
Suppose that (M, J) is an almost complex with dimg > 2.

@ An almost H-projective structure on (M, J) is an H-projective
equivalence class [V] of complex connections whose torsion is of type
(0,2).
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Definition
Suppose that (M, J) is an almost complex with dimg > 2.

@ An almost H-projective structure on (M, J) is an H-projective
equivalence class [V] of complex connections whose torsion is of type
(0,2).

e If (M, J) is a complex manifold, then an almost H-projective structure
[V] on (M, J) is torsion-free and called an H-projective structure.
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Definition
Suppose that (M, J) is an almost complex with dimg > 2.

@ An almost H-projective structure on (M, J) is an H-projective
equivalence class [V] of complex connections whose torsion is of type
(0,2).

e If (M, J) is a complex manifold, then an almost H-projective structure
[V] on (M, J) is torsion-free and called an H-projective structure.

Remark
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Definition
Suppose that (M, J) is an almost complex with dimg > 2.

@ An almost H-projective structure on (M, J) is an H-projective
equivalence class [V] of complex connections whose torsion is of type
(0,2).

e If (M, J) is a complex manifold, then an almost H-projective structure
[V] on (M, J) is torsion-free and called an H-projective structure.

Remark

@ A smooth curve ¢ : | — M is J-planar with respect to a complex
connection V : <= V¢ € span{¢, J¢}.
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Definition
Suppose that (M, J) is an almost complex with dimg > 2.

@ An almost H-projective structure on (M, J) is an H-projective
equivalence class [V] of complex connections whose torsion is of type
(0,2).

e If (M, J) is a complex manifold, then an almost H-projective structure
[V] on (M, J) is torsion-free and called an H-projective structure.

Remark
@ A smooth curve ¢ : | — M is J-planar with respect to a complex
connection V : <= V¢ € span{¢, J¢}.
@ Two complex connections are H-projectively equivalent <= they
have the same J-planar curves.

Katharina Neusser (ANU) Almost H-projective structures Kioloa, March 2013 5/ 20



3. Parabolic geometries

= = = E DA
Katharina Neusser (ANU) Almost H-projective structures



3. Parabolic geometries

Suppose that G is a Lie group and P a closed subgroup of G.
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3. Parabolic geometries
Suppose that G is a Lie group and P a closed subgroup of G.
Definition

A Cartan geometry of type (G, P) on a manifold M is given by a principal

P-bundle G — M together with a Cartan connection, i.e. a one form
w € QYG, g) such that:

(1) wis P-equivariant: (rP)*w = Ad(p)tow, Vp € P
(2) w reproduces generators of fundamental vector fields

(3) w(u): T,G — g is a linear isomorphism for all u € G.
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3. Parabolic geometries

Suppose that G is a Lie group and P a closed subgroup of G.
Definition
A Cartan geometry of type (G, P) on a manifold M is given by a principal

P-bundle G — M together with a Cartan connection, i.e. a one form
w € QYG, g) such that:

(1) wis P-equivariant: (rP)*w = Ad(p)tow, Vp € P
(2) w reproduces generators of fundamental vector fields

(3) w(u): T,G — g is a linear isomorphism for all u € G.

@ The principal P-bundle G — G/P equipped with the Maurer Cartan

form wpic € QY(G, g) is called the homogeneous model of a Cartan
geometry of type (G, P).
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3. Parabolic geometries

Suppose that G is a Lie group and P a closed subgroup of G.

Definition

A Cartan geometry of type (G, P) on a manifold M is given by a principal

P-bundle G — M together with a Cartan connection, i.e. a one form
w € QYG, g) such that:

(1) wis P-equivariant: (rP)*w = Ad(p)tow, Vp € P
(2) w reproduces generators of fundamental vector fields

(3) w(u): T,G — g is a linear isomorphism for all u € G.

@ The principal P-bundle G — G/P equipped with the Maurer Cartan
form wpic € QY(G, g) is called the homogeneous model of a Cartan
geometry of type (G, P).

e If G is semisimple and P a parabolic subgroup, then a Cartan
geometry of type (G, P) is called a parabolic geometry of type (G, P).
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Curvature

The curvature K € Q2(G, g) of a Cartan geometry (G — M,w) is given by

K(&,m) = dw(&,m) + [w(§), w(n)]-

It is horizontal and P-equivariant.

o 5 = o
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Curvature
The curvature K € Q2(G, g) of a Cartan geometry (G — M,w) is given by

K(&,m) = dw(&,m) + [w(§), w(n)]-

It is horizontal and P-equivariant.

@ For the homogeneous model (G — G/P,wpc) of a Cartan geometry
the curvature K vanishes identically.
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Curvature
The curvature K € Q2(G, g) of a Cartan geometry (G — M,w) is given by

K(&,m) = dw(&,m) + [w(§), w(n)]-

It is horizontal and P-equivariant.

@ For the homogeneous model (G — G/P,wpc) of a Cartan geometry

the curvature K vanishes identically.
e Conversely, if K =0, then the Cartan geometry is locally isomorphic

to its homogeneous model.
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Curvature
The curvature K € Q2(G, g) of a Cartan geometry (G — M,w) is given by

K(&,m) = dw(&,m) + [w(§), w(n)]-

It is horizontal and P-equivariant.

e For the homogeneous model (G — G/P,wpmc) of a Cartan geometry
the curvature K vanishes identically.

e Conversely, if K =0, then the Cartan geometry is locally isomorphic
to its homogeneous model.

Natural vector bundles

v

Katharina Neusser (ANU) Almost H-projective structures Kioloa, March 2013 7/ 20




Curvature
The curvature K € Q2(G, g) of a Cartan geometry (G — M,w) is given by

K(&,m) = dw(&,m) + [w(§), w(n)]-

It is horizontal and P-equivariant.

e For the homogeneous model (G — G/P,wpmc) of a Cartan geometry
the curvature K vanishes identically.

e Conversely, if K =0, then the Cartan geometry is locally isomorphic
to its homogeneous model.

Natural vector bundles
@ Any P-module V gives rise to a vector bundle

V:=GxpV:=GxV/~, where (u,v)~ (u-p,p t-v)V¥peP.

v
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Curvature
The curvature K € Q2(G, g) of a Cartan geometry (G — M,w) is given by

K(&,m) = dw(&,m) + [w(§), w(n)]-

It is horizontal and P-equivariant.

e For the homogeneous model (G — G/P,wpmc) of a Cartan geometry
the curvature K vanishes identically.

e Conversely, if K =0, then the Cartan geometry is locally isomorphic
to its homogeneous model.

Natural vector bundles
@ Any P-module V gives rise to a vector bundle

V:=GxpV:=GxV/~, where (u,v)~ (u-p,p t-v)V¥peP.

@ Any P- module homomorphism V — W induces a vector bundle
homomorphism V — W.

v
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The Cartan connection induces an isomorphism as follows:
Gxpg/p=TM

[u, X + p] = Tupw H(X).

Consequently, all tensor bundles over M are associated vector bundles.
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The Cartan connection induces an isomorphism as follows:
Gxpg/p=TM
[u, X + p] = Tupw H(X).

Consequently, all tensor bundles over M are associated vector bundles.

Since the curvature K € Q2(G, g) is P-equivariant and horizontal, it can be
equivalently viewed as section of

NT*M @ AM =G xp N (g/p)* @ g,

where AM =G xp g.
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The Cartan connection induces an isomorphism as follows:
Gxpg/p=TM
[u, X + p] = Tupw H(X).

Consequently, all tensor bundles over M are associated vector bundles.

Since the curvature K € Q2(G, g) is P-equivariant and horizontal, it can be
equivalently viewed as section of

NT*M @ AM =G xp N (g/p)* @ g,

where AM =G xp g.

In this picture K corresponds to the following P-equivariant function
k:G— N(g/p)* @9
R(U)(X +p, Y +p) = K(w 1 (X)(u), 0 (X)(w)).
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Prolongation procedures of Tanaka (1979), Morimoto (1993), and
Cap-Schichl (2000)

Normalising the curvature of a regular parabolic geometry induces an
equivalence of categories between regular normal parabolic geometries and
certain underlying geometric structures, which admit descriptions in more
conventional geometric terms.
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Prolongation procedures of Tanaka (1979), Morimoto (1993), and
Cap-Schichl (2000)

Normalising the curvature of a regular parabolic geometry induces an
equivalence of categories between regular normal parabolic geometries and
certain underlying geometric structures, which admit descriptions in more
conventional geometric terms.

@ Consider the complex for computing the homology H.(p+, g) of the
nilradical p4 of the parabolic subalgebra p with values in g

0cg & pogd NpLoge ...
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Prolongation procedures of Tanaka (1979), Morimoto (1993), and
Cap-Schichl (2000)

Normalising the curvature of a regular parabolic geometry induces an
equivalence of categories between regular normal parabolic geometries and
certain underlying geometric structures, which admit descriptions in more
conventional geometric terms.

@ Consider the complex for computing the homology H.(p+, g) of the
nilradical p4 of the parabolic subalgebra p with values in g

o o
0—g & prg & ANpLge ..
@ Since 0* is P-equivariant, its induces bundle maps

F NT*Mo AM - N1T*M e AM.
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Prolongation procedures of Tanaka (1979), Morimoto (1993), and
Cap-Schichl (2000)

Normalising the curvature of a regular parabolic geometry induces an
equivalence of categories between regular normal parabolic geometries and
certain underlying geometric structures, which admit descriptions in more
conventional geometric terms.

@ Consider the complex for computing the homology H.(p+, g) of the
nilradical p4 of the parabolic subalgebra p with values in g

0cg & pogd NpLoge ...
@ Since 0* is P-equivariant, its induces bundle maps
O NT*M@AM — N 1T*M @ AM.

@ A parabolic geometry is normal : <= 0"k = 0.
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@ The curvature x of a normal parabolic geometry therefore gives rise to
a P-equivariant function, called the harmonic curvature,

Kkph G — Ha(p+,9)

Katharina Neusser (ANU) Almost H-projective structures Kioloa, March 2013 10 / 20



@ The curvature x of a normal parabolic geometry therefore gives rise to
a P-equivariant function, called the harmonic curvature,

kh G — Ha(ps,9).

@ Ha(p+,g) is a completely reducible P-module, which can be explicitly
computed via Kostant's version of the Bott-Borel-Weil Theorem
(1961).
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@ The curvature x of a normal parabolic geometry therefore gives rise to
a P-equivariant function, called the harmonic curvature,

kh G — Ha(ps,9).

@ Ha(p+,g) is a completely reducible P-module, which can be explicitly
computed via Kostant's version of the Bott-Borel-Weil Theorem
(1961).

@ For a regular normal parabolic geometry, it can be shown that

k=0 < k,=0.
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4. Almost H-projective structures as parabolic geometries
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4. Almost H-projective structures as parabolic geometries
Consider R2("+1) endowed with the complex structure

b2 0 —1
J= where J2=<1 _0 )
J2
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4. Almost H-projective structures as parabolic geometries
Consider R2("+1) endowed with the complex structure

J>

0 -1
J= where .,]]2=<1 0 )
J2

gl(n+1,C)={Acgl(2(n+1),R): Al =JA} =
A1 . A

= : . . A= ai"i _bl"l
: . . 1J bl,_/ af,j

Ant11 - Angingl
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4. Almost H-projective structures as parabolic geometries
Consider R2("+1) endowed with the complex structure

b2 0 -1
J= where ,,]]2=<1 0 )
J2
o
gl(n+1,C)={Acgl(2(n+1),R): Al =JA} =
Al o Arngr
_ S : 4o (@ —biy
= : . : A=
' ' ' Y < bij ai )
Ant11l o Antintl
@ Then

sl(n+1,C) = {( _”;%(A) i > :Aeg[(n,C),Xec",ZeC"*}
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@ Hence, sl(n+ 1,C) admits a |1|-grading as follows:
sl(n+1,C) =g_1® go & 01,
where go = gl(n,C) and g_1 = C" resp. g1 = C" as go-modules.
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@ Hence, sl(n+ 1,C) admits a |1|-grading as follows:
sl(n+1,C) =g_1® go & 01,

where go = gl(n,C) and g_1 = C" resp. g1 = C" as go-modules.
@ The subalgebra
p:=00Dg
is a parabolic subalgebra of g with abelian nilradical p = g;.

Katharina Neusser (ANU) Almost H-projective structures Kioloa, March 2013 12 / 20



@ Hence, sl(n+ 1,C) admits a |1|-grading as follows:
sl(n+1,C) =g_1® g0 ® 91,

where go = gl(n,C) and g_1 = C" resp. g1 = C" as go-modules.
@ The subalgebra
p:=00Dg
is a parabolic subalgebra of g with abelian nilradical p = g;.

@ Set G := PSL(n+ 1,C) and let P be the stabiliser in G of the
complex line generated by the first standard basis vector of R2("+1),
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@ Hence, sl(n+ 1,C) admits a |1|-grading as follows:
sl(n+1,C) = g-1® 9o @ g1,
where go = gl(n,C) and g_1 = C" resp. g1 = C" as go-modules.
@ The subalgebra
p:=00Dg
is a parabolic subalgebra of g with abelian nilradical p = g;.

@ Set G := PSL(n+ 1,C) and let P be the stabiliser in G of the
complex line generated by the first standard basis vector of R2("+1),

@ Therefore, the Levi subgroup Gy of P consists of equivalence classes of
matrices of the form

-1
( detcg(:) g > where C € GL(n,C)

It follows that the adjoint action of Gg on g induces an isomorphism

Go = GL(g-1,J) = GL(n,C).
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Theorem (Yoshimatsu (1978), Hrdina (2009))

Suppose that M is a manifold with dimg(M) = 2n > 2. Then there is an
equivalence of categories between

{Almost H-projective structures (J,[V]) on M}

$1:1
{Normal (real) parabolic geometries of type (PSL(n+1,C),P) on M}.
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Theorem (Yoshimatsu (1978), Hrdina (2009))

Suppose that M is a manifold with dimg(M) = 2n > 2. Then there is an
equivalence of categories between

{Almost H-projective structures (J,[V]) on M}

$1:1

{Normal (real) parabolic geometries of type (PSL(n+1,C),P) on M}.

Given an almost H-projective manifold (M, J,[V]), then J defines
reduction of structure group

QO4¢>}—M

| £

M_—9 _m

corresponding to the inclusion Gy = GL(g_1,J) — GL(g—1) = GL(2n,R)
Kioloa, March 2013 13 / 20



@ The bundle map ¢ can be encoded by a strictly horizontal
Go-equivariant 1-form 6 € Q%(Go, g_1)
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@ The bundle map ¢ can be encoded by a strictly horizontal
Go-equivariant 1-form 6 € Q%(Go, g_1)

@ Any connection V in the H-projective class can be viewed as a
principal connection vV € Q(Go, go).
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@ The bundle map ¢ can be encoded by a strictly horizontal
Go-equivariant 1-form 6 € Q%(Go, g_1)

@ Any connection V in the H-projective class can be viewed as a
principal connection vV € Q(Go, go).

@ For u € Gy set

Gu:={7V(v): V€[V]} and G = Uueg,Gu-
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@ The bundle map ¢ can be encoded by a strictly horizontal
Go-equivariant 1-form 6 € Q%(Go, g_1)

@ Any connection V in the H-projective class can be viewed as a
principal connection vV € Q(Go, go).

@ For u e Gy set

G, = {7V (u): V€ [V]} and G :=Uueg,Gu-

@ The projection p : G — M is a principal P-bundle, where the right
action of an element g exp(Z) € P on an element vV (u) € G, is
given by the following connection form at v - go:

€7V (u- go)(€) +1Z,0()].
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@ The bundle map ¢ can be encoded by a strictly horizontal
Go-equivariant 1-form 6 € Q%(Go, g_1)

@ Any connection V in the H-projective class can be viewed as a
principal connection vV € Q(Go, go).

@ For u e Gy set

G, = {7V (u): V€ [V]} and G :=Uueg,Gu-

@ The projection p : G — M is a principal P-bundle, where the right
action of an element g exp(Z) € P on an element vV (u) € G, is
given by the following connection form at v - go:

€7V (u- go)(€) +1Z,0()].

@ Let m: G — Gy be the natural projection. The tautological 1-form
7€ QY(G,9-1 © go) given by

7(7V (u))(n) = (8 + Y (u))(Tmn)

can be extended to a normal Cartan connection w € Q*(G, g) (which
is unique up to isomorphism).

Katharina Neusser (ANU) Almost H-projective structures Kioloa, March 2013 14 / 20



5. The harmonic curvature

= = = E DA
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5. The harmonic curvature

@ Recall that the harmonic curvature is a P-equivariant function
kh:G — Ha(pi,g).

= = = E DA
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5. The harmonic curvature

@ Recall that the harmonic curvature is a P-equivariant function
Kh: G — Ha(py, ).

@ Since Ha(p4,g) is completely reducible, the harmonic curvature can
be viewed as Gp-equivariant function xp, : Go — Ha(p+, 9).
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5. The harmonic curvature

@ Recall that the harmonic curvature is a P-equivariant function
Kh:G — Ha(p,9)

@ Since Ha(p4,g) is completely reducible, the harmonic curvature can
be viewed as Gp-equivariant function xp, : Go — Ha(p+, 9).

e Consider the complex for computing the cohomology H*(g_, g):

0-g2g g 2N 0g— ...
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be viewed as Gp-equivariant function xp, : Go — Ha(p+, 9).

e Consider the complex for computing the cohomology H*(g_, g):
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@ The map 0 is Gp-equivariant and so H*(g_, g) is naturally a
Go-module.
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5. The harmonic curvature

@ Recall that the harmonic curvature is a P-equivariant function
kG — Ha(p+, ).

@ Since Ha(p4,g) is completely reducible, the harmonic curvature can
be viewed as Gp-equivariant function xp, : Go — Ha(p+, 9).

e Consider the complex for computing the cohomology H*(g_, g):

0-g2g g 2N 0g— ...

@ The map 0 is Gp-equivariant and so H*(g_, g) is naturally a
Go-module.

@ Kostant showed that 9 and 0* are adjoint operators for some inner
product on Aig* ® g =g, Aip; @ g.
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5. The harmonic curvature

@ Recall that the harmonic curvature is a P-equivariant function
kG — Ha(p+, ).

@ Since Ha(p4,g) is completely reducible, the harmonic curvature can
be viewed as Gp-equivariant function xp, : Go — Ha(p+, 9).

e Consider the complex for computing the cohomology H*(g_, g):

0-g2g g 2N 0g— ...

@ The map 0 is Gp-equivariant and so H*(g_, g) is naturally a
Go-module.
@ Kostant showed that 9 and 0* are adjoint operators for some inner
product on AN'g* ® g =g, N'py @ g.
@ Hence, one has a algebraic Hodge structure
ker(0*)
. ——f
Ng* ®g=im(0%) @ ker(d) ®im(9),
where O := 00* + 9*0.
Kioloa, March 2013 15 / 20



e In particular, as Go-module H'(g_,g) = H;(p., g) is isomorphic to
Go-submodule ker(CJ) in Alg* ® g.

Harmonic curvature of almost H-projective manifold

Katharina Neusser (ANU) Almost H-projective structures Kioloa, March 2013 16 / 20



e In particular, as Go-module H'(g_,g) = H;(p., g) is isomorphic to
Go-submodule ker(CJ) in Alg* ® g.

Harmonic curvature of almost H-projective manifold

o H3(g-1,9) =?
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e In particular, as Go-module H'(g_,g) = H;(p., g) is isomorphic to
Go-submodule ker(CJ) in Alg* ® g.

Harmonic curvature of almost H-projective manifold

° H]Izg(g—lvg) =7
o We have H2(g%,,g%) = H2(g-1,9) ®r C
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e In particular, as Go-module H'(g_,g) = H;(p., g) is isomorphic to
Go-submodule ker(O) in A'g* ® g.

Harmonic curvature of almost H-projective manifold
° H]Izk(g—lvg) =7
o We have H2(g%,,g%) = H2(g-1,9) ®r C

@ The Lie algebra g = sl(n+ 1,C) can be viewed as real form of the
complex Lie algebra

gbg=sln+1,C)@sl(n+1,C).
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e In particular, as Go-module H'(g_,g) = H;(p., g) is isomorphic to
Go-submodule ker(O) in A'g* ® g.

Harmonic curvature of almost H-projective manifold

° Hi(g-1,9) =7

o We have H(%(g(gl,g(c) = Hﬁ(g_l,g) ®r C

@ The Lie algebra g = sl(n+ 1,C) can be viewed as real form of the
complex Lie algebra

gbg=sln+1,C)@sl(n+1,C).

@ Hence, H(%(g(El,gC) = H(%(g_l Dg-_1,0Dg) as gg = go @ go-module.
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H? (for n =5)
HE(9-1®09-1,0D9) =

-4 1 1 0 1 0 0 0 0 O

Tttt Tttt T2

5 0000 221101
7

-3 2 0 0 1 -2 1 0 0 O

T 1ttt ¢

-2 1 0 0 O -3 2 0 0 1
S

1000 1 -301 0 0

Tttt Tttt ot o2

-3 0 1 0 O 1 0 0 0 1

Hence, kp has values in three irreducible Go-modules. Correspondingly, we

shall write kj, = W29 + Wh 4 T,

v

Katharina Neusser (ANU) Almost H-projective structures
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The theory of parabolic geometries implies then the following:
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The theory of parabolic geometries implies then the following:

Interpretation of harmonic curvature; cf. David Calderbank'’s
unpublished notes on Hamiltonian 2-vectors

Suppose that (M, J,[V]) is an almost H-projective manifold with n > 1.
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The theory of parabolic geometries implies then the following:
Interpretation of harmonic curvature; cf. David Calderbank'’s
unpublished notes on Hamiltonian 2-vectors

Suppose that (M, J,[V]) is an almost H-projective manifold with n > 1.
Q (M, J,[V]) is an H-projective manifold <= T=0
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The theory of parabolic geometries implies then the following:

Interpretation of harmonic curvature; cf. David Calderbank’s

unpublished notes on Hamiltonian 2-vectors

Suppose that (M, J,[V]) is an almost H-projective manifold with n > 1.
Q@ (M, J,[V]) is an H-projective manifold <= T=0

Q@ (M, J,[V]) is locally isomorphic to CP" with its canonical
H-projective structure <= k;,=0.
(torsion-free case: Tashiro 1957)
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The theory of parabolic geometries implies then the following:

Interpretation of harmonic curvature; cf. David Calderbank’s

unpublished notes on Hamiltonian 2-vectors

Suppose that (M, J,[V]) is an almost H-projective manifold with n > 1.
Q@ (M, J,[V]) is an H-projective manifold <= T=0

Q@ (M, J,[V]) is locally isomorphic to CP" with its canonical
H-projective structure <= k;,=0.
(torsion-free case: Tashiro 1957)

Q If T =0, then
W =0 «— (M, J,[V]) is complex projective structure .

In this case W(29) is Weyl curvature of complex projective manifold.
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The theory of parabolic geometries implies then the following:

Interpretation of harmonic curvature; cf. David Calderbank’s
unpublished notes on Hamiltonian 2-vectors

Suppose that (M, J,[V]) is an almost H-projective manifold with n > 1.
Q@ (M, J,[V]) is an H-projective manifold <= T=0

Q@ (M, J,[V]) is locally isomorphic to CP" with its canonical
H-projective structure <= k;,=0.
(torsion-free case: Tashiro 1957)

Q If T =0, then
W =0 «— (M, J,[V]) is complex projective structure .

In this case W(29) is Weyl curvature of complex projective manifold.
Q@ If T =0 and [V] is Kahlerisable, then W(20) = 0.
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@ The Hodge decomposition
NT*M @ gr(AM) = Go x 6, N'g*1 @ g = im(9) @ ker(O) @ im(9*)
implies that for any V € [V]:

31 PV e QYM, T*M) st. 9*(RY —9PY) =0.
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@ The Hodge decomposition
NT*M @ gr(AM) = Go x 6, N'g*1 @ g = im(9) @ ker(O) @ im(9*)
implies that for any V € [V]:
31 PV e QYM, T*M) st. 9*(RY —9PY) =0.

o WY =RY — 9PV is called the Weyl curvature and PV the Rho tensor
of V.
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@ The Hodge decomposition
NT*M @ gr(AM) = Go x 6, N'g*1 @ g = im(9) @ ker(O) @ im(9*)
implies that for any V € [V]:
3 PV eQY(M, T*M) st. 9*(RY —0PY) =0

o WY =RY — 9PV is called the Weyl curvature and PV the Rho tensor
of V.

® (OPY)abd = 6aPYg — JaPhjedd® — Plond<d — Ja®Phjedd

Katharina Neusser (ANU) Almost H-projective structures Kioloa, March 2013 19 / 20



@ The Hodge decomposition
NT*M @ gr(AM) = Go x 6, N'g*1 @ g = im(9) @ ker(O) @ im(9*)
implies that for any V € [V]:
3 PV eQY(M, T*M) st. 9*(RY —0PY) =0

o WY =RY — 9PV is called the Weyl curvature and PV the Rho tensor
of V.

® (OPY)abd = 6aPYg — JaPhjedd® — Plond<d — Ja®Phjedd

° R‘chd =

= Wy, 4+ 0° Pb] J[aCPb]eJde [ab]5 d— J[:PX]ech
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@ The Hodge decomposition
NT*M @ gr(AM) = Go x 6, N'g*1 @ g = im(9) @ ker(O) @ im(9*)
implies that for any V € [V]:
3 PV eQY(M, T*M) st. 9*(RY —0PY) =0

o WY =RY — 9PV is called the Weyl curvature and PV the Rho tensor
of V.

® (OPY)ap d = 0aP g — Ha“Pjedd® — Plopdd — Ja°Phjedd
° R‘chd =

= WY ab 4+ 5[3 Pb] J[acpb]eJde — P[Vab](scd — J[aePZ]eJCd

o RY,%q = (0PY)ap?g = 2%5LPY, — APY, + JpoJay PY
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° R(Y, 5 = nP(Vbd) + Jp°Ja) PE

= = = E DA
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° R(Y, 5 = nP(Vbd) + Jp°Ja) PE

= = = E A
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° Ry = nP(Vbd) + Jp°Ja) PE
° Pbd = nilR

bd T D) (Ribay — J6°Ja) RY)

= = E DA
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o R(Y)d) = nP(vbd) + J(beJd)fPZ
® Ry = (n+ 1P
° Py, = nJlr1R bd T 4(n+1)(n 1)(R(Vbd) - J(beJd)fRfZ)

How does P and W change when one changes V H-projectively?
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° R(Z )= nP(Vbd) + Jp°Ja) PE
° Ry = (n+1)Phy
® Py = w1 Ros + trrmn (Riea) — J6°Ja) RY)

How does P and W change when one changes V H-projectively?
o Py =Py 2V, Ty +2(TaTp — Sy  TeTy)

Katharina Neusser (ANU) Almost H-projective structures Kioloa, March 2013 20 / 20



° R(Z 0= nP(Vbd) + Jp°Ja) PE
Ra = (n+ )Pl
° PYy = a1 Ry + trm=n (Riba) — J6Ja) RY)
How does P and W change when one changes V H-projectively?
o PY, = Pl — 2V, Th +2(T, T — Sy T T)

o WYV is a two form with values in the complex vector bundle gI( TM, J)
and hence we can decompose it into types as follows:

WV — W2’0 + Wl’l + WO’Z.
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° R(Y)d) = nP(vbd) + J(beJd)fPZ
Riba) = (n+ 1P
° Py, = n}r1 Ry + 4(n+1)(n 1)(R(Y;d) - J(beJd)fRfVe)

How does P and W change when one changes V H-projectively?
o PY, =P, —2VaTs +2(ToTh — Sy TeTr)

e WV is a two form with values in the complex vector bundle gl( TM, J)
and hence we can decompose it into types as follows:

WV — W2’0 + Wl,l + WO’Z.
° Wybcd =
= Wy + Tap® by + TapTa — S Top®T eIy — Je Top®Ja T .

is of type (0,2)
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° R(Y)d) = nP(vbd) + J(beJd)fPZ
Riba) = (n+ 1P
° Py, = n}r1 Ry + 4(n+1)(n 1)(R(Y;d) - J(beJd)fRfVe)

How does P and W change when one changes V H-projectively?
o PY, =P, —2VaTs +2(ToTh — Sy TeTr)

e WV is a two form with values in the complex vector bundle gl( TM, J)
and hence we can decompose it into types as follows:

WV — W2’0 + Wl,l + WO’Z.
° Wybcd =
= Wy + Tap® by + TapTa — S Top®T eIy — Je Top®Ja T .

is of type (0,2)

@ The components W29 and W' are independent of the choice of the
connection in [V]. These are the two harmonic curvature components.
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