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Parts of the first four lectures are based on notes of previous lectures of Alan
McIntosh, which were taken, edited, typed and refined by Ian Doust and Elizabeth
Mansfield, whose willing assistance he gratefully acknowledges.

It is assumed that the reader has a basic knowledge of metric spaces, topology,
measure theory, and the theory of bounded linear operators on Banach and Hilbert
spaces. Suitable references for this material are the books “Real and Complex Analysis”
by W. Rudin, “Real Analysis” by H.L. Royden, “Introduction to Topology and Modern
Analysis” by G.F. Simmons, “Functional Analysis” by F. Riesz and B. Sz.-Nagy, and
“Linear Operators, Part I, General Theory” by N. Dunford and J.T. Schwartz. Later,
we shall also expect some knowledge of Fourier theory and partial differential equations.

Lecture 1. Spectral Theory of Bounded Operators

Much of the material in the first two lectures is presented in greater detail in the
books “Perturbation Theory for Linear Operators” by T. Kato and “Spectral Theory”
by E.R. Lorch, as well the book by Dunford and Schwartz just mentioned.

In these two lectures, X denotes a non–trivial complex Banach space, while H
denotes a non–trivial complex Hilbert space.

(A) Spectra and resolvents of bounded operators on Banach spaces.

Let T be a bounded operator on X . The norm of T is

‖T ‖ = sup { ‖Tu ‖ : u ∈ X , ‖u ‖ = 1 } .

The Banach algebra of all bounded operators on X is denoted by L(X ) . As with
matrices, λ ∈ C is called an eigenvalue of T if there exists a non–zero vector u ∈ X
such that Tu = λu . The resolvent set ρ(T ) of T is the set of all λ ∈ C for which
(T − λI) is a one–one mapping and (T − λI)−1 ∈ L(X ) . The spectrum σ(T ) of T is
the complement of ρ(T ) . Clearly every eigenvalue of T lies in σ(T ) .

In a finite dimensional space, every one–one operator is an isomorphism, and σ(T )
is precisely the finite set of eigenvalues of T .
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For λ ∈ ρ(T ) , the resolvent operator RT (λ) ∈ L(X ) is defined by

RT (λ) = (λI − T )−1 .

These operators satisfy the resolvent equation

RT (λ)−RT (µ) = (µ− λ)RT (λ)RT (µ)

for all λ , µ ∈ ρ(T ) . Thus, in particular, RT (λ) and RT (µ) commute.

Example. Let lp denote the Banach space of all sequences

x = (x1, x2, . . . , xn, . . . )

of complex numbers, with finite norm

‖x‖ =

( ∞∑
n=1

|xn|p
)1/p

.

Given a sequence d = (d1, d2, . . . ) such that supn |dn| < ∞ , define the operator
D = diag(d) on lp by (Dx)n = dnxn for every n . Then D ∈ L(lp) and σ(D) is the
closure of the set {d1, d2, . . . } in C . Moreover

RD(λ) = diag
(

1
λ− d1

,
1

λ− d2
, . . .

)
for all λ ∈ ρ(D) .

We can treat infinite series of vectors (or operators) in the same way that we treat
infinite series of complex numbers. For example, we say that an infinite series of opera-
tors

∑
Tn is absolutely convergent if the series

∑
‖Tn ‖ is convergent, in which case∑

Tn is necessarily convergent in L(X ) and ‖
∑
Tn ‖ ≤

∑
‖Tn ‖ .

Also several of the definitions for real and complex functions can be extended to
vector valued (or operator valued) functions u(t) defined for a real or complex variable
t and taking values in X (or L(X ) ). For instance limt→a u(t) = v means that for
every ε > 0 there exists δ > 0 such that ‖u(t)− v ‖ < ε whenever 0 < |t − a| < δ .
A function u is continuous in a region E if limt→a u(t) = u(a) for every a ∈ E . We
define u′(t) to be the derivative of u(t) whenever the limit

u′(t) =
du

dt
(t) = lim

h→0

u(t+ h)− u(t)
h

exists. For a piecewise continuous function u defined on a rectifiable curve γ , we define
the Riemann integral

∫
γ
u(t) dt to be the limit in X (or in L(X ) ) of the appropriate

sums
∑
j(γ(tj)− γ(tj−1))u(tj) .
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Moreover, several of the formulae such as

d

dt
(αu(t) + βv(t)) = αu′(t) + βv′(t)∫

(αu(t) + βv(t)) dt = α

∫
u(t) dt+ β

∫
v(t) dt∥∥∥∥∫ u(t) dt

∥∥∥∥ ≤
∫
‖u(t) ‖ |dt|

which are valid for real valued functions, also hold for vector valued and operator valued
functions. Also, for holomorphic functions (i.e. functions which are defined and differ-
entiable everywhere on an open subset of the complex plane), Cauchy’s integral theorem
holds and there is a Taylor expansion about every point in that set. If a function is
bounded and holomorphic on the entire complex plane, then Liouville’s theorem holds,
meaning that such a function is constant.

Whenever ‖T ‖ < 1 then (on defining T 0 = I )

(I − T )−1 =
∞∑
n=0

Tn

and the series is absolutely summable. A consequence of this is the fact that, if λ ∈ ρ(T )
and

|ζ − λ| < ‖RT (λ) ‖−1
,

then

RT (ζ) = (I − (λ− ζ)RT (λ))−1RT (λ) =
∞∑
n=0

(λ− ζ)nRT (λ)n+1 .

This shows that ρ(T ) is an open subset of C , and that RT (ζ) is holomorphic in ζ
with the above Taylor expansion about each point λ ∈ ρ(T ) . Hence

dn

dζn
RT (ζ) = (−1)nn!RT (ζ)n+1 .

Theorem A. Suppose that T is a bounded operator on X . Then σ(T ) is a non–
empty compact subset of C .

Proof. In view of the above remarks, it suffices to show that σ(T ) is bounded and
non–empty. Take any |ζ| > ‖T ‖ . Then

RT (ζ) = ζ−1(I − ζ−1T )−1 =
∞∑
n=0

ζ−n−1Tn
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and
‖RT (ζ) ‖ ≤ 1

|ζ| − ‖T ‖
.

Therefore σ(T ) is bounded and RT (ζ) → 0 as ζ → ∞ . If σ(T ) were empty, then
RT (ζ) would be a bounded entire function on C which tends to zero at infinity, and
therefore, by Liouville’s theorem, RT (ζ) = 0 for every ζ ∈ C . However, this is
impossible as the inverse of an operator on a non–trivial Banach space cannot be zero.
We conclude that σ(T ) is a non–empty subset of C . �

(B) Holomorphic functional calculi of bounded operators.

Let T be a bounded operator on X . Let Ω be an open subset of C which
contains σ(T ) , and let H(Ω) denote the space of all complex valued holomorphic
functions defined on Ω .

Let us use the word contour to mean a finite collection of oriented smooth closed
curves, and let us say that a contour γ envelopes σ(T ) in Ω if γ is contained in
Ω \ σ(T ) and

1
2πi

∫
γ

dζ

ζ − α
=
{

1 , if α ∈ σ(T )
0 , if α 6∈ Ω .

For each function f ∈ H(Ω) , define the operator f(T ) ∈ L(X ) by

f(T ) =
1

2πi

∫
γ

f(ζ)(ζI − T )−1 dζ =
1

2πi

∫
γ

f(ζ)RT (ζ) dζ

where γ is a contour which envelopes σ(T ) in Ω .

Since γ envelopes σ(T ) in Ω , and the integrand is a holomorphic operator valued
function on Ω\σ(T ) , it follows that f(T ) ∈ L(X ) , and by Cauchy’s theorem, that the
definition of f(T ) is independent of the particular choice of γ .

The terminology f(T ) is natural, in view of the following result, which can be
found in Chapter VII of the book already referred to by Dunford and Schwartz. In the
Notes and Remarks at the end of that Chapter, there is an account of the historical
development of this theory. People involved include E.H. Moore, D. Hilbert, F. Riesz,
C. Neumann, I.M. Gelfand, N. Dunford and A.E. Taylor.

Theorem B. Let T ∈ L(X ) , and suppose that Ω is an open set which contains σ(T ) .
Then the mapping from H(Ω) to L(X ) which maps f to f(T ) satisfies the following
properties:

(1) if f , g ∈ H(Ω) and α ∈ C then f(T ) + αg(T ) = (f + αg)(T ) ;
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(2) if f , g ∈ H(Ω) then f(T )g(T ) = (fg)(T ) ;

(3) if p(ζ) =
∑n
k=0 ckζ

k then p(T ) =
∑n
k=0 ckT

k ;

(4) if α ∈ ρ(T ) and Rα(ζ) = (ζ − α)−1 then

Rα(T ) = (T − αI)−1 = −RT (α) ;

(5) if {fα} is a net in H(Ω) which converges uniformly on compact subsets of Ω
to f ∈ H(Ω) then f(T ) = limα fα(T ) ;

(6) if f ∈ H(Ω) then f(σ(T )) = σ(f(T )) .

Proof.

(1) This follows from the linearity of the integral.

(2) Since the definitions of f(T ) and g(T ) are independent of the contours which
envelope σ(T ) in Ω , we are free to chose suitable ones for our purposes. Let
U be an open subset of Ω which contains σ(T ) , and whose closure U is a
compact subset of Ω . Let Γ and γ be contours such that Γ envelopes σ(T )
in U , and γ envelopes U in Ω . Then, by the resolvent equation, we have

f(T )g(T ) =
1

2πi

∫
γ

f(ζ)RT (ζ) dζ
1

2πi

∫
Γ

g(w)RT (w) dw

=
1

(2πi)2

∫
γ

∫
Γ

f(ζ)g(w)RT (ζ)RT (w) dζ dw

=
1

(2πi)2

∫
γ

f(ζ)RT (ζ)
∫

Γ

g(w)
w − ζ

dw dζ

− 1
(2πi)2

∫
Γ

g(w)RT (w)
∫
γ

f(ζ)
w − ζ

dζ dw

= 0 +
1

2πi

∫
Γ

f(w)g(w)RT (w) dw

= (fg)(T ) .

(We can interchange the order of integration because the integrals are absolutely
convergent.)

(3) It follows from (1) and (2) that it suffices to prove this result for the functions
1 and Id defined by 1(ζ) = 1 and Id(ζ) = ζ for all ζ ∈ C . Let γ be a
contour which envelopes the closed disc of radius ‖T ‖ , and hence σ(T ) , in C .
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Then

1(T ) =
1

2πi

∫
γ

(ζI − T )−1 dζ

=
1

2πi

∫
γ

∞∑
n=0

Tn

ζn+1
dζ

=
∞∑
n=0

Tn
1

2πi

∫
γ

dζ

ζn+1

= I

since ∫
γ

dζ

ζn+1
=
{

2πi if n = 0
0 otherwise.

Using the same argument, we see that

Id(T ) =
1

2πi

∫
γ

ζ(ζI − T )−1 dζ =
∞∑
n=0

Tn
1

2πi

∫
γ

dζ

ζn
= T .

(4) Let α ∈ ρ(T ) . Then, by the above properties, we obtain:

(T − αI)Rα(T ) = 1(T ) = I

Rα(T )(T − αI) = 1(T ) = I.

Therefore Rα(T ) = (T − αI)−1 .
(5) Since γ has finite length and∥∥∥∥∫

γ

(fα(ζ)− f(ζ))RT (ζ) dζ
∥∥∥∥

≤ max
ζ∈γ

{ |fα(ζ)− f(ζ)| ‖RT (ζ) ‖ } length(γ) ,

it follows that f(T ) = limα fα(T ) .
(6) Suppose f ∈ H(Ω) . Let λ ∈ σ(T ) . For ζ ∈ Ω , let

g(ζ) =


f(ζ)− f(λ)

ζ − λ
when ζ 6= λ

f ′(λ) when ζ = λ .

Then g ∈ H(Ω) and f(T ) − f(λ)I = g(T )(T − λI) . If f(λ) ∈ ρ(f(T )) then
f(T ) − f(λ)I has a bounded inverse, and hence so does (T − λI) , which con-
tradicts the assumption that λ ∈ σ(T ) . Therefore f(λ) ∈ σ(f(T )) .

Now let λ ∈ σ(f(T )) . If λ 6∈ f(σ(T )) then h(ζ) = (f(ζ) − λ)−1 is
holomorphic on a neighbourhood of σ(T ) , say Ω′ . Applying the above results
to H(Ω′) , we get h(T )(f(T )−λI) = I , which contradicts the assumption that
λ ∈ σ(f(T )) . Therefore λ ∈ f(σ(T )) . �
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We say that T has a bounded H(Ω) functional calculus (“bounded” because
‖ f(T ) ‖ ≤ c ‖ f ‖∞ for all f ∈ H(Ω) ). There is a straightforward consequence con-
cerning spectral decompositions.

Suppose that T is an operator whose spectrum σ(T ) is a pairwise disjoint union
of non–empty compact sets

σ(T ) = σ1 ∪ σ2 ∪ · · · ∪ σN .

For each k , let Ωk be an open subset which contains σk , chosen so that the Ωk ’s are
pairwise disjoint, let Ω = ∪kΩk , and define the holomorphic functions χk ∈ H(Ω) by

χk(ζ) =
{

1 if ζ ∈ Ωk
0 otherwise.

Then χk
2 = χk , χk χj = 0 if k 6= j , and

∑N
k=1

χk = 1 .

Thus the operators Pk defined by Pk = χk(T ) form a family of spectral projections
associated with T , meaning that they satisfy

Pk
2 = Pk , PkPj = 0 if k 6= j , and

N∑
k=1

Pk = I

as well as PkT = TPk .

It is easy to infer from this, that the range Xk of Pk is a closed subspace of X
which is invariant under T , that X = ⊕kXk , and that, if Tk denotes the restriction of
T to Xk , then Tk ∈ L(Xk) and σ(Tk) = σk . Thus we have a spectral decomposition
of X associated with T .

In the case when X is finite dimensional and the sets σk consist of distinct eigenval-
ues, then this decomposition of X into Xk can be used to obtain the Jordan canonical
form of T , as is shown, for example, in Kato’s book.

Exercise. For the operator D in the Example in Section A, show that f(D) =
diag(f(d1), f(d2), . . . ) . In this case, ‖ f(D) ‖ = supλ∈σ(D) |f(λ)| ≤ ‖ f ‖∞ . Actu-
ally this operator D has a bounded F functional calculus, where F is the space of
all bounded complex valued functions defined on {dn} .

Exercise. Prove that the functional calculus defined above is unique in the following
sense. There is no other mapping from H(Ω) to L(X ) which satisfies properties (1),
(2), (5), and either (3) or (4) of Theorem B.
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Exercise. For each t ∈ R , let gt denote the holomorphic function gt(ζ) = e−tζ . Define
e−tT ∈ L(X ) by e−tT = gt(T ) . Use the holomorphic functional calculus of T and the
properties of the exponential functions to obtain whatever properties you can concerning
the operators e−tT . Show that the unique C1 function u : R → X which satisfies

du

dt
(t) = −Tu(t) , u(0) = v

is given by u(t) = e−tT v .
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Lecture 2. Spectral Theory of Unbounded Operators

Material in Section D and subsequent sections is based on my paper [Mc] on H∞
functional calculi, and on subsequent papers with A. Yagi [McY], T. Qian [McQ], M.
Cowling, I. Doust and A. Yagi [CDMcY], and P. Auscher and A. Nahmod [AMcN], all
of whom I take this opportunity to thank.

(C) Spectra and resolvents of closed operators in Banach spaces.

Recall that X denotes a non–trivial complex Banach space. By an operator in
X we mean a linear mapping T : D(T ) → X , where the domain D(T ) is a linear
subspace of X . (Note that we do not require that subspaces are closed.) The range of
T is denoted by R(T ) . The norm of T is

‖T ‖ = sup{ ‖Tu ‖ : u ∈ D(T ), ‖u ‖ = 1 }

so that 0 ≤ ‖T ‖ ≤ ∞. We say that T is bounded if ‖T ‖ <∞ , and that T is bounded
on X if it is bounded and D(T ) = X . The algebra of all bounded operators on X is
denoted by L(X ) . We call T densely–defined if D(T ) is dense in X , and closed if its
graph, G(T ) = {(u, Tu) : u ∈ D(T )} is a closed subspace of X × X . The space of all
closed operators is denoted C(X ) .

A complex valued function f defined on X is called a conjugate linear functional
on X if f(αu + βv) = ᾱf(u) + β̄f(v) , for every α , β ∈ C and u , v ∈ X . The
complex Banach space X ∗ of all conjugate linear functionals on X , under the norm

‖ f ‖ = sup{ |f(u)| : ‖u ‖ = 1 } ,

is called the adjoint space of X .

If T is a densely–defined operator in C(X ) , then its adjoint operator T ∗ ∈ C(X )
is defined as follows. The domain of T ∗ consists of all g ∈ X ∗ such that g(Tu) = f(u)
for every u ∈ D(T ) and some f ∈ X ∗ . Since T is assumed to be densely–defined, the
f ∈ X ∗ is uniquely defined by g , and so we define T ∗g = f .

In the case that X is a Hilbert space, we can identify X ∗ with X by taking
f(x) = 〈f, x〉 . If T is a densely–defined operator in X such that T = T ∗ , then T is
called a self–adjoint operator in X .

When new operators are constructed from old, the domains are taken to be the
largest for which the constructions make sense. For example, if S and T are linear
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operators, then S + T and ST are the linear operators defined by

(S + T )u = Su+ Tu , u ∈ D(S + T ) = D(S) ∩ D(T ) ,

(ST )u = S(Tu) , u ∈ D(ST ) = {u ∈ D(T ) : Tu ∈ D(S)} ,

and, if T is one–one, then
D(T−1) = R(T ) .

Care needs to be taken with the domains of operators. We write S ⊂ T if D(S) ⊂
D(T ) and Su = Tu for all u ∈ D(S) . So S = T if and only if S ⊂ T and T ⊂ S .

Exercise. Show that
S + T = T + S ,

(S + T ) + U = S + (T + U) ,

S + 0 = S ,

0S ⊂ S0 = 0 ,

S − S ⊂ 0 ,

(ST )U = S(TU) ,

S(T + U) ⊃ ST + SU ,

(S + T )U = SU + TU ,

and, if S is one–one,
S−1S ⊂ I and SS−1 ⊂ I .

Sometimes S(T+U) 6= ST+SU , as the example given by T = −U = I and D(S) 6= X
shows. If S and T are one–one, then so is ST , and (ST )−1 = T−1S−1 .

Exercise. If B ∈ L(X ) and T ∈ C(X ) , then the following operators are closed: B ,
TB , B−1T (if B is one–one) and T−1 (if T is one–one).

The resolvent set ρ(T ) of T is the set of all λ ∈ C for which (T − λI) is one–
one and (T − λI)−1 ∈ L(X ) . The spectrum σ(T ) of T is the complement of ρ(T ) ,
together with ∞ if T /∈ L(X ) .

For T ∈ C(X ) and λ ∈ ρ(T ) , define the resolvent operator RT (λ) ∈ L(X ) by

RT (λ) = (λI − T )−1 .
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Lemma C. Suppose T is a closed operator in X and λ ∈ ρ(T ) . Let Rλ(ζ) =
(ζ − λ)−1 for every ζ ∈ C , and let Rλ(∞) = 0 . Then −Rλ(σ(T )) = σ(RT (λ)) .

Proof. Suppose ∞ ∈ σ(T ) . Then T 6∈ L(X ) and hence T − λI 6∈ L(X ) . Therefore

Rλ(∞) = 0 ∈ σ(RT (λ)) .

Next, let µ ∈ σ(T ) ∩ C and assume that −(µ− λ)−1 = (λ− µ)−1 ∈ ρ(RT (λ)) . Then

P =
1

λ− µ
RT (λ)

(
RT (λ)− 1

λ− µ
I

)−1

∈ L(X ) .

Therefore P (T − µI) ⊂ I and (T − µI)P = I , so that µ ∈ ρ(T ) , which contradicts
the assumption that µ ∈ σ(T ) . Therefore −Rλ(σ(T )) ⊂ σ(RT (λ)) .

Now, suppose µ ∈ σ(RT (λ)) and assume that −µ 6∈ Rλ(σ(T )) . Then µ ∈ C and
λ− 1/µ ∈ ρ(T ) . Let

Q = − 1
µ

(I +
1
µ
RT (λ− 1/µ)) ∈ L(X) .

Then Q(RT (λ) − µI) = (RT (λ) − µI)Q = I . So µ ∈ ρ(RT (λ)) . However, this is a
contradiction, and hence σ(RT (λ)) ⊂ −Rλ(σ(T )) . �

In the above, we have extended the complex plane C to the Riemann sphere C∞ =
C ∪ {∞} . The topology on the Riemann sphere consists of the usual neighbourhoods
in C together with the neighbourhoods of ∞ which are the sets of the form U ∪{∞} ,
where C \ U is a compact subset of C . A function f defined in a neighbourhood of
∞ is holomorphic at ∞ if f(1/ζ) is holomorphic at ζ = 0 .

Let T be a closed operator in X and let λ ∈ ρ(T ) . Then the function Rλ defined
in the last lemma, is a homeomorphism on C∞ and is holomorphic on C∞ \ {λ} . It
therefore follows from the last lemma that σ(T ) is a non–empty compact subset of
C∞ .

We now develop the holomorphic functional calculus for closed operators with non–
empty resolvent set, following the treatment of Dunford and Schwartz.

Let Ω be an open subset of C∞ which contains σ(T ) , but does not contain λ ∈ C ,
and let H(Ω) be the space of holomorphic functions defined on Ω . Then Rλ induces
a bijection between H(Ω) and H(Rλ(Ω)) , where f ∈ H(Ω) is mapped to f ◦ R−1

λ .
Using this bijection we define

f(T ) = (f ◦R−1
λ )(−RT (λ)) ,

for every f ∈ H(Ω) . The following result is then a consequence of Theorem B.
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Theorem C. Let T be a closed operator in X with non–empty resolvent set, and
suppose that Ω is a proper open subset of C∞ which contains σ(T ) . Then the mapping
from H(Ω) to L(X ) which maps f to f(T ) satisfies the following properties:

(1) if f , g ∈ H(Ω) and α ∈ C then f(T ) + αg(T ) = (f + αg)(T ) ;
(2) if f , g ∈ H(Ω) then f(T )g(T ) = (fg)(T ) ;
(3) 1(T ) = I ;
(4) if α ∈ ρ(T ) and Rα(ζ) = (ζ − α)−1 then

Rα(T ) = (T − αI)−1 = −RT (α) ;

(5) if {fα} is a net in H(Ω) which converges uniformly on compact subsets of Ω
to f ∈ H(Ω) then f(T ) = limα fα(T ) ;

(6) if f ∈ H(Ω) then f(σ(T )) = σ(f(T )) .

Exercise. State and prove a theorem concerning the uniqueness of this holomorphic
functional calculus.

Exercise. Prove A.E. Taylor’s formula

f(T ) = f(∞)I +
1

2πi

∫
δ

f(ζ)(ζI − T )−1 dζ

in the case when ∞ ∈ σ(T ) and δ is a contour which envelopes σ(T ) in Ω in some
appropriate sense.

(D) Holomorphic functional calculi of operators of type Sω+ .

For 0 ≤ ω < µ < π , define the closed and open sectors in the complex plane C :

Sω+ = { ζ ∈ C : | arg ζ| ≤ ω} ∪ { 0}
S0
µ+ = { ζ ∈ C : ζ 6= 0, | arg ζ| < µ}.

We employ the following subspaces of the space H(S0
µ+) of all holomorphic func-

tions on S0
µ+ .

H∞(S0
µ+) = { f ∈ H(S0

µ+) : ‖ f ‖∞ <∞ } ,

where ‖ f ‖∞ = sup{ |f(ζ)| : ζ ∈ S0
µ+ },

Ψ(S0
µ+) = { ψ ∈ H(S0

µ+) : ∃s > 0, |ψ(ζ)| ≤ C|ζ|s(1 + |ζ|2s)−1 }
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and
F (S0

µ+) = { f ∈ H(S0
µ+) : ∃s > 0, |f(ζ)| ≤ C(|ζ|−s + |ζ|s) } ,

so that
Ψ(S0

µ+) ⊂ H∞(S0
µ+) ⊂ F (S0

µ+) ⊂ H(S0
µ+) .

Let 0 ≤ ω < π . An operator T ∈ C(X ) is said to be of type Sω+ if σ(T ) ⊂ Sω+

and, for each µ > ω , there exists Cµ such that∥∥ (T − ζI)−1
∥∥ ≤ Cµ|ζ|−1 , ζ 6∈ Sµ+ .

Example 1. Suppose that T is a self–adjoint operator in a Hilbert space H and that
〈Tu , u〉 ≥ 0 for every u ∈ X . Then T is an operator of type S0+ .

Example 2. More generally, for 0 ≤ ω ≤ π
2 , suppose that T is an ω -accretive op-

erator in a Hilbert space H , by which we mean that σ(T ) ⊂ Sω+ and 〈Tu , u〉 ∈
Sω+ for all u ∈ D(T ) . Then it is easy to show that ‖RT (ζ) ‖ ≤ (dist(ζ, Sω+))−1 for
all ζ /∈ Sω+ , so that T is an operator of type Sω+ . We remark that ω -accretive
operators necessarily have dense domain, and are self–adjoint if and only if ω = 0 .

Example 3. Let 0 < ω < π
2 . A family of bounded operators {S(z) : z ∈ S0

ω+} on X
is called a holomorphic semigroup if

(1) S(z)S(w) = S(z + w) for all z , w ∈ S0
ω+ ;

(2) S(z) is holomorphic on S0
ω+ .

Let T be the generator of {S(z)} , namely the operator in X such that

Tu = lim
t↓0

S(t)u− u

t

with domain consisting of all u ∈ X for which the limit exists. Then −T is an operator
of type S( π

2−ω)+ in X .

Example 4. Define

T = ⊕
k∈N

[
2−k 1
0 2−k

]
in the Hilbert space H = ⊕C2 = {(u1, u2, . . . ) : uk ∈ C2} with inner product
((u1, u2, . . . ) , (v1, v2, . . . )) =

∑
(uk , vk) . Then, for ξ < 0 ,

(T − ξI)−1 = ⊕
k∈N

[
(2−k − ξ)−1 −(2−k − ξ)−2

0 (2−k − ξ)−1

]
,
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so
∥∥ (T − ξI)−1

∥∥ ≥ supk
∣∣2−k − ξ

∣∣−2 ≥ |ξ|−2 . Thus T is not of type Sω+ for any ω .

Suppose that T is a one–one operator of type Sω+ with dense domain and dense
range in X . Every such operator has a holomorphic functional calculus which is consis-
tent with the usual definition of polynomials of an operator. By this we mean that for
each µ > ω and for each f ∈ F (S0

µ+) , there corresponds a densely–defined operator
f(T ) ∈ C(X ) . Further, if f, g ∈ F (S0

µ+) and α ∈ C , then

αf(T )u+ g(T )u = (αf + g)(T )u

g(T )f(T )u = (gf)(T )u

for every u ∈ D(f(T )) for which one side (and hence the other side) of each equation
is defined.

In particular, if ψ ∈ Ψ(S0
µ+) , then

ψ(T ) =
1

2πi

∫
γ

(T − ζI)−1ψ(ζ) dζ

where γ is the unbounded contour {ζ = re±iθ : r ≥ 0} parametrised clockwise around
Sω+ , and ω < θ < µ . Clearly, this integral is absolutely convergent in L(X ) , and it
is straightforward to show, using Cauchy’s theorem, that the definition is independent
of the choice of θ ∈ (ω, µ) , and that if ψ is holomorphic on a neighbourhood of Sω+ ,
then this definition is consistent with the previous one. Moreover σ(ψ(T )) = ψ(σ(T )) .

One way to construct this functional calculus is to first define these operators ψ(T )
by this integral when ψ ∈ Ψ(S0

µ+) , and to then define f(T ) when f ∈ F (S0
µ+) as

follows.

Suppose f ∈ F (S0
µ+) . Then for some c and k , |f(ζ)| ≤ c(|ζ|k + |ζ|−k) for every

ζ ∈ S0
µ+ . Let

ψ(ζ) =
(

ζ

(1 + ζ)2

)k+1

.

Then ψ , fψ ∈ Ψ(S0
µ+) and ψ(T ) is one–one. So (fψ)(T ) is a bounded operator on

X , and ψ(T )−1 is a closed operator in X . Define f(T ) ∈ C(X ) by

f(T ) = (ψ(T ))−1(fψ)(T ) .

One must then check that the properties of the functional calculus are satisfied.

This functional calculus is the unique one in which the following Convergence
Lemma holds. It is one of the most important properties which is satisfied by this
functional calculus.
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Theorem D (The Convergence Lemma). Let 0 ≤ ω < µ ≤ π . Let T be an
operator of type Sω+ which is one–one with dense domain and range. Let {fα} be
a uniformly bounded net in H∞(S0

µ+) , which converges to f ∈ H∞(S0
µ+) uniformly

on compact subsets of S0
µ+ , such that {fα(T )} is a uniformly bounded net in L(X ) .

Then f(T ) ∈ L(X ) , fα(T )u→ f(T )u for all u ∈ X , and ‖ f(T ) ‖ ≤ supα ‖ fα(T ) ‖ .

Proof. Let ψ(ζ) = ζ(1 + ζ)−2 and ψα(ζ) = ψ(ζ)(fα(ζ) − f(ζ)) . Then, for each α ,
ψα ∈ Ψ(S0

µ+) and

‖ψα(T ) ‖ ≤ const.
∫
γ

|fα(ζ)− f(ζ)|
1 + |ζ|2

|dζ|

≤ const.
r

(‖ f ‖∞ + ‖ fα ‖∞) + const. sup
r−1≤|ζ|≤r

{|fα(ζ)− f(ζ)|}

for all r > 1 . Since the net {fα} is uniformly bounded and converges on compact
subsets of S0

ω+ , it follows that ‖ψα(T ) ‖ → 0 . Now take any u ∈ X . Then

‖ fα(T )ψ(T )u− f(T )ψ(T )u ‖ = ‖ψα(T )u ‖ ≤ ‖ψα(T ) ‖ ‖u ‖ → 0 .

Therefore
‖ f(T )ψ(T )u ‖ ≤ (sup

α
‖ fα(T ) ‖) ‖ψ(T )u ‖ .

Since ψ(T ) has dense range it follows that ‖ f(T ) ‖ ≤ supα ‖ fα(T ) ‖ and that
fα(T )u→ f(T )u for every u ∈ X . �

The Convergence Lemma allows us to give immediate proofs of many of the formulae
used in studying such entities as powers of T and semigroups associated with T .

Let us consider the powers of a one–one operator T of type Sω+ with dense domain
and dense range. (The density assumptions can often be removed.) For α ∈ C , let
fα ∈ F (S0

µ+) be given by fα(ζ) = ζα , where µ > ω . Then define Tα ∈ C(X ) by

Tα = fα(T ) .

From the functional calculus of T , formulae such as

Tα T βu = Tα+βu , u ∈ D(T β) ∩ D(Tα+β) ,

follow immediately. From the Convergence Lemma, it is also easy to prove standard
formulae for these operators such as the following. If 0 < s < 1 , then

T su =
1
β

lim
R→∞
ε→0

∫ R

ε

t−s(I + tT )−1Tu dt , u ∈ D(T ) ,
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where
β =

∫ ∞

0

t−s(1 + t)−1dt .

We can develop the theory of the associated holomorphic semigroups in a similar
manner. Suppose T is a one–one operator with dense domain and dense range which
is of type Sω+ , where 0 ≤ ω < π

2 . For each z ∈ S0
( π

2−ω)+ let

gz(ζ) = e−zζ .

Then gz ∈ F (S0
π
2 +) and the operators

e−zT = gz(T )

form a holomorphic semigroup.

Exercise. State and prove a theorem concerning the uniqueness of this holomorphic
functional calculus.

Exercise. Show that, whenever f(T ) ∈ L(X ) , then f(T ∗) ∈ L(X ∗) and f(T )∗ =
f(T ∗) , where f(ζ) = f(ζ) .
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Lecture 3. Quadratic Estimates

In this lecture and the next, H denotes a non–trivial complex Hilbert space.

We are primarily interested in characterising and studying those one–one operators
T of type Sω+ in H which have a bounded H∞ functional calculus, meaning that for
all f ∈ H∞(S0

µ+) (where µ > ω ), f(T ) ∈ L(H) and

‖ f(T ) ‖ ≤ cµ ‖ f ‖∞

for some constant cµ . In particular, we show that this is the case if and only if the
quadratic norm ‖u ‖T is equivalent to the original norm ‖u ‖ on H .

In the Hilbert space case, every one–one operator T of type Sω+ necessarily has
dense domain and dense range, so that the Convergence Lemma is always valid.

Further, D(T ) ∩R(T ) is dense in H . If T is not one–one, then H = N (T )⊕H0

where N (T ) = {u ∈ D(T ) : Tu = 0} , and H0 is the closure of R(T ) , so that we do
not lose generality by restricting our attention to one–one operators. (No orthogonality
is implied by the symbol ⊕ .) See [CDMcY] for a treatment of these results, and for
the situation in Banach spaces. References for the results which follow also include [Y],
[Mc], [McY], [McQ], and [AMcN]. There is related material in [deL].

(E) Quadratic norms of operators of type Sω+ in Hilbert spaces.

Suppose, for 0 ≤ ω < π , that T is a one–one operator of type Sω+ in H . Given
ψ ∈ Ψ(S0

µ+) and t > 0 , define ψt ∈ Ψ(S0
µ+) by ψt(ζ) = ψ(tζ) . The operators

ψt(T ) ∈ L(H) , defined in the previous section, depend continuously on t , so the
integrals in the following results make sense.

Lemma E. Let T be a one–one operator of type Sω+ in H . Let ψ , ψ ∈ Ψ(S0
µ+)

where µ > ω . Then there exists a constant c such that

(i) ‖ (fψt)(T ) ‖ ≤ c ‖ f ‖∞

for all f ∈ H∞(S0
µ+) and all t > 0 , and

(ii)


∫ ∞

0

∥∥∥∥∥
∫ β

α

ψτ (T )ψ
t
(T )g(τ)

dτ

τ

∥∥∥∥∥
2
dt

t


1
2

≤ c

{∫ β

α

‖ g(τ) ‖2 dτ

τ

} 1
2
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for all continuous functions g from [α, β] to H , and all 0 < α < β <∞ .

Proof. If γ = {ζ = re±iθ : r > 0} , ω < θ < µ , is an unbounded contour parametrised
clockwise around Sω+ , then

(fψt)(T ) =
1

2πi

∫
γ

f(ζ)ψ(tζ)(T − ζI)−1 dζ .

So, for some s > 0 ,

‖ (fψt)(T ) ‖ ≤ const. ‖ f ‖∞
∫
γ

|tζ|s

1 + |tζ|2s
|dζ|
|ζ|

≤ c ‖ f ‖∞
which proves (i). To obtain (ii), first verify that∥∥∥ (ψτψt)(T )

∥∥∥ ≤ const.
∫
γ

|τζ|s

1 + |τζ|2s
|tζ|s

1 + |tζ|2s
|dζ|
|ζ|

≤
{

const. (t/τ)s(1 + log(τ/t)) if 0 < t ≤ τ <∞
const. (τ/t)s(1 + log(t/τ)) if 0 < τ ≤ t <∞ .

Therefore a variant of Schur’s estimate becomes∫ ∞

0

∥∥∥∥∥
∫ β

α

ψτ (T )ψ
t
(T )g(τ)

dτ

τ

∥∥∥∥∥
2
dt

t

≤
∫ ∞

0

{∫ β

α

∥∥∥ψτ (T )ψ
t
(T )

∥∥∥ 1
2
∥∥∥ψτ (T )ψ

t
(T )

∥∥∥ 1
2 ‖ g(τ) ‖ dτ

τ

}2
dt

t

≤
∫ ∞

0

{∫ β

α

∥∥∥ψτ (T )ψ
t
(T )

∥∥∥ dτ
τ

∫ β

α

∥∥∥ψτ (T )ψ
t
(T )

∥∥∥ ‖ g(τ) ‖2 dτ
τ

}
dt

t

≤ sup
t

{∫ β

α

∥∥∥ (ψτψt)(T )
∥∥∥ dτ
τ

}
sup
τ

{∫ ∞

0

∥∥∥ (ψτψt)(T )
∥∥∥ d t
t

}{∫ β

α

‖ g(τ) ‖2 dτ
τ

}

≤ c2
∫ β

α

‖ g(τ) ‖2 dτ
τ

as required. �

We are now in a position to define the quadratic norm ‖u ‖T,ψ associated with a
one–one operator T of type Sω+ in H and a non–zero function ψ ∈ Ψ(S0

µ+) . It is
defined by

‖u ‖T,ψ =
{∫ ∞

0

‖ψt(T )u ‖2 dt

t

} 1
2
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on the space H0
T,ψ of all u ∈ H for which the integral is finite.

Exercise. Show that there exist two more functions θ, θ ∈ Ψ(S0
µ+) such that∫ ∞

0

θ(τ)θ(τ)ψ(τ)
dτ

τ
= 1 .

Prove, using the Convergence Lemma, that

lim
α→0
β→∞

ψα,β(T )u = lim
α→0
β→∞

∫ β

α

θτ (T )θτ (T )ψτ (T )u
dτ

τ
= u

for all u ∈ H , where ψα,β ∈ Ψ(S0
µ+) is defined by

ψα,β(ζ) =
∫ β

α

θτ (ζ)θτ (ζ)ψτ (ζ)
dτ

τ
.

Exercise. Show that ‖u ‖T,ψ is indeed a norm on H0
T,ψ .

Exercise. Suppose that {vα} is a Cauchy net in H0
T,ψ in the topology associated with

‖ . ‖T,ψ , and that vα → v ∈ H in the original norm topology. Prove that v ∈ H0
T,ψ

and that ‖ vα − v ‖T,ψ → 0 .

Proposition E. Suppose that T is a one–one operator of type Sω+ in H , and that
ψ , ψ are non–zero functions in Ψ(S0

µ+) where µ > ω . Then there exists a constant
c such that, for every f ∈ H∞(S0

µ+) and every u ∈ H0
T,ψ ∩ D(f(T )) ,

‖ f(T )u ‖T,ψ ≤ c ‖ f ‖∞ ‖u ‖T,ψ .

Proof. Let u ∈ H0
T,ψ ∩ D(f(T )) . Choose θ, θ and ψα,β as in the exercise above. By

using the holomorphic functional calculus of T , and applying Lemma E, we have

‖ψα,β(T )f(T )u ‖T,ψ =
{∫ ∞

0

∥∥∥ψ
t
(T )ψα,β(T )f(T )u

∥∥∥2 dt

t

} 1
2

=


∫ ∞

0

∥∥∥∥∥
∫ β

α

ψ
t
(T )θτ (T )θτ (T )ψτ (T )f(T )u

dτ

τ

∥∥∥∥∥
2
dt

t


1
2
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=


∫ ∞

0

∥∥∥∥∥
∫ β

α

θτ (T )ψ
t
(T )(fθτ )(T )ψτ (T )u

dτ

τ

∥∥∥∥∥
2
dt

t


1
2

≤ const.

{∫ β

α

‖ (fθτ )(T )ψτ (T )u ‖2 dτ
τ

} 1
2

by (ii)

≤ c ‖ f ‖∞

{∫ β

α

‖ψτ (T )u ‖2 dτ
τ

} 1
2

by (i)

≤ c ‖ f ‖∞ ‖u ‖T,ψ .

Using this we see that {ψα,β(T )f(T )u} is a Cauchy net in H0
T,ψ as (α, β) →

(0,∞) . Moreover, by the first of the above exercises, we see that it converges in H to
f(T )u . So, by the third exercise, f(T )u ∈ H0

T,ψ , and satisfies the required estimate. �

On considering the case when f ≡ 1 , in which case f(T ) = I , we see that the spaces
H0
T,ψ are independent of ψ , and indeed of µ , so can be denoted by H0

T , and that
the norms ‖u ‖T,ψ are equivalent, meaning that, for each pair of non–zero functions ψ

and ψ , there exists a positive constant c such that c−1 ‖u ‖T,ψ ≤ ‖u ‖T,ψ ≤ c ‖u ‖T,ψ
for all u ∈ H0

T . We write this as ‖u ‖T,ψ ≈ ‖u ‖T,ψ . Henceforth we write ‖u ‖T in
place of any one of these equivalent norms.

Define the Banach space HT to be the completion of H0
T under the norm ‖u ‖T .

Actually HT is a Hilbert space, because H0
T is an inner product space under

(u , v)T =
∫ ∞

0

(ψt(T )u , ψt(T )v)
dt

t
.

Exercise. Prove that R(T (I +T )−2) = D(T )∩R(T ) ⊂ D(Tα)∩R(Tα) ⊂ H0
T ⊂ H for

all α ∈ (0, 1) , and hence that H0
T is dense in H . Also prove that R(T (I + T )−2) is

dense in HT .

We say that T satisfies a quadratic estimate if H ⊂ HT and ‖u ‖T ≤ c ‖u ‖ for all
u ∈ H , and that T satisfies a reverse quadratic estimate if HT ⊂ H and ‖u ‖ ≤ c ‖u ‖T
for all u ∈ HT . Our next aim is to show that T satisfies a quadratic estimate if and
only if its adjoint T ∗ satisfies a reverse quadratic estimate, or indeed, if and only if its
dual with respect to any pairing does.

Two complex Banach spaces X and Y form a dual pair 〈X , Y〉 if there is a
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bilinear or a sesquilinear form 〈· , ·〉 on X ×Y which satisfies the following properties

|〈u , v〉| ≤ c ‖u ‖X ‖ v ‖Y for all u ∈ X and all v ∈ Y

‖u ‖X ≤ c1 sup
v∈Y

|〈u , v〉|
‖ v ‖Y

for all u ∈ X

‖ v ‖Y ≤ c2 sup
u∈X

|〈u , v〉|
‖u ‖X

for all v ∈ Y

for some constants c, c1 and c2 . (A sesquilinear form 〈u , v〉 is a complex valued
function on X × Y which is linear in u and conjugate linear in v .)

Suppose 〈X , Y〉 is a dual pair. A dual pair 〈T , T ′〉 of operators of type Sω+

consists of operators T of type Sω+ in X and T ′ of type Sω+ in Y which satisfy

〈Tu , v〉 = 〈u , T ′v〉

for all u ∈ D(T ) and all v ∈ D(T ′) .

Exercise. Let T ∗ be the adjoint of an operator T of type Sω+ in a Hilbert space H
with inner product (· , ·) . Show that 〈T , T ∗〉 is a dual pair of operators of type Sω+

in 〈H , H〉 under the pairing 〈u , v〉 = (u , v) .

Exercise. If 〈T , T ′〉 is a dual pair of operators of type Sω+ in 〈X , Y〉 and if ψ ∈
Ψ(S0

µ+) for some µ > ω , then

〈ψ(T )u , v〉 = 〈u , ψ(T ′)v〉

for all u ∈ X and v ∈ Y , where ψ(ζ) = ψ(ζ) when the pairing is sesquilinear,
and ψ = ψ when the pairing is linear. Moreover there exists a constant c such that∥∥ψ(T ′)

∥∥ ≤ c ‖ψ(T ) ‖ for all ψ ∈ Ψ(S0
µ+) .

Example. If γ is a contour in C and 1 ≤ p ≤ ∞ , let Lp(γ) be the Banach space of
equivalence classes of measurable complex valued functions u on γ for which

‖u ‖p =
{∫

γ

|u(z)|p |dz|
}1/p

<∞ 1 ≤ p <∞ ,

or
‖u ‖∞ = ess sup

z∈γ
|u(z)| <∞ .

For 1 ≤ p ≤ ∞ and 1/p+1/q = 1 , 〈Lp(γ) , Lq(γ)〉 is a dual pair of Banach spaces
under the bilinear pairing

〈u , v〉 =
∫
γ

u(z)v(z) dz .
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To be specific,

‖u ‖p = sup
{
|〈u , v〉| : v ∈ Lq(γ) , ‖ v ‖q = 1

}
.

Suppose Tu = wu and T ′v = wv for some measurable function w with essen-
tial range in Sω+ . Then 〈T , T ′〉 forms a dual pair of operators of type Sω+ in
〈Lp(γ) , Lq(γ)〉 .

Exercise. Suppose 〈X , Y〉 is a dual pair of Banach spaces, Z is a dense linear subspace
of Y , and f is a continuous function from a compact interval [α, β] to X . Then
there exists a Borel function g from [α, β] to Z such that ‖ g(t) ‖Y = 1 for all t and
‖ f(t) ‖X ≤ 2c1〈f(t) , g(t)〉 for all t .

Theorem E. Suppose 〈T , T ′〉 is a dual pair of one–one operators of type Sω+ in a
dual pair of Hilbert spaces 〈H , K〉 . Then 〈HT , KT ′〉 is a dual pair of Hilbert spaces
under the induced pairing.

Proof. Choose ψ ∈ Ψ(S0
µ+) such that

∫∞
0
ψ2(t)t−1 dt = 1 , and let ‖u ‖T = ‖u ‖T,ψ

and ‖ v ‖T ′ = ‖ v ‖T ′,ψ . It suffices to prove the following bounds.

|〈u, v〉| ≤ c ‖u ‖T ‖ v ‖T ′ for all u ∈ H0
T and all v ∈ K0

T ′

‖u ‖T ≤ C1 sup
v∈K0

T ′

|〈u, v〉|
‖ v ‖T ′

for all u ∈ H0
T

‖ v ‖T ′ ≤ C2 sup
u∈H0

T

|〈u, v〉|
‖u ‖T

for all v ∈ K0
T ′ .

On applying the Convergence Lemma, we see that if u ∈ H0
T and v ∈ K0

T ′ , then

〈u , v〉 = 〈
∫ ∞

0

ψ2
t (T )u

dt

t
, v〉

=
∫ ∞

0

〈ψt(T )u , ψt(T
′)v〉dt

t
,

so that |〈u , v〉| ≤ c ‖u ‖T ‖ v ‖T ′ .

Now take any u ∈ H0
T . Choose 0 < α < β <∞ such that

9
10
‖u ‖2T ≤

∫ β

α

‖ψt(T )u ‖2 dt

t
.
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By the previous exercise, there exists a Borel function g from [α, β] to K0
T ′ such that

‖ψt(T )u ‖2 ≤ 2c1〈ψt(T )u , g(t)〉

and
‖ g(t) ‖ = ‖ψt(T )u ‖

for all t . Let v =
∫ β
α
ψt(T ′)g(t)t−1 dt . Then

9
10
‖u ‖2T ≤ 2c1

∫ β

α

〈ψt(T )u , g(t)〉dt
t

= 2c1〈u , v〉

and

‖ v ‖T ′ =


∫ ∞

0

∥∥∥∥∥
∫ β

α

ψτ (T ′)ψt(T
′)g(t)

dt

t

∥∥∥∥∥
2
dτ

τ


1
2

≤ const.

{∫ β

α

‖ g ‖2 dt
t

} 1
2

(by Lemma E)

≤ const. ‖u ‖T .

Hence

‖u ‖T ≤ C1
|〈u , v〉|
‖ v ‖T ′

for some constant C1 .

Similarly, we can show that for any v ∈ K0
T ′ , there exists u ∈ H0

T such that

‖ v ‖T ′ ≤ C2
|〈u , v〉|
‖u ‖T

.

�

Corollary E. Suppose 〈T , T ′〉 is a dual pair of one–one operators of type Sω+ in a
dual pair of Hilbert spaces 〈H , K〉 . Then HT ⊂ H with ‖u ‖ ≤ c ‖u ‖T if and only if
K ⊂ KT ′ with ‖ v ‖T ′ ≤ c′ ‖ v ‖ .

Proof. This follows immediately from the previous theorem. �
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(F) Boundedness of holomorphic functional calculi.

We are now in a position to relate square function estimates to bounded H∞ func-
tional calculi.

If T is a one–one operator of type Sω+ in H , and 0 ≤ ω < µ < π , then we
say that T has a bounded H∞(S0

µ+) functional calculus if, for all f ∈ H∞(S0
µ+) ,

f(T ) ∈ L(H) and
‖ f(T ) ‖ ≤ cµ ‖ f ‖∞ .

Exercise. If 〈T , T ′〉 is a dual pair of operators of type Sω+ in a dual pair of Hilbert
spaces 〈H , K〉 , and µ > ω , show that T has a bounded H∞(S0

µ+) functional calculus
if and only if T ′ does, and that

〈f(T )u , v〉 = 〈u , f(T ′)v〉

for all u ∈ H and v ∈ K , where f was defined in a previous exercise.

Theorem F. Suppose T is a one–one operator of type Sω+ in H . Then the following
statements are equivalent:

(a) T has a bounded H∞(S0
µ+) functional calculus for all µ > ω ;

(b) T has a bounded H∞(S0
µ+) functional calculus for some µ > ω ;

(c) ‖ f(T ) ‖ ≤ cµ ‖ f ‖∞ for all f ∈ Ψ(S0
µ+) and some µ > ω ;

(d) T is ∈ L(H) for all s ∈ R , and
∥∥T is ∥∥ ≤ cµe

µ|s| for some µ > ω ;

(e) D(Tα) = D(Aα) and D(T ∗α) = D(Bα) for some α ∈ (0, 1) , where A = (T ∗T )
1
2

and B = (TT ∗)
1
2 , with ‖Aαu ‖ ≈ ‖Tαu ‖ and ‖Bαu ‖ ≈ ‖T ∗αu ‖ ;

(f) HT = H , and there exists c > 0 such that, for every u ∈ H ,

c−1 ‖u ‖T ≤ ‖u ‖ ≤ c ‖u ‖T .

Proof. Suppose that (f) holds. Then, for all µ > ω , it is a consequence of Proposition E
that ‖ f(T )u ‖ ≤ cµ ‖ f ‖∞ ‖u ‖ for all u ∈ H and all f ∈ Ψ(S0

µ+) . Thus ‖ f(T ) ‖ ≤
cµ ‖ f ‖∞ for all f ∈ Ψ(S0

µ+) .

To obtain (a), apply this estimate, the Convergence Lemma, and the fact that every
function f ∈ H∞(S0

µ+) is the limit of a uniformly bounded sequence of functions fn ∈
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Ψ(S0
µ+) in the sense of uniform convergence on compact subsets of S0

µ+ . Statements
(b) and (c) follow.

So also does (d), because T is = fs(T ) where fs ∈ H∞(S0
µ+) is given by fs(ζ) =

ζis , and ‖ fs ‖∞ = eµ|s| .

We shall prove that (d) implies (e) in the next section. We refer the reader to the
literature, say [Y] or [Mc], for a proof that (e) implies (f).

A proof that (b) implies (f) which is more in the spirit of harmonic analysis goes as
follows. Let ψk be a sequence of functions in Ψ(S0

µ+) such that |ψk(ζ)| ≤ 2−k |ζ| (1 +
2−k |ζ|)−2 and

∑k=∞
k=−∞ ψ2

k(ζ) = 1 . Then, for all u ∈ H ,

‖u ‖T ≤ c1

{
k=∞∑
k=−∞

‖ψk(T )u ‖2
} 1

2

(proved similarly to Proposition E)

≤ c1 sup
|αk|≤1

∥∥∥∑αkψk(T )u
∥∥∥ (proved below)

≤ c2 sup
|αk|≤1

sup
ζ

∣∣∣∑αkψk(ζ)
∣∣∣ ‖u ‖ (by (b))

≤ c2 sup
ζ

∑
|ψk(ζ)| ‖u ‖

≤ c3 ‖u ‖ .

Also, T ∗ has a bounded H∞(S0
µ+) functional calculus, so ‖u ‖T∗ ≤ c4 ‖u ‖ , and

hence, by Corollary E, ‖u ‖ ≤ c5 ‖u ‖T as well, thus proving (f). �

The second inequality above is well known. It is proved in the following way. Let
uk = ψk(T )u . Let rk denote the Rademacher functions on [0, 1] . These are step
functions such that rk(x) = ±1 for all x ∈ [0, 1] , and

∫ 1

0
rj(x)rk(x)dx = δjk . Then∑

k

‖uk ‖2 =
∑
j,k

(
∫ 1

0

rj(x)rk(x) dxuk , uj)

=
∫ 1

0

∥∥∥∥∥∑
k

rk(x)uk

∥∥∥∥∥
2

dx

≤

{
sup
|αk|≤1

∥∥∥∑αkuk

∥∥∥}2

as required.

A. Yagi first proved the equivalence of (d), (e) and (f), (with ‖u ‖T defined using
a particular choice of ψ ) [Y]. Subsequently a full statement of this theorem was given
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in [Mc], though various parts of it have been known for some time. Of course, quadratic
estimates have a long history in harmonic analysis, some aspects of which we shall touch
on later.

We conclude with the remark that, by virtue of the equivalence of (a) and (b),
the definition which we made loosely at the very beginning of this lecture is perfectly
alright for the case of one–one operators of type Sω+ in a Hilbert space. That is, we say
that T has a bounded H∞ functional calculus provided T has a bounded H∞(S0

µ+)
functional calculus for some, and hence all, µ > ω .
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Lecture 4. Operators with Bounded Holomorphic Functional Calculi

In this lecture we investigate some classes of operators T of type Sω+ in a non–
trivial Hilbert space H with inner product (· , ·) , and also consider operators of type
Sω , where Sω = Sω+ ∪ Sω− .

(G) Accretive operators.

Let us first consider self–adjoint operators. A self–adjoint operator S in H is
said to be positive if (Su , u) > 0 for all non–zero u ∈ D(S) . Every positive self–
adjoint operator is a one–one operator of type S0+ , and has a bounded Borel functional
calculus, so it certainly has a bounded H∞(S0

µ+) functional calculus for all µ > 0 .
Actually, the constant cµ is 1 , meaning that ‖ f(S)u ‖ ≤ ‖ f ‖∞ for all f ∈ H∞(S0

µ+) .

Let us verify that statement (f) of Theorem F holds in this case. Let u ∈ H . Then

‖u ‖S =
{∫ ∞

0

‖ψt(S)u ‖2 dt

t

} 1
2

=
{∫ ∞

0

(ψt(S)ψt(S)u , u)
dt

t

} 1
2

=
{

(
∫ ∞

0

ψtψt(S)u
dt

t
, u)

} 1
2

= κ ‖u ‖

where κ =
{∫∞

0
|ψ(t)|2 dt

t

} 1
2

. Therefore, in this special case, the quadratic norm is a
positive multiple of the original norm, and so HS = H .

An operator T in H is accretive if Re (Tu , u) ≥ 0 for every u ∈ D(T ) , and T is
maximal accretive if T is accretive and ζ ∈ ρ(T ) whenever Re ζ < 0 . Every bounded
accretive operator on H is maximal accretive.

If T is maximal accretive and Re ζ < 0 , then ‖RT (ζ) ‖ ≤ |Re ζ|−1 , from which it
follows that T is of type π

2 .

Every one–one maximal accretive operator T has a bounded H∞(S0
µ+) functional

calculus for all µ > π
2 with constant cµ = 1 , meaning that ‖ f(T )u ‖ ≤ ‖ f ‖∞ for all

f ∈ H∞(S0
µ+) . This fact is essentially equivalent to von Neumann’s inequality, namely

that ‖ g(W ) ‖ ≤ 1 for all operators W ∈ L(H) such that ‖W ‖ ≤ 1 , and all functions
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g which are holomorphic on a neighbourhood of the closed unit disc, and bounded by
1 on the disc. See Chapter XI of [RN] for a discussion of this inequality.

We present, however, a direct proof due to Edwin Franks.

Theorem G. Suppose that T is a one–one maximal accretive operator in H . Then
T has a bounded H∞ functional calculus, and

‖ f(T ) ‖ ≤ ‖ f ‖∞ ,

for every f ∈ H∞(S0
µ+) and all µ > π

2 .

Proof. Let us first suppose that T is bounded and strictly accretive, meaning that

Re (Tu , u) ≥ c ‖u ‖2

for all u ∈ H and some c > 0 .

Choose µ > π
2 and f ∈ Ψ(S0

µ+) . Then, since (T ∗ + ζI)−1 is holomorphic on a
neighbourhood of { ζ ∈ C : Re ζ ≥ 0 } , we have

f(T ) =
1

2πi

∫
iR
f(ζ) (T − ζI)−1 dζ

=
1

2πi

∫
iR
f(ζ) ((T − ζI)−1 + (T ∗ + ζI)−1) dζ .

Therefore

f(T )u =
1

2πi

∫
iR
f(ζ) (T ∗ + ζI)−1(T ∗ + T )(T − ζI)−1u dζ

for all u ∈ H . Note that, because of our assumptions on T , the last integral is
absolutely convergent. On taking limits as usual, and applying the Convergence Lemma,
we find that this formula holds for all f ∈ H∞(S0

µ+) and all u ∈ H . In particular,
setting f = 1 ,

u =
1

2πi

∫
iR

(T ∗ + ζI)−1(T ∗ + T )(T − ζI)−1u dζ

and, since the integrand is positive self–adjoint,

‖u ‖ =
{

1
2π

∫ ∞

−∞

∥∥∥ (T ∗ + T )
1
2 (T − iηI)−1u

∥∥∥2

dη

} 1
2

.
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Moreover, for all u, v ∈ H ,

|(f(T )u , v)| =
∣∣∣∣ 1
2π

∫ ∞

−∞
f(iη) ((T ∗ + iηI)−1(T ∗ + T )(T − iηI)−1u , v) dη

∣∣∣∣
≤ ‖ f ‖∞

{
1
2π

∫ ∞

−∞

∥∥∥ (T ∗ + T )
1
2 (T − iηI)−1u

∥∥∥2

dη

} 1
2

{
1
2π

∫ ∞

−∞

∥∥∥ (T ∗ + T )
1
2 (T − iηI)−1v

∥∥∥2

dη

} 1
2

= ‖ f ‖∞ ‖u ‖ ‖ v ‖

so ‖ f(T ) ‖ ≤ ‖ f ‖∞ as required.

Now let us consider the general case. Take any ε > 0 and let Tε = ((T + εI)−1 +
εI)−1 . Then Tε is a bounded strictly accretive operator on H . Moreover, as ε → 0 ,
(Tε−ζI)−1 converges in the norm topology of L(H) , to (T −ζI)−1 . This convergence
is uniform on sets of the form { ζ ∈ S0

µ+ : r ≤ |ζ| ≤ R } when 0 < r < R < ∞ . So,
for every ψ ∈ Ψ(S0

µ+) , ψ(Tε) converges in the norm topology to ψ(T ) as ε → 0 . It
therefore follows from the above result for bounded strictly accretive operators, that

‖ψ(T ) ‖ ≤ ‖ψ ‖∞

for every ψ ∈ Ψ(S0
µ+) .

We have thus proved statement (c) of Theorem F with cµ = 1 for all µ > π
2 . The

result follows by applying the Convergence Lemma as in the proof of that theorem. �

Exercise. Extend this theorem to prove that ‖ f(T ) ‖ ≤ ‖ f ‖∞ for functions such as
ft(ζ) = e−tζ , t > 0 , which are bounded on the right half plane, but not on any bigger
sector. Hence prove that e−tT is a C0 semigroup with

∥∥ e−tT ∥∥ ≤ 1 for all t > 0 .

We remark that the formula for f(T ) used in proving Theorem G involves a kind
of Poisson integral, as opposed to the Cauchy integral we mostly use.

Exercise. Prove that every one–one maximal accretive operator T in H has a bounded
harmonic functional calculus (where this needs to be defined). Hence prove that
‖ log T − log T ∗ ‖ ≤ π .

Exercise. Let W and T be two bounded operators on H related by the formula
T = (I−W )(I+W )−1 and hence by W = (I−T )(I+T )−1 . (Assume that −1 is not
in the spectrum of either operator.) Prove that ‖W ‖ < 1 if and only if T is strictly
accretive.
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Here is a proof of one implication. For all u ∈ H ,

‖u ‖2 − ‖Wu ‖2 = Re ((I −W )u , (I +W )u)

= Re (T (I +W )u , (I +W )u)
> 0 .

Exercise. Derive von Neumann’s inequality as a corollary of Theorem G.

In section D, we defined, for 0 ≤ ω ≤ π
2 , T to be an ω -accretive operator in H

if σ(T ) ⊂ Sω+ and (Tu , u) ∈ Sω+ for all u ∈ D(T ) . Such an operator T is maximal
accretive, and so, if it is one–one, has an H∞ functional calculus. It is also of type S0

ω+ ,
and thus, by Theorem F, for all µ > ω there exists cµ such that ‖ f(T ) ‖ ≤ cµ ‖ f ‖∞
for all f ∈ H∞(S0

µ+) . We note however, that if µ < π
2 , then the constant cµ may be

larger than 1.

A third class of operators which occurs in applications are those given in the follow-
ing exercise. These operators do not necessarily have bounded H∞ functional calculi.

Exercise. Let T = V S where S is a positive self–adjoint operator in H , and V is a
bounded invertible ω -accretive operator. Prove that T is a one–one operator of type
Sω+ . An example of such an operator is given by Tu(x) = −b(x)

∑n
j=1

∂2u
∂xj

2 (x) in
L2(Rn) , where b ∈ L∞(Rn,C) with Re b(x) ≥ κ > 0 for almost all x ∈ Rn .

The theory of accretive operators was developed by T. Kato and others to study op-
erators such as elliptic operators in divergence form with bounded measurable complex
coefficients. These are defined as follows.

Consider an elliptic sesquilinear form J defined on V × V by

J [u, v] =
∫

Ω

{ Σajk
∂u

∂xk

∂v

∂xj
+ Σak

∂u

∂xk
v + Σbju

∂v

∂xj
+ auv } dx

where Ω is an open subset of Rn , V is a closed linear subspace of the Sobolev space
H1(Ω) which contains C∞c (Ω) , ajk, ak, bj , a ∈ L∞(Ω) and Re Σajk(x)ζkζj ≥ κ|ζ|2 for
all ζ = (ζj) ∈ Cn and some κ > 0 . Let L be the operator in L2(Ω) with largest
domain D(L) ⊂ V such that J [u, v] = (Lu, v) for all u ∈ D(L) and all v ∈ V . Then
L+λI is a maximal accretive operator in L2(Ω) for some positive number λ . Therefore
L+ λI has a bounded H∞ functional calculus, and satisfies quadratic estimates.

The part of Theorem F which was actually the first to be used in studying elliptic
operators, was the fact that certain operators satisfy statement (d), and hence (e), which
was used to determine that the domains of their fractional powers are Sobolev spaces.

The proof that (d) implies (e) is a consequence of the following result with B = I ,
by first taking S = A , then interchanging the roles of S and T , and finally repeating
the process for the adjoint operators.
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Proposition G. Let S and T be one–one operators of type SωS+ and SωT + in
Hilbert spaces H and K respectively, each having bounded imaginary powers (as in
(d) of Theorem F.). Let B be a bounded linear mapping from H to K such that
B(D(T )) ⊂ D(S) and ‖SBu ‖ ≤ c1 ‖Tu ‖ . Then, for every α ∈ (0, 1) , B(D(Tα)) ⊂
D(Sα) and ‖SαBu ‖ ≤ cα ‖Tαu ‖ where cα = c1

α ‖B ‖1−α .

Proof. Suppose that c1 > 0 . It suffices to show that, for any u ∈ D(SBT−1) , the
function

φ(z) =
∥∥SzBT−zu ∥∥ ‖B ‖z−1

c−z1

satisfies |φ(z)| ≤ 1 on the strip { ζ ∈ C : 0 ≤ Re ζ ≤ 1 } . From the assumptions,
we have the bounds on the lines Re ζ = 0 and Re ζ = 1 . If φ(ζ) → 0 at ∞ in
the strip, then |φ(z)| ≤ 1 by the maximum modulus principle. Otherwise, consider
φn(ζ) = φ(ζ)eζ

2/ne−1/n . Since φ(ζ) is bounded, φn(ζ) → 0 as ζ → ∞ in the strip.
Thus, |φn(ζ)| ≤ 1 everywhere in the strip since |φn| ≤ 1 on the boundary. This is true
for all n , so |φ(ζ)| ≤ 1 since eζ

2/ne−1/n → 1 as n → ∞ . Therefore, as D(SBT−1)
is dense in D(SαBT−α) the result follows. �

(H) Operators of type Sω and spectral projections.

For 0 ≤ ω < µ < π
2 , define Sω− = −Sω+ and S0

µ− = −S0
µ+ . Then define the

closed and open double sectors Sω = Sω−∪Sω+ and S0
µ = S0

µ−∪S0
µ+ , and the function

spaces
Ψ(S0

µ) ⊂ H∞(S0
µ) ⊂ F (S0

µ) ⊂ H(S0
µ)

on them, exactly as before.

Let 0 ≤ ω < π
2 . An operator T in H is said to be of type Sω if σ(T ) ⊂ Sω and,

for each µ > ω , ∥∥ (T − ζI)−1
∥∥ ≤ Cµ|ζ|−1 , ζ 6∈ Sµ .

Most of the results for one–one operators of type Sω+ generalise directly to the
case when T is a one–one operator of type Sω . Indeed the results presented in Lecture
3 remain valid, word for word, subject to the following minor modifications. (i) The
contours γ have four rays, so as to enclose both sectors. (ii) The functions ψ ∈
Ψ(S0

µ) used to define ‖u ‖T,ψ cannot be identically zero on either sector. (iii) At every
occurrence, replace T (I +T )−2 by T (I +T 2)−1 , replace Tα by (T 2)α/2 , and replace
T ∗α by (T ∗2)α/2 .

The main result is, once again, that T has an H∞ functional calculus if and only
if HT = H , with equivalence of norms.

Exercise. Prove that, if T is a one–one operator of type Sω in H , then T 2 is a one–
one operator of type S2ω+ . Prove also that HT = HT 2 . Thus T has a bounded H∞
functional calculus if and only if T 2 does.
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Let us consider the spectral projections associated with the parts of the spectrum
in each sector.

For some µ > ω , define the holomorphic functions χ+ , χ− , sgn ∈ H∞(S0
µ) by

χ+(ζ) = 1 if Re ζ > 0 and χ+(ζ) = 0 if Re ζ < 0 , χ−(ζ) = 1 − χ+(ζ) , and
sgn(ζ) = χ+(ζ) − χ−(ζ) . Let E+ = χ+(T ) and E− = χ−(T ) ∈ C(H) , so that,
by the identities of the functional calculus, D(E+) = D(E−) , E+

2 = E+ , E−
2 =

E− , E+E− = 0|D(E+) = E−E+ , E+ + E− = I|D(E+) and E+ − E− = sgn(T ) .

The operators E+ and E− form a pair of closed spectral projections corresponding
to the parts of the spectra in Sω+ and Sω− respectively, though in general they may
fail to be bounded operators on H . But, of course, if T has a bounded H∞ functional
calculus, then E+, E− ∈ L(H) because χ+, χ− ∈ H∞(S0

µ) .

We see therefore, that whenever HT = H , then E+ and E− are bounded spectral
projections on H , and that H = H+ ⊕H− , where H+ = R(E+) and H− = R(E−)
are the corresponding spectral subspaces. (The direct sum ⊕ has no connotations of
orthogonality.) This is an important reason for obtaining quadratic estimates.

Let us consider some special cases. If T is a one–one self–adjoint operator, then T
is of type S0 , and has a bounded Borel functional calculus, so it certainly has a bounded
H∞ functional calculus, again with constants cµ = 1 . In this case ‖E± ‖ = 1 so the
decomposition H = H+ ⊕H− is an orthogonal one. We remark that there exist one–
one operators of type S0 which do not have a spectral decomposition H = H+ ⊕H−

[McY].

Another class of operators of type Sω consists of the ones obtained as follows. Not
all such operators have a bounded H∞ functional calculus.

Theorem H. Let T = V S where S is a one–one self–adjoint operator in H , and
V is a bounded invertible ω -accretive operator. Then T is a one–one operator of type
Sω .

Proof. There exists a constant c such that, for ζ /∈ Sω , and u ∈ D(T ) ,

c||(T − ζI)u|| ||u|| ≥ |Im(V −1(T − ζI)u, u)| = |Imζ(V −1u, u)|
≥ |(V −1u, u)| dist(ζ, Sω) (because (V −1u, u) ∈ Sω) .

Hence, for some C > 0 ,

||(T − ζI)u|| ≥ C dist(ζ, Sω) ‖u ‖ .

The dual of (T − ζI) with respect to the pairing 〈u , v〉 = (V −1u, v) of H with
itself, is (T ′ − ζI) where T ′ = V ∗S . Since T ′ has the same form as T , we also have

||(T ′ − ζI)u|| ≥ C dist(ζ, Sω) ‖u ‖ = C dist(ζ, Sω) ‖u ‖ .
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It follows from these two estimates that ζ /∈ σ(T ) and

||(T − ζI)−1|| ≤ C−1( dist(ζ, Sω))−1 .

We conclude that T is of type Sω . �

To conclude, let us introduce a specific operator which has this form. In the final
lecture, we shall prove that it does indeed have a bounded H∞ functional calculus, and
we shall see the significance of the resulting decomposition H = H+ ⊕H− .

Let γ denote the Lipschitz curve in the complex plane which is parametrised by
a Lipschitz function g : R → C such that g′, 1/g′ ∈ L∞(R) and g′(x) ∈ Sω+ for all
x ∈ R .

Define the derivative of a Lipschitz function u on γ by

u′(z) = lim
h→0
z+h∈γ

u(z + h)− u(z)
h

.

Next use duality to define Dγ to be the closed linear operator in Lp(γ) with the largest
domain which satisfies

〈Dγu , v〉 = 〈u , iv′〉

for all Lipschitz functions v on γ with compact support. We are using the pairing

〈u , v〉 =
∫
γ

u(z)v(z) dz

defined in Section E.

Then 〈Dγ , −Dγ〉 is a dual pair of one–one operators of type Sω in 〈Lp(γ) , Lq(γ)〉 ,
1 ≤ p ≤ ∞ , 1/p+ 1/q = 1 .

If V denotes the isomorphism from L2(γ) to L2(R) induced by the parametriza-
tion, (V u)(x) = u(g(x)) , then (V Dγu)(x) = b(x)(DV u)(x) , where b = 1/g′ , and
D = 1

i
d
dx with domain D(D) = {u ∈ L2(R) : Du ∈ L2(R) } . Now D is a one–one

self–adjoint operator, and the operator of multiplication by b is a bounded invertible
ω –accretive operator in L2(R) , so, by Theorem H, the operator T = bD is a one–one
operator of type Sω in L2(R) . It follows that the operator Dγ = V −1TV is a one–one
operator of type Sω in L2(γ) .

Exercise. Show that, once we have proved that the operator T has a bounded H∞
functional calculus in L2(R) , then we can conclude that the operator Dγ has a bounded
H∞ functional calculus in L2(γ) .
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Lecture 5. Singular Integrals

Let us turn our attention to real harmonic analysis. Good references include the
books [St1] and [St2] of E.M. Stein.

(I) Convolutions and the functional calculus of −i ddx .

Let us briefly consider the L2 theory of the gradient operator

D = (D1, D2, . . . , Dn) = ( 1
i

∂

∂x1
, 1
i

∂

∂x2
, . . . , 1

i

∂

∂xn
) .

For 1 ≤ p < ∞ , let Lp(Rn) denote the Banach space of (equivalence classes of)
complex valued measurable functions u on Rn for which the norm

‖u ‖p =
{ ∫

Rn

|u(x)|p dx
} 1

p

< ∞ ,

and let L∞(Rn) be the Banach space of (equivalence classes of) measurable functions
u on Rn for which the norm

‖u ‖∞ = ess sup
x∈Rn

|u(x)| < ∞ .

(Functions which are equal almost everywhere are identified in the usual way.)

For 1 < j < n , let Dj denote the operator Dj = 1
i
∂
∂xj

in Lp(Rn) with domain

D(Dj) =
{
u ∈ Lp(Rn) :

∂u

∂xj
∈ Lp(Rn)

}
where the derivative is taken in the sense of distributions.

It is well known that Dj is a closed operator. In the case when p = 2 ,
Fourier theory can be used to verify this, and to construct a functional calculus of
D = (D1, D2, . . . , Dn) . Here is a brief survey of the results from Fourier theory that
are needed.

The Fourier transform û = F(u) of a function u ∈ L1(Rn) is defined by

û(ξ) = F(u) (ξ) =
∫

Rn

e−i 〈x , ξ〉 u(x) dx
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for all ξ ∈ Rn . The function û is a bounded continuous function on Rn which satisfies
‖ û ‖∞ ≤ ‖u ‖1 for all u ∈ L1(Rn) .

If u ∈ L2(Rn) ∩ L1(Rn) , then û ∈ L2(Rn) , and Parseval’s identity

‖ û ‖2 = (2π)n/2 ‖u ‖2

holds for all such u , and so the Fourier transform extends to an isomorphism, also
called F , from L2(Rn) to L2(Rn) .

If u ∈ L2(Rn) , then Dju ∈ L2(Rn) if and only if ξj û(ξ) ∈ L2(Rn, dξ) , and

(Dju)∧(ξ) = F( 1
i

∂u

∂xj
) (ξ) = ξj

∫
Rn

e−i 〈x , ξ〉 u(x) dx = ξj û(ξ) .

More generally, suppose that p is a polynomial in n variables. Then p(D)u ∈ L2(Rn)
if and only if p(ξ)û(ξ) ∈ L2(Rn, dξ) , and

(p(D)u)∧(ξ) = p(ξ)û(ξ) .

Exercise. Use Parseval’s identity to show that Dj is a closed operator in L2(Rn) as
claimed above. More generally, show that if p is a polynomial in n variables, then the
operator p(D) with domain D(p(D)) = {u ∈ L2(Rn) : p(D)u ∈ L2(Rn)} is a closed
operator in L2(Rn) .

The joint spectrum of D = (D1, D2, . . . , Dn) is σn(D) = Rn . There are various
ways to define this which we need not go into here, but essentially what it means is that
Rn is the support of the functional calculus of D .

For any function f ∈ L∞(Rn) , there is a natural definition of f(D) defined via
the Fourier transform, namely

( f(D)u )∧(ξ) = f(ξ) û(ξ) .

Then f(D) is a bounded operator on L2(Rn) with

‖ f(D)u ‖2 = (2π)−n/2 ‖ f û ‖2 ≤ ‖ f ‖∞ ‖u ‖2

for all u ∈ L2(Rn) . This, together with the facts (i) that the mapping from functions
f to operators f(D) is an algebra homomorphism, and (ii) that there is agreement
with the natural definition for polynomials of several variables, means that we have a
bounded L∞(Rn) functional calculus of D in L2(Rn) .
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The agreement with the natural definition of p(D) for polynomials p of D is in
the sense that, if f and pf ∈ L∞(Rn) , then

p(D) f(D)u = (pf)(D)u for all u ∈ L2(Rn) and

f(D) p(D)u = (fp)(D)u for all u ∈ D(p(D)) .

It is well known that there is a close connection between the functional calculus of
D and convolution operators. For example, if φ ∈ L1(Rn) and f = φ̂ , then, for almost
all x ∈ Rn ,

f(D)u(x) = φ ∗ u(x) =
∫

Rn

φ(x− y)u(y) dy .

When f is not the Fourier transform of an L1 function, it may still be possible to
represent f(D) as a singular convolution operator. For example, if rj(ξ) = −iξj/ |ξ|
for ξ ∈ Rn , then rj(D) = Rj , the j’th Riesz transform. Note that ‖Rju ‖2 ≤ ‖u ‖2
for all u ∈ L2(Rn) . It is well known that

Rju(x) = rj(D)u(x) = lim
ε→0

2
σn

∫
|x−y|>ε

xj − yj

|x− y|n+1 u(y) dy

for all u ∈ L2(Rn) and almost all x = (x1, x2, . . . , xn) ∈ Rn . Here σn is the n di-
mensional volume of the unit n-sphere {x ∈ Rn+1 : |x| = 1} . We shall see in Section
L that, if 1 < p <∞ , then ‖Rju ‖p ≤ cp ‖u ‖p for some constant cp .

Exercise. Let

∆ =
n∑
j=1

∂2

∂xj
2

be the Laplacian on Rn with domain

D(∆) = W 2
2 (Rn) =

{
u ∈ L2(Rn) :

∂2u

∂xj∂xk
∈ L2(Rn) for 1 ≤ j ≤ m, 1 ≤ k ≤ m

}
.

(i) Prove that −∆ is a positive self–adjoint operator in L2(Rn) , and that, letting
|D| =

√
−∆ , then Rj = − |D|−1 ∂

∂xj
= −i |D|−1

Dj .
(ii) Show that the semigroup St = exp(t∆) , t > 0 , generated by ∆ is represented
by

Stu(x) = et∆u(x) =
∫

Rn

kt(x− y)u(y) dy

where
kt(x) = (4πt)−n/2e−|x|

2/4t
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for all x ∈ Rn . Use the fact that (Stu)∧(ξ) = e−t|ξ|
2
û(ξ) .

In Section G, we showed that, for any one–one self–adjoint operator T in a Hilbert
space, and for any ψ ∈ Ψ(S0

µ+) where µ > 0 , the quadratic norm ‖u ‖T = ‖u ‖T,ψ is
a multiple of the original norm. That is,

‖u ‖T =
{∫ ∞

0

‖ψt(T )u ‖2 dt

t

} 1
2

= κ ‖u ‖

where κ =
{∫∞

0
|ψ(t)|2 dt

t

} 1
2

.

Let us now consider the operator T = −∆ in H = L2(Rn) . The quadratic norm
using ψ(ζ) = ζe−ζ is

‖u ‖−∆ =
{∫ ∞

0

‖ t∆Stu ‖2
dt

t

} 1
2

=

{∫ ∞

0

∫
Rn

∣∣∣∣ ∂∂tStu(x)
∣∣∣∣2 t dxdt

} 1
2

=

{∫ ∞

0

∫
Rn

∣∣∣∣∂U∂t (x, t)
∣∣∣∣2 t dxdt

} 1
2

where U(x, t) = Stu(x) is the solution of the heat equation ∂U
∂t (x, t) = ∆U(x, t) with

initial value U(x, 0) = u(x) , which decays as t → ∞ . This is in agreement with the
kind of quadratic estimate typically used in harmonic analysis. This norm can also be
expressed as

‖u ‖−∆ =

{∫ ∞

0

∫
Rn

∣∣∣∣∫
Rn

θt(x, y)u(y)dy
∣∣∣∣2 dxdtt

} 1
2

where θt(x, y) = t ∂∂tkt(x− y) .

Exercise. Obtain other equivalent quadratic norms for −∆ by making other choices of
ψ . For example, consider ψ(ζ) = ζ2e−ζ .

The positive self–adjoint operator −∆ has a bounded H∞ functional calculus in
L2(Rn) . In Lp(Rn) , −∆ is also of type S0+ , and has a bounded H∞(S0

µ+) functional
calculus for all µ > 0 . This is a consequence of the Marcinkiewicz multiplier theorem.
It also follows from the more general Theorem N to be proved later.
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(J) The Hilbert transform and Hardy spaces.

Let us turn our attention to the one dimensional case n = 1 . A treatment of higher
dimensional analogues of this material using Clifford analysis is discussed in [McI].

The operator D = 1
i
d
dx with domain W 1

2 (R) = {u ∈ L2(R) : Du ∈ L2(R)} is a
one-one self–adjoint operator in L2(R) with spectrum σ(D) = R .

The functional calculus introduced in the previous section is now just the usual
functional calculus of the self–adjoint operator D .

In particular, the closed operator |D| defined by

(|D|u)∧(ξ) = |ξ| û(ξ)

also has domain W 1
2 (R) and

|D| = sgn(D)D where

sgn(D) = χ+(D) − χ−(D) = E+ − E− .

Here E+ = χ+(D) and E− = χ−(D) are the spectral projections corresponding to
the positive and negative parts of the spectrum, as defined in Section H. They give us
the orthogonal spectral decomposition H = H+ ⊕ H− . Since H = L2(R) , we write
H± = L±2 (R) , so that L2(R) = L+

2 (R) ⊕ L−2 (R) , which is the Hardy decomposition of
L2(R) .

Note that sgn(D) is a bounded operator on L2(R) satisfying (sgn(D))2 = I . It
is the identity on L+

2 (R) , and minus the identity on L−2 (R) . In terms of convolutions,
it is represented by

sgn(D)u(x) = lim
ε→0

i

π

∫
|x−y|>ε

1
x− y

u(y) dy

for all u ∈ L2(R) and almost all x ∈ R , being i times the Hilbert transform.

It is interesting to note that, since E± = 1
2 (±sgn(D) + I) then

E±u(x) = ± lim
ε→0

i

2π

∫
|x−y|>ε

1
x− y

u(y) dy + 1
2 u(x)

= ± lim
δ→0±

i

2π

∫ ∞

−∞

1
x+ iδ − y

u(y) dy

for all u ∈ L2(R) and almost all x ∈ R .
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Let us look at this in a different way using the semigroups generated by − |D| .

Given u ∈ L2(R) and t > 0 , define u+(t) ∈ L2(R) by

u+(t) = e−tDE+u = e−t|D|E+u .

Then u+(t) has the properties
∂u+

∂t
(t) + Du+(t) = 0 t > 0

lim
t→0

u+(t) = E+u

lim
t→∞

u+(t) = 0 .

Also, for t < 0 , the functions u−(t) ∈ L2(R) defined by

u−(t) = etDE−u = e−t|D|E−u

satisfy the properties 
∂u−
∂t

(t) + Du−(t) = 0 t < 0

lim
t→0

u−(t) = E−u

lim
t→∞

u−(t) = 0 .

Now these partial differential equations are actually the Cauchy Riemann equations
if we identify (x, t) with x+it ∈ C . That is, the functions U+ on C+ = {x+it : t > 0}
and U− on C− = {x+ it : t < 0} defined by

U+(x+ it) = u+(t)(x) , t > 0 , x ∈ R
U−(x+ it) = u−(t)(x) , t < 0 , x ∈ R .

are holomorphic

Exercise. Show that the holomorphic functions U+ and U− on the open half spaces
C+ and C− can be represented by

U±(x+ it) = ± i

2π

∫ ∞

−∞

1
x+ it− y

u(y) dy

for all u ∈ L2(R) . So, in agreement with the previous expressions for E±u(x) ,

lim
t→0±

U±(x+ it) = E±u(x)
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for almost all x ∈ R , and
lim

t→±∞
U±(x+ it) = 0

for all x ∈ R .

Thus the Hardy spaces L±2 (R) consist of those functions u± ∈ L2(R) which can
be extended holomorphically to functions U± on C± which decay at infinity.

Exercise. Give a characterisation of the quadratic norm ‖u ‖D in terms of these holo-
morphic extensions of u .

In later sections we shall generalise this material, and consider the Hardy decom-
position of L2(γ) , where γ is the graph of a Lipschitz function.
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Lecture 6. Calderón–Zygmund Theory

Let us consider some fundamental results concerning real or complex valued func-
tions defined on Rn . We follow the treatment given by E.M. Stein in his excellent
books [St1, St2], and recommend that the reader consult these books, as well as those
of Y. Meyer [M], M. Christ [Ch] and others, for a fuller treatment of these topics, in-
cluding the historical background. Similar results also hold for functions defined on a
space of homogeneous type. This is a measure space (Ω, µ) which has a metric with
the property that µ(B(x, 2r)) ≤ cµ(B(x, r)) for all r > 0 and some constant c .

Here, and subsequently, B(x, r) denotes the open ball with centre x and radius
r . For a subset B of Rn , the notation |B| denotes its Lebesgue measure, and cB its
complement. In all our proofs, the constant c can change from line to line.

(K) Maximal functions and the Calderón–Zygmund decomposition.

(K1) Maximal functions.

We first investigate the maximal functions which are closely related to the theory
of singular integrals.

For any locally integrable function f , and any r > 0 , the Hardy–Littlewood
maximal function Mf is defined by

(Mf)(x) = sup
r>0

|B(x, r)|−1

∫
B(x,r)

|f(y)|dy .

The main properties of the Hardy–Littlewood maximal functions are as follows.

Theorem K1. Let f be a complex valued function defined on Rn .

(a) If f ∈ Lp(Rn) , 1 ≤ p ≤ ∞ , then the function Mf is finite almost everywhere.

(b) If f ∈ L1(Rn) , then for every α > 0

|{x : (Mf)(x) > α}| ≤ c

α

∫
Rn

|f(y)|dy

where c is a constant which depends only on the dimension n .
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(c) If f ∈ Lp(Rn) , 1 < p <∞ , then Mf ∈ Lp(Rn) and

‖Mf ‖p ≤ cp ‖ f ‖p

where cp depends on p and the dimension n .

Property (b) is referred to as a weak type (1, 1) estimate.

Corollary K1. If f is a locally integrable function, then

lim
r→0

|B(x, r)|−1

∫
B(x,r)

f(y)dy = f(x)

almost everywhere.

The proof of the corollary is left as an exercise. See [St1], Chapter 1.

Before proving the theorem, we first state an improved version of the covering lemma
of Vitali. We say that a family of sets {Bα} covers a set E provided E ⊂ ∪αBα .

Lemma K1. Let E be a measurable subset of Rn which is covered by a family {Bα}
of balls of bounded diameter. Then there exists a disjoint sequence (Bk) of these balls
so that ∑

k

|Bk| ≥ c|E|

where c is a positive constant which depends only on the dimension n ( c = 5−n will
do).

For a proof of the lemma, see [St1], Chapter 1.

Proof of Theorem K1. We shall prove the theorem by showing that the inequalities hold
even for the larger uncentred maximal function Mf which is defined by

(Mf)(x) = sup
x∈B

1
|B|

∫
B

|f(y)|dy ,

where the supremum is taken over all balls B containing x .

For α > 0 , let Eα = {x ∈ Rn : (Mf)(x) > α} . The definition of Mf implies
that for each x ∈ Eα there exists a ball Bx which contains x so that∫

Bx

|f(y)|dy > α|Bx| .
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Thus |Bx| < 1
α ‖ f ‖1 . The family {Bx : x ∈ Eα} covers Eα . Using the covering

lemma above, there exists a mutually disjoint family of balls Bk such that
∞∑
0

|Bk| ≥ c|Eα| .

Therefore
‖ f ‖1 ≥

∫
∪Bk

|f(y)|dy > α
∑
k

|Bk| ≥ αc|E|

which proves (b).

We now prove (a) and (c) simultaneously.

The case p = ∞ is obvious with cp = 1 . Hence we suppose that 1 < p <∞ .

Define f1(x) = f(x) if |f(x)| ≥ α/2 , and f1(x) = 0 otherwise. Note that f1 ∈
L1(Rn) if f ∈ Lp(Rn) . We also have (Mf)(x) ≤ (M(f1))(x) + α/2 , so

|Eα| ≤ |{x ∈ Rn : (M(f1))(x) > α/2}| ≤ 2c
α
‖ f1 ‖1 =

2c
α

∫
|f |>α/2

|f |dx .

We now set g = Mf and define the distribution function of g as λ(α) = |{x : |g(x)| >
α}| . Then ∫

Rn

(Mf)pdx = −
∫ ∞

0

αpdλ(α) = p

∫ ∞

0

αp−1λ(α)dα .

Note that the first equality comes from the definition of the distribution function, the
second equality from integration by parts.

Substituting the bound of |Eα| into the last integral, we obtain

‖Mf ‖pp ≤ p

∫ ∞

0

αp−1

[
2c
α

∫
|f |>α/2

|f(x)|dx

]
dα .

We evaluate the double integral by changing the order of integration, then integrat-
ing first with respect to α . Simple calculations show that this gives assertion (c) with

the constant cp = 2
[

5np
p−1

]1/p
. �

(K2) The Calderón–Zygmund decomposition.

In 1952, Calderón and Zygmund introduced a simple but powerful method which is
now known as the Calderón–Zygmund decomposition [CZ]. It plays an important role
in the real analysis of singular integrals. The idea is to split an integrable function into
its “small” and “large” parts, then analyse each part using different techniques.

We first state a lemma using the covering idea of Whitney.
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Lemma K2. Given a closed, nonempty subset E of Rn , then its complement cE
is the union of a sequence of cubes Qk , whose sides are parallel to the axes, whose
interiors are mutually disjoint, and whose diameters are approximately proportional to
their distances from E . More explicitly:

(a)
⋃
kQk = cE ;

(b) the interiors of Qk and Qj are disjoint if k 6= j ;

(c) there exist positive constants c1 and c2 so that

c1d(Qk) ≤ δ(Qk, E) ≤ c2d(Qk)

where d(Qk) denotes the diameter of Qk and δ(Qk, E) is the distance from Qk to
E .

For the proof of this lemma, see [St1], Chapter 1.

The following theorem is referred to as the Calderón–Zygmund decomposition.

Theorem K2. Suppose f ∈ L1(Rn) and α > 0 . Then there exists a decomposition
of f ,

f = g + b = g +
∑
k

bk ,

so that

(i) |g(x)| ≤ cα for almost all x ∈ Rn ;

(ii) there exists a sequence of cubes Qk with mutually disjoint interiors so that the
support of each bk is contained in Qk and∫

|bk(x)|dx ≤ cα|Qk| and∫
bk(x)dx = 0 ;

(iii)
∑
k |Qk| ≤

c
α

∫
|f(x)|dx

where the constant c depends only on the dimension n .

Proof.

We use the uncentred maximal function M as in the proof of Theorem K1 and
define Eα = {x ∈ Rn : (Mf)(x) > α} . Then Eα is an open set and its complement is
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nonempty. Using the above covering lemma of Whitney, there exists a family of cubes
Qk so that

⋃
kQk = Eα and the interiors of the sets Qk are mutually disjoint.

Define g(x) = f(x) for x ∈ cEα and

g(x) = |Qk|−1

∫
Qk

f(y)dy

if x ∈ Qk. It follows that f = g +
∑
bk , where

bk(x) = XQk

[
f(x)− |Qk|−1

∫
Qk

f(y)dy
]

and XQk
denotes the characteristic function of Qk .

By Corollary K1, we have |f(x)| ≤ α for almost all x ∈ cEα . Let Bk be the
cube with the same centre as Qk but whose sides are expanded by the factor c2 in
Lemma K2. Then

|Bk|−1

∫
Bk

|f(x)|dx ≤ α

because the cube Bk intersects cEα .

Since |Bk| = (c2)n|Qk| , it follows that |g(x)| ≤ cα , hence (i) is proved.

It is straightforward from its definition that bk is supported in Qk and has the
average value 0 . Also∫

Rn

|bk|dx ≤ 2
∫
Qk

|f(x)|dx ≤ α|Bk| ≤ cα|Qk| ,

thus (ii) is proved.

Property (iii) follows from the weak type (1, 1) estimate of the maximal func-
tion. �

(L) Singular Integral Operators.

In this section, we investigate singular integral operators T which are expressible
in the form

(Tf)(x) =
∫

Rn

K(x, y)f(y)dy

in some sense, where the kernel may be singular near x = y .

Because of this singularity, some care needs to be taken with the above expression.
Let us call T a Calderón–Zygmund singular integral operator with kernel K if
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(1) the operator T is bounded on L2(Rn) with norm C2 ;

(2) the kernel K is a measurable function with the property that for each continuous
function f with compact support, and for almost all x not in the support of f , then
(Tf)(x) =

∫
Rn K(x, y)f(y)dy ;

(3) there exists a constant C > 1 and 0 < γ ≤ 1 so that

|K(x, y)| ≤ C

|x− y|n
,

|K(x, y)−K(x1, y)| ≤ C
|x− x1|γ

|x− y|n+γ

for |x− x1| ≤ |x− y|/2 , and

|K(x, y)−K(x, y1)| ≤ C
|y − y1|γ

|x− y|n+γ

for |y − y1| ≤ |x− y|/2 .

Note that the above condition (3) implies the following condition (3’).

( 3′ ) There exist constants δ , C so that∫
cB(y,δr)

|K(x, y)−K(x, y1)|dx ≤ C ′

whenever y1 ∈ B(y, r) , for all y ∈ Rn , and∫
cB(x,δr)

|K(x, y)−K(x1, y)|dy ≤ C ′

whenever x1 ∈ B(x, r) , for all x ∈ Rn .

The main result is the following.

Theorem L. Under the above assumptions, for any p , 1 < p < ∞ , the operator T
can be extended to a bounded operator on Lp(Rn) with the norm bound Cp depending
on p , the constants C2 , C and γ in assumptions (1) and (3) .

For p = 1 , the operator T is of weak type (1, 1) .

Proof. Let us prove that T is of weak type (1, 1) , using assumption (1) and the first
estimate in (3’). The result then follows from the Marcinkiewicz interpolation theorem
for 1 < p < 2 , and then the standard duality argument for 2 < p <∞ .
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For f ∈ L1(Rn)
⋂
L2(Rn) and α > 0 , decompose f as f = g+ b = g+

∑
k bk by

the Calderón–Zygmund decomposition of Theorem K2. Then

|{x : |Tf(x)| > α}| ≤ |{x : |Tg(x)| > α/2}|+ |{x : |Tb(x)| > α/2}| .

It is not difficult to check that g ∈ L2(Rn) . Using the facts that T is bounded on
L2(Rn) and that |g(x)| ≤ cα , we obtain

|{x : |Tg(x)| > α/2}| ≤ c1α
−2 ‖Tg ‖22 ≤ c2α

−2 ‖ g ‖22 ≤ c3
α
‖ f ‖1 .

On the other hand

|{x : |Tb(x)| > α/2}| ≤
∑
k

|Bk|+
∑
k

1
α

∫
cBk

|Tbk(x)|dx

where Bk is the cube with the same centre yk as that of the cube Qk in the Calderón–
Zygmund decomposition but with sides multiplied by the constant δ in assumption (3’).
Because of property (iii) of the decomposition,

∑
k |Bk| ≤ c4α

−1 ‖ f ‖1 .

Since the average value of bk is 0, we have

Tbk(x) =
∫

[K(x, y)−K(x, yk)]bk(y)dy .

It then follows from the first estimate in (3’) and the estimates (ii), (iii) of the decom-
position that ∑

k

∫
cB

′
k

|Tbk(x)|dx ≤ c5 ‖ f ‖1 .

On combining these estimates, we find that

|{x : |Tf(x)| > α}| ≤ c4
α
‖ f ‖1

for all f ∈ L1(Rn)
⋂
L2(Rn) . We leave it to the reader to complete the proof by proving

this weak type (1, 1) estimate for all f ∈ L1(Rn) . �

Remark. Condition ( 3′ ) is known as the Hörmander condition. It was already implicit
in [CZ] but Hörmander is the first who formulated it explicitly in [H].

Many important operators in harmonic analysis are Calderón–Zygmund operators,
the most important being the Hilbert transform and the Riesz transforms. Thus these
operators are bounded on Lp(R) and Lp(Rn) respectively when 1 < p <∞ . Actually
it was these operators that were studied first.
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The Riesz transforms play an important role in the analysis of partial differential
equations. For example, it follows from the equation

∂2u

∂xj∂xk
= −RjRk∆u

and the boundedness of the Riesz transforms, that the Laplacian controls all second
order partial derivatives in the Lp norm. That is,

∥∥∥ ∂2u
∂xj∂xk

∥∥∥
p
≤ cp ‖∆u ‖p for all j

and k .

More consequences of Theorem L will be given in the forthcoming lectures, arising
from functional calculi of elliptic operators in Lecture 7, and from convolution singular
integrals on Lipschitz curves γ in Lecture 8.

Exercise L. Generalise Theorem L in the following way.

Let T be a bounded operator on L2(Rn) . Suppose that Tk is a sequence of
bounded operators associated with kernels Kk in the sense of condition (2), such that
the kernels Kk satisfy condition (3) with the constants C and γ independent of k .
Assume that for each f ∈ L2(Rn)

⋂
L1(Rn) there is a subsequence Tkj

such that

(Tf)(x) = lim
j→∞

(Tkjf)(x)

for almost all x ∈ Rn .

Prove that T is of weak type (1, 1) .

Conclude that T can be extended to a bounded operator on Lp(Rn) with the norm
bound Cp depending on p , the constants C and γ , and the L2 norm of T .
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Lecture 7. Functional Calculi of Elliptic Operators

(M) Heat kernel bounds.

Let Ω be a measure space equipped with a distance d and measure ρ . Assume
that T is an operator of type Sω+ in L2(Ω) with ω < π

2 . Then −T generates a
holomorphic semigroup e−tT . If, for all t > 0 , these operators can be represented by
kernels kt(x, y) , then these kernels are called the heat kernels of T .

We say that the heat kernel of T satisfies a Gaussian upper bound if

|kt(x, y)| ≤
C

ρ(x, y, t1/m)
e−c[d(x,y)

m/t]1/(m−1)

where c, C and m are positive constants, and ρ(x, y, τ) denotes the maximum volume
of the two balls with centres x and y and with radius τ .

In many applications, the heat kernel of such an operator also satisfies, for some
0 < α ≤ 1 , a Hölder continuity estimate in the variable y :

|kt(x, y)− kt(x, y1)| ≤
C[d(y, y1)]α

ρ(x, y, t1/m)tα
e−c[d(x,y)

m/t]1/(m−1)

whenever d(y, y1) ≤ d(x, y)/2 , and a similar estimate in the variable x :

|kt(x, y)− kt(x1, y)| ≤
C[d(x, x1)]α

ρ(x, y, t1/m)tα
e−c[d(x,y)

m/t]1/(m−1)

whenever d(x, x1) ≤ d(x, y)/2 .

We remark that there do exist interesting operators which possess Gaussian bounds
on their heat kernels, but not the above Hölder continuity estimates.

We now give a list of examples:

(1) In Chapter 5, we saw that the heat kernel of the Laplacian

∆ =
n∑
k=1

∂2

∂x2
k

on Rn is given explicitly by

kt(x, y) = (4πt)−n/2e−|x−y|
2/4t
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for all t > 0 . In this case, the above formula for the heat kernel also extends to all
complex value t with Re t > 0 . This formula shows that the heat kernel has the
Gaussian bound with m = 2 and the corresponding upper bound on its derivatives
(with respect to space variables), hence the Hölder continuity estimates hold for both
variables x and y .

(2) If Ω is a region in Rn with smooth boundary and T is the Laplacian on L2(Ω)
subject to Dirichlet boundary conditions, then it follows from the Feynman–Kac formula
that its heat kernel kt(x, y) is a positive, C∞ function which satisfies

0 < kt(x, y) ≤ (4πt)−n/2e−|x−y|
2/4t

for x 6= y and t > 0 .

The Gaussian bound for complex t with Re t > 0 can also be obtained by analytic
continuation. See, for example, [D]. The Hölder continuity estimates are also true.

(3) Let V be a nonnegative function on Rn such that the closed quadratic form

Q(f) =
n∑
j=1

‖ ∂jf ‖2 +
∥∥∥V 1

2

∥∥∥2

is densely defined. There exists a unique positive operator T such that (Tf , f) = Q(f)
and D(T

1
2 ) = D(Q) . That operator T is called the Schrödinger operator with potential

V , usually written as T = −∆+V (x) . The Trotter formula shows that the heat kernel
of T (for t > 0 ) is positive and satisfies the Gaussian upper bound. However, unless
V satisfies additional conditions, the heat kernel can be a discontinuous function of the
space variables and the Hölder continuity estimates may fail to hold.

(4) Let A(x,D) be an elliptic operator of even order m defined in a bounded domain
Ω of Rn with smooth boundary, and let Bj(x,D) , j = 1, . . . ,m/2 , be operators of
order mj < m defined on the boundary of Ω . We assume

(i) the system A(x,D), {Bj(x,D)}m/2j=1 , as well as its formal adjoint system, are
regular on Ω in the sense of Agmon;

(ii) there is an angle µ ∈ (0, π2 ) such that the system eiθDm
t − A(x,Dx) ,

{Bj(x,Dx)}m/2j=1 is an elliptic boundary value problem on Ω × (−∞ < t < ∞)) which
satisfies the coerciveness condition for any µ ≤ θ ≤ 2π − µ .

Let T be the operator with domain

D(T ) = {u ∈Wm
2 (Ω) : Bj(x,D)u = 0 on ∂Ω, j = 1, ...m/2 }
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which is defined by (Tu)(x) = A(x,D)u(x) for all u ∈ D(T ) . It is known that the
operator defined analogously by the formally constructed adjoint system coincides with
the adjoint of T .

Under these assumptions, T+c0I , where c0 is a sufficiently large positive constant,
generates a holomorphic semigroup which possess a heat kernel with Gaussian bound.
The Hölder continuity estimates also hold. See [T].

(5) Let X1, ..., Xk be smooth vector fields on Rn satisfying the Hörmander subelliptic
condition uniformly over Rn , which means the rank of the Lie algebra generated by
the vector fields is constant. Let d be the control distance corresponding to the vector
fields and ρ the Haar measure. Then the space (Rn, d, ρ) is of polynomial type with
the dimension at infinity n and the local dimension n′ ≥ n . Next let

T = −
k∑
i=1

X∗
i Xi

denote the self–adjoint operator associated with the Dirichlet form

Q(φ) =
k∑
i=1

‖Xiφ ‖22

on L2(Rn, d, ρ) with domain D(Q) = {u ∈ L2(Rn; d; ρ) : Xiu ∈ L2(Rn; d; ρ) for all i} .

The operator T then has a heat kernel which satisfies a Gaussian bound with
m = 2 . (The small t bounds were first derived by Sanchez–Calle and the large t
bounds were subsequently established by Kusuoka and Stroock). Corresponding bounds
on the “first order derivatives” are also true, hence the Hölder continuity estimates hold.
See [SC], [R].

(6) Let Ω be a bounded open connected subset of Rn . Let a = (aij) be an n×n matrix
with entries aij ∈ L∞(Ω) satisfying Re

∑
aij(x)ζiζj ≥ λ |ζ|2 for all x ∈ Ω, ζ ∈ C and

some λ > 0 , and define the quadratic form

Q(φ) =
n∑

i,j=1

(∂iφ, aij∂jφ)

where the domain D(Q) is the closure of C∞c (Ω) with respect to the norm (Q(φ) +
‖φ ‖2) 1

2 . The associated operator corresponds to the strongly elliptic operator

T = −
n∑

i,j=1

∂

∂xi
aij(x)

∂

∂xj
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with Dirichlet boundary conditions. This operator is ω accretive for some ω < π
2 .

In the case the coefficients aij are real, then the heat kernel of T satisfies the
Gaussian bound (see [GW] for the case of symmetric coefficients). The Hölder continuity
estimates also hold (see [DMc]).

If Ω = Rn , the Gaussian bound on the heat kernel is still true in the case of real
coefficients. See [A], [AMcT]. However, for complex coefficients, there are examples to
show that the Gaussian bound may fail to hold in dimensions n ≥ 5 .

(N) Bounded H∞ functional calculi in Lp spaces.

Let T be a differential operator of type Sω+ in Lp(Ω) . It depends on the operator
and the structure of the space that various methods can be used to establish a bounded
functional calculus for T . Here we try to give the reader a sketch of these methods.

(1) Fourier multiplier theory: Let T be a (higher order) elliptic partial differential
operator with constant coefficients on the Euclidean space Rn , or the half space Rn+ ,
with Dirichlet boundary conditions. Using the Fourier transform, we can establish
the bounds on the symbols of the resolvents. Then a bounded holomorphic functional
calculus of T on Lp spaces follows from the Mikhlin’s multiplier theorem. This method
is restricted to the case of constant coefficients. However, by combining it with a
perturbation argument, we can obtain a bounded H∞ functional calculus when T is a
second order elliptic operator on Rn with Hölder continuous coefficients. See [PS] for
the case of f(T ) = T is, s ∈ R .

(2) Pseudo–differential operators: This technique can be used to establish the
bounded H∞ functional calculus of a general elliptic operator with smooth coefficients,
acting on q -tuples of functions on a compact manifold with smooth boundary. See [Se],
[Du]. In the case of Rn , by using a perturbation argument, the smoothness conditions
can be reduced to Hölder continuous coefficients. See [AHS].

(3) Transference method: This technique was introduced and used by Coifman,
Weiss and Rochberg in [CW] and [CRW] to prove various results, including a gener-
alisation of von Neumann’s inequality to operators in Lp spaces. It was also used to
establish the Lp boundedness of f(T ) when T is the generator of a positive contrac-
tive semigroup [CRW], a result which was improved by Cowling in [Co]. Duong applied
these ideas in his study of functional calculi of second order elliptic partial differen-
tial operators [Du]. However, this method can only be used to obtain an H∞(S0

µ+)
functional calculus for all p , 1 < p <∞ when µ > π

2 .

(4) Singular integral theory: This is a powerful technique and it is our aim in this
section to show how Calderón–Zygmund theory can be used to establish bounded H∞
functional calculi on Lp spaces.
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The main result is the following theorem.

Theorem N. Assume T is a one–one operator of type Sω+ in L2(Rn) , 0 ≤ ω < π/2 ,
which satisfies the following conditions:

(1) T has a bounded H∞ functional calculus in L2(Rn) for all f ∈ H∞(S0
µ+) .

(2) There exists µ > ω so that the kernel kz(x, y) of the holomorphic semigroup
e−zT associated with T satisfies the Hölder continuity estimate:

|kz(x, y)− kz(x, y1)| ≤ C|y1 − y|α|z|−(n/m+α)exp(−[c|x− y|m/|z|]1/m−1)

for all z ∈ S0
( π

2−µ)+ , and some 0 < α ≤ 1 .

Then if f ∈ H∞(S0
ν ) , for any ν > µ , the operator f(T ) is of weak type (1, 1) .

For any p , 1 < p ≤ 2 , f(T ) can be extended to a bounded operator on Lp(Rn) with
norm at most c ‖ f ‖∞ . A similar result is true for 2 < p <∞ if the Hölder continuity
estimate in condition (2) holds for variable x instead of y .

Proof. First consider functions f ∈ Ψ(S0
µ+) .

To obtain the estimates for f(T ) , we represent the operator f(T ) by using the
semigroup e−zT . As in Section D, the operator f(T ) on L2 is given by

f(T ) =
1

2πi

∫
γ

(T − λI)−1f(λ)dλ ,

where the contour γ = γ+∪γ− is given by γ+(t) = teiν for t ≥ 0 and γ−(t) = −te−iν
for t ≤ 0 .

For λ ∈ γ+ , substitute

(T − λI)−1 =
∫

Γ+

eλze−zT dz

where the curve Γ+ is defined by Γ+(t) = te(π−ν)/2 for t ≥ 0 . We also have similar
expression for λ ∈ γ− .

We then change the order of integration and obtain

f(T ) =
∫

Γ+

e−zTn+(z)dz +
∫

Γ−

e−zTn−(z)dz ,

where
n± =

1
2πi

∫
γ±

eλzf(λ)dλ ,
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which implies the bound
|n±(z)| ≤ c ‖ f ‖∞ |z|−1

Consequently, the kernel Kf (x, y) is given by

Kf (x, y) =
∫

Γ+

kz(x, y)n+(z)dz +
∫

Γ−

kz(x, y)n−(z)dz .

Using this representation and the Hölder continuity estimate of the heat kernel, elemen-
tary but tedious calculations show that we obtain∫

cB(y,δr)

|Kf (x, y)−Kf (x, y1)|dx ≤ C

and our theorem follows from Theorem L for f ∈ Ψ(S0
µ+) . Note that the constant C

in the above estimate does not depend on how fast the function f decays at 0 or ∞ .

To extend the result to f ∈ H∞(S0
µ+) , take

fk(λ) = f(λ)
λ1/k

(1 + λ)2/k
.

By the Convergence Lemma (Theorem D), fk(T )u converges to f(T )u in the L2 norm
for all u ∈ L2(Rn) . Hence there is a subsequence ki so that fki

(T )u(x) converges to
f(T )u(x) almost everywhere. The theorem then follows from the above estimates for
f ∈ Ψ(S0

µ+) and Exercise L.

The case 2 < p <∞ follows from duality. �

Exercise. Let f(T )p denote the extension of f(T ) to Lp(Rn) . Show that f(T )p =
f(Tp) for a suitably defined operator Tp of type Sω+ in Lp(Rn) . Thus Tp has a
bounded H∞(S0

µ+) functional calculus in Lp(Rn) for all µ > ω .

Notes.

(1) The theorem is still true when Rn is replaced by a space of homogeneous type.

(2) The operators in examples (1), (2), (3), (5) and (6) (with real, symmetric
coefficients) of Section M are self–adjoint in L2 . The operators in (4) (under suitable
conditions) and (6) with complex coefficients are maximal accretive. Hence they all have
bounded functional calculi in L2 . Therefore, for all the above operators, the Hölder
continuity estimates imply the existence of bounded functional calculi in Lp .

(3) It was proved recently that the above theorem is still true if the condition of
Hölder continuity estimates is replaced by an upper bound on the heat kernel which
satisfies certain conditions, in which the Gaussian bound is a special case [DR].
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Lecture 8. Singular Integrals on Lipschitz Curves

In this chapter we consider harmonic analysis on Lipschitz curves. Those who
are interested can find a survey of higher dimensional analogues of this material using
Clifford analysis in [McI].

(O) Convolutions and the functional calculus of −i ddz |γ .

Let us recall the following material from the end of Section H.

Let γ denote the Lipschitz curve in the complex plane which is parametrised by a
Lipschitz function g : R → C such that g′, 1/g′ ∈ L∞(R) and g′(x) ∈ Sω+ for almost
all x ∈ R .

Define the derivative of a Lipschitz function u on γ by

u′(z) = lim
h→0
z+h∈γ

u(z + h)− u(z)
h

for almost all z ∈ γ . Next use duality to define Dγ to be the closed linear operator in
Lp(γ) with the largest domain which satisfies

〈Dγu , v〉 = 〈u , iv′〉

for all Lipschitz functions v on γ with compact support. We are using the pairing

〈u , v〉 =
∫
γ

u(z)v(z) dz

defined in Section E.

Then 〈Dγ , −Dγ〉 is a dual pair of one–one operators of type Sω in 〈Lp(γ) , Lq(γ)〉 ,
1 ≤ p ≤ ∞ , 1/p + 1/q = 1 . This can be seen by giving an explicit formula for the
resolvent. See [McQ]. Alternatively, if p = q = 2 , we can proceed as follows.

If V denotes the isomorphism from L2(γ) to L2(R) induced by the parametriza-
tion, (V u)(x) = u(g(x)) , then (V Dγu)(x) = b(x)(DV u)(x) , where b = 1/g′ , and
D = 1

i
d
dx with domain D(D) = W 1

2 (R) = {u ∈ L2(R) : Du ∈ L2(R) } . Now D is
a one–one self–adjoint operator, and the operator of multiplication by b is a bounded
invertible ω –accretive operator in L2(R) , so by Theorem H, the operator T = bD is
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a one–one operator of type Sω in L2(R) . It follows that the operator Dγ = V −1TV
is a one–one operator of type Sω in L2(γ) . It is not hard to verify that the dual of
Dγ is −Dγ .

We have seen that every one–one operator of type Sω has a holomorphic functional
calculus, meaning, in this case, that there is a natural way to define the closed operator
f(Dγ) for each holomorphic function f ∈ F (S0

µ) when µ > ω . What we would like
to know is whether Dγ has a bounded H∞ functional calculus in Lp(γ) , especially in
L2(γ) . The situation is very different from the special case when γ = R and Dγ = D
which was treated in Section J, because Dγ is typically not self–adjoint, and there is
no identity of Parseval for functions in L2(γ) .

Of course, if f ∈ Ψ(S0
µ) , then f(Dγ) ∈ L(Lp(γ)) , and the agreement with the

natural definition for polynomials p means that if pf ∈ Ψ(S0
µ) also, then

p(Dγ) f(Dγ)u = (pf)(Dγ)u for all u ∈ L2(γ) and

f(Dγ) p(Dγ)u = (pf)(Dγ)u whenever u ∈ D(p(Dγ)) .

Again there is a close connection between the functional calculus of Dγ and con-
volution operators.

For example, suppose that φ is a function in L1(R) with a holomorphic extension
to S0

ν , ν > ω , which satisfies |φ(z)| ≤ c|z|s

|z|(1+|z|2s)
for some c and s > 0 , and let

f = φ̂ . Then f has a holomorphic extension, also called f , to S0
ν , and, whenever

ω < µ < ν , then f ∈ Ψ(S0
µ) . Moreover

f(Dγ)u(z) =
∫
γ

φ(z − w)u(w) dw

for all u ∈ Lp(γ) and almost all z ∈ γ .

This is not too hard to verify, though not as simple as for the case γ = R treated
in Lecture 5, because we can no longer identify the Fourier transform of both sides with
fû . To see that the convolution formula for f(Dγ) is reasonable, let us just check the
formula p(Dγ)f(Dγ) = (pf)(Dγ) when p(ξ) = ξ and φ′ satisfies the same bound as
φ , so that (1

iφ
′)∧ = pf ∈ Ψ(S0

µ) . Then Dγf(Dγ)u(z) = Dγ

∫
γ
φ(z − w)u(w) dw =∫

γ
1
iφ
′(z − w)u(w) dw = (pf)(Dγ)u(z) for all z ∈ γ . There is a full treatment of

holomorphic extensions of functions and their Fourier transforms in [McQ].

For these functions φ , we shall use φt for the function φt(z) = 1
tφ( zt ) . This is so

that, if f = φ̂ , then ft(ζ) = f(tζ) = (φt)∧(ζ) .

We are now in a position to state our main theorem.
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Theorem O. The operator Dγ has an H∞ functional calculus in H = L2(γ) .

Equivalently, HDγ
= H and ‖u ‖Dγ

≈ ‖u ‖ for all u ∈ H = L2(γ) .

It suffices to prove that ‖u ‖Dγ
≤ c ‖u ‖ for all u ∈ H , for then, since Dγ is dual

to −Dγ with respect to the pairing 〈u , v〉 =
∫
γ
u(z)v(z)dz , we can infer, on applying

Corollary E, that ‖u ‖ ≤ c ‖u ‖−Dγ
= c ‖u ‖Dγ

, and thus get equivalence. This is the
reason why we considered pairings on a Hilbert space other than the inner product.

To prove the quadratic estimate ‖u ‖Dγ
≤ c ‖u ‖ , it suffices to show that for some

ν > ω and for some sufficiently nice function φ ∈ H(S0
ν ) which satisfies |φ(z)| ≤

C|z|s

|z|(1+|z|2s)
for some C and s > 0 , then there exists a constant c such that

{∫ ∞

0

∥∥∥∥∫
γ

φt(· − w)u(w) dw
∥∥∥∥2

2

dt

t

} 1
2

≤ c ‖u ‖2

for all u ∈ L2(γ) .

There are by now several ways to prove such an estimate. One way is to apply the
following result of S. Semmes [SS]. The proof of this theorem requires more harmonic
analysis, such as properties of Carleson measures, than we have developed in these
lectures.

Proposition O. Let θt be complex valued functions on Rn × Rn , t > 0 , such that,
for some C, δ > 0 , and some function b ∈ L∞(Rn) satisfying Re b ≥ δ ,

(1) |θt(x, y)| ≤
Ctn+1

(t+ |x− y|)n+2

(2) |θt(x, y)− θt(x, y′)| ≤
Ctn |y − y′|

(t+ |x− y|)n+2

(3)
∫

Rn

θt(x, y)b(y) dy = 0 for all x ∈ Rn .

Then there exists c such that{∫ ∞

0

∥∥∥∥∫
Rn

θt(·, y)u(y) dy
∥∥∥∥2

2

dt

t

} 1
2

≤ c ‖u ‖2
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for all u ∈ L2(Rn) .

This result provides us with a powerful tool for proving quadratic estimates. It is
intriguing in that the L2 estimates follow from the cancellation property of the kernels
with respect to any single function b ∈ L∞(Rn) .

Before proceeding, we remark that the quadratic norm for −∆ was expressed in
such a way at the end of Section I, with θt(x, y) = t ∂∂tkt(x−y) , a function which clearly
satisfies (1), (2) and (3) with b = 1 .

Proof of Theorem O. Take, for example, φ(z) = z
(1+z2)2 , and let φt(z) = 1

tφ( zt ) . The
functions defined by θt(x, y) = φt(g(x)− g(y)) for almost all x, y ∈ R satisfy (1), (2)
in Proposition O (with n = 1 ). They also satisfy (3) with b = g′ . Let us check this
when t = 1 . For all x ∈ R ,∫ ∞

0

θ1(x, y)b(y) dy =
∫ ∞

0

φ(g(x)− g(y))g′(y) dy

=
∫
γ

φ(g(x)− w) dw

=
1
2

∫
γ

d
dw (1 + (g(x)− w)2)−1 dw

= 0 .

Therefore, by Proposition O,{∫ ∞

0

∥∥∥∥∫
γ

φt(· − w)u(w) dw
∥∥∥∥2

2

dt

t

} 1
2

≤ c

{∫ ∞

0

∥∥∥∥∫ ∞

0

θt(·, y)u(g(y))g′(y) dy
∥∥∥∥2

2

dt

t

} 1
2

≤ c ‖u(g(·))g′(·) ‖2
≤ c ‖u ‖2

for all u ∈ L2(γ) as required. �

Exercise. Suppose 1 < p < ∞ and µ > ω . Apply Theorem O and a variant of
Theorem N for operators of type Sω to conclude that the operator Dγ has an H∞(S0

µ)
functional calculus in Lp(γ) .

(P) The Cauchy integral on a Lipschitz curve γ and Hardy spaces.

When f is not the Fourier transform of an L1 function, it may still be possible to
represent f(Dγ) as a singular convolution operator. In particular, we are interested in
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the holomorphic functions χ+ , χ− , sgn ∈ H∞(S0
µ) defined in Section H. Then

sgn(Dγ)u(z) = lim
ε→0

i

π

∫
|z−w|>ε

1
z − w

u(w) dw

for all u ∈ L2(γ) and almost all z ∈ γ , being the Cauchy singular integral operator on
γ .

Further, E± = χ±(Dγ) = 1
2 (±sgn(Dγ) + I) , so

E±u(z) = ± lim
ε→0

i

2π

∫
|z−w|>ε

1
z − w

u(w) dw + 1
2 u(w)

= ± lim
δ→0±

i

2π

∫
γ

1
z + iδ − w

u(w) dw

for all u ∈ L2(γ) and almost all z ∈ γ .

Here E+ = χ+(Dγ) and E− = χ−(Dγ) are the spectral projections corresponding
to the parts of the spectrum σ(Dγ) in the right and in the left half planes, as defined
in Section H. They give us the spectral decomposition H = H+ ⊕ H− . Since H =
L2(γ) , we write H± = L±2 (γ) , so that L2(γ) = L+

2 (γ) ⊕ L−2 (γ) , which is the Hardy
decomposition of L2(γ) .

Let us also consider the semigroups generated by − |Dγ | = −sgn(Dγ)Dγ .

Given u ∈ L2(γ) and t > 0 , define u+(t) ∈ L2(γ) by

u+(t) = e−tDγE+u = e−t|Dγ |E+u .

Then u+(t) has the properties
∂u+

∂t
(t) + Dγu+(t) = 0 t > 0

lim
t→0

u+(t) = E+u

lim
t→∞

u+(t) = 0 .

Also, for t < 0 , the functions u−(t) ∈ L2(γ) defined by

u−(t) = etDγE−u = e−t|Dγ |E−u

satisfy the properties 
∂u−
∂t

(t) + Dγu−(t) = 0 t < 0

lim
t→0

u−(t) = E−u

lim
t→∞

u−(t) = 0 .
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Now these partial differential equations are actually the Cauchy Riemann equations
if we identify (z, t) with z+it ∈ C . That is, the functions U+ on Ω+ = {z+it : t > 0}
and U− on Ω− = {z + it : t < 0} defined by

U+(z + it) = u+(t)(z) , t > 0 , z ∈ γ
U−(z + it) = u−(t)(z) , t < 0 , z ∈ γ

are holomorphic.

Exercise. Show that the holomorphic functions U+ and U− on the regions Ω+ and
Ω− can be represented by

U±(z + it) = ± i

2π

∫
γ

1
z + it− w

u(w) dw

for all u ∈ L2(γ) . So
lim
t→0±

U±(z + it) = E±u(z)

for almost all z ∈ γ , and
lim

t→±∞
U±(z + it) = 0

for all z ∈ γ .

Thus the Hardy spaces L±2 (γ) consist of those functions u± ∈ L2(γ) which can be
extended holomorphically to functions U± on Ω± which decay at infinity.

Exercise. Give a characterisation of the quadratic norm ‖u ‖Dγ
in terms of these holo-

morphic extensions of u .

We saw in the exercise at the end of Section O that Dγ has an H∞(S0
µ) functional

calculus in Lp(γ) for 1 < p <∞ , so the operators considered above are also bounded
on Lp(γ) . Let us summarise these results as follows.

Theorem P. The Cauchy singular integral operator Cγ = sgn(Dγ) is a bounded opera-
tor on Lp(γ) , 1 < p <∞ , as are the spectral projections E± = χ±(Dγ) = 1

2 (±Cγ+I)
corresponding to the parts of σ(Dγ) in each half plane. Thus Lp(γ) = L+

p (γ)⊕ L−p (γ)
where L±p (γ) = E±(Lp(γ)) are the Hardy spaces consisting of those functions u± ∈
Lp(γ) which can be extended holomorphically to functions U± on Ω± which decay at
infinity.

The proof of these theorems builds upon the work of Zygmund, Calderón, Carleson,
Stein, Fefferman, Meyer, Coifman and many other people. Calderón first proved Theo-
rem P in 1977, in the case when ω is small [C]. Subsequently, Coifman, McIntosh and
Meyer proved the boundedness for all such curves [CMcM].
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The use of the Calderón rotation method leads to the boundedness of singular
double–layer potential operators on Lp(bΩ) , when bΩ is the boundary of a strongly
Lipschitz domain Ω ⊂ Rm+1 . This fact was used soon after by Verchota to solve the
Dirichlet and Neumann problems for harmonic functions with L2 boundary data on
such domains by using layer potentials [V]. (These problems had been solved previously
by Dahlberg [D1] and by Jerison and Kenig [JK] using other methods.)

The proof in [CMcM] involved complicated multilinear estimates. Subsequently,
other methods were developed which simplified and generalised these results. In partic-
ular, there was the T (b) theorem of McIntosh and Meyer [McM] and of David, Journé
and Semmes [DJS], as well as the method of Semmes which we presented [SS]. There
were wavelets [M]. And there was the paper by Coifman, Jones and Semmes [CJS] which
gave two elementary proofs of the boundedness of Cγ , the first reducing it to quadratic
estimates of Kenig in Hardy spaces, and the second using martingales. Actually, no
proofs are really elementary, because they all rely on the power of Calderón–Zygmund
theory and Carleson measures in some form.

During the same period, the functional calculus aspect of these results was devel-
oped, first by Coifman and Meyer [CM1], and more fully by Tao Qian and myself [McQ].
Higher dimensional versions of this material were developed in [LMcS] and [LMcQ].

References

[A] P. Auscher, Regularity theorems and heat kernels for elliptic operators, J. Math. London

Soc., to appear.

[AHS] H. Amman, M. Hieber and G. Simonett, Bounded H∞ calculus for elliptic operators, Diff.

Int. Eqns 7 (1994), 613–653.

[AMcN] P. Auscher, A. McIntosh and A. Nahmod, Holomorphic functional calculi of operators,

quadratic estimates and interpolation, submitted.

[AMcT] P. Auscher, A. McIntosh and Ph. Tchamitchian, Heat kernels of second order complex

elliptic operators and applications, submitted.

[AT] P. Auscher and Ph. Tchamitchian, Bases d’ondelettes sur les courbes corde–arc, noyau de
Cauchy et espaces de Hardy associés, Revista Matemática Iberoamericana 5 (1989), 139–
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