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ABSTRACT. This is the first of three papers in which we construct the second flip in
the log minimal model program for M,. In this paper, we define the moduli stacks
appearing in the second flip and describe the natural maps between them. In our
second paper, we prove that these stacks admit proper good moduli spaces. In our
third paper, we prove that these good moduli spaces are log canonical models of M.
Taken together, our methods give a uniform self-contained construction of the first
three steps of the log minimal model program for M, and M, .
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In an effort to understand the canonical model of Mg, Hassett and Keel introduced the
log minimal model program (LMMP) for M. For any o € QN [0, 1] such that Kyg, +ad
is big, Hassett defined

(1.1)

M(a) == Proj €D H* (M, [m(Kyy, + ad)]),

m>0

and asked whether the spaces M () admit a modular interpretation [Has05]. In [HH09,
HH13], Hassett and Hyeon carried out the first two steps of this program by showing
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that:
M, ifae(9/11,1]
_ MP” it a e (7/10,9/11
M) = { Mg e (7/10,9/11]
M, ifa=7/10
M) if a € (7/10—¢,7/10)

where Mgs, Mgc , and Mgh are the moduli spaces of pseudostable (see [Sch9Il]), c-
semistable, and h-semistable curves (see [HH13]), respectively. Additional steps of the
LMMP for Mg are known when g < 5 [Has05, HL10, HL14, Fed12, CMJL12, CMJL14,
F'S13]. In these works, new projective moduli spaces of curves are constructed using
Geometric Invariant Theory (GIT). Indeed, one of the most appealing features of the
Hassett-Keel program is the way that it ties together different compactifications of M,
obtained by varying the parameters implicit in Gieseker and Mumford’s classical GIT
construction of M, [Mum?77, Gie82]. We refer the reader to [Mor09] for a detailed dis-
cussion of these modified GIT constructions.

This is the first paper in the trilogy in which we develop new techniques for con-
structing moduli spaces without GIT and apply them to construct the third step of the
LMMP for Mg, a flip replacing Weierstrass genus 2 tails by ramphoid cusps. In fact,
we give a uniform construction of the first three steps of the LMMP for Mg, as well as
an analogous program for Mg,n- To motivate our approach, let us recall the three-step
procedure used to construct M, and establish its projectivity intrinsically:

(1) Prove that the functor of stable curves is a proper Deligne-Mumford stack M,
[DM69].

(2) Use the Keel-Mori theorem to show that M, has a coarse moduli space M, —
M, [KM97).

(3) Prove that some line bundle on M, descends to an ample line bundle on M,
[Kol90, Cor93].

This is now the standard procedure for constructing projective moduli spaces in al-
gebraic geometry. It is indispensable in cases where a global quotient presentation for
the relevant moduli problem is not available, or where the GIT stability analysis is in-
tractable, and there are good reasons to expect both these issues to arise in further
stages of the LMMP for Mg. Unfortunately, this procedure cannot be used to construct
the log canonical models M ,(a) because potential moduli stacks M, («) may include
curves with infinite automorphism groups. In other words, the stacks M,(a) may be
non-separated and therefore may not possess a Keel-Mori coarse moduli space. The
correct fix is to replace the notion of a coarse moduli space by a good moduli space, as
defined and developed by Alper [Alp13, Alp12, Alp10, Alpl4].

In the second paper of this trilogy, we prove a general existence theorem for good
moduli spaces of non-separated algebraic stacks ([AFS15a, Theorem 1.2]) that can be
viewed as a generalization of the Keel-Mori theorem [KM97]. This allows us to carry
out a modified version of the standard three-step procedure in order to construct moduli
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interpretations for the log canonical models'
(1.2) My,n(a) := Proj @ H (Mg, [m(Kyy,  +ad+ (1—a)y))),
m>0
in the final part of this trilogy [AFS15b]. Specifically, for all @ > 2/3—¢, where 0 < € < 1,
we

(1) Construct an algebraic stack My, (a) of a-stable curves (Theorem A).
(2) Construct a good moduli space M, ,(a) — M, ,(«) (Theorem B).

(3) Show that K3, @) T0+ (1—a)y on Mg’ia) descends to an ample line bundle

on M, (), and conclude that My, (a) ~ My, (a) (Theorem C).

The moduli stack M, ,(c) is defined in Definition 2.5. According to our definition,
the parameter o passes through three critical values, namely a; = 9/11,a2 = 7/10,
and a3 = 2/3, and the definition of M, ,(«) does not change in the open intervals
(9/11,1),(7/10,9/11),(2/3,7/10) and (2/3—¢,2/3). In this paper, we prove the following
theorem (see Theorem 2.7):

Theorem A. For a € (2/3—¢,1], the stack Mg ,(a) of a-stable curves is algebraic and
of finite type over Spec C. Furthermore, for each critical value o € {2/3,7/10,9/11}, we

have open immersions:
ﬂg,n(ac +e€) = ﬂg,n(O‘c) « Mg,n(ac —€).

In our second paper, we prove these stacks admit good moduli spaces (see [AFS15a,
Theorem 1.1]).

Theorem B. For every o € (2/3—¢,1], My ,(a) admits a good moduli space My, ()
which is a proper algebraic space over Spec C. Furthermore, for each critical value o, €
{2/3, 7/10, 9/11}, there exists a diagram

Mg,n(ac'i‘ﬁ)(—) Mg,n(‘%) <—)Mg7n(ac —€)

| | |

My, (e t€) ——= Mg n(ac) <—— Mgn(ac—e¢)
where Mg n(ae) — My (), Mgn(acte) = My (acte) and Mg, (ae—e) — My, (ae—€)

are good moduli spaces, and where M ,,(ce+e€) — My () and My, (ac—€) — M ()
are proper morphisms of algebraic spaces.

In our third paper, we identify these good moduli spaces with the appropriate log canon-
ical models (see[AFS15b, Theorem 1.1]):

Theorem C. For a > 2/3—¢, the following statements hold:
(1) The line bundle ngn(a) + ad + (1 — )y descends to an ample line bundle on
My ().

INote that the natural divisor for scaling in the pointed case is Kz, Tad+(1—a)p=13A—(2—
a)(§ — 1) rather than K3, ,, + ad; see [Smyll, p.1845] for a discussion of this point.
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(2) There is an isomorphism M (o) ~ My, (a).
Putting this all together, we have the following result.

Main Theorem. There exists a diagram

Cﬁ' My n(F) =—M

M s M
" 3 K iy 22 7 L2 7 3 .’ 3 ,
l ¢1l %l ¢3i
Mg,

1 Mg n(l% —6) P2 Mg,n(% —6) @3 Mg,n (% —6)
My () Mgy (55) My (3)
where:
(1) Mgn(a) is the moduli stack of a-stable curves, and for ¢ =1,2,3:

)
(2)
3)
(4)

4) The morphisms jI and j. are projective morphisms induced by i} and i_, re-

it and i are open immersions of algebraic stacks.

The morphisms ¢. and ¢, are good moduli spaces.

spectively.
When n = 0, the above diagram constitutes the steps of the log minimal model program
for Mg. In particular, jfr is the first contraction, j; 1is an isomorphism, (j;r,jg) is the
first flip, and (j5 ,j3 ) is the second flip.

Remark 1.1. The theorem is degenerate in several special cases: For (g,n) = (1,1),
(1,2), (2,0), the divisor Ky, + ad + (1 — a)tp hits the edge of the effective cone at
9/11,7/10, and 7/10, respectively, and hence the diagram should be taken to terminate
at these critical values. Furthermore, when g = 1 and n > 3, or (g,n) = (3,0),(3,1),
a-stability does not change at the threshold value ag = 2/3, so the morphisms (zf{, i3 )
and (ji, j; ) are isomorphisms. Finally, for (g,n) = (2,1), j5 is a divisorial contraction
and j3 is an isomorphism.

Remark 1.2. As mentioned above, when n = 0 and « > 7/10—¢, these spaces have been
constructed using GIT. In these cases, our definition of a-stability agrees with the GIT
semistability notions studied in the work of Schubert, Hassett, Hyeon, and Morrison
[Sch91, HH09, HH13, HM10).

We should remark that the major work of the present paper is not simply a proof of

Theorem A, but also a precise local description of the maps between the stacks ﬂg,n(a).
The key idea is that at each critical value a. € {9/11,7/10,2/3}, the inclusions

ﬂg,n(ac—i—e) — Mg,n(ozc) o ﬂg,n(ac—e)

can be locally modeled by an intrinsic variation of GIT problem. This is made precise in
Definition 3.16 and Theorem 3.19, which is the main result of Section 3. This theorem
is also the key ingredient in our proof of Theorem B in [AFS15a].
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Geometry of the second flip. Let us conclude by briefly describing the geometry of
the second flip. At a3 = 2/3, the locus of curves with a genus 2 Weierstrass tail (i.e., a
genus 2 subcurve nodally attached to the rest of the curve at a Weierstrass point), or
more generally a Weierstrass chain (see Definition 2.2), is flipped to the locus of curves
with a ramphoid cusp (y2 = z°). See Figure 1. The fibers of j;' correspond to varying
moduli of Weierstrass chains, while the fibers of j; correspond to varying moduli of
ramphoid cuspidal crimpings.

Weierstrass
point

FiGURE 1. Curves with a nodally attached genus 2 Weierstrass tail are
flipped to curves with a ramphoid cuspidal (y? = %) singularity.

Moreover, if (K,p) is a fixed curve of genus g — 2, all curves obtained by attach-
ing a Weierstrass genus 2 tail at p or imposing a ramphoid cusp at p are identified in
M, (2/3). This can be seen on the level of stacks since, in M ,,(2/3), all such curves
admit an isotrivial specialization to the curve Cy, obtained by attaching a rational ram-
phoid cuspidal tail to K at p. See Figure 2.

point

FI1GURE 2. The curve Cj is the nodal union of a genus g — 2 curve K and
a rational ramphoid cuspidal tail. All curves obtained by either attaching
a Weierstrass genus 2 tail to K at p, or imposing a ramphoid cusp on K
at p, isotrivially specialize to Cy. Observe that Aut(Cj) is not finite.

Outline of the paper. Let us now give a more detailed outline of the contents of this
paper. Section 2 is devoted to the notion of a-stability. Namely, in §2.1, we define a-
stable curves, and in §2.2 we show that a-stability is a deformation open condition and
conclude that the moduli stacks of a-stable curves are algebraic (Theorem 2.7). After
collecting some elementary facts about families of a-stable curves in §2.3, we give in
§2.4 a characterization of the closed points of the stack M, , () at each critical value
ac € {9/11,7/10,2/3}. We prove that the closed points of M, ,,(c.) are precisely the a-
closed curves (Definition 2.22 and Theorem 2.23). In §2.5, we define the combinatorial
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type of an a.-closed curve, mainly for the purpose of establishing the notation that will
be used to carry out the VGIT calculations of Section 3.

In Section 3, we develop the machinery of local quotient presentations and local vari-
ation of GIT: In §3.1, we recall some basic facts about variation of GIT quotients for the
action of a reductive group on an affine scheme. In §3.2, we define the VGIT chambers
associated to a local quotient presentation (Definition 3.15). In §3.3, we write out ex-
plicit coordinates for the deformation space Def(C') of an a.-stable curve C' and describe
the natural action of Aut(C) on Def(C) in these coordinates. This sets us up for a
major invariant theory computation in §3.4, where we verify that the VGIT chambers
associated to the local quotient presentation [Def(C)/Aut(C)] — M, ,(ac) do indeed

cut out the inclusions My, (ac+€) < My n(a) > My p(a.—€) (Theorem 3.19).

Notation. We work over a fixed algebraically closed field C of characteristic zero. An
n-pointed curve (C,{p;}},) is a connected, reduced, proper 1-dimensional C-scheme C
with n distinct smooth marked points p; € C. A curve C has an Ag-singularity at p € C
if Ocp ~ Cl[z,y]]/(y* — 2**1). An Aj- (vesp., As-, As-, Ay-) singularity is also called a
node (resp., cusp, tacnode, ramphoid cusp).

We use the notation A = Spec R and A* = Spec K, where R is a discrete valuation
ring with fraction field K; we set 0, n and 7 to be the closed point, the generic point
and the geometric generic point respectively of A. We say that a flat family C — A is
an isotrivial specialization if C x o A* — A* is isotrivial.
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and long-standing support of this project. In particular, we are grateful to Ian Morrison
for detailed comments and suggestions on the earlier version of this paper. We also
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fund. The third author was partially supported by NSF grant DMS-0901095 and the
Australian Research Council grant DE140100259. The third and fourth author were also
partially supported by a Columbia University short-term visitor grant.

2. a-STABILITY

In this section, we define a-stability (Definition 2.5) and show that it is an open
condition. We conclude that Mg, (), the stack of n-pointed a-stable curves of genus
g, is an algebraic stack of finite type over C (see Theorem 2.7). We also give a complete
description of the closed points of Mg, (a.) for o, € {2/3,7/10,9/11} (Theorem 2.23).

2.1. Definition of a-stability. The basic idea is to modify Deligne-Mumford stability
by designating certain curve singularities as ‘stable,” and certain subcurves as ‘unstable.’
We begin by defining the unstable subcurves associated to the first three steps of the log
MMP for M, ,.
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Definition 2.1 (Tails and Bridges).
(1) An elliptic tail is a 1-pointed curve (E,q) of arithmetic genus 1 which admits a
finite, surjective, degree 2 map ¢: E — P! ramified at g.
(2) An elliptic bridge is a 2-pointed curve (F,qi,q2) of arithmetic genus 1 which
admits a finite, surjective, degree 2 map ¢: E — P! such that ¢~ !({o0}) =
{o + @2}
(3) A Weierstrass genus 2 tail (or simply Weierstrass tail) is a 1-pointed curve (E, q)
of arithmetic genus 2 which admits a finite, surjective, degree 2 map ¢: E — P!
ramified at gq.
We use the term a.-tail to mean an elliptic tail if o, = 9/11, an elliptic bridge if o = 7/10,

and a Weierstrass tail if o, = 2/3.

Weierstrass point

\._/?:1 \._/EI‘Q\gzl M2

q q1 q

F1cURE 3. An elliptic tail, elliptic bridge, and Weierstrass tail.

Unfortunately, we cannot describe our a-stability conditions purely in terms of tails
and bridges. As seen in [HH13], one extra layer of combinatorial description is needed,
and this is encapsulated in our definition of chains.

Definition 2.2 (Chains). An elliptic chain of length r is a 2-pointed curve (E,p1,p2)

which admits a finite, surjective morphism
T
v JI(Bi a2i-1,q21) = (E.p1,p2)
i=1

such that:
(1) (Fi, q2i—1,92i) is an elliptic bridge for i = 1,... 7.
(2) ~ is an isomorphism when restricted to F; \ {q2i—1,qo;} fori=1,... r.
(3) v(q2i) = Y(q2i+1) is an Ag-singularity for i =1,...,r — 1.
(4) v(q1) = p1 and 7(gar) = pa.
A Weierstrass chain of length r is a 1-pointed curve (E, p) which admits a finite, surjec-

tive morphism
r—1
e H(EiaQ2i—17Q2z') H(Er,q2r_1) — (E,p)
i=1

such that:
(1) (Ei, q2i—1,q2:) is an elliptic bridge for i = 1,...,r — 1, and (E,, g2,—1) is a Weier-
strass tail.
(2) v is an isomorphism when restricted to E; \ {g2i—1,¢2} (fori=1,...,7r —1) and

Er \ {q2r71}-
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(3) v(q2i) = Y(q2i+1) is an Ag-singularity for i =1,...,r — 1.

4) v(q1) =p.
An elliptic (resp., Weierstrass) chain of length 1 is simply an elliptic bridge (resp., Weier-
strass tail).

Weierstrass point

1 1 1 1 1 1 1 2
D i G i -G
h P2 p
FIGURE 4. Curve (A) (resp., (B)) is an elliptic (resp., Weierstrass) chain
of length 4.

When describing tails and chains as subcurves, it is important to specify the singu-
larities along which the tail or chain is attached. This motivates the following pair of
definitions.

Definition 2.3 (Gluing morphism). A gluing morphism ~v: (E,{¢:}";) — (C,{pi}}—;)
between two pointed curves is a finite morphism F — C, which is an open immersion
when restricted to £ — {q1,...,¢m}. We do not require the points {y(g;)}"; to be
distinct.

Definition 2.4 (Tails and Chains with Attaching Data). Let (C,{p;};) be an n-
pointed curve. We say that (C,{p;}I~;) has
(1) Ag-attached elliptic tail if there is a gluing morphism v: (E,q) — (C,{pi}";)
such that
(a) (E,q) is an elliptic tail.
(b) v(q) is an Ag-singularity of C, or k =1 and ~(q) is a marked point.
(2) Ay, /Ag,-attached elliptic chain if there is a gluing morphism ~v: (F,q1,q2) —
(C,{pi}?,) such that
(a) (E,q1,q2) is an elliptic chain.
(b) v(g:i) is an Ay, -singularity of C, or k; = 1 and ~v(g;) is a marked point
(i=1,2).
(3) Ag-attached Weierstrass chain if there is a gluing morphism v: (E,q) — (C, {p:i}},)
such that
(a) (F,q) is a Weierstrass chain.
(b) v(q) is an Ag-singularity of C, or k =1 and ~y(q) is a marked point.
Note that this definition entails an essential, systematic abuse of notation: when we say
that a curve has an Aj-attached tail or chain, we always allow the Aj-attachment points
to be marked points.

We can now define a-stability.
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Definition 2.5 (a-stability). For a € (2/3 —¢,1], we say that an n-pointed curve
(C,{pi}l,) is a-stable if we (X! p;) is ample and:

For a € (9/11,1): C has only A;-singularities.
For o = 9/11: C has only A;, As-singularities.
For o € (7/10,9/11): C has only Ay, As-singularities, and does not contain:
e Aj-attached elliptic tails.
For a = 7/10: C has only Aj, Ao, As-singularities, and does not contain:
o A, As-attached elliptic tails.
For o € (2/3,7/10): C has only Aj, As, As-singularities, and does not contain:
e Aq, As-attached elliptic tails,
e A;/Aj-attached elliptic chains.
For o = 2/3: C has only Ay, As, A3, Ag-singularities, and does not contain:
o Ay, A3, As-attached elliptic tails,
o Ay/Ay, A1/Ay, Ay/Ay-attached elliptic chains.
For a € (2/3—¢,2/3): C has only Aj, A, A, Ay-singularities, and does not con-
tain:
o Ay, A3, As-attached elliptic tails,
o Ay/Ay, A1/Ay, Ay/Ay-attached elliptic chains,
e Aj-attached Weierstrass chains.

A family of a-stable curves is a flat and proper family whose geometric fibers are
a-stable. We let Mg, (a) denote the stack of n-pointed a-stable curves of arithmetic
genus g.

Remark. Our definition of an elliptic chain is similar, but not identical to, the definition
of an open tacnodal elliptic chain appearing in [HH13, Definition 2.4]. Whereas open
tacnodal elliptic chains are built out of arbitrary curves of arithmetic genus one, our
elliptic chains are built out of elliptic bridges. Nevertheless, it is easy to see that our
definition of (7/10—e¢)-stability agrees with the definition of h-semistability in [HH13,
Definition 2.7].

It will be useful to have a uniform way of referring to the singularities allowed and
the subcurves excluded at each stage of the LMMP. Thus, for any « € (2/3—¢, 1], we use
the term a-stable singularity to refer to any allowed singularity at the given value of a.
For example, a ;5-stable singularity is a node, cusp, or tacnode. Similarly, we use the
term a-unstable subcurve to refer to any excluded subcurve at the given value of «. For
example, a %—unstable subcurve is simply an A; or As-attached elliptic tail. With this
terminology, we may say that a curve is a-stable if it has only a-stable singularities and
no a-unstable subcurves. Furthermore, if a. € {2/3,7/10,9/11} is a critical value, we
use the term a..-critical singularity to refer to the newly-allowed singularity at o = .
and ac-critical subcurve to refer to the newly disallowed subcurves at o = . — €. Thus,
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As 1 2
(A) (B) ‘
\Weierstrass
poin
g—2 g—2
Ay
1
(D)
g — 3

FIGURE 5. Curve (A) has an Asz-attached elliptic tail; it is never a-stable.
Curve (B) has an Aj-attached Weierstrass tail; it is a-stable for o > 2/3.
Curve (C) has an A;/A;-attached elliptic chain of length 2; it is a-stable
for a > 7/10. Curve (D) has an A;/As-attached elliptic bridge; it is never
a-stable.

a 15-critical singularity is a tacnode, and a ;5-critical subcurve is an elliptic chain with
Aj/Aj-attaching.

Before plunging into the deformation theory and combinatorics of a-stable curves
necessary to prove Theorem 2.7 and carry out the VGIT analysis in Section 3, we take a
moment to contemplate on the features of a-stability that underlie our arguments and to
give some intuition behind the items of Definition 2.5. The following are the properties
of a-stability that are desired and that we prove to be true for all a € (2/3—¢, 1]:

(1) a-stability is deformation open.

(2) The stack My () of all a-stable curves has a good moduli space, and

(3) The line bundle K4, (o) TO0+ (1 —a)y on M () descends to an ample line
bundle on the good moduli space.

We will verify (1) in Proposition 2.16 (see also Definition 2.8) and deduce Theorem
2.7. Note that we disallow As-attached elliptic tails at o = 7/10, so that A;/A;-attached
elliptic bridges form a closed locus in M, ,,(7/10).

The existence of good moduli space in (2) requires that the automorphism of every
closed a-stable curve is reductive. We verify this necessary condition in Proposition 2.6,
and turn around to use it as an ingredient in the proof of existence for the good moduli
space in [AFS15a].

Statement (3) implies that the action of the stabilizer of any point on the fiber of the
line bundle Ky ) +ad+ (1 — a)® is trivial. As explained in [AFS14], this condition
places strong restrictions on what curves with G,,-action can be a-stable: For example,
the a-invariant of a nodally attached Ajsj,-atom (i.e., the tacnodal union of a smooth
rational curve with a cuspidal rational curve) does not equal 7/10. This computation
provides another heuristics for why we disallow As-attached elliptic tails at o = 7/10.
Similarly, the computation of the a-invariant for a nodally attached Ajs-atom (i.e.,
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the tacnodal union of a smooth rational curve with a ramphoid cuspidal rational curve)
explains why we disallow A;/A4-attached elliptic chains at o = 2/3.

Proposition 2.6. Aut(C, {p;}I'_1)° is a torus for every a-stable curve (C,{p;}?_,). Con-
sequently, Aut(C,{p;}"_) is reductive.

Proof. For an a-stable curve, the only irreducible components with a positive dimen-
sional automorphism group are rational curves with two special points. The connected
component of the automorphism group of such a component is either {1} or G,,. O

Remark. We should note that Proposition 2.6 uses features of a-stability that hold only
for & > 2/3—e. We expect that for lower values of «, the yet-to-be-defined, a-stability will
allow for a-stable curves with non-reductive stabilizers. For example, the automorphism
group of the union of two unpointed P!’s along the As,41-singularity with trivial crimping
is the affine group of Al. However, we believe that for a correct definition of a-stability,
it will still hold to be true that the stabilizers of all closed points in M, ,(a) will be
reductive.

2.2. Deformation openness. Our first main result is the following theorem.

Theorem 2.7. For o € (2/3—¢, 1], the stack M ,(a) of a-stable curves is algebraic and
of finite type over Spec C. Furthermore, for each critical value o € {2/3,7/10,9/11}, we
have open immersions:

ﬂ9771(040 + 6) — Mg,n(ac) < Mg,n(ac - 5)-

Let Uy n(As) be the stack of flat, proper families of curves (7w: C — T,{o;}} ),
where the sections {o;}]" ; are distinct and lie in the smooth locus of =, the line bundle
we /T(Eleoi) is relatively ample, and the geometric fibers of 7 are n-pointed curves of
arithmetic genus g with only A-singularities. Since U (A~ ) parameterizes canonically
polarized curves, Uy ,(Aso) is algebraic and finite type over C. Let Uy n(Ar) C Uy n(Aso)
be the open substack parameterizing curves with at worst Ay, ..., Ay singularities. We
will show that each M () can be obtained from a suitable U, ,,(A¢) by excising a finite
collection of closed substacks. As a result, we obtain a proof of Theorem 2.7.

Definition 2.8. We let T4, BAk1 /4% WAk denote the following constructible subsets
of Uy n(Aso):

T4k := Locus of curves containing an A-attached elliptic tail.
BAk1/4% .= Locus of curves containing an Ay, /Ap,-attached elliptic chain.

WAk .= Locus of curves containing an Ag-attached Weierstrass chain.
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With this notation, we can describe our stability conditions (set-theoretically) as fol-
lows:

My (9/114€) = Uy (A1)
My (9/11) = Uy n(As)

My n(9/11—€
Mg (7/10

M,y n(9/11) — T
Upn(As) — | T

ie{1,3}
My (7/10—€) = My (7/10) — BAT/A

M97Tl(2/3) = ug,n(A4) - U TAi — U BAi/Aj
i€{1,3,4} ije{1,4}
My n(2/3—€) = Myn(2/3) — WA

Here, when we write M, ,,(9/11)—T 1, we mean of course Mg, (9/11)— (T41NMy,,(9/11)),
and similarly for each of the subsequent set-theoretic subtractions.

We must show that at each stage the collection of loci T4*, BA%1/4k2 and WAk that
we excise is closed. We break this analysis into two steps: In Corollaries 2.11 and 2.12,
we analyze how the attaching singularities of an a-unstable subcurve degenerate, and
in Lemmas 2.13 and 2.14, we analyze degenerations of a-unstable curves. We combine
these results to prove the desired statement in Proposition 2.16.

N ~— ~— ~—

Definition 2.9 (Inner/Outer Singularities). We say that an Ag-singularity p € C is
outer if it lies on two distinct irreducible components of C', and inner if it lies on a single

irreducible component. (N.B. If k is even, then any Aj-singularity is necessarily inner.)

Suppose C — A is a family of curves with at worst A-singularities, where A is the
spectrum of a DVR. Denote by Cj the geometric generic fiber and by Cj the central
fiber. We are interested in how the singularities of C; degenerate in Cy. By deformation
theory, an Ag-singularity can deform to a collection of { Ay, ..., Ak, } singularities if and
only if 377 (ki +1) < k+ 1. In the following proposition, we refine this result for outer
singularities.

Proposition 2.10. Let p € Cy be an Ay, -singularity, and suppose that p is the limit of an
outer singularity ¢ € Cy. Then p is outer (in particular, m is odd) and each singularity of
Cj that approaches p must be outer and must lie on the same two irreducible components
of Cy as q. Moreover, the collection of singularities approaching p is necessarily of the
form {Agk, 41, Agky41, - - -, Aok, 41}, where Y11 (2k; +2) = m + 1, and there exists a

simultaneous normalization of the family C — A along this set of generic singularities.

Proof. Suppose ¢ is an Agg, +1-singularity. We may take the local equation of C around
p to be

T T
y? = (z — ay (1)) 2 H(a: —a;(t))™, where 2k + 2 + Zm, =m+ 1
=2 =2
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By assumption, the general fiber of this family has at least two irreducible components.
It follows that each m; must be even. Thus, we can rewrite the above equation as

r

(2.1) y? = [ - as(e))?+2,

=1
where ki, ko, ..., k, satisfy >\, (2k; +2) = m + 1. It now follows by inspection that Cj
contains outer singularities { Aok, +1, A2ky+1, - - - » Aok, +1} joining the same two irreducible

components of C; and approaching p € Cy. Clearly, the normalization of the family (2.1)
exists and is a union of two smooth families over A. O

Using the previous proposition, we can understand how the attaching singularities of
a subcurve may degenerate.

Corollary 2.11. Let (7: C — A,{o;}]~) be a family of curves in Uy n(Asx). Suppose
that T is a section of m such that () € Cy is a disconnecting Agyy1-singularity of the
geometric generic fiber. Then 7(0) € Cy is also a disconnecting Agy.y1-singularity.

Proof. By assumption, 7(7) is outer and joins two irreducible components that do not
meet elsewhere. By Proposition 2.10, 7(0) cannot be a limit of any singularities of Cj
other than 7(7) and so must remain an Ay 1-singularity. The normalization of C along
T now separates C into two connected components. Thus 7(0) is disconnecting. u

Corollary 2.12. Let (17: C — A, {o;}},) be a family of curves in Uyn(As). Sup-
pose that 71, T are sections of m such that T1(7), m2(7) € Cy are Agk,+1 and Agpyi1-
singularities of the geometric generic fiber. Suppose also that the normalization of Cy
along 11(7) U 12(7) consists of two connected components, while the normalization of Cy
along either 11(n) or mo(n) individually is connected. Then we have two possible cases
for the limits 7(0) and 12(0):

(1) 71(0) and m2(0) are distinct Agg, 11 and Agk,+1-singularities, respectively, or

(2) 71(0) = 12(0) is an Agk, 2k, +3-Singularity.

Proof. Our assumptions imply that the singularities 71(7) and (%) are outer and are
the only two singularities connecting the two connected components of the normalization
of Cy along 71 () UTa(7). By Proposition 2.10, these two singularities cannot collide with
any additional singularities of Cy in the special fiber. If 71(7) and 7(7) themselves do
not collide, we have case (1). If they do collide, then, applying Proposition 2.10 once
more, we have case (2). O

Lemma 2.13 (Limits of tails and bridges).
(1) Let (H — A,71) be a family in Uy1 whose generic fiber is an elliptic tail. Then
the special fiber (H,p) is an elliptic tail.
(2) Let (H — A, 71,72) be a family in Uy o whose generic fiber is an elliptic bridge.
Then the special fiber (H,p1,p2) satisfies one of the following conditions:
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(a) (H,p1,p2) is an elliptic bridge.
(b) (H,p1,p2) contains an Aj-attached elliptic tail.
(3) Let (H — A,11) be a family in Up1 whose generic fiber is a Weierstrass tail.
Then the special fiber (H,p) satisfies one of the following conditions:
(a) (H,p) is a Weierstrass tail.
(b) (H,p) contains an Ay or As-attached elliptic tail, or an Ay/A;-attached
elliptic bridge.

Proof. (1) For every (H,p) € Uy 1, the curve H is irreducible, and |2p| defines a degree
2 map to P! by Riemann-Roch. Hence U; 1 = T4

For (2), the special fiber (H,pi,p2) is a curve of arithmetic genus 1 with wy(p1 + p2)
ample. Since wy(p1 + p2) has degree 2, H has at most 2 irreducible components. The
possible topological types of H are listed in the top row of Figure 6. We see immediately
that any curve with one of the first three topological types is an elliptic bridge, while
any curve with the last topological type contains an Aj-attached elliptic tail.

Finally, for (3), the special fiber (H,p) is a curve of arithmetic genus 2 with wg(p)
ample and h(wg(—2p)) > 1 by semicontinuity. Since wg(p) has degree three, H has
at most three components, and the possible topological types of H are listed in the
bottom three rows of Figure 6. One sees immediately that if H does not contain an
A; or As-attached elliptic tail or an A;/Aj-attached elliptic bridge, there are only three
possibilities for the topological type of H: either H is irreducible or H has topological
type (A) or (B). However, topological types (A) and (B) do not satisfy h%(wy (—2p)) > 1.
Finally, if (H,p) is irreducible, then it must be a Weierstrass tail. Indeed, the linear
equivalence wyg ~ 2p follows immediately from the corresponding linear equivalence on
the general fiber. OJ

Lemma 2.14 (Limits of elliptic chains). Let (H — A, 71, 72) be a family in Usr—1 2 whose
generic fiber is an elliptic chain of length r. Then the special fiber (H,pi,p2) satisfies

one of the following conditions:

(a) (H,p1,p2) contains an Ay/A;-attached elliptic chain of length < r.
(b) (H,p1,p2) contains an Aj-attached elliptic tail.

Proof. We will assume (H,p1,p2) contains no Aj-attached elliptic tails, and prove that
(a) holds. By Lemma 2.13, this assumption implies that if (E,¢1,q2) is a genus one
subcurve of H, nodally attached at ¢; and g2, and wg(q1 + ¢2) is ample on E, then
(E,q1,q2) is an A;j/A;-attached elliptic bridge.

To begin, let v1,...,7-—1 be sections picking out the tacnodes in the general fiber at
which the sequence of elliptic bridges are attached to each other. By Corollary 2.11,
the limits 71 (0), ..., —1(0) remain tacnodes, so the normalization of ¢: H — H along
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FiGURE 6. Topological types of curves in U 2(As) and Us1(Ax). For
convenience, we have suppressed the data of inner singularities, and we
record only the arithmetic genus of each component and the outer singu-
larities (which are either nodes or tacnodes, as indicated by the picture).
Components without a label have arithmetic genus zero.

Y1y« -+ Yr—1 is well-defined and we obtain r flat families of 2-pointed curves of arithmetic

genus 1, i.e., we have

T
H=[](& 021,00),
i=1
where o1 := 71, 09, = T2, and ¢ 1(y;) = {02;,02+1}. The relative ampleness of
wyy/A(T1 + 72) implies
(1) wg, (p1 + 2p2),wE, (2p2,—1 + p2r) is ample on Ej, E,, respectively.
(2) wg,(2p2i—1 + 2p2;) is ample on E; for i =2,...,r — 1.
It follows that for each 1 < i < r, either (E;, p2;i—1,p2;i) is an elliptic bridge or one of the
following must hold:
(a) (Eip2i—1,p2i) = (PY,p2i1, ¢h;_1)U(E}, qaie1,p2i) /(i1 ~ qei—1), where (E., q2i—1,p2;)
is an elliptic bridge.
(b) (Ei,p2i-1,p2i) = (B}, p2i—1,q2i) U (P, ¢5;,p2:) /(q2i ~ ab;), where (E,pai_1,q2;) is
an elliptic bridge.
(c) (B, p2i-1,p2i) = (Pl,pm‘—l,QQZ-A)U(ELQ2i—1,Q2z')U(P1,q/2i7p2i)/(QQi71 ~ g2i—1,42; ~
¢5;), where (E., g2i—1, q2i) is an elliptic bridge.
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In the cases (a), (b), (c) respectively, we say that F; sprouts on the left, right, or left and
right. Note that if Ey or E, sprouts at all, then E) or E, contains an A;/A;-attached
elliptic bridge. Similarly, if E; sprouts on both the left and right (2 < ¢ < r — 1), then
E; contains an A;/Aj-attached elliptic bridge. Thus, we may assume without loss of
generality that F; and E, do not sprout and that E; (2 <i <r — 1) sprouts on the left
or right, but not both. We now observe that any collection {Es, ..., Es4¢} such that Ej
sprouts on the left (or s = 1), Fs. sprouts on the right (or s +¢ = r), and E} does not
sprout for s < k < s+ t, contains an A;/A;-attached elliptic chain of length ¢. O

Lemma 2.15 (Limits of Weierstrass chains). Let (H — A, 7) be a family in Ua,1 whose
generic fiber is a Weierstrass chain of length r. Then the special fiber satisfies one of
the following conditions:

(a) (H,p) contains an Aj-attached Weirstrass chain of length <r
(b) (H,p) contains an Ay/A;-attached elliptic chain of length < r.
(¢) (H,p) contains an Ay or As-attached elliptic tail.

Proof. As in the proof of Lemma 2.14, let 1, ..., 7v,.—1 be sections picking out the attach-
ing tacnodes in the general fiber. By Corollary 2.11, the limits ~1(0), ..., v,—1(0) remain
tacnodes, so the normalization ¢: H—H along ~v1,...,7r—1 is well-defined. We obtain
r — 1 families of 2-pointed curves of arithmetic genus 1 and a single family of 1-pointed

curves of genus 2:
r—1

H =[] (&, o2i-1.02) [[(&r, 02r-1)
i=1
where o1 := 7 and ¢~ (v;) = {02, 02541}

As in the proof of Lemma 2.14, we must consider the possibility that some E;’s sprout
in the special fiber. If E, sprouts on the left, then E, itself contains a Weierstrass tail,
so we may assume that this does not happen. Now let s < r be maximal such that F
sprouts. If E; sprouts on the left, then E, U E,1 1 U...U E, gives a Weierstrass chain in
the special fiber. If E sprouts on the right, then arguing as in Lemma 2.14 produces an
Aj /Aj-attached elliptic chain in £y U...U E;. O

Proposition 2.16.

(1) TA U TAm is closed in Uy ,(Aso) for any odd m.
(2) BAY/AL s closed in Uy p(Aco) — Uieq13) TA
(3) TAm is closed in Uyn(Ap) for any even m.
4) BAm/Am qnd BAY/Am gre closed in Uy, (Ay) — T4 — BAY/A1 for any even m.
(4) g, J Y
5) WA s closed in Uy n(Aso) — U T4 — BA/A for any odd m.
9, 16{1,3}

Proof. The given loci are obviously constructible, so it suffices to show that they are
closed under specialization.
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For (1), let (C — A,{0;}}_;) be a family in U, (Ax) whose generic fiber lies in
T 42641, Possibly after a finite base change, let T be the section picking out the attaching
Agk1-singularity of the elliptic tail in the generic fiber. By Corollary 2.11, the limit
7(0) is also Agj1-singularity. Consider the normalization C' — C along 7. Let H C C
be the component whose generic fiber is an elliptic tail and let o be the preimage of
7 on H. Then wy((k + 1)«) is relatively ample. We conclude that either wg,((0)) is
ample, or «(0) lies on a rational curve attached nodally to the rest of Hy. In the former
case, (Hp,«(0)) is an elliptic tail by Lemma 2.13, so Cy contains an elliptic tail with
Aok 1-attaching, as desired. In the latter case, Hy contains an Aj-attached elliptic tail.
We conclude that Cy € T4t U T4+ as desired.

For (2), let (C — A, {o:}7) be a family in U, ,,(Ax) whose generic fiber lies in B41/41
Possibly after a finite base change, let 71, 79 be the sections picking out the attaching
nodes of a length r elliptic chain in the general fiber. By Proposition 2.10, 71(0) and
72(0) either remain nodes, or, if r = 1, can coalesce to form an outer As-singularity. In
either case there exists a normalization of C along 71 and 72. Since Cj; becomes separated
after normalizing along 71 and 7o, we conclude that the limit of the elliptic chain is a
connected component of Cjy attached either along two nodes, or, only when r = 1, along
a separating As-singularity. In the former case, Cy has an elliptic chain by Lemma 2.14.
In the latter case, Cy has arithmetic genus 1 connected component As-attached to the
rest of the curve, so that Cy € T4 U T4,

For (3) and (4), we argue as in (1) and (2), respectively, making use of the observation
that in Uy ,(Ap,), the limit of an A,,-singularity must be an A,,-singularity. The proof of
(5) is essentially identical to that of (1), using Lemma 2.15 in place of Lemma 2.13. O

Proof of Theorem 2.7. To begin, for o, = 9/11,7/10,2/3, Proposition 2.16 implies that
Mg n(ac) is obtained by excising closed substacks from Uy, (As), Uy n(As),Uyn(As),
respectively. Next, observe that the locus of curves with a.-critical singularities is closed
in Mg, (a.). Using the fact that

Mg (e +€) = Mgn(ae) \ {curves with a.-critical singularities},

we conclude that M ,(ac +€) < Mg ,(ac) is an open immersion. Finally, applying
Proposition 2.16 once more, we see that each ﬂg,n(ozC — €) is obtained by excising closed
substacks from M, ,(a). O

2.3. Properties of a-stability. In this section, we record several elementary properties
of a-stability that will be needed in subsequent arguments. Recall that if (C, {p;}}_;)
is a Deligne-Mumford stable curve and ¢ € C' is a node, then the pointed normalization
(CApiti—y,q1,q2) of C at g is Deligne-Mumford stable. The same statement holds for
a-stable curves.
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Lemma 2.17. Suppose (C,{p;}—,) is an a-stable curve and q € C' is a node. Then the
pointed normalization (C,{pi}I1,q1,q2) of C at q is a-stable.

Proof. Follows immediately from the definition of a-stability. O

Unfortunately, the converse of Lemma 2.17 is false. Nodally gluing two marked points
of an a-stable curve may fail to preserve a-stability if the two marked points are both
on the same component, or both on rational components — see Figure 7. The following
lemma says that these are the only problems that can arise.

Lemma 2.18.
(1) If (51, {pi}i-1,q1) and (62, {pi}l-1,q2) are a-stable curves, then

(Cr, {pi}ey, 1) U (Co, {pitiy, @2) /(a1 ~ 2)

s a-stable.
(2) If (C, {pi}l1,q1,q2) is an a-stable curve, then

(5, {pitici, a1, 02) /(a1 ~ q2)

s a-stable provided one of the following conditions hold:
e q1 and g2 lie on disjoint irreducible components of C,
e g1 and gy lie on distinct irreducible components of C, and at least one of

these components is not a smooth rational curve.

AN

FIGURE 7. In (A), two marked points on a genus 0 tail (resp., two con-
jugate points on an elliptic tail) are glued to yield an elliptic tail (resp.,
a Weierstrass tail). In (B), two marked points on distinct rational com-

ponents are glued to yield an elliptic bridge.

Proof. Let C := (6, q1,92)/ (@1 ~ g2), and let ¢: C — C be the gluing morphism
which identifies g1,¢2 to a node ¢ € C. It suffices to show that if £ C C is an a-
unstable curve, then ¢~!(E) is an a-unstable subcurve of C. The key observation is that
any a-unstable subcurve E has the following property: If F1, Fo C E are two distinct
irreducible components of F, then the intersection £ N Fs never consists of a single node.
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Furthermore, if one of Ey or E5 is irrational, then the intersection E1NEy does not contain
any nodes. For elliptic tails, this statement is vacuous since elliptic tails are irreducible.
For elliptic and Weierstrass chains, it follows from examining the topological types of
elliptic bridges and Weierstrass tails (see Figure 6). From this observation, it follows that
no a-unstable £ C C can contain both branches of ¢q. Indeed, the hypotheses of (1) and
(2) each imply that either the two branches of the node g € C' lie on distinct irreducible
components whose intersection is precisely ¢, or else that that the two branches lie on
distinct irreducible components, one of which is irrational. Thus, we may assume that
E C C is disjoint from ¢ or contains only one branch of gq.

If E C C is disjoint from ¢, then ¢! is an isomorphism in a neighborhood of E and
the statement is clear. If £ C C contains only one branch of the node ¢, then ¢ must be
an attaching point of E. We may assume without loss of generality that E contains the
branch labeled by ¢;. Now ¢~ (FE) — E is an isomorphism away from ¢; and sends ¢
to the node ¢. Since an a-unstable curve with nodal attaching is also a-unstable with
marked point attaching, ¢~!(E) is an a-unstable subcurve of C. [l

Corollary 2.19.

uppose that (C,1p;f,—1,q91) 1S 35 -Stable an ,q1) 1s an elliptic tail. en
1) S hat (C A '191 bl d(E,q}) i lipti il. Th
(CUEB{pi}iy)/ (a1 ~ q1) is {y-stable.
uppose (C,{pi " 1,q1,q2) s 7=-stable an ,q1,q5) s an elliptic chain. en
2) S C v 170 bl d(E,q,d Il h Th
(CUE {pi}i-1)/(q1 ~ ¢y, q2 ~ ¢4) is {5-stable.
(3) Suppose (Cr,{pi}iti,q1) and (Co,{pi}i_,i1,q2) are 15-stable and (E,q),q5) is
an elliptic chain. Then (C1UCy U E, {p;}?_1)/(q1 ~ q1,q2 ~ ¢5) is 15-stable.
uppose (C,{pi},q1) s :=-stable an ,q1,q5) s an elliptic chain.
4) S C A 170 bl d (E,q), 4 Il h
Then (CUE, {pi}l'1,d5)/(q1 ~ q}) is {5-stable.
uppose that (C,1p;f,—1,q1) 1S 5-stable an ,q1) 15 a Wewerstrass chain.
(5) S hat (C,{piYiy, @) is 3-stable and (. q}) is a Wei hai
Then (CUE, {pi}}'_1)/(q1 ~ q}) is 3-stable.

Proof. (1), (3), (4), and (5) follow immediately from Lemma 2.18. For (2), one must
apply Lemma 2.18 twice: First apply Lemma 2.18(1) to glue g1 ~ ¢}, then apply Lemma
2.18(2) to glue g2 ~ ¢4, noting that if ¢g» and ¢4 do not lie on disjoint irreducible com-
ponents of (C'U E,{p;},q2,¢,)/(q1 ~ ¢}), then E must be an irreducible genus one
curve, so ¢4 does not lie on a smooth rational curve. ]

Next, we consider a question which does not arise for Deligne-Mumford stable curves:
Suppose (C,{pi}~,) is an a-stable curve and ¢ € C is a non-nodal singularity with
m € {1,2} branches. When is the pointed normalization (5’, {pitiey,{qi}™,) of C at ¢
a-stable? One obvious obstacle is that wé(E?zlpi + X", ¢;) need not be ample. Indeed,
one or both of the marked points ¢; may lie on a smooth P! meeting the rest of the curve
in a single node. We thus define the stable pointed normalization of (C,{p;}?_,) to be the

(possibly disconnected) curve obtained from C by contracting these semistable P'’s. This
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is well-defined except in several degenerate cases: First, when (¢g,n) = (1,1), (1,2), (2,1),
the stable pointed normalization of a cuspidal, tacnodal, and ramphoid cuspidal curve is
a point. In these cases, we regard the stable pointed normalization as being undefined.
Second, in the tacnodal case, it can happen that (C, {p;}!_;, {gi}I",) has two connected
components, one of which is a smooth 2-pointed P!. In this case, we define the stable
pointed normalization to be the curve obtained by deleting this component and taking
the stabilization of the remaining connected component.

In general, the stable pointed normalization of an a-stable curve at a non-nodal sin-
gularity need not be a-stable. Nevertheless, there is one important case where this
statement does hold, namely when «. is a critical value and ¢ € C is an «,-critical
singularity.

Lemma 2.20. Let (C, {p;}}_;) be an n-pointed curve with wc (), p;) ample, and suppose
q € C is an ae-critical singularity. Then the stable pointed normalization of (C,{p;}I'_)
at q is ac-stable if and only if (C,{pi}l'_,) is c-stable.

Proof. Follows from the definition of a-stability by an elementary case-by-case analysis.
O

2.4. a.-closed curves. We now give an explicit characterization of the closed points of
Mg n(ac) when a. € {9/11,7/10,2/3} is a critical value (see Theorem 2.23).

Definition 2.21 («a.-atoms).

(1) A Z-atom is a 1-pointed curve of arithmetic genus one obtained by gluing
Spec C[z,y]/(y? — x3) and SpecC[n] via * = n™2, y = n~3, and marking the
point n = 0.

(2) A L-atom is a 2-pointed curve of arithmetic genus one obtained by gluing
SpecC[x,y]/(y> — z*) and SpecC[ni][]SpecClns] via z = (n;'ny'), y =
(nl_Q, —n;z), and marking the points ny = 0 and ny = 0.

(3) A 2-atom is a 1-pointed curve of arithmetic genus two obtained by gluing

Spec C[z,y]/(y? — 2°) and SpecC[n] via x = n=2, y = n™

, and marking the
point n = 0.

We will often abuse notation by simply writing E to refer to the a.atom (FE,q) if

a. € {2/3,9/11} (resp., (F,q1,q2) if ae = 7/10).

Every ac.-atom E satisfies Aut(E) ~ G,,, where the action of G,, = SpecC[t,t71] is
given by

For a, =9/11: z t 2z, y > t 3y, nes tn.
(2.2) For a, = 7/10: x>t la, y >t 2y, ny — tng, ng — tno.
For o, =2/3: z— 72z, y — t %y, n— tn.

In order to describe the closed points of My, (a.) precisely, we need the following
terminology. We say that C admits a decomposition C = Cy U---UC,. if Cq,...,C, are
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As Ay

-~ A y, M/

q q1 q2

FIGURE 8. A Z-atom, -atom, and 2-atom, respectively.
proper subcurves whose union is all of C, and either C; N C; = () or C; meets C; nodally.
When (C, {p;}}_;) is an n-pointed curve, and C' = C; U --- U C, is a decomposition of
C, we always consider C; as a pointed curve by taking as marked points the subset of
{pi}?_, supported on C; and the attaching points C; N (C\C;).

Definition 2.22 (a.-closed curves). Let a. € {2/3,7/10,9/11} be a critical value. We
say that an n-pointed curve (C,{p;}!' ) is ac-closed if there is a decomposition C' =
KUFE;U---UE,, where

(1) En,...,E, are a.-atoms.

(2) K is an (a.+e€)-stable curve containing no nodally attached a,-tails.

(3) K is a closed curve in the stack of (a.+¢€)-stable curves.
We call K the core of (C,{pi}~,), and we call the decomposition C = KUE,U---UE,
the canonical decomposition of C. Of course, we consider K as a pointed curve where
the set of marked points is the union of {p;}? ; N K and K N (C'\ K). Note that we
allow the possibility that K is disconnected or empty.

We can now state the main result of this section.

Theorem 2.23 (Characterization of a.-closed curves). Let a. € {9/11,7/10,2/3} be a
critical value. An ac-stable curve (C,{p;}1_,) is a closed point of Mgy n(ac) if and only
if (C,{pi}l) is ac-closed.

To prove the above theorem, we need several preliminary lemmas.

Lemma 2.24.
(1) Suppose (E,q) is an elliptic tail. Then (E,q) is a closed point of My 1(9/11) if
and only if (E,q) is a 2=-atom.
(2) Suppose (E,q1,q2) is an elliptic bridge. Then (E,q1,q2) is a closed point of
M 2(7/10) if and only if (C,q1,q2) is a {5-atom.
(3) Suppose (E,q) is a Weierstrass tail. Then (C,q) is a closed point of Ma1(2/3)
if and only if (C,q) is a %-atom.

Proof. Case (1) follows from the observation that M 1(9/11) ~ [C?/G,,], where G, acts
with weights 4 and 6. Case (2) follows from the observation that Mj 2(7/10) ~ [C3/G,,],
where G, acts with weights 2, 3, and 4. The proofs of these assertions parallel our
argument in case (3) below, so we leave the details to the reader.
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We proceed to prove case (3). First, we show that if (F,q) is any Weierstrass tail,
then (E,q) admits an isotrivial specialization to a 2-atom. To do so, we can write any
Weierstrass genus 2 tail as a degree 2 cover of P! given by the equation

y2 =12 + a3x3z3 + a2x224 + a1xz5 + CL()ZG

where a; € C, and the marked point g corresponds to y = z = 0. Acting by A (z,y,2) =
(x, \y, \22), we see that this cover is isomorphic to
P =22+ Mazz323 + Aaga?2t + Najz2® + A0q 20

for any A € C*. Letting A — 0, we obtain an isotrivial specialization of (F,q) to the

double cover y? = z°

z, which is a Z-atom.

Next, we show that if (E,q) is a 2-atom, then (E,q) does not admit any nontrivial
isotrivial specializations in Ma1(2/3). Let (€ — A, o) be an isotrivial specialization in
Mas1(2/3) with generic fiber isomorphic to (E,q). Let 7 be the section of £ — A which
picks out the unique ramphoid cusp of the generic fiber. Since the limit of a ramphoid
cusp is a ramphoid cusp in ﬂ2,1(2/3), 7(0) is also ramphoid cusp. Now let 7: E— Ebe
the simultaneous normalization of £ along 7, and let 7 and & be the inverse images of 7
and o respectively. Then (g — A, 7T,0) is an isotrivial specialization of 2-pointed curves
of arithmetic genus 0 with smooth general fiber. The fact that wg a(0) is relatively

ample on & implies that wg / A (3T + &) is relatively ample on &, which implies that the

special fiber of & is irreducible. It follows that (g — A,7,0) is trivial. Finally, since
the generic fiber of £ has trivial crimping at the ramphoid cusp, we conclude that & is
isotrivial. O

Lemma 2.25. Suppose (C,{p;}?"_,) is a closed point of Mg (ac+e). Then (C,{p;}?;)
remains closed in Mgy, (ac) if and only if (C,{p;}1,) contains no nodally attached o.-

tails.

Proof. We prove the case o, = 2/3 and leave the other cases to the reader. To lighten
notation, we often omit marked points {p;}* ; in the rest of the proof.

First, we show that if (C,{p;}~,) has Aj-attached Weierstrass tail, then it does not
remain closed in ﬂg7n(2/3). Suppose we have a decomposition C = K U Z, where
(Z,q) is an Aj-attached Weierstrass tail. By Lemma 2.24, (Z,¢) admits an isotrivial
specialization to a 2-atom (F,¢;). We may glue this specialization to the trivial family
K x A to obtain a nontrivial isotrivial specialization C' ~» K U E, where F is nodally
attached at ¢;. By Lemma 2.18, K U E is 2-stable, so this is a nontrivial isotrivial
specialization in M ,,(2/3).

Next, we show that if (C,{p;}_;) has no nodally attached Weierstrass tails, then
it remains closed in M,,(2/3). In other words, if there exists a nontrivial isotrivial

specialization C' ~» Cj, then C' necessarily contains a nodally attached Weierstrass tail.



LOG MINIMAL MODEL PROGRAM FOR M, ,: THE SECOND FLIP 23

To begin, note that the special fiber Cy of the nontrivial isotrivial specialization C — A
must contain at least one ramphoid cusp. Otherwise, (C — A, {0;}};) would constitute
a nontrivial isotrivial specialization in M, ,(2/3 + €), contradicting the hypothesis that
(C,{pi}™,) is closed in My ,,(2/3+€). For simplicity, let us assume that the special fiber
Cy contains a single ramphoid cusp ¢. Locally around this point, we may write C as

y? =2 + az(t)x® + ag(t)z? + a1 () + ao(t),

where t is the uniformizer of A at 0 and ;(0) = 0. By [CML13, Section 7.6], after
possibly a finite base change, there exists a (weighted) blow-up ¢: C — C such that
the special fiber 60 is isomorphic to the normalization of C at ¢ attached nodally to a
curve T, where T is defined by an equation y? = x° 4 bgx322 4 byx?2> 4+ byxz? 4 by2® on
P(2,5,2) for some [b3 : by : by : by] € P(4,6,8,10) (depending on the a;(t)) and such that
T is attached to C at [z :y: 2] = [1:1:0]. Evidently, T is a genus 2 double cover of P
via the projection [z :y: 2]+ [x:z] and [x :y: 2] =[1:1:0] is a ramification point of
this cover. It follows that 60 has a Weierstrass tail.

Now let C — C® be the stabilization morphism contracting all P'’s in the central fiber
that meet the rest of Cy in only two nodes. The central fiber of C* is now isomorphic
to the nodal union of the stable pointed normalization of Cy at ¢ and the Weierstrass
tail 7. By Lemma 2.20 and Corollary 2.19, (C3, {pi}?_,) is a-stable. Since it contains
no ramphoid cusps, it is also (o +e€)-stable. By hypothesis, (C, {p;}}'_;) is closed in
Mg n(a+e), so the family (C* = A, {o;},) must be trivial. This implies that the
generic fiber (C, {p;}_;) must have a nodally attached Weierstrass tail. ]

The following lemma says that one can use isotrivial specializations to replace -
critical singularities and a.-tails by a.-atoms.

Lemma 2.26. Let (C, {p;}!'_,) be an n-pointed curve, and let E be the co.-atom.

(1) Suppose q € C is an ac-critical singularity. Then there exists an isotrivial spe-
cialization C ~~ Cy = CUE to an n-pointed curve Cy which is the nodal union of £
and the stable pointed normalization C of C at q along the marked point(s) of E and the
pre-image(s) of q in C.

(2) Suppose C' decomposes as C = K UZ, where Z is an ac-tail. Then there exists an
isotrivial specialization C ~~ Cy = K U E to an n-pointed curve Cy which is the nodal
union of K and E along the marked point(s) of E and K N Z.

Proof. We prove the case a, = 2/3, and leave the remaining two cases to the reader. For
(1), let C' x A be the trivial family, let C — C x A be the normalization along g x A,
and let ¢’ — C be the blow-up of C at the point lying over (q,0). Let 7 denote the
strict transform of ¢ x A on c’ , and note that 7 passes through a smooth point of the
exceptional divisor. A local calculation shows that there exists a finite map v: =

such that ¢ is an isomorphism on c'— 7, so that C’ has a ramphoid cusp along v o T,
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and the ramphoid cuspidal rational tail in the central fiber is an a.-atom, i.e., has trivial
crimping. Blowing down any semistable P!’s in the central fiber of C' — A (these
appear, for example, when ¢ lies on an unmarked P! attached nodally to the rest of the
curve), we arrive at the desired isotrivial specialization. For (2), note that there exists
an isotrivial specialization (Z, q1) ~ (E,q1) by Lemma 2.24. Gluing this to the trivial
family (K x A, ¢ x A) gives the desired isotrivial specialization. O

Proof of Theorem 2.23. We consider the case a. = 2/3, and leave the other two cases
to the reader. First, we show that every %-closed curve (C,{p;}_,) is a closed point
of Myn(2/3). Let (C — A,{o;}! ;) be any isotrivial specialization of (C,{p;}* ) in
M ,(2/3); we will show it must be trivial. Let C = K U Ey U--- U E, be the canonical
decomposition and let ¢; = K N E;. Each ¢; is a disconnecting node in the general fiber
of C — A, so ¢; specializes to a node in the special fiber by Corollary 2.11. Possibly
after a finite base change, we may normalize along the corresponding nodal sections
to obtain isotrivial specializations IC and &1,...,&,.. By Lemma 2.17, K is a family in
ﬂg_znnﬂ@ /3) and &1, ..., &, are families in MQJ(Q /3). Since K contains no Weierstrass
tails in the general fiber, it is trivial by Lemma 2.25. The families &1, ..., &, are trivial
by Lemma 2.24. It follows that the original family (C — A, {o;}7_,) is trivial, as desired.

Next, we show that if (C, {p;}1;) € M,.»(2/3) is a closed point, then (C, {p;}*_;) must
be 2-closed. First, we claim that every ramphoid cusp of C must lie on a nodally attached
2-atom. Indeed, if ¢ € C is a ramphoid cusp that does not lie on a nodally attached
2-atom, then Lemma 2.26 gives an isotrivial specialization (C,{p;}?_;) ~> (Co, {pi}i=;)
in which Cj sprouts a nodally attached 2-atom at g. Note that (Co, {p;}?,) is 3-stable
by Lemma 2.20 and Corollary 2.19, so this gives a nontrivial isotrivial specialization in
ﬂg,n(Z /3). Second, we claim that C' contains no nodally attached Weierstrass tails that
are not Z-atoms. Indeed, if it does, then Lemma 2.26 gives an isotrivial specialization
(C{piti=y) ~ (Co,{pi}i;) that replaces this Weierstrass tail by a 2-atom. Note that
(Co, {pi}}—) is 2-stable by Lemma 2.17 and Corollary 2.19, so this gives a nontrivial
isotrivial specialization in ﬂg,n(2/3). It is now easy to see that C' is 2-closed. Indeed,
if Ey,...,E, are the nodally attached 2-atoms of C, then the complement K has no
ramphoid cusps and no nodally attached Weierstrass tails. Since K is 2-stable and has
no ramphoid cusps, it is (2+e¢)-stable. Furthermore, K must be closed in M, ,,(2/3+e€),
since a nontrivial isotrivial specialization of K in M, ,(2/3+¢€) would induce a nontrivial,
isotrivial specialization of (C,{p;}";) in My, (2/3). We conclude that (C,{p;}1,) is
2-closed as desired. O

2.5. Combinatorial type of an a.-closed curve. In the previous section, we saw that
every ac-stable curve which is closed in Mg,n(ac) has a canonical decomposition C' = KU
FE1U---UE, where E1, ..., E, are the a.-atoms of C. We wish to use this decomposition
to compute the local VGIT chambers associated to C. For the two critical values a, €
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{7/10,9/11}, the pointed curve K does not have infinitesimal automorphisms and does
not affect this computation. However, if o, = 2/3, then K may have infinitesimal
automorphisms due to the presence of rosaries (see Definition 2.27), which leads us to
consider a slight enhancement of the canonical decomposition. Once we have taken care
of this wrinkle, we define the combinatorial type of an a.-closed curve in Definition 2.33.
The key point of this definition is that it establishes the notation that will be used in
carrying out the local VGIT calculations in Section 3.

Definition 2.27 (Rosaries). We say that (R, r1,72) is a rosary of length £ if there exists

a surjective gluing morphism

¢
vi JI(Ri qic1, q20) = (Ror1,72)

i=1
satisfying:
(1) (Ri,q2i-1,42;) is a 2-pointed smooth rational curve for i =1,..., ¢.
(2) ~y is an isomorphism when restricted to R; \ {q2i—1,¢2i} for i =1,...,¢.
(3) v(q2i) = v(q2i+1) is an As-singularity fori =1,...,¢ — 1.
(4) v(q1) = r1 and y(qae) = r2.

We say that (C,{p;}]",) has an Ay, /Aj,-attached rosary of length ¢ if there exists a
gluing morphism ~v: (R, r1,72) < (C,{p;}_;) such that
(a) (R,r1,72) is a rosary of length £.
(b) For j = 1,2, y(r;) is an Ay,-singularity of C, or k; = 1 and ~(r;) is a marked
point of (C,{p;}_;).
We say that C'is a closed rosary of length £ if C has As/As-attached rosary v: (R, 71,7r2) <
C of length ¢ such that y(r1) = y(r2) is an As-singularity of C.

Remark 2.28. An A;/A;-attached rosary of even length is an elliptic chain and thus can
never appear in a (7/10 — €)-stable curve.

0
FIGURE 9. Curve (A) is a rosary of length 3. Curve (B) is a closed rosary
of length 4.
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Note that if (R,71,72) is a rosary, then Aut(R,ri,r2) ~ G,,. Hassett and Hyeon
showed that all infinitesimal automorphisms of (7/10 — €)-stable curves are accounted for
by rosaries [HH13, Section 8|. In Proposition 2.29 and Corollary 2.30, we record a slight
refinement of their result.

Proposition 2.29. Suppose (C, {p;}7_,) is (7/10—¢)-stable with Aut(C, {p;}?,)° ~ GZ,.
Then one of the following holds:

(1) There exists a decomposition C = CoURyU---U Ry, where each R; is an Ay /A;-
attached rosary of odd length, and Cy contains no Ay /A;-attached rosaries. Note
that we allow Cy to be empty.

(2) d=1 and C is a closed rosary of even length.

Proof. Consider first the case in which C is simply a chain of rational curves, say
T1,...,Ty, where T; meets T;11 in a single point, and T} meets 7T} in a single point.
These attaching points may be either nodes or tacnodes. If every attaching point is a
tacnode, then C' is a closed rosary of length k, and so we are in case (2). Namely, if
k is even, then Aut(C, {p;}!' ,)° ~ Gy, and if k is odd, then Aut(C,{p;}I")° is trivial.
If some of the attaching points are nodes, then the set of rational curves between any
two consecutive nodes in the chain are tacnodally attached and thus constitute A;/A;-
attached rosary. In other words, we are in case (1) with Cp empty.

From now on, we may assume that not all components of C' are rational curves
meeting the rest of the curve in two points. In particular, there exist components on
which Aut(C, {p;}I"1)° acts trivially. We proceed by induction on the dimension of
Aut(C, {pi},)°, noting that if dimension is 0, there is nothing to prove.

Note that if Aut(C,{p;}"_;)° acts nontrivially on a component T} and 77 meets a
component S on which Aut(C,{p;}~,)° acts trivially, then their point of attachment
must be a node (and not a tacnode). This follows immediately from the fact that an
automorphism of P! which fixes two points and the tangent space at one of these points
must be trivial. Now let T1,...,Ty be the maximal length chain containing 77 on which
Aut(C, {p;}_,)° acts nontrivially; we have just argued that 77 and T, must be attached
to the rest of C at nodes. If each Tj is tacnodally attached to T;41, then R :=T1U---UTy
is an Ay /A;-attached rosary in C. If some T; is attached to T; 41 at a node, then choosing
minimal such i, we see that R := Ty U--- UT; is an A;/A;j-attached rosary. Thus, C
contains an Aj/A;-attached rosary R, necessarily of odd length by Remark 2.28. If R is
not all of C, then the dimension of Aut(C' \ R, {p;}!"_;)° is one less than the dimension
of Aut(C, {pi}1)°, so we are done by induction. O

Corollary 2.30. Suppose (C,{p;}I") is a closed (7/10—e€)-stable curve with Aut(C, {p;}—,)°

Ggl. Then there exists a decomposition C = CoURyU- - -URg where each R; is an Ay /A;-
attached rosary of length 3.

~
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Proof. This follows immediately from Proposition 2.29 and two observations:

e If R is a rosary of odd length ¢ > 5, then R admits an isotrivial specialization to
the nodal union of a rosary of length 3 and a rosary of length £ — 2.

e A closed rosary of even length ¢ admits an isotrivial specialization to the nodal
union of £/2 rosaries of length 3 arranged in a closed chain.

O

In order to compute the local VGIT chambers for an a.-closed curve, it will be useful
to have the following notation.

Definition 2.31 (Links). A [5-link of length ¢ is a 2-pointed curve (F,pi,p2) which
admits a decomposition

E=F,U---UE such that:

(1) ¢gj:==E;jNEj41 isanode of E for j=1,...,0—1.
(2) qo := p1 is a marked point of E; and ¢y := po is a marked point of Ej.
(3) (Ej,qj-1,qj) is a {5-atom for j =1,...,¢.

A 2-link of length ¢ is a 1-pointed curve (E,p) which admits a decomposition

EFE=RU---UR;_1UE, such that:

(1) ¢g:=RjNRjy1,for j=1,...,0—2, and g1 := Ry_1 N E; is a node of E.
(2) qo := p is a marked point of Rj.
(3) (Rj,qj—1,q;5) is arosary of length 3 for j = 1,...,—1, and (E;, g,—1) is a 2-atom.
When we refer to a -link (E,pi,p2) (resp., 2-link (E,p)) as a subcurve of a larger
curve, we always take it to be A;/A;-attached at p; and ps (resp., at p).

As Asg As
b1 Pe

FIGURE 10. Curve (A) (resp., (B)) is a &-link (resp., 2-link) of length 3.

Each component above is a rational curve.
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Now let C = K U Fq U---U E, be the canonical decomposition of an «.-closed curve
C', where K is the core and E;’s are ac-atoms (see Definition 2.22). Observe that as long
as K # (), then each L-atom (resp., Z-atom) E; of a 5-closed (resp., Z-closed) curve is
a component of a unique %—link (resp., 2-link) of maximal length. When a. = 2/3, we
make the following definition.

Definition 2.32 (Secondary core for a, = 2/3). Suppose C = KU E; U...U E, is the
canonical decomposition of a %—closed curve C. For each %—atom FE;, let L; be the maximal
length 2-link containing E;. We call K’ := C'\ (L1 U---U L;) the secondary core of C,
which we consider as a curve marked with the points ({p;}!; N K') U (K' N (C'\ K’).
The secondary core has the property that any A;/Aj-attached rosary R C K’, satisfies

RNL;=0fori=1,...,r.

We can now define combinatorial types of a.-closed curves. We refer the reader to
Figure 11 for a graphical accompaniment of the following definition.

Definition 2.33 (Combinatorial Type of ae-closed curve).
e A Z-closed curve (C,{p;}I-;) has combinatorial type

(A) If the core K is nonempty. In this case,
C=KUFU---UE,,

where each E; is a 2-atom with a cusp &, and E; meets K at a single node g;.
(B) If (g,n) = (2,0) and C' = E; U E5 where E; and Ej are 2-atoms meeting each
other in a single node ¢ € C.
(C) If (g,n) = (1,1) and C = E} is a 2-atom.

e A [-closed curve (C,{p;}I~,) has combinatorial type

(A) If the core is nonempty. In this case, we have
C=KUL U UL ULpj1U-- ULy,

where
efori=1,...,r: L;= U;izl E; ; is a -link of length ¢; meeting K at two
distinct nodes. In particular, E; 1 meets K at a node g¢; o, I; o, meets K at
a node ¢; ¢,, and E; ; meets E; ;11 at a node g; ;.
eftori=r+1,....,7r+s L; = U?i:l E;; is a {5-link of length ¢; meeting
K at a single node and terminating in a marked point. In particular, E;
meets K at a node g; 0, and E; ; meets F; j11 at a node g; ;.
(B) If n =2 and (C,p1,p2) is a {5-link of length g, i.e. C' = E;U---U E; where each
Ejisa 1—70—21‘501117 E; meets F; 1 at a node ¢;; and we have p; € Ey and ps € F,.
(C) If n = 0 and C' is a {5-link of length g — 1, whose endpoints are nodally glued.
In other words, C' = Fy1 U---UE,_1, where each Fj; is a 1—70—at0m, E; meets ;i
at a node ¢, and E7 meets E,_1 at a node qp.
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A =

Sl

Qe =

Wl

E,

Eria

Ay
Erys :
¢ o o E,

Type C

Ep—1

FIGURE 11. The left (resp. right) column indicates the combinatorial
types of {5-closed (resp. 2-closed) curves.

e A 2-closed curve (C,{p;}I~,) has combinatorial type

(A) If the secondary core K’ is nonempty. In this case, we write
C=K'ULU---UL,

where fori =1,...,r, L; = Uﬁi:_ll R; ;U E; is a 2-link of length ¢;. In particular,
E; is a %—atom and each R;; is a length 3 rosary such that R;; meets K’ at a
node ¢; 0, R; j meets R; j41 at a node ¢; j, and R; s, _1 meets F; in a node ¢; ¢, 1.
We denote the tacnodes of the rosary R;; by 7;;1 and 7; 2, and the unique
ramphoid cusp of E; by &;.
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(B) If n =1, g =20 and (C,p1) is a 2-link of length £, i.e. C =R U---UR;_1 UE;,
where Ry, ..., Ry_1 are rosaries of length 3 with p; € Ry and Fy is a %—atom. For
j=1,...,£—1, we label the tacnodes of R; as 7;; and 72, the node where R;
intersects Rj;1 as g, the node where R,_; intersects Fy as gq,—; and the unique
ramphoid cusp of Ey as &.

(C) If n=0, g =2(+ 2 and C is the nodal union of two 2-links, i.e. C'=FEyUR; U
---URy_1UFEy, where Fy, E, are %—atoms, and Ry,..., Ry_1 are rosaries of length
3. For j =1,...,0 -2, R; intersects Rj;1 at a node g;, Ey intersects Ry in a
node qo, and Ry_; intersects Ey in a node gy_1. We label the ramphoid cusps of
Ey, Ey as &, &, and the tacnodes of R; as 751 and 7.

3. LOCAL DESCRIPTION OF THE FLIPS

In this section, we give an étale local description of the open immersions
Mg (ac+€) = Mg nlae) < Mg, (ac—e)

from Theorem 2.7 at each critical value a, € {2/3,7/10,9/11}.

Roughly speaking, our main result says that, étale locally around any closed point of
M 1 (a), these inclusions are induced by a variation of GIT problem. In Section 3.1, we
collect several basic facts concerning local variation of GIT that will be used in subsequent
sections. In Section 3.2, we develop the necessary background material on local quotient
presentations and local VGIT in order to state our main result (Theorem 3.19). In
Section 3.3, we describe explicit coordinates on the formal miniversal deformation space
of an a.-closed curve. In Section 3.4, we use these coordinates to compute the associated
VGIT chambers and thus conclude the proof of Theorem 3.19.

3.1. Preliminary facts about local VGIT. Here, we collect several basic facts con-
cerning variation of GIT for the action of a reductive group on an affine scheme that will
be needed in subsequent sections. In particular, we formulate a version of the Hilbert-
Mumford criterion that will be useful for computing the VGIT chambers associated to
an a.-closed curve. We refer the reader to [Tha96] and [DH98] for the general setup of
variation of GIT.

Recall that if G is a reductive group acting on an affine scheme X = Spec A by o: G X
X — X, there is a natural correspondence between G-linearizations of the structure sheaf
Ox and characters x: G — G,, = SpecClt,t!]. Precisely, a character x defines a G-
linearization £ of the structure sheaf Ox as follows. The element x*(t) € I'(G, Of)
induces a G-linearization 0*Ox — p3Ox defined by pi(x*(t)) ™! € T'(G x X, 0f, ). We
can now associate to x the semistable loci X7* and X7%, (cf. [Mum65, Definition 1.7]).
The following definition describes explicitly the change in semistable locus as we move
from x to x~! in the character lattice of G.

Definition 3.1 (VGIT chambers). Let G be a reductive group acting on an affine scheme
X =SpecA. Let x: G — G,, be a character and set

Ap ={feA|a*(f)=x")"f} =T (X, L.
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We define the VGIT ideals associated to x to be:
I;::(fEA\fEAnforsomen>0),
I, .= (feAlfeA, for somen <0).
The VGIT (+)-chamber and (—)-chamber of X associated to x are the open subschemes
X7 = X\V(I]) = X, X7 =X\V(;) = X.
Since the open subschemes X ;{ , X, are G-invariant, we also have stack-theoretic open
immersions
(XY /G] = [X/G] + [X /G].
We will refer to these open immersions as the VGIT (+)/(—)-chambers of [X/G] asso-
ciated to x.

Remark 3.2. For an alternative characterization of X; , note that x~! defines an action
of Gon X x Al via g- (z,5) = (g-,x(g9)""-s). Then z € X} if and only if the orbit
closure G - (z,1) does not intersect the zero section X x {0}.

It follows from the above definitions and [Mum65, Theorem 1.10] that the natural
inclusions of VGIT (4)/(—)-chambers induce projective morphisms of GIT quotients:

Proposition 3.3. Let L be the G-linearization of the structure sheaf on X corresponding
to a character x. Then there are natural identifications ofX; and X3 with the semistable
loct X7 and X732, respectively. There is a commutative diagram

X X X7

| |

X;‘//G := Proj ®d20 Aj — Spec Ag =— Proj @dzo Ag= X, /G

where X — Spec Ao, X — X //G and X; — X J/G are GIT quotients. The restric-
tion of L to X (resp., L7t to X, ) descends to line bundle O(1) on X\ //G (resp., O(1)
on X //G) relatively ample over Spec Ag. In particular, for every point x € X;‘ UXy,
the character of Gy corresponding to L|pg, is trivial.

0

Definition 3.4. Recall that given a character x: G — G,, and a one-parameter sub-
group p: G,, — G, the composition x o p: G,, — Gy, is naturally identified with the
integer n such that (x o p)*t = t". We define the pairing of x and p as (x, p) = n.

Proposition 3.5 (Affine Hilbert-Mumford criterion). Suppose G is a reductive group
over SpecC acting on an affine scheme X = Spec A of finite type over SpecC. Let
X: G = Gy, be a character. Let x € X(C). Then x ¢ X5 (resp., x ¢ X, ) if and only
if there exists a one-parameter subgroup p: G,, — G with (x,p) > 0 (resp., (x,p) <0)
such that limy_0 p(t) - © exists.
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Proof. Consider the action of G on X x A! induced by x~! as in Remark 3.2. Then z ¢
X} ifand only if G - (z,1) N (X x {0}) # 0. By the Hilbert-Mumford criterion [Mum65,
Theorem 2.1], this is equivalent to the existence of a one-parameter subgroup p: G,, = G
such lim 0 p(t) - (z,1) € X x {0}. We are done by observing that lim;_,o p(t) - (z,1) =

limy_o(p(t) - 2,t%P) € X x {0} if and only if lim;_,q p(t) - = exists and (x,p) > 0. O

The following are three immediate corollaries of Proposition 3.5:

Corollary 3.6. Let G; be reductive groups acting on affine schemes X; of finite type
over SpecC and x;: G; — G, be characters for i = 1,...,n. Consider the diagonal
action of G =[], Gi on X =[], X; and the character x =[], xi: G — Gy,,. Then

n
XAXT =X x5 (X \ (X)f) x -+ x X,
=1

X\X;:LrjxlX--'X<XZ'\(XZ‘);Z_)X~-XX7L.
i=1

Corollary 3.7. Let G be a reductive group over Spec C acting on an affine X = Spec A
of finite type over SpecC. Let x: G — Gy, be a character. Let Z C X be a G-invariant
closed subscheme. Then Z;‘ = X;{ NZand Z,, = X, NZ.

Corollary 3.8. Let G be a reductive group with character x: G — G,,. Suppose G acts
on an affine scheme X = Spec A of finite type over SpecC. Let G° be the connected
component of the identity and x° = x|go. Then the VGIT chambers X;F,X; for the
action of G on X are equal to the VGIT chambers X;%,X;o for action of G° on X.

Proposition 3.9. Let G be a reductive group acting on an affine variety X of finite
type over SpecC. Let x: G — Gy, be a non-trivial character. Let p: G,, — G be a
one-parameter subgroup and x € X (C) such that xo = limo p(t) - € XC is fized by
G. Then (x,p) > 0.

Proof. As x € X/, we have (x,p) > 0 by Proposition 3.5. Suppose (x, p) = 0. Consid-

ering the action of G on X x A! induced by x as in Remark 3.2, we obtain
lim p(t) - (z,1) = (x0,1) € X& x AL,
t—0

But X© is contained in the unstable locus X \ X since x is a nontrivial linearization.
It follows that G - (z,1) N (X x {0}) # 0 which contradicts = € X . O

Lemma 3.10. Let G be a reductive group with character x: G — Gy, and h: Spec A =
X — Y = Spec B be a G-invariant morphism of affine schemes finite type over SpecC.
Assume that A = B®ga A%. Then h™1(Y,") = X[ and h™1(Y7) = X.

Proof. We use Proposition 3.5. If ¢ X", then there exists p: G, — G with (x,p) >0
such that xg = limy_,q p(t) - = exists. It follows that h(xg) = lim_0 p(t) - h(x) exists,
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and so h(z) ¢ Y. We conclude that h~1(Y;") € X. Conversely, suppose h(z) ¢ Y,'.
Then there exists p: Gy, — G with (x, p) > 0 such that lim;_,¢ p(t) - h(z) exists. Since
lim; 0 p(t) - h(z) exists and since both Spec A — Spec AY and Spec B — Spec B¢ are
GIT quotients, there is a commutative diagram

Spec C[t]

> h
Spec A ———— Spec B

i |

Spec A —— Spec B¢

Since the square is Cartesian, the map G,, = SpecC[t,t"!] — Spec A given by t
p(t) - x extends to SpecC[t] — Spec A. It follows that = ¢ X;'. We conclude that
X; - h_l(YX+). O

Lemma 3.11. Let G be a reductive group acting on a smooth affine variety W = Spec B
over SpecC. Let w € W be a fixed point of G. Let x: G — Gy, be a character. There
is a Zariski-open affine neighborhood W' C W containing w and a G-invariant étale

morphism h: W' — T = Spec C[Tyy,], where Ty, is the tangent space at w, such that
—1phy —1p—y\ _ -
h™ (T ) = Wy h(Ty ) =Wy .

Proof. The maximal ideal m C B of w € W is G-invariant. Since G is reductive, there
exists a splitting m/m? < m of the surjection m — m/m? of G-representations. The

2 < m C B induces a morphism on algebras Sym*m/m? — B which

inclusion m/m
is G-equivariant which in turns gives a G-equivariant morphism h: Spec B — T étale
at w € W. By applying Luna’s Fundamental Lemma (see [Lun73]), there exists a G-

invariant open affine W’ = Spec B’ C Spec B containing w such that the diagram

Spec B' —— Spec C[Tyy ]

l i

Spec B'Y —— Spec C[Tiy,]¢

is Cartesian with Spec B’ — Spec C[Tiy,,]¢ étale. From Lemma 3.10, the induced map
hlwr: W' — T satisfies |y, (TF) = W/ and hlyh (Ty) = Wi O
3.2. Local quotient presentations.

Definition 3.12. Let X be an algebraic stack of finite type over Spec C, and let 2z € X(C)
be a closed point. We say that f: W — X is a local quotient presentation around x if

(1) The stabilizer G, of z is reductive.
(2) W = [Spec A / G,], where A is a finite type C-algebra.
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(3) f is étale and affine.
(4) There exists a point w € W(C) such that f(w) = = and f induces an isomorphism
Gy ~ Gy
We sometimes write f: (W, w) — (X, z) as a local quotient presentation to indicate the
chosen preimage of x. We say that X admits local quotient presentations if there exist
local quotient presentations around all closed points x € X'(C).

The following result shows that M, (a) admits local quotient presentations:

Proposition 3.13 ([AK14, §2.1]). Let k be an algebraically closed field. Let X be a
quotient stack [U/G| where U is a normal separated scheme of finite type over k and G
is an algebraic group over k. If x € X (k) is a point with linearly reductive stabilizer,

then there exists a local quotient presentation f: W — X around x.
Corollary 3.14. For each o > 2/3—¢, ﬂgm(a) admits local quotient presentations.

Proof of Corollary 3.14. By definition of a-stability, each ﬂg,n(a) can be realized as
[X/G], where X is a non-singular locally closed subvariety of the Hilbert scheme of some
PN and G = PGL(N +1). By Proposition 2.6, stabilizers of a-stable curves are reductive.
Thus we can apply Proposition 3.13. [l

Next, we show how to use the data of a line bundle £ on a stack X to define VGIT
chambers associated to every local quotient presentation of X. In this situation, note

that if z € X(C) is any point, then there is a natural action of the automorphism group
G, on the fiber £|pg, that induces a character x.: G, — Gy,

Definition 3.15 (VGIT chambers of a local quotient presentation). Let X be an alge-
braic stack of finite type over Spec C and let £ be a line bundle on X. Let x € X be a
closed point. If f: W = [Spec A/ G,] — X is a local quotient presentation around z,
we define the chambers of W associated to L to be the VGIT (+)/(—)-chambers

WE W W,
of W associated to the character x.: Gy — Gy, (see Definition 3.1).

Definition 3.16. Suppose X is an algebraic stack of finite type over Spec C that admits
local quotient presentations and L is a line bundle on X'. We say that open substacks
XT and X~ of X arise from local VGIT with respect to L at a point x € X if there exists
a local quotient presentation f: W = [Spec A / G,] — X around x such that f*L is the
line bundle corresponding to the linearization of Ogspec 4 by Xz and such that there is a
Cartesian diagram:

W= W W,

(3.1) | if |

XTe—s X <X~
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The following key technical result allows to check that two given open substacks X+
and X~ arise from local VGIT with respect to a given line bundle £ on X by working
formally locally.

Proposition 3.17. Let X be a smooth algebraic stack of finite type over SpecC that
admits local quotient presentations. Let L be a line bundle on X. Let Xt and X~
be open substacks of X. Let x € X be a closed point and let x: Gy — Gy, be the
character induced from the action of Gy on the fiber of L over x. Let T'(z) be the
first-order deformation space of z, let A = C[T ()], and let A = C[[T'(z)] be the
completion of A at the origin. The affine space T = Spec A inherits an action of G.
Let Iz+,1z- C A be the ideals defined by the reduced closed substacks ZT = X\ XT and
Z==X\X". Let I",I~ C A be the VGIT ideals associated to x and corresponding to
the Gy-invariant closed subschemes T\ T\f and T\T, . If Iz+ = ITA and 15— = I~ A,
then XT — X <> X~ arise from local VGIT with respect to L at x.

Proof. Let f: W = [W/G,] — X be an étale local quotient presentation around x
where W = Spec B, with w € W a chosen preimage of z € X. By Lemma 3.11,
after shrinking W, we may assume that there is an induced G, -invariant morphism
h: W — T = SpecC[T' ()] such that A~ (T}") = W, and h~'(T};) = W, . This
provides a diagram

Spf A ——= W = [Spec B/G,]

.

X Y = [Spec A/G]

In particular, I™ B and I~ B are the VGIT ideals in B corresponding to (+)/(—) VGIT
chambers. Since ITA = I z+ and [ ~A=1 2, it follows that the ideals defining Z+, Z~
and W\ W, W\ W, must agree in a Zariski-open neighborhood U C Spec B of w. By
shrinking further, we may also assume that the pullback of £ to U is trivial. By [AFS15a,
Lemma 2.8], we may assume that U is affine scheme such that 7=1(7(U)) = U where
7: Spec B — Spec B9=. If we set U = [U/Gy], then the composition U < W — X
is a local quotient presentation. By applying Lemma 3.11, we obtain U+ = WT N
and U~ = W~ NU so that in U the ideals defining Z+,Z~ and U \UT,U \ U~ agree.
Moreover, the pullback of £ to U is clearly identified with the linearization of Oy by x.
Therefore, U — X has the desired properties. O

We now explain how Proposition 3.17 is used in our situation. On the stack M, (),
there is a natural line bundle to use in conjunction with the VGIT formalism, namely
§ — 1. Since this line bundle is defined over M, () for each «, there is an induced
character xs5_: Aut(C,{p;};—;) = Gy, for any a-stable curve (C,{p;}I,).
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Definition 3.18 (I't,I7). If (C,{p;},) is an a.-closed curve, the affine space
T = Spec C[TY(C, {p:}})]

inherits an action of Aut(C, {p;}™_,), and we define I'" and I~ to be the VGIT ideals in
C[TY(C, {p;}?_,)] associated to the character ys_, (see Definition 3.1).

The main result of this section simply says that the VGIT chambers associated to
d — 1 locally cut out the inclusions Mg p(ae+€) = Mg p(ae) <= Mg (ac—e).

Theorem 3.19. Let o € {2/3,7/10,9/11}. Then the open substacks
M n(ae+e€) = Mgn(ae) < Mgn(ac—e)
arise from local VGIT with respect to §—1) at every closed point (C,{p;}"_1) € My n(ac).

The remainder of Section 3 is devoted to the proof of Theorem 3.19. We use the
following notation: If (C, {p;}7) is an a.-closed curve, we set A = C[T!(C, {p;}7,)]
and Def(C, {p;}™_,) := Spf A = Spf C[[T}(C, {pi}™_,)]]. We let Iz+,1z— C A be the
ideals defined by the reduced closed substacks Z% := M, ,(ac) \ My (o + €) and
Z7 = Mgn(ae) \ Mgn(ae—¢).

In Section 3.3, we construct, for any a.-closed curve (C,{p;}!'_ ), coordinates for
ISe\f(C, {pi}1~,) and describe the ideals Iz+ and Iz-. In Section 3.4, we use this co-
ordinate description to compute the VGIT ideals I™ and I~ from Definition 3.18. In
Proposition 3.29, we prove that Iz+ = ITA and Iz- = I*g, so that Theorem 3.19
follows from Proposition 3.17.

3.3. Deformation theory of a.-closed curves. Our goal in this section is to describe
coordinates on the formal deformation space of an a.-closed curve (C, {p;}}_;) in which
the ideals Iz+ and Iz- can be described explicitly, and which simultaneously diagonalize
the natural action of Aut(C,{p;}}_,). We begin by describing the action of Aut(E) on
the space of first-order deformations T!(E) of a single a.-atom E (Lemma 3.20) and a
single rosary of length 3 (Lemma 3.21). Then we describe the action of Aut(C, {p;}}_;)
on the first-order deformation space T*(C, {p; 7 ,) for each combinatorial type of an a.-
closed curve (C,{p;}~,) from Definition 2.33 (Proposition 3.22). Finally, we pass from
coordirﬂes on the first-order deformation space to coordinates on the formal deformation
space Def(C, {p;}!_,) (Proposition 3.25).

Throughout this section, we let T* (C,{pi},) denote the first-order deformation space
of (C,{pi},) and Tl(@qg) the first-order deformation space of a singularity £ € C.
Finally, we let Aut(C, {p;}_,)° denote the connected component of the identity of the
automorphism group of (C,{p;}1;). We sometimes write T*(C) (resp., Aut(C)) for
THC, {p:}™,) (resp., Aut(C,{p;}",)) if no confusion is likely.

3.3.1. Action on the first-order deformation space for an a.-atom and rosary. Suppose
(E,q) (resp., (E,q1,q2)) is an a.~atom (see Definition 2.21) with the singular point £ € E.
By (2.2), we may fix an isomorphism Aut(E) ~ G,, = Spec C[t,t+!] and coordinates on

(5E,§ and @Eﬁ (resp., @Em and (5E,q2) so that the action of Aut(E) is given as follows:
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e For o = 9/11: @E,E = C[[xa y]]/<y2 - $3)7 @E,q = C[[TLH, and G, acts by
T+ t_2x, Y t_3y, n — tn.

o For a. = 7/10: Op¢ ~ Cl[z,y]]/(y* — 2*), Opg, ~ Cln], Ok.g, ~ Cl[na]], and
G,,, acts by

T t_lx, Y — t_Qy, ny — tny, no > tna.
o For a. =2/3: Ope ~ Cllz,y]]/(y? — 2°), Opq ~ C[[n]] and Gy, acts by
T — t*Q:z:, Y — t*Sy, n — tn.

We have an exact sequence of Aut(E)-representations
0 — Crl(B) -2 THE) 25 T (Ope) — 0

where Tl(@E{) denotes the space of first-order deformations of the singularity £ € F,
and Cr!(E) denotes the space of first-order deformations that induce trivial deformations
of O e In fact, since the pointed normalization of E has no non-trivial deformations,
we may identity Crl(E) with the space of crimping deformations, i.e., deformations that
fix the pointed normalization and the analytic isomorphism type of the singularity. Note
that in the cases o, = 9/11 and o, = 7/10, we have Crl(E) = 0, i.e., there is a unique
way to impose a cusp on a rational curve (resp., a tacnode on a pair of rational curves).

Lemma 3.20. Let E be an ac-atom. Fix Aut(E) ~ G, as above.

ea.=9/11: THE) ~ Tl(@ﬂg) and there are coordinates sg, $1 on Tl(@E,g) with weights
6, 4.

ea. = 7/10: TYE) ~ Tl((/Q\Evg) and there are coordinates sg, S1,52 on Tl(@Eﬁg) with
weights —4, —3, —2.

ea. = 2/3: THE) ~ CrY(E) @ Tl(@E@) and there are coordinates ¢ on Cr'(E) and
S0, 51, 82,83 ON Tl(@Ef) with weights 1 and —10, —8, —6, —4, respectively.

Proof. We prove the case a. = 2/3 and leave the other cases to the reader. By de-
formation theory of hypersurface singularities, we have T!(O Bg) C* with first-order
deformations given by

5 3 2

Spec Clx, y, €]/ (y? — x° — shea® — shea® — siex — she, %) < (s, 57, 85, 83).

Here, G, acts by s}, — tw*%sz. Thus, G,,, acts on Tl(@ﬂg)v by sj, > t267 105,
From [vdW10, Example 1.111], we have

Crl(E) ~C, SpecC[(s + c*es?)?, (s + c*es?)5,¢]/(e)? = ¢,
and G,, acts by ¢* — t~1¢*. Thus, G,, acts on Cr'(E)Y by ¢~ tc. O

Now let (R,71,712) = H?:1(Ri> ¢2i—1,q2i) be a rosary of length 3 (see Definition 2.27).
Denote the tacnodes of R as 7 := ¢q2 = q3 and 7 := q4 = ¢5. We fix an isomorphism
Aut(R,71,72) ~ G, = SpecCl[t,t71] such that G,, acts on 6R,ﬂ- = Cl[xi, yi]l/(y? — x})
via 1 — t7lay,y1 — t7 2y and z9 — txe,ys — t2ys, and acts on 6377%. = Cl[n;]] via
ny — tn; and ne — t " 1no.
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Lemma 3.21. Let (R,r1,72) be a rosary of length 3. Fiz Aut(R,r1,r2) ~ Gy, as above.
Then TY(R,r1,m9) = Tl(@Rﬂ) ® Tl(@Rm) and there are coordinates on Tl(@Rm)
(resp., Tl(@Rm)) with weights —2,—3,—4 (resp., 2,3,4).

Proof. This is established similarly to Lemma 3.20. U

The above two lemmas immediately imply a description for the action of Aut(C, {p;}}'_;)°
on THC, {pi}1,) for any a,-closed curve.

Proposition 3.22 (Diagonalized Coordinates on T*(C, {p;}?")). Let (C,{pi}?,) be
an o-closed curve. Depending on the combinatorial type of (C,{pi}i—,) from Definition
2.33, the following statements hold:

e, = 9/11 of Type A: There are decompositions

Aut(C)° = ﬁ Aut(E;)

TH(C) =T K)® ®

P (E) @Tl@c,qi)]
=1 =1

For 1 <i<r, lett; be the coordinate on Aut(E;) ~ G,,. There are coordinates

“singularity” s; = (Si0,%.1) on T! (6E1£2) for1 <i<r

“node” n; on Tl(@qqi) for1<i<r
such that Aut(C)° acts trivially on TYH(K) and on the coordinates s;,n; by

83,0 > ti_GSi,() 8i1 > tz-_4si71 n; — t;n;.
e, = 9/11 of Type B: There are decompositions
Aut(C)° = Aut(Er) x Aut(Es)
TY(C) = T!(E1) & T!(B) & T (Ocy)

For 1 < i < 2, let t; be the coordinate on Aut(E;) ~ G,,. There are coordinates

si = (si0,5i1) on TY(E;) and a coordinate n on Tl(@qq) such that the action of Aut(C)°
on TH(C) is given by

84,0 = tl-_GSi,o 8,1 ti_43i,1 n — titon.

e, =9/11 of Type C: This case is described in Lemma 3.20.

e, =7/10 of Type A: There are decompositions
r+s £;

Aut(C)° = [T [T Aut(E:y)

i=1j=1
r+s | 4 4;—1

TC)=THK)e P |P T E,) e P T (Oca,)| P T (Ocy.,,)
i=1 | j=1

j=0 i=1
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Let t; ; be the coordinate on Aut(E; ;) ~ Gy,. There are coordinates

“‘singularity” s; ; = (Sivjvkﬁ:o on T! (Ei ;) 1<i<r+s,1<5<4;
“node” N j on Tl(Ocqw) 1<i<r+s50<j<4-1
“node” Ni g, on Tl(Ocq " ) 1<i<r

such that Aut(C)° acts trivially on T'(K) and on s; j,n;; by

k—4
Sigk " b5 Sigk
nio — ti1nio nig, — LigMig, nij = tigtijrinig (5 #0,4).

e, = 7/10 of Type B: There are decompositions

Aut(C, p1,p2)° H Aut(E

g—1
Y(C,p1,p2) @Tl ) o P T Ocq)
i=1
Let t; be the coordinate on Aut(E;) ~ G,. There are coordinates s; = (4,0, Si 1, Si,2)
on TY(E;) and coordinates n; on Tl(@aqi) such that the action of Aut(C, {p;i}l'_,)° on

THC, {p:}7,) is given by

k—4
Sik by TSik ni — titiyin;.

e, =7/10 of Type C: There are decompositions

-1
Aut(C)° = 91_[ Aut(E;)
;:—11 g—2
TY(C) = P T (E) o P T (Ocy,)
i=1 1=0

Let t; be the coordinate on Aut(E;) ~ G,,. There are coordinates s; = (S0, Si1,5i2)
on TY(E;) and coordinates n; on T'(Oc,,) such that the action of Aut(C,{p;}1,)° on
THC, {pi}j,) is given by

th=d

Sik b TSik n; — titir1ng,

and where tg :=14_1.
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ea, =2/3 of Type A: There exist decompositions

Aut(C,{pi}i=1)” = Aut(K")° x HAut

r l;—1
= Aut(K XH HAut ij) X Aut(E;)
i=1 | j=1
TY(C, {pi}imy) = THK) @ P THL) & D T (O, )
=1 =1
r 0;—1

(K" @@ @Tl i) @@T (Oc,q;) ® THE)

where Aut(K')° acts trivially on @!_, T*(L;) ® D}, TI(OC,qLO) and [1i_, Aut(L;) acts
trivially on Tl(K’). For1 <i<r, 1<j<U¥—1,lett;; denote the coordinate on
Aut(R; ;) ~ Gy, and let t; 4, denote the coordinate on Aut(E;) ~ G,,. Then there exist
coordinates

“rosary” ri; = (Tijk)i_o ;= (T;,j,k)%:o on Tl({%\i’j) for1<i<r1<j<U¥
“singularity” s; = (six)i_g on TYOcg,) for1<i<r
“‘crimping” ¢ on Crl(Ei) for1<i<r
“node” N j on Tl(@aqi,j) for1 <i<r0<j</¥;

such that the action of [[i_; Aut(L;) on @_, T(L;) is given by

k—4 / 4—k, s 2k—10
Tigk o lij Tigk Tigk " tij Tijk Sik > tig o Sik
-1 .
C; — ti,éici nio ti,lni,O ni; ti,j ti7j+1ni7]’ (0 <1< 51)

Note that we need not specify the action of Aut(K’")° on TY(K') as this will be irrelevant
for the calculation of the VGIT chambers associated to (C,{pi}?_).

e, =2/3 of Type B: There exist decompositions

Aut(C, {pi}1,)° HAut ) X Aut(Ey)

/-1
THC piYin) = D [T (R:) @ T (Ocy) | @ T (EY)

=1
For1<i</{—1, lett; be the coordinate on Aut(R;) ~ Gy, and let t; be the coordinate
on Aut(Ey) ~ Gy,. Then there are coordinates

“cosary” r; = (rig)i_gs T} = (Té,k)ﬁzo on TYR;) for1<i</t-1
“‘singularity” s = (sg)i_, on Tl((/’)\c,g)
“crimping” ¢ on Crl(Ey)

“node” n; on Tl(@\c,qi) for1<i</{-1
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such that the action of Aut(C)° on TY(C) is given by
rig o e Tigk tf_kr;k s 0,

c = te n; o i (1<i<0-1).

e, =2/3 of Type C: There exist decompositions

/—1
Aut(C)° = Aut(Ep) x Aut(Ey) x | [ Aut(R;)
TH(C) =T (Eo) @ T'(E) @ P T (R) P T (Oc,)
=1 =0

Let tg, ty be coordinates on Aut(Ey) ~ Gy, and Aut(Ey) ~ Gy, and for 1 < i <{—1, let

t; be the coordinate on Aut(R;) ~ G,,. Then there are coordinates

“rosary” v, = (Fig)ig, T)= (Tg,k)izo on TYR;) for1<i</{-1
‘singularity” s; = (si7k)2:0 on Tl(@c@) fori=0,¢
“crimping” ¢ on CrY(E;)  fori=0,¢
“node” n; on Tl(@\c,qi) for0<i</{-1

such that the action of Aut(C)° on TY(C) is given by

/

Tik tf_4ri7k 'r;’k — t?_kri’k Sik t?k_108i7k
C; — tic ng +— toting n; — ti_lti-i-lni (0 <1 < 5) ny — ty_1teng
Proof. This follows easily from Lemmas 3.20 and 3.21. 0

It is evident that the coordinates of Proposition 3.22 on T!(C, {p;}?_,) diagonalize the
natural action of Aut(C, {p;}I";)°. However, we need slightly more. We need coordinates
that diagonalize the natural action of Aut(C,{p;};_,)° and that cut out the natural
geometrically-defined loci on ]Se\f(C, {pi},) = SpfC[[T(C, {p;}?_,)]]. For example,
when o, = 2/3, the {s;} coordinates should cut out the locus of formal deformations
preserving the singularities and the {c;, n;} coordinates should cut out the locus of formal
deformations preserving a Weierstrass tail. This is almost a purely formal statement (see
Lemma 3.24 below); however there is one non-trivial geometric input. We must show
that the crimping coordinate which defines the locus of ramphoid cuspidal deformations
with trivial crimping can be extended to a global coordinate which vanishes on the locus
of Weierstrass tails. This is essentially a first-order statement which we prove below in
Lemma 3.23.

The 2-atom E defines a point in Z¥ N Z~ C M3 1(2/3) (we keep the notation of
Z* Z~ from the end of §3.2). If we denote this point by 0, we have natural inclusions
of Aut(FE)-representations

ii Thy o= Ty =TY(E) and j: Ty = Tk ’Ole(E).

2,1(2/3),0 2,1(2/3)

On the other hand, recall that we have the exact sequence of Aut(E)-representations

(3.2) 0 — Cr'(E) - THE) 25 T (Ope) — 0
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where Tl(@Eyg) denotes the space of first-order deformations of the singularity £ € F,
and Cr!(E) denotes the space of first-order crimping deformations. The key point is that
the tangent spaces of these global stacks are naturally identified as deformations of the
singularity and the crimping respectively.

Lemma 3.23. With notation as above, there exist isomorphisms of Aut(E)-representations
T%—,o = Tl(@E,ﬁ)
Thi o~ Cr'(E)
inducing a splitting of (3.2) with i = o and j = 1.
Proof. It suffices to show that the composition
aoi: Tz o= Typ, o730 = THE) — T Opg)
is an isomorphism, and that the composition
« Oj: TZ+7[) — Tﬂ2¥1(2/3)70 == TI(E) — T1(0E7€)

is zero. The latter follows from the former by transversality of Tz~ o and Tz+ . To see
that a o4 is an isomorphism, observe that Z~ ~ [A*/G,,,] with weights —4,—6, —8,—10,
where the universal family is given by

(y2 —2° — agex® — agex?® — arex — a05,82) tas,...,ag € C,

where these are viewed as double covers of P'. On the other hand, there is a natural

isomorphism
Tl(@Eyg) ={SpecCl[z,y,¢]]/(y* — 2° — azex® — azex® — ayex — ape, €?) :as, ..., a0 € C}.
Evidently, o o4 is the identity map in the given coordinates. g

Lemma 3.24. Let V be a finite-dimensional representation of a torus G, let X =
Spf C[[V]], and let m C C[[V]] be the maximal ideal. Suppose we are a given a collection
of G-invariant formal smooth closed subschemes Z; := Spf C[[V]]/;, (i = 1,...,r) which
intersect transversely at 0, and a basis x1,...,x, for V such that:

(1) x1,...,x, diagonalize the action of G.

(2) I;/mlI; is spanned by a subset of x1,...,Ty.
Then there exist coordinates X ~ Spf C[[z], ..., z]] such that

(1) 24, ..., 2, diagonalize the action of G.

(2) 2, ..., 2}, reduce modulo m to x1,...,%,.

(3) I; is generated by a subset of xy, ...,z

n-

Proof. Let x;1,...,x;q4, be a diagonal basis for I;/ml; as a G-representation. Consider
the surjection
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and choose an equivariant section, i.e., choose xfu, .. ,x; di such that each spans a one-
dimensional sub-representation of G. By Nakayama’s Lemma, these elements generate
I;. Repeating this procedure for each Z;, we obtain x;] fori=1,...,randj=1,...,d;.
Since the Z;’s intersect transversely, these coordinates induce linearly independent ele-
ments of V. Thus they may be completed to a diagonal basis, and this gives the necessary
coordinate change. O

Proposition 3.25 (Explicit Description of Iz+, Iz-). Let (C,{pi},) be an a,-closed

—

curve. There exist coordinates n;,s;, c; (resp., n; j,si;) on Def(C,{p;}?_,) such that the
action of Aut(C, {p;}I1)° on Def(C,{p;}_,) = Spfﬁ s given as in Proposition 3.22,
and such that the ideals Iz+, [z- are given as follows:

ea. =9/11, Type A: Iz+ =();_y(si), Iz- = (Nizy ().

ea, =9/11, Type B: Iz+ = (s1) N(s2), Iz- = (n).

ea. =9/11, Type C: Iz+ = (s), Iz- = (0).

ea.=7/10, Type A: Iz+ =(; ;(sij) s Iz- =i pves Jipv where

g.
S={i,p,v:1<i<r+s1<pu< “LOSVS&—?/HA}

i = (Miws Sivt2s oo Sivt2u—2, Niprou—1), fori=1,...,r

i = (MiwsSipt2s -1 Sipgou—2), fori=r+1,....r+s.
ea.=T7/10, Type B: Iz+ =(\;(si) , Lz- = (\,pes Jup where
Si={p,rv:1<pu< {%—‘,OSVSQ—QM—{—l}
Juw = (s Sug2s -3 Su2u—2, Mug2u—1),
and ng := 0 and ng := 0.
ea.=7/10, Type C: Iz+ =(\(si) , Lz- =\, es Jup where

-1
S={p,v:1<p< [%W,OSVSQ—%
J;,L,l/ = (ny7 Sy+425-- .5 SV+2;,L—27 nu+2u—1);
and the subscripts are taken modulo g — 1.
ea. =2/3, Type A: Iz+ =(_(si),

r £;—1

/ / /
sz = ﬂ m (nihj, ri7j+1, I‘i’j+2, e 7ri’ei_17 C’L)
i=1 j=0
ea,=2/3, Type B: Iz+ = (s),
-1

/ / / / / /
Iz- = ﬂ(ni,riﬂ,ri”, T, 0)N (g, T, 0).
i=1
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ea.=2/3, Type C: Iz+ = (so) N (se),

/-1 /-1
/ / /
Iz- = m(ni,ri,ri_l, .o, T, c0) N ﬂ(ni,ri+1,ri+2, S VIR
i=0 i=0

Proof. We prove the statement when (C, {p;}?_,) is a 2-closed curve of combinatorial type
A; the other cases are similar and left to the reader. Let Def(C, {p;}I' ;) = Spf A —
M ,(2/3) be a miniversal deformation space of (C,{p;}?,). For i =1,...,r, we define

° Zj = Spf A\/ 1 zF is the locus of deformations preserving the i*"* ramphoid cusp
&i-

o 7 =Spf A/I,- is the locus of deformations preserving the ith Weierstrass tail.
Since Z;r (resp., Z; ) are smooth, G-invariant, formal closed subschemes of Spf X, the
conormal space of Z; (resp., Z; ) is canonically identified with I g+ /mzl,+ (resp.,
IZ; /mEIZ; ). Thus, in the notation of Proposition 3.22, we have IZj /mXIZj ~ T! (6E1§Z)v
Moreover, if ¢; = 1, we have

I, fmzl, ~C'(E)Y @ T (Op,q)"

using Lemma 3.23 to identify Cr!(E;)Y as the conormal space of the locus of deformations
of E; for which the attaching point remains Weierstrass.
If ¢; > 1 (i.e., E; is not a nodally attached Weierstrass tail), we define

o T; ; = Spf E/ Ir, ; as the locus of deformations preserving the tacnode 7; j 2, for
J=1,.. 0 —2.

e W, = Spf A /I, as the closure of the locus of deformations preserving the tac-
node 7; 9,12 such that the tacnodally attached genus 2 curve is attached at a
Weierstrass point.

e N;,; = Spf A\/I N;; as the locus of deformations preserving the node g;;, for
j=0,...,6;—1.

We observe that for each ¢ with ¢; > 1, W; is a smooth, G-invariant formal subscheme,

and there is an identification

Iy, /m gLy, ~ Cr'(E;)Y & T (Ocyr,,. 1)

If we choose coordinates ¢; € Crl(FE;)V

and s;0,5i1,52,53 € T (Ocyr,, _,,)" cutting
out W; and a coordinate n;¢,_1 cutting out N; 4, _1, then it is easy to check that Z is
necessarily cut out by ¢; and n; ¢, 1.

Formally locally around (C, {p;}?_,), Z and Z~ decompose as

;=2

T Zi—2 i
27 Xy (23 SPEA = U1 (Zz‘ U U0 (Win ) N 1Ti7k n Ni,j))
i= j= =5+
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For each i = 1,...,r, we consider the cotangent space of Z;r and either the cotangent
space of Z, if /; = 1 or the set of cotangents spaces of T; j, W;, N; ; if £; > 1. Since this
collection of subspaces of T!(C, {p;}?,), as i ranges from 1 to r, is linearly independent,
we may apply Lemma 3.24 to this collection of formal closed subschemes to obtain
coordinates with the required properties. ]

3.4. Local VGIT chambers for an a.-closed curve. In this section, we explicitly
compute the VGIT ideals I, I~ C C[T(C, {p;}",)] (Definition 3.18) for any a.-closed
curve. The main result (Proposition 3.29) states that the VGIT ideals agree formally
locally with the ideals Iz+, Iz-. By Proposition 3.17, this suffices to establish Theorem
3.19. In order to carry out the computation of I and I~, we must do two things: First,
we must explicitly identify the character xs5_y: Aut(C,{p;}I_;) = G, for any a.-closed
curve. Second, we must compute the ideals of positive and negative semi-invariants with
respect to this character.

Definition 3.26. Let Ey,..., E, be the a.-atoms of (C,{p;}~,), and let ¢; € Aut(E;)
be the coordinate specified in Proposition 3.22. Let

i Aut(C,{p;}"_1)° = G,, = SpecC[t,t™!]
be the character defined by t + tito---t,. Note that x4 is trivial on automorphisms
fixing the a.-atoms.

The following proposition shows that xs_, is simply a positive multiple of x,. Since
it will be important in [AFS15b], we also prove now that the character of Kﬂg (ae) T

n ac)
a0 + (1 — )t is trivial for all a.-closed curves.
Proposition 3.27. Let o, € {9/11,7/10,2/3} be a critical value and let (C,{p;}—,) be
an ac-closed curve. Then there exists a positive integer N such that XE—w|Aut(C,{pi}?:1)° =
XY for every ac-closed curve (C,{p;}™,). Specifically,
11 if ap = 9/11
N=<¢ 10 ifa.=7/10
39 if a. = 2/3

: + g+
In particular, Ixa—¢ =1, .

Proof. We prove the case when a, = 2/3 for an a.-closed curve (C, {p;}?'_;) of Type A.

Let C = K'ULyU---U L, be the decomposition of C' as in Definition 2.33, and suppose

that the rank of Aut(K’) is d. Corollary 2.30 implies that there exist length 3 rosaries
',..., R}, such that Aut(K')° ~ Hle Aut(RY). Thus, we have

Aut(C)° = Aut(K')° x [ ] Aut(L;)
=1
r l;i—1

d
= [TAwt(R) < [T | [ Aut(Ri;) x Aut(E;)
=1

i=1 | j=1
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Let pi: G, — Aut(C) (vesp. pij, i) be the one-parameter subgroup corresponding to
Aut(R)) € Aut(C) (resp. Aut(R;;), Aut(E;) C Aut(C)). By [AFSI14, Sections 3.1.2—
3.1.3], we have
(X5—u:Pi) =0, (Xo—psPig) =0, (Xo—p 0i) = 39.
On the other hand, the definition of x, obviously implies
(o) =0, (X pig) =0, (xwwi) =1
It follows that xs5_y = X3 as desired. O

Proposition 3.28. For any a.-closed curve (C,{p;}I'_,), the action of Aut(C,{p;}_,)°
on the fiber of Kxz )+ acd + (1 — ae)) is trivial.

Proof. We prove the case when o, = 2/3 for an a.-closed curve (C,{p;}!;) of Type
A. Let p}, pij, ;i be the one-parameter subgroups of Aut(C, {p;}}_;) as in the proof of
Proposition 3.27. By [AFS14, Sections 3.1.2-3.1.3], we have

(xx, p5) =0 (xx, pij) =0 (i) =4
(X6—v>P5) =0 (X5—s Pij) =0 (X5—s i) = 39.
Using the identity
(3.3) Kit, oy 08 + (1 — gt = 13X + (a — 2)(5 — o)

one easily computes

(XK-tacs+(1—an)pr Pi) = (XK-+aus+(1—an)ps Pij) = (XK-+acs+(1—an)ps Pi) =0,
and the claim follows. O
Proposition 3.27 and Corollary 3.8 imply that we can compute the VGIT ideals 1~
and I as the ideals of semi-invariants associated to x4. In the following proposition, we

compute these explicitly, and show that they are identical to the ideals Iz+ and Iz-, as
described in Proposition 3.25.

Proposition 3.29 (Description of VGIT ideals). Let (C,{p;}_,) be an a.-closed curve
for a critical value o € {2/3,7/10,9/11}. Then ITA = Iz+ and A= Iz-.

We establish the proposition first in the case of an a.-atom, then in the case of an
ac-link, and finally for each of the distinct combinatorial types of a.-closed curves.

3.4.1. The case of an a.-atom.

Lemma 3.30. Let E be an a.-atom. Using the notation of Lemma 3.20 for the action
of Aut(E) on TY(E), we have

ea.=9/11: It = (s0,51), I~ =(0).

ea. =T7/10: It = (sp,51,82), I~ =(0).

ea.=2/3: I" =(sp,s1,82,83), I =(c).
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Proof. This is a direct computation from the definitions. The I (resp., ) ideal is
generated by all semi-invariants of negative (resp., positive) weight. ([l

3.4.2. The case of a %-link. We handle the special case when C' has one nodally attached
L-link, i.e., C is a {5-closed curve of type A with r =1 and s = 0. Using Proposition
3.22, we have

Aut(C)° = Aut(L,) THC) = TYK) @ TY(L,)

with coordinates ¢1,...,t, on Aut(L1) and coordinates s; = (s;j,0,5;,1,5;2) (j =1,...,¢),
n; (=0,...,£) on T'(L1) so that the action of Aut(C, {p;}?_;)° on T'(L;) is given by

k—4 :
Sjk >t “Sjk, mor>rting,  neteng, g titjpang for #£0,¢.

Lemma 3.31. With the above notation, the vanishing loci of I* and I~ are

VA 0—2p+1
vt =Jvisy) vy =UJ U Vi
j=1 pzl v=0

where V,,, = V(ny,Sp42, . -5 Sug2u—2, Nyg2u—1)-
Remark. For instance, V1, = V(n,,n,41) and Vo, = V(ny,Sp42,nu43).

Proof. We will use the Hilbert-Mumford criterion of Proposition 3.5. For the V(IT)
case, suppose r € V(s;) for some j. Set A = (\;): G, — Gf, ~ Hle Aut(FE;) where
Ai =1fori+#jand \; =id. Then (x4, A) = 1 and lim;_,o A(¢) - = exists so z € V(IT).
Conversely, let A = (\;) be a one-parameter subgroup with (x,,A) = > . A; > 0 such
that lim;_,o A(t) - « exists. Then for some j, we have A; > 0 which implies that s;(x) = 0.

For the V(I7) case, the inclusion D is easy: suppose that x € V,, for p > 1 and
v=0,....0—=2u+1. Set

A= (0,...,0,-1,1,-1,...,1,-1, 0,...,0 )
N—_—— N—_——
v 2u—1 £=2p—v+1

Then (x., A\) = >; Ai = —1 and lim;_,o A(t) - = exists so € V(I7). For the C inclusion,
we will use induction on ¢. If ¢ = 1, then V(I7) = V(ng,n1). For ¢ > 1, suppose
r € V() and A = (\): G,, — G, is a one-parameter subgroup with Zle Ai <0
such that limy_,0 A(¢)-z exists. If Ay > 0, then Zf;ll A¢ < 0 so by the induction hypothesis
x €V, for some p>1and v=0,...,¢—2u. If \y <0, then we immediately conclude
that ne(xz) = 0. If Ap_1 + Ap < 0, then ny_y(x) = 0soz € Vioy. If Aoy + A > 0,
then A\y_1 > 0 so sy_1(x) = 0. Furthermore, Zf:f Ai < 0 so by applying the induction
hypothesis and restricting to the locus V' (ny_s,8¢_1,n¢-1,S¢, n¢), we can conclude either:
LHzxzeV,,forp>landv=0,...,0 —2u—1,0r (2) x € V(ng_p—a,80—p—2,--.,5-3)
for some 1 > 1. In case (2), since sy (z) = ng(x) = 0, we have x € V41 0 —4. O

Remark. The chamber V(IT) is the closed locus in the deformation space consisting of
curves with a tacnode while V(I7) consists of curves containing an elliptic chain.
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3.4.3. The case of a 2-link. We now handle the special case when C' has one nodally
attached 2-link of length ¢, i.e., C is a 2-closed curve of combinatorial type A with r = 1.
Using Proposition 3.22, we have

Aut(C)° = Aut(K') x Aut(L1)  THC) = THK') & T (L)

. . 3 — . . . /o / /
with coordinates t1, ..., t, on Aut(L;) and coordinates r; = (75,0,7j,1,7j2), r; = (rj70, i1 rj72),

n; (j=0,...,0—1), s = (sg,51,59353), con T'(Ly), so that the action of Aut(L;) on
TY(L,) is given by

. k—4,. . ! 4—k, 1 2k—10
Tik tj Tiks Tk — tj Tik Sk — tz_l Sk ‘
c = tec ng +—  tino, n; tj tirin; (0 <y < K)

The character y, is given by
Aut(C)° ~ G, = Gy (..., t0) =ty
Lemma 3.32. With the above notation, the vanishing loci of IT and I~ are

-1

V(IT)=V(s) VI) = JV(n,rh0 e 1, 0)
j=0

Remark. For instance, if £ =2, V(I7) =V (ny,¢) UV (ng,r},c).

Proof. The first equality is obvious. We use the Hilbert-Mumford criterion to verify the

second. Suppose x € V(n;, 1}, 4,...,1y_4,¢) for some j=0,..., 0 — 1. If we set
A=(0,...,0,-1,-1,...,-1)
—_—— ————
J =3
then (xx,A\) = —1 < 0 and limy_,o A(t) - = exists. Therefore, z € V(I~). Conversely,

suppose z € V(I7) and XA = ()\;): G,, — G, is a one-parameter subgroup with (x4, ) =
A¢ < 0 such that lim; 0 \(¢) - = exists. Clearly, we may assume that Ay = —1. First,
it is clear that ¢(z) = 0. If ny_1(z) = 0, then x € V(ny_1,c). Otherwise, as the limit
exists, Ap—1 < —1 so that rj,_,(z) = 0. If ng_o(xz) = 0, then & € V(nge_o,r),_y,c).
Continuing by induction, we see that there must be some j = 0,...,¢ — 1 with x €
V(nj, r}H, r;+2, ...,Ty_q,c) which establishes the lemma. O

3.4.4. The general case. We are now ready thanks to Lemmas 3.31 and 3.32 as well as
Corollaries 3.6 and 3.7 to establish Proposition 3.29 in full generality.

Proof of Proposition 3.29: Let (C,{p;}}'_;) be an a.-closed curve and consider the action
of Aut(C,{pi}1,) on TYC,{pi}?,) described in Proposition 3.22. We split the proof
into the types of a.-closed curves according to Definition 2.33.

e, = 9/11 of Type A. By using Corollary 3.6, one may assume that » = 1 in which case
the statement is clear.

ea. = 9/11 of Type B. A simple application of Proposition 3.5 shows that V(I1) =
(s1,82), and V(I7) = (n).
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e, =9/11 of Type C. This is Lemma 3.30.

ea, = 7/10 of Type A. By Corollary 3.6, it is enough to consider the case when either
r=1,s=0o0rr=0,s=1. The case of r = 1 and s = 0 is the example worked out in
Lemma 3.31. If r = 1, s = 0, the action of Aut(C, {p;}?,)° on T} (C, {p;}7_,) is same as
the action given in Lemma 3.31 restricted to the closed subscheme V' (ny) = 0. This case
therefore follows from Corollary 3.7 and Lemma 3.31.

e, = 7/10 of Type B. The action of Aut(C,{p;}]~,)° on TYC, {p; ? ) is the same
action as in Lemma 3.31 restricted to the closed subscheme V' (ng, n,+1) = 0 so this case
follows from Corollary 3.7 and Lemma 3.31.

e, = 7/10 of Type C. This follows from an argument similar to the proof of Lemma
3.31.

ea, = 2/3 of Type A. By Corollary 3.6, it is enough to consider the case when r = 1
which is the example worked out in Lemma 3.32.
e, = 2/3 of Type B. The action here is the same action as in Lemma 3.32 restricted to
the closed subscheme V'(ng) so this case follows from Corollary 3.7 and Lemma 3.32.
e, = 2/3 of Type C. This case can be handled by an argument similar to the proof of
Lemma 3.32.

O

Proof of Theorem 3.19. Proposition 3.29 implies that Iz+ = ITA and Iz- = I"A. Us
ing Corollary 3.14, we may now apply Proposition 3.17 to conclude the statement of the
theorem. ]
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