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Abstract. This article contains a slightly expanded version of the lectures
given by the author at the summer school “Algebraic stacks and related
topics” in Mainz, Germany from August 31 to September 4, 2015. The
content of these lectures is purely expository and consists of two main goals.
First, we provide a treatment of Artin’s approximation and algebraization
theorems following the ideas of Conrad and de Jong which rely on a deep
desingularization result due to Néron and Popescu. Second, we prove that
under suitable hypotheses, algebraic stacks are étale locally quotients stacks
in a neighborhood of a point with a linearly reductive stabilizer.
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Introduction

The goal of these lectures is twofold:

(1) Discuss Artin’s approximation and algebraization theorems. We will
in fact prove that both theorems follow from a deep desingularization
theorem due to Néron and Popescu. This approach follows the ideas
of Conrad and de Jong.

(2) Prove that “algebraic stacks with linearly reductive stabilizers at closed
points are étale locally quotient stacks.” See Theorem 3.18 for a precise
statement. This theorem was established by the author, Hall and Rydh
in [AHR15].

These two goals are connected in the sense that Artin’s theorems will be
one of the key ingredients in establishing the main theorem expressed in the
second goal. In fact, the proof of Theorem 3.18 will rely on an equivariant
generalization of Artin’s algebraization theorem. Perhaps more importantly
though, both these goals shed light on the local structure of algebraic stacks.
Artin’s approximation and algebraization theorems together with Artin’s cri-
terion for algebraicity instruct us on how we should think of the local structure
of algebraic stacks. The main theorem in the second goal yields a more refined
and equivariant understanding of the local structure of algebraic stacks in the
case that the stabilizers of the closed points have linearly reductive stabiliz-
ers, a property that is often satisfied for algebraic stacks appearing in moduli
theory.

Acknowledgements. We thank Ariyan Javanpeykar and Ronan Terpereau
for organizing the summer school “Algebraic stacks and related topics” and we
thank the attentive audience of this summer school for providing worthwhile
feedback. In particular, we thank Pieter Belmans for providing a number
of corrections of the first draft of these notes. Finally, we thank Jack Hall
and David Rydh for extensive and useful suggestions on the content of these
lectures.
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Lecture 1: Artin approximation

The goal of this first lecture is to discuss Artin approximation and pro-
vide a few applications. While we will not give a complete and self-contained
proof of Artin approximation, we will show how it follows from Néron–Popescu
desingularization, which is a very deep and difficult result.

Throughout these lectures, k will denote an algebraically closed field. Al-
though almost every statement we make can be generalized to an arbitrary
base scheme S with the arguments being essentially identical, it is neverthe-
less my belief that working over a fixed algebraically closed field k makes the
geometric content of the statements more transparent. Once the geometric
content is digested over the field k, the motivated reader will have no problem
stating and proving the analogous statements over an arbitrary base scheme.

1.1. Néron–Popescu desingularization.

Definition 1.1. A ring homomorphism A → B of noetherian rings is called
geometrically regular if A → B is flat and for every prime ideal p ⊂ A and
every finite field extension k(p) → k′ (where k(p) = Ap/p), the fiber B ⊗A k′
is regular.

Remark 1.2. It is important to note that A→ B is not assumed to be of finite
type. In the case that A → B is a ring homomorphism (of noetherian rings)
of finite type, then A → B is geometrically regular if and only if A → B is
smooth (i.e. SpecB → SpecA is smooth).

Remark 1.3. It can be shown that it is equivalent to require the fibers B⊗A k′
to be regular only for inseparable field extensions k(p) → k′. In particular,
in characteristic 0, A → B is geometrically regular if it is flat and for every
prime ideal p ⊂ A, the fiber B ⊗A k(p) is regular.

We will accept the following result as a black box. The proof is difficult.

Black Box 1 (Néron–Popescu desingularization). Let A → B be a ring
homomorphism of noetherian rings. Then A→ B is geometrically regular
if and only if B = lim−→Bλ is a direct limit of smooth A-algebras.

Remark 1.4. This was result was proved by Néron in [Nér64] in the case that A
and B are DVRs and in general by Popescu in [Pop85], [Pop86], [Pop90]. We
recommend [Swa98] and [Stacks, Tag 07GC] for an exposition on this result.

Example 1.5. If l is a field and ls denotes its separable closure, then l→ ls is
geometrically regular. Clearly, ls is the direct limit of separable field extensions
l → l′ (i.e. étale and thus smooth l-algebras). If l is a perfect field, then any
field extension l → l′ is geometrically regular—but if l → l′ is not algebraic,
it is not possible to write l′ is a direct limit of étale l-algebras. On the other
hand, if l is a non-perfect field, then l → l is not geometrically regular as the
geometric fiber is non-reduced and thus not regular.

http://stacks.math.columbia.edu/tag/07GC
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In order to apply Néron–Popescu desingularization, we will need the follow-
ing result, which we will also accept as a black box. The proof is substantially
easier than Néron–Popescu’s result but nevertheless requires some effort.

Black Box 2. If S is a scheme of finite type over k and s ∈ S is a k-point,

then OS,s → ÔS,s is geometrically regular.

Remark 1.6. See [EGA, IV.7.4.4] or [Stacks, Tag 07PX] for a proof.

Remark 1.7. A local ring A is called a G-ring if the homomorphism A→ Â is
geometrically regular. We remark that one of the conditions for a scheme S
to be excellent is that every local ring is a G-ring. Any scheme that is finite
type over a field or Z is excellent.

1.2. Artin approximation. Let S be a scheme and consider a contravariant
functor

F : Sch/S → Sets

where Sch/S denotes the category of schemes over S. An important example of
a contravariant functor is the functor representing a scheme: if X is a scheme
over S, then the functor representing X is:

(1.1) hX : Sch/S → Sets, (T → S) 7→ HomS(T,X).

We say that F is limit preserving if for every direct limit lim−→Bλ of OS-algebras
Bλ (i.e. a direct limit of commutative rings Bλ together with morphisms
SpecBλ → S), the natural map

lim−→F (SpecBλ)→ F (Spec lim−→Bλ)

is bijective. This should be viewed as a finiteness condition on the functor
F . For instance, the functor hX from (1.1) is limit preserving if and only if
X → S is locally of finite presentation (equivalently locally of finite type if S
is noetherian).

Recall that Yoneda’s lemma asserts that for an S-scheme T , there is a
natural bijection between F (T ) and the set Hom(T, F ) of natural transforma-
tion of functors (where we are abusing notation for writing T rather than its
representable functor hT ). Moreover, we will consistently abuse notation by
conflating objects ξ ∈ F (T ) and morphisms (i.e. natural transformations of
functors) ξ : T → F .

Theorem 1.8 (Artin approximation). Let S be a scheme of finite type over k
and let

F : Sch/S → Sets

be a limit preserving contravariant functor. Let s ∈ S be a k-point and

ξ̂ ∈ F (Spec ÔS,s). For any integer N ≥ 0, there exist an étale morphism

(S ′, s′) → (S, s) and an element ξ′ ∈ F (S ′) such that the restrictions of ξ̂
and ξ′ to Spec(OS,s/m

N+1
s ) are equal (under the identification OS,s/m

N+1
s

∼=
OS′,s′/m

N+1
s′ ).

http://stacks.math.columbia.edu/tag/07PX
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Remark 1.9. This was proven in [Art69a, Cor. 2.2] in the more general case
that S is of finite type over a field or an excellent dedekind domain. In fact,
this theorem holds when the base scheme S is excellent and our proof below
works in this generality with only minor modifications.

Remark 1.10. It is not possible in general to find ξ′ ∈ F (S ′) restricting to ξ̂

or even such that the restrictions of ξ′ and ξ̂ to SpecOS,s/m
n+1
s agree for all

n ≥ 0. For instance, F could be the functor hA1 representing the affine line

A1 and ξ̂ ∈ ÔS,s could be a non-algebraic power series.

1.3. Alternative formulations of Artin approximation. Consider the
case that S = SpecA is an affine scheme of finite type over k and hX : Sch/S →
Sets is the functor representing the affine scheme X = SpecA[x1, . . . , xn]/
(f1, . . . , fm) of finite type over S. Restricted to the category of affine schemes
over S (or equivalently A-algebras), the functor is:

hX : AffSch/S → Sets

SpecR 7→ {a = (a1, . . . , an) ∈ R⊕n | fi(a) = 0 for all i}
Applying Artin approximation to this functor, we obtain:

Corollary 1.11. Let A be a finitely generated k-algebra and m ⊂ A be a maxi-
mal ideal. Let f1, . . . , fm ∈ A[x1, . . . , xn] be polynomials. Let â = (â1, . . . , ân) ∈
Âm be a solution to the equations f1(x) = · · · = fm(x) = 0. Then for every
N ≥ 0, there exist an étale ring homomorphism A → A′, a maximal ideal
m′ ⊂ A′ over m, and a solution a′ = (a′1, . . . , a

′
n) ∈ A′⊕n to the equations

f1(x) = · · · = fm(x) = 0 such that a′ ∼= â mod mN+1. �

Remark 1.12. Although this corollary may seem weaker than Artin approxima-
tion, it is not hard to see that it in fact directly implies Artin approximation.

Indeed, writing S = SpecA, we may write ÔS,s as a direct limit of finite type
A-algebras and since F is limit preserving, we can find a commutative diagram

Spec ÔS,s

��

ξ̂

))
SpecA[x1, . . . , xn]/(f1, . . . , fm)

ξ
// F.

The vertical morphism corresponds to a solution â = (â1, . . . , ân) ∈ Ô⊕nS,s to the
equations f1(x) = · · · = fm(x) = 0. Applying Corollary 1.11 yields the desired
étale morphism (SpecA′, s′) → (SpecA, s) and a solution a′ = (a′1, . . . , a

′
n) ∈

A′⊕n to the equations f1(x) = · · · = fm(x) = 0 agreeing with â up to order N
(i.e. congruent modulo mN+1). This induces a morphism

ξ′ : SpecA′ → SpecA[x1, . . . , xn]/(f1, . . . , fm)→ F

which agrees with ξ̂ : Spec ÔS,s → F to order N .
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Alternatively, we can state Corollary 1.11 using henselian rings. Recall that
a local ring (A,m) is called henselian if the following analogue of the implicit
function theorem holds: if f1, . . . , fn ∈ A[x1, . . . , xn] and a = (a1, . . . , an) ∈
(A/m)⊕n is a solution to the equations f1(x) = · · · = fn(x) = 0 modulo m and
det
(
∂fi
∂xj

(a)
)
i,j=1,...,n

6= 0, then there exists a solution a = (a1, . . . , an) ∈ A⊕n

to the equations f1(x) = · · · = fn(x) = 0. Equivalently, if (A,m) is a local
k-algebra with A/m ∼= k, then (A,m) is henselian if every étale homomorphism
(A,m) → (A′,m′) of local rings with A/m ∼= A′/m′ is an isomorphism. Also,
if S is a scheme and s ∈ S is a point, one defines the henselization Oh

S,s of S
at s to be

Oh
S,s = lim−→

(S′,s′)→(S,s)

Γ(S ′,OS′)

where the direct limit is over all étale morphisms (S ′, s′) → (S, s). In other
words, Oh

S,s is the local ring of S at s in the étale topology.

Corollary 1.13. Let (A,m) be a local henselian ring which is the henselization
of a scheme of finite type over k at a k-point.1 Let f1, . . . , fm ∈ A[x1, . . . , xn].

Suppose that â = (â1, . . . , ân) ∈ Â⊕n is a solution to the equations f1(x) =
· · · = fm(x) = 0. For any integer N ≥ 0, there exists a solution a =
(a1, . . . , an) ∈ A⊕n to the equations f1(x) = · · · = fm(x) = 0 such that â ∼= a
mod mN+1.

1.4. A first application of Artin approximation. The next corollary
states an important fact which you may have taken for granted: if two schemes
are formally isomorphic, then they are isomorphic in the étale topology. First,
we recall that if X → Y is a morphism of schemes of finite type over k and
x ∈ X is a k-point, then X → Y is étale at x if and only if the induced

homomorphism ÔY,f(x) → ÔX,x of completions is an isomorphism.

Corollary 1.14. Let X1, X2 be schemes of finite type over k. Suppose x1 ∈
X1, x2 ∈ X2 are k-points such that ÔX1,x1

∼= ÔX2,x2. Then there exists a
common étale neighborhood

(X ′, x′)

&&yy
(X1, x1) (X2, x2) .

(1.2)

Proof. The functor

F : Sch/X1 → Sets, (T → X1) 7→ Hom(T,X2)

is limit preserving as it can be identified with the representable functor
HomX1(−, X2×X1) corresponding to the finite type morphism X2×X1 → X1.

The isomorphism ÔX1,x1
∼= ÔX2,x2 provides an element of F (Spec ÔX1,x1). By

1More generally, this statement is true for any local henselian G-ring (see Remark 1.7)
and, in particular, any local henselian excellent ring.
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applying Artin approximation with N = 1, we obtain a diagram as in (1.2)
with X ′ → X1 étale at x′ and such that OX2,x2/m

2
x2
→ OX′,x′/m

2
x′ is an iso-

morphism. But as ÔX′,x′ is abstractly isomorphic to ÔX2,x2 , we can conclude

that the homomorphism ÔX2,x2 → ÔX′,x′ induced by X ′ → X2 is an isomor-
phism.2 �

1.5. Proof of Artin approximation.

Proof of Artin approximation (Theorem 1.8). By Black Box 2, the morphism

OS,s → ÔS,s is geometrically regular. By Black Box 1 (Néron–Popescu desin-

gularization), ÔS,s = lim−→Bλ is a direct limit of smooth OS,s-algebras. Since

F is limit preserving, there exist λ, a factorization OS,s → Bλ → ÔS,s and an

element ξλ ∈ F (SpecBλ) whose restriction to F (Spec ÔS,s) is ξ̂.
Let B = Bλ and ξ = ξλ. Geometrically, we have a commutative diagram

Spec ÔS,s
g //

ξ̂

&&

&&

SpecB

��

ξ // F

SpecOS,s

where SpecB → SpecOS,s is smooth. We claim that we can find a commuta-
tive diagram

S ′

$$

� � // SpecB

��
SpecOS,s

(1.3)

where S ′ ↪→ SpecB is a closed immersion, (S ′, s′)→ (SpecOS,s, s) is étale, and
the composition SpecOS,s/m

N+1
s → S ′ → SpecB agrees with the restriction

of g : Spec ÔS,s → SpecB.3

To see this, observe that the B-module of relative differentials ΩB/OS,s
is

locally free. After shrinking SpecB around the image of the closed point under

Spec ÔS,s → SpecB, we may assume ΩB/OS,s
is free with basis db1, . . . , dbn.

2The fact that we are using here is that if (A,m) is a local noetherian ring and φ : A→ A
is a local homomorphism such that the induced map A/m2 → A/m2 is an isomorphism, then
φ is an isomorphism. Indeed, one can use Nakayama’s lemma to show that the inclusion
φ(m) ⊂ m is also surjective and then Nakayama’s lemma again to show that φ : A → A
is surjective. (See also Lemma 2.15 or [Har77, Lem. II.7.4].) Finally, we use the fact a
surjective endomorphism of noetherian rings is necessarily an isomorphism.

3This is where the approximation occurs. It is not possible to find a morphism S′ →
SpecB → SpecOS,s which is étale at a point s′ over s such that the composition Spec ÔS,s →
S′ → SpecB is equal to g.
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This induces a homomorphism OS,s[x1, . . . , xn] → B defined by xi 7→ bi and
provides a factorization

SpecB //

��

An
OS,s

yy
SpecOS,s

where SpecB → An
OS,s

is étale. We may choose a lift of the composition

OS,s[x1, . . . , xn]→ B → ÔS,s → OS,s/m
N+1
s

to a morphism OS,s[x1, . . . , xn] → OS,s. This gives a section s : SpecOS,s →
An

OS,s
and we define S ′ as the fibered product

S ′� _

��

// SpecOS,s� _

s

��
SpecB //

�

An
OS,s

.

This gives the desired Diagram 1.3. The composition ξ′ : S ′ → SpecB
ξ−→ F is

an element which agrees with ξ̂ up to order N .
By “standard direct limit” methods, we may “smear out” the étale mor-

phism (S ′, s′) → (SpecOS,s, s) and the element ξ′ : S ′ → F to find an étale

morphism (S ′′, s′′) → (S, s) and an element ξ′′ : S ′′ → F agreeing with ξ̂
up to order N . Since this may not be standard for everyone, we spell out
the details. Let SpecA ⊂ S be an open affine containing s. We may write
S ′ = SpecA′ and A′ = OS,s[y1, . . . , yn]/(f ′1, . . . , f

′
m). As OS,s = lim−→g/∈ms

Ag, we

can find an element g /∈ ms and elements f ′′1 , . . . , f
′′
m ∈ Ag[y1, . . . , yn] restrict-

ing to f ′1, . . . , f
′
m. Let S ′′ = SpecAg[y1, . . . , yn]/(f ′′1 , . . . , f

′′
m) and s′′ ∈ S ′′

be the image of s′ under S ′ → S ′′. Then S ′′ → S is étale at s′′. As
A′ = lim−→h/∈ms

Ahg[y1, . . . , yn]/(f ′1, . . . , f
′
m) and F is limit preserving, we can,

after replacing g with hg, find an element ξ′′ ∈ F (S ′′) restricting to ξ′ and, in

particular, agreeing with ξ̂ up to order N . Finally, we shrink S ′′ around s′′ so
that S ′′ → S is étale everywhere. �

1.6. Categories fibered in groupoids. We now shift in the direction of
stacks by introducing categories fibered in groupoids.
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Let S be a scheme. Let X be a category and p : X → Sch/S be a functor.
We visualize this data as

X

p

��

ξ1_

��

β

  

α // ξ2

η2

Sch/S T1
f // T2

where the greek letters ξ1 and ξ2, η2 are objects in X over the S-schemes T1

and T2, respectively, and the morphisms α, β are over f .
The main motivation for introducing categories fibered in groupoids rather

than simply working with functors as above is to have a nice framework to han-
dle moduli spaces parameterizing objects with automorphisms (see Example
1.18).

Definition 1.15. A category fibered in groupoids over S is a category X to-
gether with a functor p : X→ Sch/S such that:

(1) (“existence of pullbacks”) For every morphism of S-schemes T1 → T2

and object ξ2 of X over T2, there exists an object ξ1 over T1 completing
the diagram

ξ1
α //

_

��

ξ2_

��
T1

f // T2

where the morphism α is over f (i.e. p(α) = f).
(2) (“uniqueness and composition of pullbacks”) For all diagrams

ξ1

''��

_

��

ξ2
//

_

��

ξ3_

��

T1

''  
T2

// T3

there exists a unique arrow ξ1 → ξ2 over T1 → T2 filling in the diagram.

We will often simply write X for a category fibered in groupoids over S where
it is implicitly understood that part of the data is the functor p : X→ Sch/S.
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Remark 1.16. Axiom (2) above implies that the pullback in Axiom (1) is
unique up to unique isomorphism. Often we write ξ2|T1 to indicate a choice of
pullback of ξ2 under T1 → T2.

If X is a category fibered in groupoids over Sch/S and T is an S-scheme,
we define the fiber category over T , denoted by X(T ), as the category whose
objects are objects of X over T and whose morphisms are morphisms of X over
the identity morphism idT : T → T . Axioms (1) and (2) imply that X(T ) is a
groupoid, i.e. all morphisms in X(T ) are isomorphisms.

Example 1.17. (Functors as categories fibered in groupoids)
A contravariant functor F : Sch/S → Sets may be viewed as a category

fibered in groupoids over Sch/S as follows. Let XF be the category whose
objects are pairs (T, ξ), where T is an S-scheme and ξ ∈ F (T ). A morphism
(T, ξ) → (T ′, ξ′) in the category XF is given by a morphism f : T → T ′ such
that the pullback of ξ′ via f is ξ (i.e. F (f)(ξ′) = ξ). The functor XF → Sch/S
takes (T, ξ) to T and a morphism (T, ξ)→ (T ′, ξ′) to T → T ′. It is easy to see
that XF is a category fibered in groupoids over S.

In this case, pullbacks (as defined in Definition 1.15(1)) are unique and each
fiber category XF (T ) is a setoid, i.e. a set with identity morphisms.

Example 1.18. (The moduli space Mg of smooth curves)
We define Mg as the category of pairs (T,C→ T ) where T is a scheme over

k and C→ T is a smooth proper morphism such that every geometric fiber is
a connected genus g curve. A morphism (T,C → T ) → (T ′,C′ → T ′) is the
data of a cartesian diagram

C

��

// C′

��
T //

�

T.

The functor Mg → Sch/S takes (T,C → T ) to T and a diagram as above
to the morphism T → T ′. It is easy to see that Mg is a category fibered in
groupoids over k. If C is a smooth curve over k, note that the morphisms from
C to C in the fiber category Mg(k) correspond to automorphisms of C.

We say that a category fibered in groupoids X over S is limit preserving if
for every direct limit lim−→Bλ of OS-algebras, the natural functor

lim−→X(SpecBλ)→ X(Spec lim−→Bλ)

is an equivalence of categories.
As before, we have a Yoneda’s lemma which asserts that if T is an S-scheme,

there is a natural equivalence of categories between X(T ) and the category
Hom(T,X) of morphisms T → X of categories fibered in groupoids over S.4

4Here T is considered as the corresponding category fibered in groupoids (for instance by
first considering the corresponding functor as in (1.1) and then the corresponding category
fibered in groupoids via Example 1.17). A morphism X1 → X2 of categories fibered in
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We now restate Artin’s approximation using categories fibered in groupoids
rather than functors.

Theorem 1.19 (Groupoid version of Artin approximation). Let S be a scheme
of finite type over k and X be a limit preserving category fibered in groupoids

over S. Let s ∈ S be a k-point and ξ̂ an object of X over Spec ÔS,s. For any
integer N ≥ 0, there exist an étale morphism (S ′, s′)→ (S, s) and an element

ξ′ of X over S ′ such that ξ̂|Spec(OS,s/m
N+1
s ) and ξ′|Spec(OS′,s′/m

N+1
s′ ) are isomorphic

(under the identification OS,s/m
N+1
s
∼= OS′,s′/m

N+1
s′ ).

Proof. The argument for the functorial case of Artin’s approximation goes
through essentially without change. Alternatively, it can be seen to follow
directly from the functorial version by considering the underlying functor
F : Sch/S → Sets where for an S-scheme T , the set F (T ) is the set of iso-
morphism classes of X(T ). �

groupoids over S is a functor X1 → X2 such that the diagram

X1
//

""

X2

��
Sch/S

strictly commutes.
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Lecture 2: Artin algebraization

The goal of this lecture is to prove Artin algebraization. We follow the ideas
of Conrad and de Jong from [CJ02] (see also [Stacks, Tag 07XB]). Namely, we
will show how Artin approximation (Theorem 1.8) implies a stronger approx-
imation result (Theorem 2.1), which we refer to as Conrad–de Jong approxi-
mation, and then show how this implies Artin algebraization (Theorem 2.12).
The logical flow of implications is:

Néron–Popescu desingularizationww�
Artin approximationww�

Conrad–de Jong approximationww�
Artin algebraization

2.1. Conrad–de Jong approximation. In Artin approximation the initial

data is an object over a complete local noetherian k-algebra ÔS,s which is
assumed to be the completion of a finitely generated k-algebra at a maximal
ideal. We will now see that a similar approximation result still holds if this
latter hypothesis is dropped where one approximates both the complete local
ring and the object over this ring.

Recall first that if (A,m) is a local ring and M is an A-module, then the
associated graded module of M is defined as GrmM =

⊕
n≥0 m

nM/mn+1M .

Theorem 2.1 (Conrad–de Jong approximation). Let X be a limit preserving
category fibered in groupoids over k. Let (R,m) be a complete local noetherian

k-algebra and let ξ̂ be an object of X over SpecR. Then for every integer
N ≥ 0, there exist

(1) an affine scheme SpecA of finite type over k and a k-point u ∈ SpecA,
(2) an object ξA of X over SpecA,
(3) an isomorphism αN+1 : R/mN+1 ∼= A/mN+1

u ,

(4) an isomorphism of ξ̂|Spec(R/mN+1) and ξA|Spec(A/mN+1
u ) via αN+1, and

(5) an isomorphism Grm(R) ∼= Grmu(A) of graded k-algebras.

Remark 2.2. This was proven in [CJ02] (see also [Stacks, Tag 07XB]).

The proof of this theorem will proceed by simultaneously approximating

equations and relations defining R and the object ξ̂ of X over SpecR. The
statements (1)–(4) will be easily obtained as a consequence of Artin approx-
imation. A nice insight of Conrad and de Jong is that condition (5) can be
ensured by Artin approximation, and moreover that this condition suffices to

http://stacks.math.columbia.edu/tag/07XB
http://stacks.math.columbia.edu/tag/07XB
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imply the isomorphism of complete local k-algebras in Artin algebraization.
As such, condition (5) takes the most work to establish.

Proof of Conrad–de Jong approximation (Theorem 2.1). Since X is limit pre-
serving and R is the direct limit over its finitely generated k-subalgebras, we
can find an affine scheme V = SpecB of finite type over k and an object ξV
of X over V together with a 2-commutative diagram

SpecR //

ξ̂

''
V

ξV

// X.

Let v ∈ V be the image of the maximal ideal m ⊂ R. After adding generators

to the ring B if necessary, we can assume that the composition ÔV,v → R →
R/m2 is surjective. A basic fact about complete local noetherian rings (Lemma

2.15) implies that ÔV,v → R is surjective. The goal now is to simultaneously
approximate over V the equations and relations defining the closed immersion

SpecR ↪→ Spec ÔV,v and the object ξ̂. In order to accomplish this goal, we
choose a resolution

(2.4) Ô⊕rV,v
α̂−→ Ô⊕sV,v

β̂−→ ÔV,v −→ R,

and consider the functor

F : (Sch/V )→ Sets

(T → V ) 7→
{

complexes O⊕rT
α−→ O⊕sT

β−→ OT

}
which is easily checked to be limit preserving. The resolution in (2.4) yields

an element of F (Spec ÔV,v). If we apply Artin approximation (Theorem 1.8),
we obtain an étale morphism (V ′ = SpecB′, v′)→ (V, v) and an element

(2.5) (B′⊕r
α′
−→ B′⊕s

β′
−→ B′) ∈ F (V ′)

such that α′, β′ are equal to α̂, β̂ modulo mN+1.
Let U = SpecA ↪→ SpecB′ = V ′ be the closed subscheme defined by im β′

and set u = v′ ∈ U . We have an induced object

ξA : U ↪→ V ′ → V
ξV−→ X

of X over U . As R = coker β̂ and A = coker β′, we have an isomorphism

R/mN+1 ∼= A/mN+1
u together with an isomorphism of ξ̂|Spec(R/mN+1) and

ξA|Spec(A/mN+1
u ). This gives statements (1)–(4).

We are left to establish statement (5). First, we provide some motivation
for the technical definition (Definition 2.3) and lemma (Lemma 2.5) below.
To establish (5), we need to show that there are isomorphisms mn/mn+1 ∼=
mn
u/m

n+1
u . For n ≤ N , this is guaranteed by the isomorphism R/mN+1 ∼=

A/mN+1
u . On the other hand, for n� 0, this can be seen to be a consequence

of the Artin–Rees lemma (see the proof of Lemma 2.5(3) below). We will need
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to handle the middle range of n and we accomplish this be controlling the
constant appearing in the Artin–Rees lemma.

We now establish statement (5) using Definition 2.3 and Lemma 2.5. We first
realize that before we applied Artin approximation, we could have increased

N in order to guarantee that (AR)N holds for α̂ and β̂. Therefore, we are
free to assume this. Now statement (5) follows directly if we apply Lemma

2.5 to the exact complex Ô⊕rV,v
α̂−→ Ô⊕sV,v

β̂−→ ÔV,v from (2.4) and the complex

Ô⊕rV,v
α̂′
−→ Ô⊕sV,v

β̂′
−→ ÔV,v obtained by restricting (2.5) to F (Spec ÔV,v). �

The Artin–Rees condition.

Definition 2.3. Let (A,m) be a local noetherian ring. Let ϕ : M → N be a
morphism of finite A-modules. Let c ≥ 0 be an integer. We say that (AR)c
holds for ϕ if

ϕ(M) ∩mnN ⊂ ϕ(mn−cM), ∀n ≥ c.

Remark 2.4. The Artin–Rees lemma (see [AM69, Prop. 10.9] or [Eis95, Lem.
5.1]) implies that (AR)c holds for ϕ if c is sufficiently large.

The following lemma from [CJ02, §3] (see also [Stacks, Tags 07VD and
07VF]) is straightforward to prove.

Lemma 2.5. Let (A,m) be a local noetherian ring. Let

L
α−→M

β−→ N and L
α′
−→M

β′
−→ N

be two complexes of finite A-modules. Let c be a positive integer. Assume that

(a) the first sequence is exact,
(b) the complexes are isomorphic modulo mc+1, and
(c) (AR)c holds for α and β.

Then

(1) (AR)c holds for β′,
(2) the second sequence is exact, and
(3) there exists an isomorphism Grm(coker β)→ Grm(coker β′) of Grm(A)-

modules.

Remark 2.6. Only conclusion (3) was used in the proof of Conrad–de Jong
approximation. Statements (1) and (2) are included as they serve as convenient
steps in the proof of (3). Indeed, it is the fact that (AR)c holds for β that
implies the containment “⊂” in (2.6). Likewise, the other containment “⊃”
will hold once we know (AR)c holds for β′.

Proof. We claim that (β′)−1(mnN) ⊂ α′(L) + mn−cM for all n ≥ c. Let
m ∈ M such that β′(m) ∈ mnN . Suppose we can find l ∈ L such that
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m0 = m− α′(l) ∈ mrM with r < n− c. We will show that we can modify l in
order to increase r by 1. Note that

β(m0) = β′(m0) + (β − β′)(m0)

= β′(m) + (β − β′)(m0)

∈ mnN + mr+c+1N = mr+c+1N

Since (AR)c holds for β, we have β(m0) ∈ β(mr+1M). So we can write β(m0) =
β(m1) with m1 ∈ mr+1M . As the first complex is exact, we may write m0 −
m1 = α(l1) for l1 ∈ L. Note that m0 − m1 ∈ mrM . We now break the
argument into whether or not r ≥ c. If r ≥ c, then as (AR)c holds for α, we
have m0−m1 ∈ α(mr−cL) and we may replace l1 with an element of mr−cL. In
this case, (α− α′)(l1) ∈ mr−c ·mc+1M = mr+1M . On the other hand, if r < c,
then we automatically have (α− α′)(l1) ∈ mc+1M ⊂ mr+1M . Therefore,

m− α′(l + l1) = m0 − α′(l1)

= m1 + (α− α′)(l1) ∈ mr+1M.

By induction, this establishes the claim.
For (1), the condition that β′(M)∩mnN ⊂ β′(mn−cM) follows directly from

the claim. For (2), observe that the claim coupled with Krull’s intersection
theorem implies that

(β′)−1(0) = (β′)−1(
⋂
n

mnN) ⊂
⋂
n

(
α′(L) + mn−cM) = α′(L)

which gives exactness of the second sequence.
For (3), for n ≥ 0, we have

Grm(coker β)n = mnN/(mn+1N + β(M) ∩mnN)

and a similar description of Grm(coker β′)n. To obtain an isomorphism
Grm(coker β)→ Grm(coker β′), it clearly suffices to show that

(2.6) mn+1N + β(M) ∩mnN = mn+1N + β′(M) ∩mnN.

We first show the containment “⊂”. If n ≤ c, then the statement is clear as
β = β′ mod mc+1. If n > c, suppose x ∈ β(M) ∩ mnN . Since (AR)c holds
for β, we may write x = β(m) for m ∈ mn−cM . Let x′ = β′(m). Then
x− x′ = (β− β′)(m) ∈ mc+1 ·mn−cM = mn+1N . Since (AR)c also holds for β′,
by symmetry we obtain the other containment “⊃”. �

Remark 2.7. Conrad–de Jong approximation directly implies Artin approxima-

tion (Theorem 1.19). Indeed, let R = ÔS,s and N ≥ 1. Apply Conrad–de Jong
approximation to X× S to obtain a finite type morphism (U = SpecA, u)→
(S, s), an object ξA of X over U , an isomorphism αN+1 : OS,s/m

N+1
s
∼= OU,u/m

N+1
u

and an isomorphism ξ̂|Spec(OS,s/m
N+1
s ) and ξA|Spec(OU,u/m

N+1
u ) via αN+1. We claim

that U → S is étale at u. Since we know that ÔS,s/m
2
s → ÔU,u/m

2
u is an isomor-

phism, the induced homomorphism ÔS,s → ÔU,u is surjective. But condition
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(5) in Conrad–de Jong approximation gives isomorphisms

mN
s /m

N+1
s → mN

u /m
N+1
u

for every N . This implies that ÔS,s → ÔU,u is injective and thus an isomor-
phism.

2.2. Artin algebraization. Artin algebraization has a stronger conclusion
than Artin approximation or Conrad–de Jong approximation in that no ap-
proximation is necessary. It guarantees the existence of an object ξA over a
pointed affine scheme (SpecA, u) of finite type over k which agrees with the

given effective formal deformation ξ̂ to all orders. However, in order to en-

sure this, it is necessary to impose a further condition on the object ξ̂. This
condition is known as formal versality and is extremely natural (see Remarks
2.9-2.11).

Definition 2.8. Let X be a category fibered in groupoids over k. Let R be
a complete local noetherian k-algebra and x ∈ SpecR be the closed point.

We say that an object ξ̂ of X over SpecR is formally versal at x if for every
commutative diagram

Spec k(x) �
� // SpecB //

� _

��

SpecR

ξ̂
��

SpecB′ //

99

X

(2.7)

where B′ → B is a surjection of artinian k-algebras, there is a lift SpecB′ →
SpecR filling in the above diagram.

Remark 2.9. In other words, the formal versality of ξ̂ means that whenever
you have a surjection B′ → B of artinian OS-algebras, an object η′ of X over

SpecB′, a morphism SpecB → SpecR, and an isomorphism α : ξ̂|SpecB
∼=

η′|SpecB, there exist a morphism SpecB′ → SpecR and an isomorphism
α′ : η̂|SpecB′ ∼= η′ extending α.

Let ξ0 = ξ̂|Spec k(x) be the restriction of ξ̂ to the closed point. Then
η : SpecB → X can be viewed as an infinitesimal deformation of ξ0 and
η′ : SpecB′ → X a further infinitesimal deformation of η. In colloquial lan-
guage, the condition of formal versality implies that the family of objects

ξ̂ : SpecR→ X contains all infinitesimal deformations of ξ0.

Remark 2.10. The lifting criterion in Diagram (2.7) above should remind the
reader of the formal lifting property for smooth morphisms. Indeed, if f : X →
Y is a morphism of finite type k-schemes, then it is a theorem of Grothendieck
[EGA, IV.17.14.2] that f is smooth at x if and only if the above lifting criterion

holds (replacing of course ξ̂ : SpecR→ X with f : X → Y ).

Remark 2.11. It is easy to see that the condition of formal versality of

ξ̂ : SpecR → X only depends on the compatible family {ξn = ξ̂|SpecR/mn+1}
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of restrictions. Therefore, we can extend the above definition to compatible
families {ξn}.

Theorem 2.12 (Artin algebraization). Let X be a limit preserving category
fibered in groupoids over k. Let (R,m) be a complete local noetherian k-algebra,

and let ξ̂ be a formally versal object of X over SpecR. There exist

(1) an affine scheme SpecA of finite type over k and a k-point u ∈ SpecA,
(2) an object ξA of X over SpecA,

(3) an isomorphism α : R
∼→ Âmu of k-algebras, and

(4) a compatible family of isomorphisms ξ̂|SpecR/mn+1
∼= ξU |SpecA/mn+1

u
(un-

der the identification R/mn+1 ∼= A/mn+1
u ) for n ≥ 0.

Remark 2.13. This was first proven in [Art69b].

Remark 2.14. In the case that R is known to be the completion of a finitely
generated k-algebra, this theorem can be viewed as an easy consequence of
Artin approximation. Indeed, one applies Artin approximation with N = 1
and then uses the formal versality condition to obtain compatible ring homo-

morphisms R→ A/mn+1
u and therefore a ring homomorphism R→ Âmu which

is an isomorphism modulo m2. As R and Âmu are abstractly isomorphic, the

homomorphism R → Âmu is an isomorphism (see Footnote 2) and the state-
ment follows. We leave the details to the reader but remark that this argument
is very analogous to the proof of Artin algebraization below. For the general
case, since we don’t know R is the completion of a finitely generated k-algebra,
we apply Conrad–de Jong approximation instead of Artin approximation.

Proof of Artin algebraization (Theorem 2.12). Applying Conrad–de Jong ap-
proximation with N = 1, we obtain an affine scheme SpecA of finite type over
k with a k-point u ∈ SpecA, an object ξA of X over SpecA, an isomorphism

α2 : SpecA/m2
u → SpecR/m2, an isomorphism ι2 : ξ̂|Spec(R/m2) → ξA|Spec(A/m2

u),
and an isomorphism Grm(R) ∼= Grmu(A) of graded k-algebras.

We claim that α2 and ι2 can be extended to a compatible family of mor-

phisms αn : SpecA/mn+1
u → SpecR and isomorphisms ιn : ξ̂|Spec(A/mn+1

u ) →
ξA|Spec(A/mn+1

u ). By induction, suppose we are given αn and ιn. Since ξ̂ is

formally versal, there is a lift αn+1 : SpecA/mn+1 → SpecR filling in the
commutative diagram

SpecA/mn
u

αn //

��

SpecR

ξ̂
��

SpecA/mn+1
u ξA

//

αn+1

77

X,

which establishes the claim.
By taking the limit, we have a homomorphism α̂ : R → Âmu which is sur-

jective as α̂ restricts to the given isomorphism R/m2 → A/m2
u (where we have
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used Lemma 2.15). On the other hand, for each n, we know that the k-vector
spaces mN/mN+1 and mN

u /m
N+1
u have the same dimension. This implies that

α̂ is an isomorphism which finishes the proof. �

In the above arguments, this fact was used several times.

Lemma 2.15. Let (A,mA) and (B,mB) be local noetherian complete rings. If
A→ B is a local homomorphism such that A/m2

A → B/m2
B is surjective, then

A→ B is surjective.

Proof. This follows from the following version of Nakayama’s lemma for com-
plete local rings (A,m): if M is a (not-necessarily finitely generated) A-module
such that

⋂
km

kM = 0 andm1, . . . ,mn ∈ F generateM/mM , thenm1, . . . ,mn

also generate M (see [Eis95, Exercise 7.2]). �

2.3. Algebraic stacks. We now quickly introduce the notion of stacks and
algebraic stacks.

We say that {Si → S} is an étale covering if each Si → S is étale and∐
Si → S is surjective. To simplify the notation, we set Sij := Si ×S Sj and

Sijk := Si ×S Sj ×S Sk.

Definition 2.16. A category X fibered in groupoids over a scheme S is a stack
over S if for any étale covering {Ti → T} of an S-scheme T , we have:

(1) (“morphisms glue”) For objects a, b in X over T and morphisms
φi : a|Ti → b over Ti → T such that φi|Tij = φj|Tij , then there ex-
ists a unique morphism φ : a → b over the identity with φ|Ti = φi.
Pictorially, we are requiring that a commutative diagram

a|Ti

��

φi

&&
a|Tij

==

!!

a
φ // b

a|Tj

??

φj

88 over

Ti

��
Tij

>>

��

T

Tj

@@

can be completed in a unique way by an arrow φ : a→ b.
(2) (“objects glue”) For objects ai over Ti with isomorphisms αij : ai|Tij →

aj|Tij over idTij satisfying the cocycle condition αij ◦ αjk = αik on Tijk,
then there exist a unique object a over T and isomorphisms φi : a|Ti →
ai over idTi such that αij ◦ φi|Tij = φj|Tij . Pictorially, we are requiring
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that diagrams

ai

��
ai|Tij

αij−→ aj|Tij

88

&&

a

aj

AA over

Ti

��
Tij

>>

��

T

Tj

@@

where the αij satisfy the cocycle condition can be filled in with an
object a over T .

Remark 2.17. These gluing conditions are extremely natural and should al-
ready be familiar to you. For instance, rather than the étale topology, con-
sider the Zariski topology (i.e. only consider Zariski covers S =

⋃
Si) and

consider the category fibered in groupoids X over SpecZ parametrizing pairs
(T,F), where T is a scheme and F is a quasi-coherent sheaf on T . A morphism
(T ′,F′) → (T,F) in X is the data of a morphism f : T ′ → T together with

an isomorphism F
∼→ f ∗F′. Then the fact that X is a stack (in the Zariski

topology) is the basic fact that quasi-coherent sheaves and their morphisms
can be uniquely glued. In this case, X is also a stack in the étale (or even fppf)
topology.

Definition 2.18. Let S be a scheme. A stack X over S is algebraic if

(1) the diagonal ∆: X→ X×S X is representable, and
(2) there exist a scheme U and a representable, smooth and surjective

morphism U → X.

Remark 2.19. The representability condition in (1) means that for every scheme
T and pair of morphisms ξ, η : T → X, the fiber product X ×∆,X×SX,(ξ,η) T is
an algebraic space. This in turn translates to the condition that the functor

IsomT (ξ, η) : Sch/T → Sets, (T ′ → T ) 7→ MorX(T ′)(ξ|T ′ , η|T ′)

is representable by an algebraic space, where MorX(T ′)(ξ|T ′ , η|T ′) denotes the
set of morphisms (which are necessarily isomorphisms) in the fiber category
X(T ′) of pullbacks of ξ and η to T ′.

In (2), the condition that U → X is representable, smooth and surjective
means that for any morphism T → X where T is a scheme, the fiber product
T ×X U is an algebraic space and T ×X U → T is smooth and surjective. (In
fact, condition (2) can be shown to imply condition (1).)

2.4. Artin’s axioms. A spectacular application of Artin’s algebraization the-
orem is Artin’s local criterion for algebraicity of stacks. This is a foundational
result in the theory of algebraic stacks and was proved by Artin in the very
same paper [Art74] where he introduced algebraic stacks.

We first state a conceptual version of Artin’s axioms that can be proved
easily using only Artin algebraization.
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Theorem 2.20. (Artin’s axioms—first version) Let X be a stack over k. Then
X is an algebraic stack locally of finite type over k if and only if the following
conditions hold:

(0) (Limit preserving) The stack X is limit preserving.
(1) (Representability of the diagonal) The diagonal X → X × X is repre-

sentable.
(2) (Existence of formal deformations) For every x : Spec k → X, there

exist a complete local noetherian k-algebra (R,m) and a compatible
family of morphism ξn : SpecR/mn+1 → X with x = ξ0 such that {ξn}
is formally versal (as defined in Remark 2.11).

(3) (Effectivity) For every complete local noetherian k-algebra (R,m), the
natural functor

X(SpecR)→ lim←−X(SpecR/mn)

is an equivalence of categories.
(4) (Openness of versality) For any morphism ξU : U → X where U is a

scheme of finite type over k and point u ∈ U such that ξU is formally

versal at u (i.e. the induced morphism Spec ÔU,u → X is formally
versal), then ξU is formally versal in an open neighborhood of u.

Proof. The “only if” direction is fairly straightforward and left to the reader.
For the “if” direction, we first remark that Condition (1) implies that any
morphism U → X from a scheme U is necessarily representable.

Let x : Spec k → X be a morphism. We need to find a commutative diagram

Spec k
x

""

u // U

��
X

where U is a scheme and U → X is smooth. Condition (2) and (3) guarantee
that there exists a complete local noetherian k-algebra (R,m) with R/m ∼= k
together with a commutative diagram

Spec k //

x

%%

SpecR

ξ̂
��
X

such that ξ̂ is formally versal. By Artin’s algebraization theorem, we can find
an affine scheme U = SpecA of finite type over k, a point u ∈ U , a morphism

ξ : U → X, and an isomorphism R ∼= ÔU,u yielding a commutative diagram

Spec k �
� //

x

**

SpecR
ξ̂

##

// U

ξ
��
X.
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We know that U → X is formally versal at u and condition (4) implies that it
is formally versal in a neighborhood. But this implies that U → X is smooth
in a neighborhood of u.5 �

Remark 2.21. In practice, Condition (1) is often easy to verify directly. Al-
ternatively one could also apply the theorem to the diagonal X→ X× X (i.e.
to the sheaves IsomT (ξ, η) defined in Remark 2.19). Condition (2) is often a
consequence of Schlessinger and Rim’s theorem on existence of formally ver-
sal deformations [Sch68], [Rim80]. Condition (3) is often a consequence of
Grothendieck’s existence theorem [EGA, III.5.1.4].

In some simplified moduli problems, Condition (4) can be checked directly.
For instance, if for each point x : Spec k → X, the formal deformation space
(R,m) (as in Condition (2)) is regular (or more generally normal, geometrically
unibranch and free of embedded points), then Condition (4) is automatically
satisfied; see [Art69b, Thm. 3.9]. In more general moduli problems, Condition
(4) is often guaranteed as a consequence of a well-behaved deformation and
obstruction theory. This will be explained in the next section.

2.5. A more refined version of Artin’s axioms. We will now state a
refinement of Theorem 2.20 that is often easier to verify in practice. In order
to state the theorem succinctly, we need to introduce a bit of notation.

Let A be a finitely generated k-algebra and let M be a finite A-module.
Denote by A[M ] the ring A ⊕M defined by M2 = 0. Let ξ : SpecA → X.
Denote by Defξ(M) the set of isomorphism classes of diagrams

SpecA
ξ //

_�

��

X

SpecA[M ].

η

::

Let Autξ(M) be the group of automorphisms of the trivial deformation
SpecA[M ] → SpecA → X which restrict to the identity automorphism of
ξ.

We remark that Autξ(M) naturally has the structure of an A-module.6 Con-
dition (1a) below implies that Defξ(M) is naturally an A-module.7

5This isn’t a trivial implication. The formal versality condition is only a condition on
lifting local artinian k-algebras but a theorem of Grothendieck [EGA, IV.17.14.2] implies
that this is sufficient to guarantee smoothness.

6Indeed, for a ∈ A, the A-algebra homomorphism A[M ] → A[M ], a0 + m0 7→ a0 + am0

induces a morphism fa : SpecA[M ]→ SpecA[M ] over SpecA which in turn induces a group
homomorphism Autξ(M)→ Autξ(M) obtained by pulling back automorphisms along fa.

7This may seem surprising since in condition (1a), the k-algebras A,A′, B are only as-
sumed to be artinian. However, as shown in [HR13], this is strong enough to imply that for
any finitely generated k-algebra A and finite A-module M , the natural map

X(Spec(A[M ⊕M ]))→ X(SpecA[M ])×X(SpecA) X(SpecA[M ])
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Note that Autξ(k) is the group of infinitesimal automorphism of ξ, and
Defξ(k) is the set of isomorphism classes of deformations over the dual numbers
Spec k[ε] which can be thought of as the Zariski tangent space.

Theorem 2.22 (Artin’s axioms—refined version). Let X be a stack over k.
Then X is an algebraic stack locally of finite type over k if and only if the
following conditions hold:

(0) (Limit preserving) The stack X is limit preserving.
(1) (Existence of formal deformations)

(a) (Homogeneity) For every diagram

A //

��

A′

��
B // A′ ×A B

of finitely generated local artinian k-algebras where A → A′ is
surjective, the natural functor

X(Spec(A′ ×A B))→ X(SpecA′)×X(SpecA) X(SpecB)

is an equivalence of categories.
(b) (Finiteness of tangent spaces) For every object ξ : Spec k → X,

Autξ(k) and Defξ(k) are finite dimensional k-vector spaces.
(2) (Effectivity) For every complete local noetherian k-algebra (R,m), the

natural functor

X(SpecR)→ lim←−X(SpecR/mn)

is an equivalence of categories.
(3) (Openness of versality)

(a) (Coherent deformation theory) For every finitely generated k-algebra
A, finite A-module M and object ξ : SpecA → X, the A-modules
Autξ(M) and Defξ(M) are finite. Thus there are A-linear functors

Autξ : FiniteA-mod→ FiniteA-mod

Defξ : FiniteA-mod→ FiniteA-mod.

(b) (Existence of an obstruction theory) For every finitely generated
k-algebra A and object ξ : SpecA → X, there exists an A-linear
functor

Obξ : FiniteA-mod→ FiniteA-mod.

is an equivalence of categories. Therefore, additionM⊕M →M induces an A-algebra homo-
morphism A[M ⊕M ]→ A[M ] and thus a functor X(SpecA[M ])×X(SpecA) X(SpecA[M ]) ∼=
X(SpecA[M ⊕M ]) → X(SpecA[M ]) which defines addition on Defξ(M). Multiplication
by an element a ∈ A induces an A-algebra homomorphism A[M ] → A[M ] and therefore a
functor X(SpecA[M ])→ X(SpecA[M ]) which defines multiplication by a ∈ A.
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Moreover, for each surjection A′ → A with squarezero kernel I,
there exists an element oξ(A

′) ∈ Obξ(I) such that there is an ex-
tension

SpecA
ξ //

_�

��

X

SpecA′

;;

if and only if oξ(A
′) = 0.

(c) (Constructibility) For every finitely generated k-algebra A, finite
A-module M supported on Ared and object ξ : SpecA → X, there
exists a dense open subset U ⊂ SpecA such that for every k-point
u ∈ U , the natural maps

Autξ(M)⊗A k(u)→ Autξ|u(M ⊗A k(u))

Defξ(M)⊗A k(u)→ Defξ|u(M ⊗A k(u))

Obξ(M)⊗A k(u)→ Obξ(M ⊗A k(u))

are isomorphisms.

Remark 2.23. An analogous statement is true after replacing Spec k with an
arbitrary excellent scheme after suitably modifying Conditions 1–3.

Artin proved a version of the above theorem in [Art74]. We will not give a
complete proof of this statement here and restrict ourselves to only making a
few comments. First, one reduces to the case that X→ X×X is representable
by bootstrapping the below argument using automorphisms and deformations
(rather than deformations and obstructions) to conclude that the isomorphism
sheaves (as defined in Remark 2.19) are representable.

Conditions 1(a)–(b) above allow us to apply Schlessinger and Rim’s theorem
[Sch68], [Rim80] which guarantees the existence of formal deformation, i.e.
Condition 1 in Theorem 2.20 holds. This condition is often fairly easy to
check in practice for moduli problems.

In practice, Condition 2 is often established as a direct consequence of
Grothendieck’s Existence Theorem.

Conditions 3(a)–(c) can be shown to imply that formal versality is an open
condition, i.e. Condition 3 in Theorem 2.20 holds. To this end, it is necessary
to show that if ξ : U → X is a morphism which is formally versal at u ∈ U , then
for points v ∈ U in a sufficiently small neighborhood of u, any commutative
diagram of the form

SpecB //
� _

��

U

ξ
��

SpecB′ //

;;

X,

(2.8)

where B′ → B is a surjection of artinian k-algebras and SpecB → U maps
to v, has an extension. This is a deformation problem. Vaguely speaking,
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conditions 3(a)–(c) imply that the deformation theory of U → X is controlled
in some sense by a coherent module, and formal versality at u implies that
this coherent module vanishes at u and thus in an open neighborhood.

Condition 3 certainly takes the most time and space to formulate. Moreover
the most difficult part of the proof of Theorem 2.22 is to show that Condition
3 implies openness of versality. Nevertheless it is quite easy to establish Con-
dition 3 in practice. For many moduli problems, one shows that if M is a finite
A-module, then the A-modules Autξ(M), Defξ(M), and Obξ(M) are naturally
identified with certain cohomology modules in which case Condition 3(c) can
be seen to follow from cohomology and base change. For example, if X is the
moduli space of smooth curves as in Example 1.18 and ξ corresponds to a curve
C → SpecA, then Autξ(M) = H0(C, TC ⊗M), Defξ(M) = H1(C, TC ⊗M)
and Obξ(M) = H2(C, TC ⊗ M) = 0. Here the constructibility condition in
3(c) follows directly from cohomology and base change applied at the generic
points of SpecA.

We recommend [Hal14] for a conceptual proof of Artin’s criterion. There
is some flexibility in how one precisely formulates Conditions 1 and 3. We
recommend [HR13] for a technical account of various formulations of Artin’s
axioms and in particular for a complete proof of the formulation given in
Theorem 2.22.
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Lecture 3: The geometry of quotient stacks

In this lecture, we discuss a particularly important example of an algebraic
stack, namely the quotient stack [X/G], which arises from the action of an
algebraic group G on a scheme X. We will emphasize that the geometry of a
quotient stack [X/G] is nothing other than the G-equivariant geometry of X.
In this lecture, we discuss when a general algebraic stack is a quotient stack
and then turn to the main theorem of these lectures which gives conditions for
an algebraic stack to be étale locally a quotient stack.

3.1. Quotient stacks.

Definition 3.1. Let G be a smooth affine group scheme over k acting on a
scheme X over k. We define the quotient stack of X by G, denoted by [X/G],

to be the category of objects (T, P
π−→ T, P

g−→ X) where T is a scheme, P → T
is a principal G-bundle and P → X is a G-equivariant morphism. A morphism

(T, P
π−→ T, P

g−→ X) → (T ′, P ′
π′
−→ T ′, P ′

g′−→ X) in this category consists of a
commutative diagram

P

π
��

//

g

##
P ′

π′

��

g′ // X

T //

�

T ′

where the square is cartesian.

Remark 3.2. With the above hypotheses, [X/G] is an algebraic stack. Here
Axiom (2) of the definition of an algebraic stack is satisfied by the projection
X → [X/G]. The morphism X → [X/G] corresponds via Yoneda’s lemma
to the object of [X/G] over X defined by the trivial G-bundle G × X → X
together with the G-equivariant morphism σ : G×X → X (corresponding to
the action of G on X). The morphism X → [X/G] is a G-torsor.

Remark 3.3. In fact, in characteristic p, if G is not smooth, it can still be
shown that [X/G] is an algebraic stack.

Definition 3.4. We say that an algebraic stack X is a global quotient stack if
X ∼= [U/GLn] where U is an algebraic space with an action of GLn.

Remark 3.5. If G is an affine group scheme of finite type over k and U is
an algebraic space over k with an action of G, then [U/G] is a global quo-
tient stack. To see this, choose a faithful representation G ⊂ GLn. Then
[U/G] ∼= [(U ×G GLn)/GLn] where U ×G GLn = (U × GLn)/G (and here G
acts diagonally on U ×GLn).

Quotient stacks provide very important examples of algebraic stacks as their
geometry is particularly well understood. In fact, the geometry of a quotient
stack X = [X/G] is nothing other than the G-equivariant geometry of X. To
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justify this philosophy, we provide a dictionary between geometric concepts of
[X/G] and G-equivariant geometric concepts of X.

Geometry of X = [X/G] G-equivariant geometry of X

a point x : Spec k → X a G-orbit Gx ⊂ X

the automorphism group AutX(k)(x) the stabilizer Gx

a function f ∈ Γ(X,OX) a G-invariant function f ∈ Γ(X,OX)G

a morphism X → Y where Y is a
scheme (or an algebraic space)

a G-invariant morphism X → Y

a line bundle on X a line bundle on X with a G-action

a coherent OX-module a coherent OX-module with a G-action

properties of the diagonal X→ X× X properties of the group action G×X →
X ×X

the tangent space TX,x the normal space to the orbit
TX,x/TGx,x

Above, we used the notion of the tangent space of a stack at a point. Since
this will be important later, let’s define it precisely.

Definition 3.6. If X is an algebraic stack of finite type over k and x is a
k-point, then the tangent space of X at x, denoted by TX,x, is defined as the
set of isomorphism classes of extensions

Spec k� _

��

x // X

Spec k[ε]/ε2.

99

Remark 3.7. The equivalence TX,x ∼= TX,x/TGx,x only holds when the stabilizer
Gx is smooth.

Example 3.8. Consider the action of the multiplicative group Gm = Spec k[t]t
on An via multiplication. Then [An/Gm] is an algebraic stack. The origin is
the only closed k-point of [An/Gm] as all other k-points have the origin in their
closure. As [(An \ 0)/Gm] = Pn−1, there is an open substack Pn−1 ⊂ [An/Gm].

Example 3.9. Consider the action of Gm on A2 via t·(x, y) = (tx, t−1y). Then
the closed k-points of [A2/Gm] correspond to the origin together with the hy-
perbolas {xy = a} ⊂ A2 (i.e. the Gm-orbit of (a, 1) for a 6= 0). The two orbits
Gm(1, 0) and Gm(0, 1) both have the origin in their closure. Here the open sub-
stack [(A2 \ 0)/Gm] ⊂ [A2/Gm] is isomorphic to the non-separated affine line
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with a double origin. The morphism [A2/Gm]→ A1 given by (x, y) 7→ xy gives
a bijective correspondence between closed k-points in [A2/Gm] and k-points in
A1. Note that the fiber over the origin consists of 3 points corresponding to
the orbits in the union of the x and y-axes.

A central question is:

Question 3.10. When is an algebraic stack X a global quotient?

This question is very difficult. As we will see below, the question of whether
X is a global quotient is related to other global geometric properties of X.

3.2. A summary of known results on quotient stacks. We first make
a basic observation. In this discussion, we restrict ourselves to the case that
X is a quasi-separated algebraic stack of finite type over k. If X = [X/GLn]
is a global quotient, then X → X is a GLn-torsor and one can construct
[X × An/GLn] which is a vector bundle over X with the property that each
stabilizer acts faithfully on the fiber. Conversely, given a vector bundle V→ X

with this same property, then the frame bundle Frame(V) is an algebraic space
and Frame(V)→ X is a GLn-torsor. We conclude that

X ∼= [alg space/GLn]
(i.e. a global quotient)

⇐⇒ there exists a vector bundle V on X such
that for every point x, the stabilizer Gx

acts faithfully on the fiber V⊗ k(x).

In a similar spirit, a theorem due to Totaro [Tot04] (generalized by Gross
[Gro13] to the non-normal case) implies

X ∼= [quasi-affine/GLn] ⇐⇒ X satisfies the resolution property (i.e.
every coherent OX-module is surjected
onto by some vector bundle)

X ∼= [affine/GLn]
char(k) = 0⇐⇒ X satisfies the resolution property, has

affine diagonal, and Hi(X,F) = 0 for
every coherent OX-module F and i > 0.

The last case when X ∼= [SpecA/GLn] provides quotient stacks of the sim-
plest structure. In fact, it is useful to replace GLn with any linearly reductive
group scheme G. Recall that an affine group scheme G of finite type over k is
called linearly reductive if the functor

G-Rep→ k-Vect, V → V G

is exact (or equivalently every G-representation is completely reducible). If G
is a linearly reductive group (e.g. G = GLn in characteristic 0) acting on an
affine scheme X = SpecA, then there is an affine GIT quotient

[SpecA/G]→ SpecA//G := SpecAG

whose geometry is very well understood.
We now mention two nice results from [EHKV01].



28 ALPER

Proposition 3.11. [EHKV01, Thm. 2.18] If X is a smooth and separated
Deligne-Mumford stack of finite type over k with generically trivial stabilizer,
then X is a global quotient.

Proposition 3.12. [EHKV01, Thm. 3.6] Let X be a noetherian scheme and
let X → X be a Gm-gerbe corresponding to α ∈ H2(X,Gm). Then X is a
global quotient if and only if α is in the image of the Brauer map Br(X) →
H2(X,Gm).

Remark 3.13. This latter proposition can be used to construct algebraic stacks
that are not global quotient stacks, including a non-separated Deligne-Mumford
stack and a normal (but non-smooth) algebraic stack with affine diagonal. See
[EHKV01, Examples 2.21 and 3.12].

The following two questions are completely open.

Question 3.14. Is every separated Deligne-Mumford stack a global quotient
stack?

Question 3.15. Does every smooth algebraic stack with affine diagonal satisfy
the resolution property?

The question of whether a given algebraic stack is a global quotient stack
appears very difficult and is related to both global geometric properties (such
as existence of vector bundles) as well as arithmetic questions (such as the
surjectivity of the Brauer map). Below we will attempt to address the simpler
question: when are algebraic stack étale locally quotient stacks?

3.3. The local quotient structure of algebraic stacks. Recall that k de-
notes an algebraically closed field of any characteristic. Also recall that we
denote by TX,x the tangent space of a stack X at x; see Definition 3.6.

Theorem 3.16. Let X be a quasi-separated algebraic stack, locally of finite
type over k, with affine stabilizers. Let x ∈ X be a smooth k-point with smooth
and linearly reductive stabilizer group Gx. Then there exist an affine and étale
morphism (U, u)→ (TX,x//Gx, 0), and a cartesian diagram(

[TX,x/Gx], 0
)

��

(
[SpecA/Gx], w

) f //

��

oo (X, x)

(TX,x//Gx, 0) (U, u)oo

�

such that f is étale and induces an isomorphism of stabilizer groups at w.

Remark 3.17. This theorem was established in [AHR15, Thm. 1.1]. The theo-
rem is true even if the stabilizer Gx is not smooth if one replaces the tangent
space TX,x with the normal space Nx = (I/I2)∨, where I ⊂ OU denotes the
sheaf of ideals defining x in an open substack U ⊂ X where x is a closed point.
In the case that the stabilizer is smooth, TX,x ∼= Nx.
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This theorem implies that X and [TX,x/Gx] have a common étale neighbor-
hood of the form [SpecA/Gx].

In the case that x is not necessarily a smooth point of X, one can prove a
similar structure theorem:

Theorem 3.18. [AHR15, Thm. 1.2] Let X be a quasi-separated algebraic stack,
locally of finite type over an algebraically closed field k, with affine stabilizers.
Let x ∈ X be a k-point with a linearly reductive stabilizer. Then there exist an
affine scheme SpecA with an action of Gx, a k-point w ∈ SpecA fixed by Gx,
and an étale morphism

f :
(
[SpecA/Gx], w

)
→ (X, x)

such that f induces an isomorphism of stabilizer groups at w.

These theorems justify the philosophy that quotient stacks of the form
[SpecA/G], where G is a linearly reductive group, are the building blocks of
algebraic stacks near points with linearly reductive stabilizers in the same way
that affine schemes are the building blocks of schemes (and algebraic spaces).

These theorems were known in the following special cases:

(1) X is a Deligne-Mumford stack [AV02].
(2) More generally, X has quasi-finite inertia (i.e. all stabilizers groups

are finite but not necessarily reduced). This follows from [AOV08,
Thm. 3.2] and [KM97, §4].

(3) X ∼= [X/G] where G is a linearly reductive algebraic group acting on
an affine scheme X and Gx is smooth and linearly reductive. This case
is often referred to as Luna’s étale slice theorem [Lun73, p. 97]. We
will discuss the relation between the theorems above and Luna’s étale
slice theorem in Section 4.4.1. We do emphasize though that there is
still content in the theorems even in the case that X ∼= [SpecA/G] as
the theorems provide étale neighborhoods which are quotient stacks of
affine schemes by the stabilizer.

(4) X ∼= [X/G] where G is a smooth affine group scheme and X is a normal
scheme [AK15, §2.2].

(5) X = Mss
g,n is the moduli stack of semistable curves. This is the cen-

tral result of [AK15], where it is also shown that f can taken to be
representable.

We mention here counterexamples to Theorems 3.16 and 3.18 if either the
linearly reductive hypothesis or the condition of affine stabilizers is weakened.

Example 3.19. Some reductivity assumption of the stabilizer Gx is necessary
in Theorem 3.18. For instance, consider the group schemeG = Spec k[x, y]xy+1 →
A1 = Spec k[x] (with multiplication defined by y 7→ xyy′ + y + y′), where the
generic fiber is Gm but the fiber over the origin is Ga. Let X = BG and
x ∈ X be the point corresponding to the origin. There does not exist an étale
morphism ([W/Ga], w) → (X, x), where W is an algebraic space over k with
an action of Ga.
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Example 3.20. It is essential to require that the stabilizer groups are affine
in a neighborhood of x ∈ X. For instance, let X be a smooth curve and
E → X be a group scheme whose generic fiber is a smooth elliptic curve but
the fiber over a point x ∈ X is isomorphic to Gm. Let X = BE. There is no
étale morphism ([W/Gm], w)→ (X, x), where W is an affine k-scheme with an
action of Gm.

3.4. Ingredients in the proof of Theorem 3.16. There are four main
techniques employed in the proof of Theorem 3.16:

(1) deformation theory,
(2) coherent completeness,
(3) Tannakian formalism, and
(4) Artin approximation.

Deformation theory produces an isomorphism between the nth infinitesimal
neighborhood Tn of 0 in T = [TX,x/Gx] and the nth infinitesimal neighborhood
Xn of x in X. It is not at all obvious, however, that the system of closed
morphisms {fn : Tn → X} algebraizes. We establish algebraization in two
steps.

The first step is effectivization. To accomplish this, we prove a result similar
in spirit to Grothendieck’s existence theorem [EGA, III.5.1.4], which we refer
to as coherent completeness. To motivate the definition, recall that if (A,m) is a
complete local noetherian ring, then Coh(SpecA) = lim←−n Coh(Spec(A/mn+1)).

Here, if X is a noetherian scheme, then Coh(X) denotes the category of co-
herent OX-modules.

Black Box 3. (Coherent completeness) Let G be a linearly reductive affine
group scheme over an algebraically closed field k. Let SpecA be a noether-
ian affine scheme with an action of G, and let x ∈ SpecA be a k-point
fixed by G. Suppose that AG is a complete local ring. Let X = [SpecA/G]
and let Xn be the nth infinitesimal neighborhood of x. Then the natural
functor

(3.9) Coh(X)→ lim←−
n

Coh
(
Xn

)
is an equivalence of categories.

Remark 3.21. This was proven in [AHR15, Thm. 3]. The proof is not tremen-
dously difficult but does require some care.

Remark 3.22. Let Y = SpecAG and let Yn = SpecAG/(m∩AG)n+1 be the nth
nilpotent thickening of the image of x under SpecA → SpecAG. The above
theorem implies that

(3.10) Coh(X)→ lim←−
n

Coh(X×Y Yn)

is an equivalence, which had been established in [GZB15]. We emphasize
that the above theorem is significantly stronger in that it involves families of
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coherent sheaves defined only on the nilpotent thickenings of the closed point
x ∈ X rather the fiber X×Y Y0.

Example 3.23. Consider X = [AN/Gm]. Then the theorem states that
Gm-equivariant sheaves on AN are equivalent to compatible families of Gm-
equivariant sheaves on Spec k[x1, . . . , xN ]/(x1, . . . , xN)n+1. Meanwhile, the
equivalence (3.10) is trivial as Yn = Y = Spec k.

The other key ingredient in the proof of Theorem 3.16 is Tannakian formal-
ism.

Black Box 4. (Tannakian formalism) Let X be an excellent stack and Y

be a noetherian algebraic stack with affine stabilizers. Then the natural
functor

Hom(X,Y)→ Homr⊗,'
(
Coh(Y),Coh(X)

)
is an equivalence of categories, where Homr⊗,'(Coh(Y),Coh(X)) denotes
the category whose objects are right exact monoidal functors Coh(Y) →
Coh(X) and morphisms are natural isomorphisms of functors.

Remark 3.24. In the above generality, this result was established in [HR14,
Thm. 1.1]. Other versions had been established in [Lur04] and [BH15].

This proves that morphisms between algebraic stacks Y → X are equiva-
lent to symmetric monoidal functors Coh(X) → Coh(Y). Therefore, to prove
Theorem 3.16, we can combine Black Box 3 with Black Box 4 and the above
deformation-theoretic observations to show that the morphisms {fn : Tn → X}
effectivize to f̂ : T̂ → X, where T̂ = TX,x ×TX,x//Gx Spec ÔTX,x//Gx,0. The mor-

phism f̂ is then algebraized using Artin approximation over the GIT quotient
TX,x//Gx. We will give the details of this argument in the next lecture.
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Lecture 4: A Luna étale slice theorem for algebraic stacks
and applications

In this lecture, we will give proofs of Theorems 3.16 and 3.18. Recall that
these theorems assert roughly that any algebraic stack with affine stabilizers
is étale locally a quotient stack in a neighborhood of a point with a linearly
reductive stabilizer. The proof of Theorem 3.18 will rely on an equivariant
version of Artin approximation (Theorem 4.2). We will also give several ap-
plications of Theorems 3.16 and 3.18.

Throughout this lecture, we will use the notation that if X is an algebraic
stack over a field k and x ∈ X is a closed k-point, then Xn denotes the nth
nilpotent thickening of the inclusion of the residual gerbe BGx ↪→ X; more
precisely, if BGx ↪→ X is defined by the sheaf of ideals I, then Xn ↪→ X is
defined by In+1. The point x is not included in the notation Xn but it should
always be clear from the context.

4.1. Proof of Theorem 3.16.

Proof of Theorem 3.16. We may assume that x ∈ X is a closed point. Define
the quotient stack T = [TX,x/Gx]. Since Gx is linearly reductive and x ∈ X is
a smooth point, a simple deformation theory argument implies that there are
isomorphisms Xn

∼= Tn.
Let T → T = TX,x//Gx be the morphism to the GIT quotient, and denote

by 0 ∈ T the image of the origin. The fiber product T̂ := Spec ÔT,0 ×T T is
noetherian and a quotient stack of the form [SpecA/G] with AG a complete

local ring. Therefore, T̂ satisfies the hypotheses of Black Box 3. We have
equivalences

Hom(T̂,X) ' Homr⊗,'
(
Coh(X),Coh(T̂)

)
(Tannakian formalism)

' Homr⊗,'
(
Coh(X), lim←−Coh

(
Tn
))

(coherent completeness)

' lim←−Homr⊗,'
(
Coh(X),Coh

(
Tn
))

' lim←−Hom
(
Tn,X

)
(Tannakian formalism).

Thus the morphisms Tn ∼= Xn ↪→ X extend to a morphism T̂ → X filling in
the diagram

Xn
∼= Tn // ))

T̂ //

��

))
T

��

X

Spec ÔT,0
//

�

T.

The functor

F : Sch/T → Sets, (T ′ → T ) 7→
{
T ′ ×T T → X

}
/ ∼

is easily checked to be limit preserving. The morphism T̂ → X yields an

element of F over Spec ÔT,0. By Artin approximation, there exist an étale
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morphism (U, u)→ (T, 0) where U is an affine scheme and a morphism (U ×T
T, (u, 0)) → (X, x) agreeing with (T̂, 0) → (X, x) to first order. Since U ×T T

is smooth at (u, 0) and X is smooth at x, and since U ×T T → X induces an
isomorphism of tangent spaces at (u, 0), the morphism U ×T T → X is étale
at (u, 0). After shrinking U suitably, the theorem is established. �

Remark 4.1. The smoothness hypothesis of x ∈ X is used above to establish
the isomorphisms Tn ∼= Xn as well as the étaleness of U ×T T → X. More
critically, though, it implies that lim←−Γ(Xn,OXn) is the completion of a finitely

generated k-algebra since this inverse limit is identified with ÔT,0. If x ∈ X

is not smooth, there does not appear to be a direct way to establish that
lim←−Γ(Xn,OXn) (which can be identified with the Gx-invariants of a miniversal
deformation space of Gx) is the completion of a finitely generated k-algebra.
Recall that Artin algebraization was a direct consequence of Artin approxima-
tion in the case that the complete local ring was known to be the completion of
a finitely generated algebra (see Remark 2.14). In a similar manner, one could
deduce Theorem 3.18 if we did know that lim←−Γ(Xn,OXn) was the completion
of a finitely generated algebra. In order to circumvent this problem, we will
establish an equivariant version of Artin algebraization.

4.2. Equivariant Artin algebraization.

Theorem 4.2 (Equivariant Artin algebraization). Let H be a linearly reduc-
tive affine group scheme over k. Let X be a limit preserving category fibered in
groupoids over k. Let Z = [SpecA/H] be a noetherian algebraic stack over k.
Suppose that AH is a complete local k-algebra. Let z ∈ Z be the unique closed

point. Let ξ̂ : Z → X be a morphism that is formally versal at z ∈ Z.8 Then
there exist

(1) an algebraic stack W = [SpecB/H] of finite type over k and a closed
point w ∈W;

(2) a morphism ξ : W→ X;

(3) an isomorphism Z ∼= Ŵw, where Ŵw is defined as the fiber product

Ŵw
//

��

W

φ

��
Spec ÔW,φ(w)

//

�

W = SpecBH ;

8This is a stacky extension of the notion of formal versality introduced in Definition 2.8.
Namely, it means that for every commutative diagram of solid arrows

Z0
� � // T //

� _

��

Z

ξ̂
��

T′ //

??

X

where T ↪→ T′ is a closed immersion of local artinian stacks over k (i.e. noetherian algebraic
stacks over k with a unique point), there is a lift T′ → Z filling in the above diagram.
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(4) a compatible family of isomorphisms ξ̂|Zn
∼= ξ|Wn (under the identifica-

tion Zn ∼= Wn) for n ≥ 0.

Remark 4.3. If one takes H to be the trivial group, one recovers precisely the
statement of Artin algebraization given in Theorem 2.12.

Proof. This can be proved in a similar fashion to Theorem 2.12 by appealing
to a stacky generalization of Theorem 2.1. See [AHR15, App. A]. �

4.3. Proof of Theorem 3.18.

Proof of Theorem 3.18. We may assume that x ∈ X is a closed point. Let
T = [TX,x/Gx], T → T = TX,x//Gx be the morphism to the GIT quotient,

and T̂ := Spec ÔT,0 ×T T where 0 ∈ T is the image of the origin. Since Gx is
linearly reductive, a simple deformation theory argument implies that there
are compatible closed immersions Xn ↪→ Tn. The ideals sheaves In defining
these closed immersions give a compatibly family {OXn/In} of coherent OXn-

modules. Since T̂ satisfies the hypotheses of Black Box 3, there exists an ideal
sheaf I ⊂ O

T̂
such that the surjection O

T̂
→ O

T̂
/I extends the surjections

OXn → OXn/In. Therefore there exists a closed immersion Z ↪→ T̂ extending
the given closed immersions Xn ↪→ Tn. This yields a commutative diagram

Xn� _

��

� � // ((
Z� _

��

ξ̂ // X

Tn
� � // T̂ //

��

T

��
Spec ÔT,0

//

�

T.

of solid arrows. Since Z also satisfies the hypotheses of Black Box 3 and the
nilpotent thickenings Zn are identified with Xn, the equivalences

Hom(Z,X) ' Homr⊗,'
(
Coh(X),Coh(Z)

)
(Tannakian formalism)

' Homr⊗,'
(
Coh(X), lim←−Coh

(
Xn

))
(coherent completeness)

' lim←−Homr⊗,'
(
Coh(X),Coh

(
Xn

))
' lim←−Hom

(
Xn,X

)
(Tannakian formalism).

imply the existence of a morphism ξ̂ : Z→ X filling in the above diagram. One

can check easily that ξ̂ : Z → X is formally versal. By applying equivariant
Artin algebraization with (Theorem 4.2) with H = Gx, we obtain a morphism
ξ : W = [SpecB/Gx] → X where W is of finite type over k, a closed point

w ∈ W and an isomorphism Z → Ŵw over X, where Ŵw is defined as in the

statement of Theorem 4.2. (The fact that Z→ Ŵw commutes over X follows

from the compatible family of isomorphisms ξ̂|Zn
∼= ξ|Wn and the Tannakian
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formalism (Black Box 4) as X is a noetherian algebraic stack with affine stabi-
lizers.) Finally, it is easy to see that ξ : W→ X is étale at w which completes
the proof. �

4.4. Applications. In this section, we provide a few applications of Theorems
3.16 and 3.18. We will not include the proofs and instead refer the reader to
[AHR15].

4.4.1. Application 1. Our first application is a generalization of Luna’s étale
slice theorem and can be viewed as a refinement of Theorems 3.16 and 3.18 in
the case that X = [X/G] is a quotient stack.

Theorem 4.4. Let X be a quasi-separated algebraic space, locally of finite
type over k, with an action of a smooth affine group scheme G over k. Let
x ∈ X be a k-point with a linearly reductive stabilizer Gx. Then there exist an
affine scheme W with an action of Gx which fixes a point w and an unramified

Gx-equivariant morphism (W,w) → (X, x) such that f̃ : W ×Gx G → X is
étale.9

Let Nx = TX,x/TGx,x be the normal space to the orbit at x; this inherits
a natural linear action of Gx. If x ∈ X is smooth, then it can be arranged
that there is an étale Gx-equivariant morphism W → Nx such that W//Gx →
Nx//Gx is étale and

Nx ×Gx G

��

W ×Gx G
f̃ //

��

oo X

Nx//Gx W//Gx
oo

�

is cartesian.

Remark 4.5. The theorem above follows from Luna’s étale slice theorem [Lun73]
if X is affine. In this case, Luna’s étale slice theorem is stronger than Theo-
rem 4.4 as it asserts additionally that W → X can be arranged to be a locally
closed immersion (which is obtained by choosing a Gx-equivariant section of
TX,x → Nx and then restricting to an open subscheme of the inverse image of
Nx under a Gx-equivariant étale morphism X → TX,x). However, when W is
not normal, it is necessary to allow unramified neighborhoods (for instance,
consider the example of Gm acting on the nodal cubic).

4.4.2. Application 2. Our second application is a generalization of Sumihiro’s
theorem on torus actions.

Theorem 4.6. Let X be a quasi-separated algebraic space, locally of finite type
over k, with an action of a torus T . If x ∈ X is a k-point, then there exist a
T -equivariant étale neighborhood (SpecA, u)→ (X, x).

9Here, W ×Gx G denotes the quotient (W ×G)/Gx. Note that there is an identification
of GIT quotients (W ×Gx G)//G ∼= W//Gx.
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Remark 4.7. More generally, if X is a Deligne–Mumford stack (with the other
hypotheses remaining the same), one can show that there exist a reparame-
terization α : T → T and an étale neighborhood (SpecA, u) → (X, x) that is
equivariant with respect to α.

In the case that X is a normal scheme, Theorem 4.6 was proved by Sumihiro
in [Sum74, Cor. 2] in which case SpecA → X can be taken to be an open
neighborhood. In the example of the Gm-action on the nodal cubic, there
does not exist a Gm-invariant affine open neighborhood of the node. Thus, for
non-normal schemes, it is necessary in general to allow étale neighborhoods.

In fact, we can prove more generally:

Theorem 4.8. Let X be a quasi-separated algebraic space, locally of finite type
over k, with an action of an affine group scheme G of finite type over k. Let
x ∈ X be a k-point with linearly reductive stabilizer Gx. Then there exist an
affine scheme W with an action of G and a G-equivariant étale neighborhood
W → X of x.

4.4.3. Application 3. We now translate the conclusion of Theorem 3.18 in the
case that X is the stack of all (possibly singular) curves. By a curve, we mean
a proper scheme over k of pure dimension one.

Theorem 4.9. Let C be an n-pointed curve. Suppose that every connected
component of C is either reduced of arithmetic genus g 6= 1 or contains a
marked point. Suppose that Aut(C) is smooth and linearly reductive. Then
there exist an affine scheme W of finite type over k with an action of Aut(C)
fixing a k-point w ∈ W and a miniversal deformation

C

��

Coo

��
W

�

Spec k
woo

of C ∼= Cw such that there exists an action of Aut(C) on the total family C

compatible with the action of Aut(C) on W and Cw.

4.4.4. Application 4. In our final application, we will conclude that under
suitable hypotheses the coherent completion of a point of an algebraic stack
exists and moreover we will give equivalent conditions for algebraic stacks to
be étale locally isomorphic.

Let X be a noetherian algebraic stack over k with affine stabilizers and let
x ∈ X be a closed k-point. We say that (X, x) is a complete local stack if the
natural functor

Coh(X)→ lim←−
n

Coh
(
Xn

)
is an equivalence.
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Theorem 4.10. Let X be a quasi-separated algebraic stack, locally of finite
type over k, with affine stabilizers. For any k-point x ∈ X with linearly reduc-

tive stabilizer Gx, there exist a complete local stack (X̂x, x̂) and a morphism

η : (X̂x, x̂)→ (X, x) inducing isomorphisms of nth infinitesimal neighborhoods

of x̂ and x. The pair (X̂x, η) is unique up to unique 2-isomorphism.

If (W = [SpecA/Gx], w)→ (X, x) is an étale morphism as in Theorem 3.18
and φ : W → W = SpecAGx is the morphism to the GIT quotient, then the

completion X̂x is constructed as the fiber product

X̂x
//

��

W

φ

��
Spec ÔW,φ(w)

//

�

W.

Example 4.11. The pair ([An/Gm], 0) is a complete local stack where Gm

acts with weight 1 on all coordinates.

Example 4.12. If we let X = [A2/Gm] where Gm acts with weights (1,−1)
on the coordinates A2 = Spec k[x, y] and x ∈ X denotes the origin, then (X, x)
is not a complete local stack. The completion of X at x is given by the fiber
product

X̂x
//

��

[A2/Gm]

��
Spec k[[xy]] //

�

Spec k[xy]

which is identified with the quotient stack [Spec(k[[xy]]⊗k[xy] k[x, y])/Gm].

The next result is a stacky generalization of Corollary 1.14, which was our
first application of Artin approximation.

Theorem 4.13. Let X and Y be quasi-separated algebraic stacks, locally of
finite type over k, with affine stabilizers. Suppose x ∈ X and y ∈ Y are k-
points with linearly reductive stabilizer group schemes Gx and Gy, respectively.
Then the following are equivalent:

(1) There exist compatible isomorphisms Xn → Yn.

(2) There exists an isomorphism X̂x → Ŷy.
(3) There exist an affine scheme SpecA with an action of Gx, a point

w ∈ SpecA fixed by Gx, and a diagram of étale morphisms

[SpecA/Gx]
f

yy

g

%%
X Y

such that f(w) = x and g(w) = y, and both f and g induce isomor-
phisms of stabilizer groups at w.
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If, in addition, the points x ∈ X and y ∈ Y are smooth and if the stabilizers Gx

and Gy are smooth, then the conditions above are equivalent to the existence of
an isomorphism Gx → Gy of group schemes and an isomorphism TX,x → TY,y
of tangent spaces which is equivariant under Gx → Gy.
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