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FOUR-MANIFOLDS WITH 1/4-PINCHED FLAG CURVATURES*

BEN ANDREWS! AND HUY NGUYEN?

Abstract. The Ricci flow on a compact four-manifold preserves the condition of pointwise 1/4-
pinching of flag curvatures. Any compact Riemannian four-manifold with 1/4-pinched flag curvatures
is either isometric to CP? or diffeomorphic to a space-form.
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1. Introduction. It is well known that various conditions of positive curva-
ture imply topological restrictions on a Riemannian manifold. A famous example
is the 1/4-pinching theorem of Klingenberg, Berger and Rauch, which states that a
simply-connected manifold with globally 1/4-pinched sectional curvatures is necessar-
ily homeomorphic to a sphere. An intriguing aspect of this result is that the result
gives only topological equivalence and not diffeomorphism equivalence, leaving open
the possibility that the manifold could in fact be an exotic sphere. The question of
whether such exotic spheres can exist is made more interesting by examples of exotic
spheres with non-negative sectional curvatures, or even strictly positive sectional cur-
vatures almost everywhere (though there are no examples known which are close to
having 1/4-pinched sectional curvatures).

In this paper our aim is to provide an alternative condition, that of pointwise
1/4-pinched flag curvatures, which is preserved by the Ricci flow and which avoids all
but the trivial singularity asymptotic to a shrinking spaceform. The required analysis
follows the model introduced by Hamilton in his groundbreaking work on compact
three-manifolds with positive Ricci curvature. The condition of pointwise 1/4-pinched
flag curvatures is weaker than 1/4-pinched sectional curvatures since only a subset of
sectional curvatures are compared.

Let (M, g) be a compact Riemannian 4-manifold, with curvature tensor R. The
condition we consider is as follows: We suppose that M has positive sectional curva-
tures and that for every x € M and every orthonormal basis {e1,...,eq} for T, M,
we have

R(eg,el,eg,el) Z AR(63,€1,83,€1). (1)

To put this in a more geometric way, for each e; in T, M there is an associated bilinear
form R., on the orthogonal subspace, the flag curvature in direction e;, defined by
R, (v,v) = R(e1,v,e1,v). The condition (1) says precisely that the ratio of any two
eigenvalues of R, is bounded below by A. That is, each of the flag curvatures of M
is A-pinched.

THEOREM 1. Let M be a compact four-manifold, and go a Riemannian metric on
M with A-pinched flag curvatures, where A > 1/4. Then either X\ = 1/4 and (M, go) is
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252 B. ANDREWS AND H. NGUYEN

isometric to a multiple of the Fubini-Study metric on CP2, or (M, go) is diffeomorphic
to a spherical space form.

In outline, the proof follows approximately the stages of the proof used by Hamil-
ton in [H1] and [H2]: After introducing some notation and acquainting the reader
with some preliminary results in Section 2, we show that A-pinching of flag curvatures
is preserved by the Ricci flow (in Section 3), and also show that if the pinching ratio
is initially equal to 1/4 then it becomes strictly greater than 1/4 unless the initial
metric is isometric to the standard one on CP? modulo scaling. It is perhaps im-
portant that the methods we use in this analysis do not rely heavily on the special
algebraic structure of the curvature operator in four dimensions, and so seem likely to
generalise in some way to higher dimensions. In Section 3, we show that lower bounds
on the flag curvature pinching are also preserved. In Section 5 we deduce that the
pinching ratio approaches one in regions of high curvature. Unlike in earlier works
[H1], [H2], [Hu] we reduce this to the computation showing that quarter pinched flag
curvature is preserved and so eliminate some of the detailed computations required in
those works. In Section 6 we prove the convergence result, mostly drawing on existing
results and methods. In Section 7 we show that for weak pinching, the manifold is
isometric to CP? or diffeomorphic to a spherical space form. We note that H. Chen
has proved that four-manifolds with 2-positive curvature operator, and so in particu-
lar four-manifolds with 1/4-pinched sectional curvature, deform to constant curvature
under Ricci flow [C]. We also note as this paper was being written up, the authors
learnt that the quarter pinching diffeomorphism sphere theorem in all dimensions was
proven in the preprint [BS1] by Brendle and Schoen. The key step there is to prove
that positive isotropic curvature is preserved by the Ricci flow. This was also proved
by the second author in his PhD dissertation [N]. It is not clear whether 1/4-pinched
flag curvature for four-manifolds implies the conditions in [C] or [BS1] or more recent
work of Brendle [B].

2. Notation and preliminary results.

2.1. Short time existence. The following theorem was originally proved in
[H1] using the Nash-Moser implicit function theorem. However a considerably simpler
proof was discovered by DeTurck [D]. Subsequently, other simpler proofs were also
discovered [CK].

THEOREM 2. [CK]*Theorem 8.13 Let (M, gi;(0)) be a connected compact Rie-
mannian manifold, then there exists € > 0 such that

0
5191 = —2R;j,  9ij(0,2) = gij(z)]i=0

has a unique solution for x € M and t € [0,€).

2.2. Existence until curvature blowup.

THEOREM 3. [H3, Theorem 7.1] [CK]*Theorem 7.1 There exist constants Cy, for
k>1 suchthatifforO§T<%

sup|Rm| < K
M

then the covariant derivatives of the curvature are bounded:

C1K?
[VRm| < EVORE
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for each x € M and 0 <t < K, and for each k € N we also have

CkKl-l—k
[V* Rm(a,1)| < e

A consequence of the global derivative estimates is the following:

COROLLARY 4. [H3/*Theorem 8.1, [CK]*Corollary 7.2 If g;;(0) is a smooth
metric on a compact manifold M, then there is a unique solution g;;(t) to the Ricci
flow which exists on a maximal time interval 0 <t < T < co. Furthermore if T < 0o
then

lim ( sup |Rm(x,t)|) = 0.
=T~ \zeMn

2.3. Hamilton’s maximum principle. The following in an advanced maxi-
mum principle for tensors which we will use in this paper. We note that there is
a more general maximum principle for time dependents sets with an avoidance set.
We refer to [CL]. The original tensor maximum principle was proved by Hamilton
[H1]*Theorem 9.1. A version of the advanced maximum principle was proved in
[H2]*Lemmas 4.1, 8.1.

Let M™ be a closed manifold with a one-parameter family of metrics g(t) | t €
[0,T) and associated Levi-Civita connection. Let 7 : £ — M be a vector bundle over
M, with a connection V, and let V be the connection induced on E®T*M by V and

V, so that

V(t):C®E) = C®ERT M), V(@) : C*ERT* M) - C*ERT* M QT*M).
We define the Laplacian with respect to g and V by
Ap = trg(t)@@cp,where p € C(8).
Let F(-,xz,t) : & — & be a continuous map such that F(-,-,t) : &€ — £ is a fibre
preserving map for all ¢t € [0,T).

PROPOSITION 5. [CK]*Theorem 4.8 Let z(t),t € [0,T] be a solution of the non-
linear system of partial differential equations

9 X
P Az + D(z)

such that z(x,0) € C for all x € M where C satisfies

1. C is invariant under parallel translation by V(t) for all t € [0,T],

2. C. =CNnY(x) is a closed conver subset of 71 (x) for all x € M™.
If every solution of the ODE

d

—Z =9z Z(0) € Cy

dz—a(2). z0)¢

defined in the fibre 7=*(z) remains in Cy for each x € M and t > 0, then z(z,t) € C
forallz € M andt > 0.
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2.4. Evolution of curvature, finite time existence. By applying the evolu-
tion equation for the scalar curvature, we can show finite time existence.

LEMMA 6. IfR>p att =0 then T < 3.

3. Preserving flag pinching. In this section we analyze the reaction ODE
for the evolution of curvature in the Ricci flow, and show that the condition of A-
pinched flag curvatures is preserved for A > 1/4. The argument we employ should be
applicable to the analysis of many other situations involving Ricci flow and related
equations. In a subsequent paper we will apply similar ideas to the preservation of
positive curvature on isotropic 2-planes in higher dimensions.

We consider a function defined on the frame bundle OM = {(x,e1,...,e4): x €
M, e, € T,M, g.(ei,ej) =5} by

1
Z(z,e1,...,eq4) = XRm(€2,€1762761) — AR (es, e1,e3,€1). (2)

Our goal is to prove that positivity of Z is preserved if A\ > %

Denote by €2, the set of algebraic curvature operators at x, i.e. the set of symmet-
ric bilinear forms R defined on the space of antisymmetric (0, 2)-tensors and satisfying
the Bianchi identity. We observe that the set of curvature operators {Z > 0} C €,
is an O(4)-invariant, convex set for each x € M, and is invariant under parallel
transport, and so by Proposition 5 the Ricci flow preserves the positivity of Z if the
reaction ODE does. To analyse this we consider any curvature operator €, for which
Z > 0 for all frames in Q,, and suppose there exists some frame eq, ..., e4 for which
Z = 0. We will use the first and second order conditions for minimality within O,
to deduce inequalities for components of the curvature, which in turn will imply that
the reaction ODE points into {Z > 0}.

Let T'(s) denote a curve in O(n) such that I'(0) = Id. Then locally, I'(s) =

dr

exprq(v(s)) where y(s) is curve in so(n). Hence 5= = dexpr,(7'(s)). We compute

the first and second derivatives of Z along the curves in Q, defined by

d

d—sei(s) = Aije;(s);

61(0)

€i,
where A is an arbitrary antisymmetric 2-tensor. Since Z = 0 we have

1
XR2121 = AR3131.

The first order condition then gives

d 2 2
EZ = XA2kRkl21 + XAlkR2k21 — 2AA 35 Rp131 — 20\ 11 Rag3s

2 1
= —2XA12R3231 + XA1332321 +2A14 <XR2421 - /\R3431)

1 2
+ 2A03 <XR3121 + 2)\32131) + XA24R4121 —2MAs34R4131.
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The various choices of A then imply the following identities:

Ri323 = 05
Rig03 = 05
Ri214 = 05 (3)
Ri314 = 05
Ri213 = 05

1
XR1224 = ARi334.

For convenience we denote the quantities on each side of the last identity by F'. We also
define S = Ri324 = Ry423 + Ri234 and T' = Rq403 — R1234, S0 that Ri493 = (T + S)/Q
and R1234 = (S - T)/2

Next we consider the second order conditions: The second derivative along the
curve above is given by

1 d? 1 1 1 1
———7 = —Nop AR —Aor AR —Aok Ay R, —Aor AR
2 ds? N 2Rk b + PR + N2k itk + Y2kt
1 1 1 1
+ XAlkA2lle21 + XAlkAklR2l21 + XAlkA2lR2kl1 + XAlkAllR2k2l

— M A Rzt — AMagAu Rzt — AMapAsi R — AMseAyRias
— MakAs3Rikgr — AMagApRazn — A ipAsiRapin — A Aq Rags
= AMA!

where A = [ Ao Az Ay Aoz Aoy Agy }, and M is the 6 x 6 matrix given by

$R1212-AR2323 0 AR2334 0 F —5I+39
0 +Ro3o3AR1313  $Ras 0 -3 —F
AR2334 +R2324 +R2424—AR3434 % (35—T) —3Ruz AR1434
0 0 1;;2 (3S—T) $Riz13—ARi212 0 0
F -z —$Ria24 0 TR1414—AR1313 0
—3(T'+389) _F AR1434 0 0 +R1212—AR1414

It follows that this matrix is positive semidefinite. Note that we have used the iden-
tities derived above in deriving this form.

Next we compute the evolution of Z under the reaction ODE for evolution of
curvature under the Ricci flow: Using the formula derived by Richard Hamilton [H1]

1d
9 ERijkl = RipjqRipig — RipjqRipkq + RipkqRjpig — RipigRjprq (4)

and noting the identities (3), we arrive at the following equation for the rate of change
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of Z at its minimum point:

1d 1, .,

gaZ = X (Rpoq + RlplqRQ;DQq - 2R1P2‘1R2P1Q)
- A (R%p3q + RlplqR3p3q - 2R1P3‘1R3p1q)

1
= X(R%212 + Riy04+ Rig04+ R3 403+ R3 404+ Ri313Ra323

+R1414Ro424 —4R1324 Roz14 — 2R 454)
_)‘(R%313 + R%334 + R%234 + R%432 + R%434 +Ri212Ra393
+R1414R3434 —4R1234 R3214— 2R3,
1
D\
— X (Riss + Ri212Ro323 + Rig14Raaza — Riysy)

1 142)2 3(1+2A%) 3
—— | F? T?— 2__-T8S.
“L<A )\> T o s

We wish to show that the right-hand side is non-negative at the minimum point, by
making use of the non-negativity of the matrix M. The components of M are linear
in the components of the curvature tensor, while the quantity we wish to estimate is
quadratic, so we proceed by using the non-negativity of the matrix M ® M induced
by M on the space of 2-tensors on the space of 2-planes, which is defined by

(M & M) 5 — Mq’yMﬁ(;

(Ri515 + Riz13Ras23 + Rig1aRoaoa — Riyoy)

aBy

where the indices range over an orthonormal basis for A2. Diagonal elements of this

matrix are products of diagonal elements of M. We observe first that certain of the

terms arising in % can be expressed naturally in terms of diagonal elements of M:
1

A
1 1 1
= Ri212 (XRHH - /\R2323> + Ri313 <XR2323 - )\R1313> + Ri414 (XR2424 - )\33434>

= Ri212Mi1212 + R1313M1313 + R1414M1414.

(R3s15 + Rizi3Rases + Rig1aRoana) — A (Risys + Rio12Rozos + Ria14Rsaz4)

In order to write this in terms of M ® M, we observe that the coefficients R1212, R1313
and Ry414 can be written as diagonal elements of M, in various different ways: In
particular, for any «, 3, v we can write

1
X (R%mg + Ry313 12323 + R1414R2424) - A (35313 + Ri212R2323 + Rl414R3434)
A3 cos? a A cos? a A sin? a
=——M M — M M —M M.
T2 Miz212Ma4zs + T2 Mh212Msass + T oa Mh212Mass
Acos? 3 cos? Asin? 8
—M M. — M M —M M
+ T s13ilaaze + Y 13133434 + T hs1aiviases
A1 — A2 sin? A cos? A3 sin?
+ %MMMMWLWL + TQMMMM?AM + TJMMMM%%-

We will apply M®M to particular vectors chosen to produce useful off-diagonal terms.
First define the operation A to be the wedge product on the space A2, so that

(ei Nej)A(ex Ne) = [(e; Nej) @ (ex Ner) — (e Aep) @ (e; Aej)l.

L
V2
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The vectors of interest are then

3 /
Vli =\Viowe cosafe; A ea)A(ea Aey) /\ 1 cosﬁ (e1 Aes)A(es A eq);
Vit = A cosafe; A ea)A(eg Aey) A cosﬁe Aes)A(ea A eyq);
> T\ T2 1A\ e2)A(e3 Aey) 1 Aes3)\(e2 A eq);
VE = A sina(er A eg)A(e2 A es) cosy(ex A ea)A(es A ea);
3 11—\ 1- V
A . A1 — A2si .
Vf =\ 1 sin B(e1 A es)A(ea Aeg) = %(61 Aes)A(ea A eq);
3

Vs = siny(e1 A eq)A(e2 A e3).

11—\

The inequality e;M @ M(V;T, Vi) + (1 — e1)M @ M(V;~,V;") > 0 can be written as

A3 cos? a cos? 3 A3 cos? a cos? 3
————Mj512M ———Mj33M > F?
e Vhizizaazg + NI = 2) 1313M3434 > ( = + NEl _/\2))
A
+(1- 251)%;)861“@ +389).
(5)
The inequality M @ M(V,", V,") > 0 yields
Acos? o Acos? 3 A% cos? o cos?
e Mi21oM e MhgisMaggs > e (T + 39)? + ——- 17
= oe iz 3434 + 1o Vs 2 4(1_/\2)( +35)° + NI =2
A cos acos 3
22— —— 6
From M @ M(V5", V5£) > 0 we obtain
3 A )\3
T sin® aM1212Masas + —— Y cos® YM1414Mis434 > o2 cos” YR 434
A2V/1 4+ )2
+ ﬁ sinacosy (95* —T7). (7)

From esM @ M(V,", V") + (1 — e4)M @ M(V, ", V,") > 0 we obtain

A . A(1 — A% sin? 1 — A2 sin?
Y sin® 5M1313M2323+(1_—)\27)M1414M2424 > ﬁ 404
V1= AZsin? yv/1 + A2

1-2 in 8T (T — .

+( €4) ) sin BT (T — 35)
(8)

Finally, since Ml ® M(V5, V5) > 0 we have
N A1+ N2

sin® YMl1414Mas23 > L+ X)) sin®y(35 — T)%. (9)

Y 141-22)
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These identities give the following for the time evolution of Z:

1d 11— \sin? A3 cos?
Z > (—— + ﬁ) R2,, + (/\ 4 A 7) R%,,

2 dt A A1— 2 12
L
1 Z;MQ r2_ 30 sz)s? - %TS (1= gey)heosacos C(is_o‘;gsﬁT(T +38)
+ 72(3 lcfs;a) (T +35)% + 5 (C 108'_2 fQ)TQ + V\/Tl’\isir;)aco” (952 — T2)
(1= 2e Y fgirf;;)/“’—v sin BT(T — 38)
+ 728 “_L ij; sin® y(35 — T)*.

The coefficient of R3,5, is positive, while that of R,,, is non-negative (positive
if siny < 1). The coefficient of F'? can be rearranged to give

(A% cosa + cosﬁ)2 1-A2
N1 =2 N

which is non-negative provided
|\%cosa+ cos B > 1 — A% (10)

We observe that the curvature operator of CPP? evolves by simply scaling under
the Ricci flow reaction ODE, and has 1/4-pinched flag curvatures. That is, in this

case we have Z = 0 for A = %, and % = 0. For this case we have T'= 0 but S # 0,
while F' = 0. It follows that there can be no way to produce a positive coefficient for
52 in ‘Z—f. Clearly, however, to preserve 1/4-pinching we must be able to achieve at

least a non-negative coefficient for S?. We consider this coefficient in more detail: It
can be written as follows, choosing the inequality for V" rather than that for V; :

3(1+2X2)(4X\? - 1) 9\ . 3 2
NI — 2 —4(1_)\2) (/\sma—\/l—i—)\ cosw) .

In particular, for A = % this is non-positive, with equality precisely when

€08y = ——=sina. (11)

V14 A2
1

We make this choice (for all A > 3) to achieve a positive coefficient for S?. Next
we consider the coefficient of ST In the case A = % this must be made to vanish to
obtain a sign on dZ/dt, and we opt to produce this in all cases. This coefficient is

given by

i + 5 ((1 —2e1)A* cosacos B — (1 — 2e4)V/1 — A4 cos? asinﬁ) .

C2M1—A2) A1 —A2)

This can be made to vanish in many different ways, for example by choosing cosa = 1,
cosf = % (note that the previous requirement is then satisfied since A > %), ande; =0
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and g4 = % (1 + ,/}jr—;‘i) (the latter lies in the range (%,% [1 + \/ED and so is an

admissible choice). It remains to check the coefficient of T2, which is then

A4 —22)

2 O

4. Lower bound. In this section we show that if at time ¢t = 0, Zy > mRi212
then this inequality is preserved. By compactness of the frame bundle, if (M, g;;)
is strictly quarter pinched such an estimate always exists. As in the above case we
consider the case where Z) attains its minimum that is Zy = mRi212 or (%—m)nglg—
AR1313 = 0. Let us consider the following quantity,

1
Iym = rR1212 — AR1313,

where A7 = ﬁ and let Z; be the set of algebraic curvature tensors such that
Zxm > 0. This a closed convex subset of Q,. The inequality follows from the
computation in the previous section, note that

Ri212 — AmAR1313 > 0. (12)

Define pir, = vV Am A, then (12) becomes

1
M_R1212 — pm 1313 2> 0.

Hence this inequality holds as long as u,;, > 1/4.

5. Improving flag pinching. In this section, we will show that in regions of
high curvature, the ratio sectional curvatures approaches unity. Let us consider the
following quantity, let

Ri313 — R1212) ( Z 1 )
oy = (e e ) pe +=—1) R
Qe ( Ri212 ARj212 A2

Note that @ . has no explicit dependence on A, we use this notation merely to remind
us that A will be used in the estimate. Furthermore let us also consider, C,, a convex
closed subset of the bundle of algebraic curvature tensors,

C = {]P) | dK € R, € c (O, 1] | Pio12 — Pi313 < Ktr(P)E]P)1212} C Q. (13)

We will show that the Ricci flow preserves the set C,. If we consider a frame maximum
of Qe x, this is equivalent to a frame minimum of Z>_ and the reaction ODE is

Ri212
d d Z)\ |]{C|2 Z)\ 1
- =R —— —9 — — -1 . 14
a9 < A Ros R \ AR 22 (14)
THEOREM 7. Assume that there exists a m > m such that minpeo, 3?2/\12 =m,
then at a minimal frame O = {e1,ea,...,e4}, we have that

d 7 [ Am 1 Royo4 Ri414
— >0(24)/——— -4 — AR — AR .
dt (R1212> - ( 1=\, ) R1212< Am 3434) ( Am 1313)

(15)
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5 < mind 2 A 75\&(4—/\/\%)
VIiem'a VI,
Consider the following equations,

d ( Zy ) 1 dZ, Zy dRig;2 1 d ((1

dt N ot = — (5 =m) Riz12 = ARuzs ) -
dt Rigiz dt  R3,, dt Rigiz dt \ \ X m) 1212 1313)

where

Ri212

Furthermore note that if we have e, (s) = A;je;(s), then at a minimum of Zj,

d I ) 1 d
- = —Z m = 07
ds (R1212 Rigizds™ ™

and

d? [ Zy 1 d?
2\ )= 5H _QZ)\,m-
ds R1212 R1212 ds

Hence it suffices to prove the following proposition,

PROPOSITION 8. Assume that there exists a m > m such that minpeq, % =
m, then at a minimal frame O = {e1,ea,...,e4}, we have that

d I A R R
EZ)\,W >0 <2 m - 6) ( ;f4 - /\R3434) ( ;:4 - )\R1313> (16)
where
5 < min d 2 [ Am 7§\/X(4—/\/\m)
1—=XMa 4 V1=

Proof. We replace the vector VQi, with the vector,

[ Am A [ Am R
meﬁ ATy cos a(el/\eg)/\(e3/\e4):|:< T 6) cos f(e1Aes)A(eaheyq)

As a onsequence, the inequality (6) becomes,

Am COS% v A COS2 Am
liglgMﬂﬂ + 1_7)\)\1;81\/1113131\412424 >0 (2\/ T 5) M212Mi3434
Am A2 2 1 A ?
cos? a
m2 2P (T 4+38)2 + — _rm s 2372
Ty )+)\,2n<\/1—/\/\m ) cos™
Am [ Am
+2<m—5 m) COSO(COSﬁF2.
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To ensure that we have a non-negative coefficient on M;313Ms424 on the right hand
side we require that § < 2,/ 17’\;}\ . Choosing cos a=1, cos ﬁz%, the coefficient of F2,

then becomes,
_1—Mm+(AAm+§)2_5 [ Am
Am A1 = 2M\n) 1—2\

which is then non-negative if

A, — 1
M/ (1= M)

Finally we must check the coefficient of the T2 term,
A4 =) 1 o Am 1 9 Am 220 (4 — M)
98] —2m = (529 .
2(1 = A\n) +4)\72n (5 0 1—=M\n | 4X2 0 0 1— M\ + 1=\
(17)

3
§< =
<4

We compute the discriminant of this polynomial,

4\
disc = — 2 [1 4+ 22\, — 8222
o= ml

The zeroes of this polynomial are given by A\, = 2 £+ \/g and as 2 + \/g >1>

M > % >2-— %, disc < 0, and the polynomial (17) is positive for 6 > 0. Hence if
we choose
[ A 3 AN, — 1
0 < minK 2 L i .
{ 1= 4)\\/)\m(1—)\)\m)}
then

d A 1 1
EZA > 4§ <21 / T 5) (ERMM - ARM%XERMM — AR1313). (18)

It remains to show that we can choose ¢ independent of m, this follows from the
following two inequalities

el
"< —_—
1—Mm — V1=,

3VAE = M) _3 AN -1

4 VI=XMm AN VI = M

Finally, let us note a trivial consequence of A pinching

LEMMA 9. Let (M,g) be a Riemannian manifold such that %Rijij — ARk > 0
for all frames O = {e;, ej, ek, e}, then for any sectional curvature Rynmn
R n(n—1)

1< <
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Returning to the equation (14), applying the estimate (15) we get

d [ Am 1 Roy24 Ry
— c<RN-0[2¢/————— -0 — AR — AR
dtQ’\’ < ( o ) R1212< N 3434) ( . 1313)
2
26|R]§| < +i—1>}
[ / m?Ros24 R1414 1
< Rf|— + 2 — —1
<R 5( )\)\7 ) Rioia €R< +)\2 )]
[ / 1 1
— ( )\)\7 5) m R2424 + 26%]{2424 <—m+ﬁ—1>‘|

_|_

< R°

Hence if we choose

we get that

at a maximal frame O € O, which shows that Q(¢t) € C. This implies that we have
an estimate of the form, @y ((t) < C(n, A, m, Qx.(0)).

6. Convergence. Using Hamilton’s compactness theorem, we can prove that
M is diffeomorphic to either S* or RP*. In this case we show that after rescaling a
sequence of metrics, ¢g(t;) — g, where g is a spherical space form.

We gather the necessary theorems from [P] and [CCG+].

THEOREM 10 (No local Collapsing). Let g;;(t),t € [0,T] be a smooth solution to
the Ricci Flow on a closed manifold M™. If T < oo, then for any p > 0 there exists
k = k(g:;(0),T, p) such that g(t) is k-collapsed below the scale p for all t € [0,T).

This is equivalent to the following local injectivity radius

THEOREM 11 (Local Injectivity Radius). Let (M",g;;(t)) be a solution to the
Ricci flow on a closed manifold. Then for every constant C, there exists a constant
a > 0 depending only on C,g(0) and T such that if (x;,t;) is a sequence of points and
times such that

|Rm[g(t;]| < CK;,
in By, (zi, (CK;)~7) then

a

THEOREM 12. There ezists a subsequence which converges in C'° to a complete
Riemannian manifold (M, oo, Oso) with | Rm[goo]| < C on M2, inj(goo, Oco) > ¢
and |V* Rm[geo] < Cy on M.
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THEOREM 13 (Compactness theorem-local). Let (M, g;(t), O;)ien,t € [0, T)]
with T > 0 be a sequence of complete pointed solutions to the Ricci flow. Let pg > 4
be an integer and so > 0. Suppose that we have:

1. the uniform deriwative of curvature bounds

sup [V Rm[g;(#)]] < Co,50 < 00

By, (0)(0,50)x[0,7]
2. an injectivity radius bound
injgi(o)((’)i) > > 0VieN.

Then there exists c¢(n) < oo and a subsequence of

{(Bm«n(C%ae_“”TC“%),gxtLC%)}} tel0,T]

iEN

which converges to an evolving pointed Riemannian manifold, {BY, goo(t),O;},t €
[0,T] in the CP*72(g(0))-topology and goo(t) is a solution of the Ricci flow. Fur-
thermore, if we assume the global bounds

sup |V¢Rm[g;(t)]] < Cf < o0
M2 x[0,T]

for all 0 < q < po then there exists a subsequence of {(M], gi(t), O;}ien,t € [0,T]
which converges to an evolving complete Riemannian manifold {(MZ, goo(t), Osc },t €
[0, 7] in the CP*~2(g(0)) topology and goo(t) is a solution of the Ricci flow.

The proof of the diffeomorphism results then follows standard convergence argu-
ments, which we include for the sake of completeness. The argument for positive Ricci
curvature in dimension 3 is given in [CCG+]*Section 4.2, we modify the argument
where necessary.

THEOREM 14. Let (M*,g;;) be a closed 4-manifold with strictly quarter pinched
flag curvature, then M* is diffeomorphic to S* or RP?.

Proof. By the above theorems , we know that there exists a sequence of points
and times, (z;,t;) such that ¢; — T where

K; = sup |Rm[z, ;]|
zeM*

and the rescaled solutions g;(t) = K;g(t; + %) converge in C°° on compact subsets
to a complete ancient solution, (M, gso),t € (—00,w) | w > 0 with quarter pinched
flag curvature and | Rm(zoo,0)| = 1. This implies that R[goo(Zo0,0)] > 0. By the
maximum principle we then have R[goo(t)] > 0 and R[gso] and hence we have a
positive lower bound R[ge(t)] > ¢ > 0 in By (0, p). We recall the flag difference
pinching result,

R

(BB—QSCW&mm?
Ri213

Now g¢;(0) = K,g(t;) converges to goo(0) in C'* on compact sets. Hence for sufficiently

large 7, we have

R[gi](20,0) inf Rlgoo](x) =

1 c
Z “ a
2 2€B, (0) (Too:p) 2
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for x € By, () (zs, p — 1). This implies that

in By, oy (%, p — 1). Hence we have that

Ri212

< CRg(t)) < € (5K:)

in By, oy (w4, p — 1). Since g;(0) — goo(o) We see that

(R”” - 1) 9<(0)] < 2€ (3K)

Ri212

in By__ (0)(%oo, p — 2) for all i sufficiently large. Since lim; .., K; = oo, we have that
Rijij — R < f(A)(Ri313 — Ri212) — 0 in By 0y (oo, p — 2). As p is arbitrary we
conclude that (M*, go,) has pointwise constant positive sectional curvature on M* for
the metric g (0). Hence by Schur’s lemma, the metric goo(0) has constant sectional
curvature and by the Bonnet-Myer’s theorem, M2 is compact and furthermore as
M2 is compact and admits a metric which is the limit of metrics on M* we conclude
that M2 is diffeomorphic to M*. This proves that that M* with quarter pinched flag
curvature admits a C'* metric which has constant positive sectional curvature. O

7. Weak quarter pinched flag curvature. In this section, we consider the
case of weakly quarter pinched flag curvature. To this end we use a degenerate
maximum principle first introduced by Bony. We use a form introduced by Brendle
and Schoen [BS2].

THEOREM 15 (Bony’s Maximum Principle, [BS2] ). Let M be a compact manifold
and let E be a vector bundle over M with a fized bundle metric h. Let P be the bundle
whose fiber over p € M consists of all orthonormal k-frames {e1,...,ex} C E,. Let
g(t),t €[0,0] be a smooth family of Riemannian metrics on M and let D(t),t € [0, d]
be a smooth family of connections on E that are compatible with the metric h. Assume
that u is a non-negative smooth function on P x (0,0) satisfying

0]
—u > Lu+ a{O, inf  D?u(¢, } —a  su Du(§) — au,
ot gevj¢l=1 &9 gev,|£|:1 ©

where L is the horizontal Laplacian on P,V denotes the vertical subspace and o is a
positive constant. Then the set F' = {u = 0,C P x (0,0) is invariant under parallel
translation.

The evolution equation for the term Zy without simplifications, is given by

dz 1
TR (R%212 + Ri313R2323 + R1414 2424 — 3%424)
Y (nglg + Ri212R2323 + R1414 3434 — 3%434) (19)
1 142X, 314203 ., 3
+ AR%,40 — XR§343+ o T?— o 52—5713 (20)
2 1 1
+ XR1413R2342 — 2A\R1412Ro343 + (A — X)R?323 + (X — M R%g (21)

1 1
+ XR?412 — AR} 3+ (X — A Riys. (22)
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We compute the first and second derivatives of the flag pinching in the frame bundle,

1 0%, A
A, Ri323,
1 07 . 1R
5 8A13 - X 1232,
1 07 1
290, (XR1242 — ARiza3) = F,
102y _ (142
5 8A23 - B\ 1213
1 0%, . 1R
5% - X 1214,
194, _ g
2 8A34 - 1314,
where we let F' = %R1242 — )\R1343 and
AR1313—AR2323 m 51\223 AR2334 7;2 (;?AZIAB —AR1343 —3(T+39)
* +R2323— Ri212 +Ra2324 2i2 gAZf; -z — 3+ Ri2a2
AR2334 +R2324 *R2424—>\Rs434—zx 1+A2 (35-T) —Ria24 AR1434
* * 1+>‘ (3S-T) —R1313—>\R1212—Z/\ - 1;;52 E?AZSZ 1+2>\2 (;3/\22’\4
F -z —+Ri424 * FR1414—5 Ri212 7TA2§AZ1*3
—3(T+39) -F AR1434 * * AR1313—AR1414

The terms (19) in the nonlinearity in the evolution equation have the form,

X (R3215 + Ris13Ras23 + Ris1aRoa24) — A (Ris13 + Ri212Ros2s + Ria14Rsa34)

1 1 1
= Ry212 (XR1212 - )\R2323) + Ri313 (XR2323 - )\R1313> + Ri414 (XR2424 - )\R3434)

= Ri212Mi212 + Ri313Mi313 + R1414Mia14 + (Ri212 + Rizis + Ri414) 2

As in the previous section we write this in terms of M ® M, and we observe that
the coefficients R1212, R1313 and Rj414 can be written as diagonal elements of M, in

various different ways: In particular, for any «, 3, v we can write

1 (
A3 cos? a Acos? a A sin? o
= WMHHMMM + ﬁM1212M3434 + 7)\4M1212M2323

2 2
ACOS}\zﬂMlslstm + %MBBMMM + )\Sln)\f
A(1 — A2 sin? ) )\ cos?y )\3 sin? y
1— )2 — )2 - A
+ (Mi212 + Mi313 + Mig14) 2y + (31212 + Ri313 + Rl414)

M313M2323

Mi414Mog24 +

R3y15 + Rizi3Roses + RigiaRaana) — A (Risys + Ri212Ra323 + Ria14R3434)

——5 Mi414M3a34 + 7 I Ml 414 Mipsas

As in the previous section this gives us a collection of diagonal elements of M ®
M, that we can use to control the off diagonal elements. Using the same algebraic
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construction as the previous section we choose the same vectors,

3
Vli: 1_)\2(30501(61/\62 (ea Ney) £ )\1_)\2 cos B(e1 Aesz)A(es A ey);
I /\ /\
Vst = —3 o8 aler Aea)A(es Aey) cosﬁ e1 Aes)A(ea A eyq);
Vit = )\3 sina(e; A ;
5 = 7 1N ea)A(ea Aes) cos*y e1 Aeg)A(e3 Aey);
1-A 1-—
A R A1 — AZsin .
Vi = T sinBler Aeg)Aez Aez) = %(61 Aes)A(e2 A ea);
A3 . .
Vs = T siny(e1 A eq)A(e2 A e3).

The term e;M @ M(V;H, V;T) + (1 — ;)M @ M(V;",V;") can be written as

A3 cos? a cos? 3
ﬁMIQIQMQALQAL + lislsM?AM
A3 cos? a cos? 3 A cos a cos 3
= ( o2 Rizs + mRm@) (1-2 1)WT(T+3S) (23)
M cosacosB 02y 02y
1-2 24
=20 5030 ays 00 (24)
+eaMeoM(V;", Vi) + (1 —e)Me MV, V). (25)
The term M ® M(V,", V,") yields
)\ cos? o )\ cos? 3 A3 cos? o 9 cos’ B,
———M;21oM ———M313M =—(T+3S — T
—o Mh212Miaza + —o MisisMaaza = 11— /\2)( +35)° + NI= A
A cos acos 3
+ 21_7)\21?134331242 (26)
M cosacosB 02y 07y (27)
2(1 = X2)2 OAa3 OMoy
+MeM(V,", V5" (28)

From M ® M(V;®, V) we obtain

A3 A 3
= sin® aM1212Masas + T2 cos® YM1414Mizs34 = T cos® YRiy34
A2V/1 4+ )2
+ 2(?—;2) sin o COs 7y (9S2 - T2) (29)
V1I+X2 07
+ m sin o cos Y R334 iy (30)

+M®M(V5", V55). (31)
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From e,M @ M(V,", V") + (1 — e4)M ® M(V, ", V") we obtain

A A(1 — M%sin? 1 — A\%sin?
Y sin” 5M1313M2323+(1_—)\27)M1414M2424 ESGESON )\2)7 ta24
V1= Xsin? /1422 |
+ (1 —2¢e4) N1—09) sin BT (T — 35)
(32)
V1= X2sin? y(1 4+ \?) 07y
1-2 R 33
+( €4) e WAUFN (33)

+ e MMV, Vi) + (1 —es) MMV, V) (34)
Finally, since Ml ® M(Vs, V5) we have

A3 ) A1+ 2?)
i Mi414M =
Y s ylVii4141Vi2323 A1 -2

+ M M(Vs, Vs). (36)

sin? y(3S — T)? (35)

PROPOSITION 16. At each point {(e1,ea,e3,e4),t} € P x (0,60) we have

1 . .
TQ(R)1212 — AQ(R)1313 > avmin {07 inf DQZ,\(Q“,S)} —a sup DZy(§) — aZ.
A gevj¢l=1 tev,gl=1

(37)

Proof. As in the original proof and use the fact that before the singular time we
have that the curvature is bounded. Then the inequality above is simple to verify.
Applying Bony’s maximum principle, (Theorem 15), we obtain the desired result.
Consider the terms (21) and (22), then these clearly satisfy

2 1
XR1413R2342 — 2AR1412Ra343 + (A — X)R%323+
1 1 1
(X — M R3yu + XR%412 — ARiy3 + (X —MRiys3>—a sup DZ\(£). (38)
EeV[€|=1

Furthermore, the terms (19) may be used to control the terms (20) in the same was
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as the previous section. Hence the terms in this equation become,
11— Xsin?qy) Ncos? v\
<_X + W) Rigoa + (A + EESVE Risz4

1 cos? A cos? o 2\ cos « cos
<— + 7B> R, + (7 - )\> Riss + 761?134331242

XTI -0 1- 2 1- 2
. z;m 72 30 Lw)s? - %TS (1 0y Re80 o0y “f_a;’sﬁcp@ +35)
72(31‘3?13) (T +38)° + 1 (Clos‘j fz) 724 T&;;‘ O (952 — 1?)
(12 VT iz(iif;%/m sin BT(T — 38)
A1+ 2?)

AL+AT) o 2
01— sin“y(35 —T)

+e MMV, Vi) + (1 —e)Me MV, V) + Mo MV, V,h)
+ M@ M(ViE, Vi) + eaM @MV, Vi) + (1 — eg) M@ M(V,, V)
+M ® M(Vs, Vs)

M cosacosB 0Zy 072, M cosacos B 0Zy 07

1-2
B T ¥ Y W VTG B I ER T Vs W
V1+ A2 YA V1= X2sin? (14 \?) YA
+ ————si R 1-2 R .
=N sin o cos Y Ra334 Dhas +( €4) e 2324 5
We make exactly the same choices of cosa = 1,cosf = % and cosy =

\/ﬁsin a6 = l,eq4 = % (1 + };i;) then the coefficient of the terms S2? and

ST are zero and the coefficients of R2,,,, B33, and T? are positive. Finally, by
writing Rioa2 = AF + A2Ry343, we may estimate the following term,

1 cos? 3 2 cos? a 2 cos o cos 3
<X + 7)\3(1 — )\2)) R%242 + <71 — )\2 - )\> R%343 + 1_ )\2 R1343R1242 2

sup  DZ\(§).

(A2 cosoz—i—cosﬁ)2 1—\2
- Y
geVilg|=1

2 p2
A R1343 ( )\(1 . AQ) A

By the above choices, the term in the brackets is positive. Therefore, collecting all
the above estimates we have shown that (37) is true. O

Let F = {(e1,e2,e3) C T,M} be the set of orthonormal 3-frames such that
F)\(el, €a, 83) = 0

COROLLARY 17. The set F is invariant under parallel translation.
Proof. The corollary follows by Proposition 16 and Theorem 15. O

THEOREM 18. Let (M, go) have weakly 1/4-pinched flag curvature. Further, let
us suppose that there exists a real number 7 € (O, T) such that

Hol °(M, g(7)) = SO(n).

then (M, go) is diffeomorphic to a spherical space form.
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Proof. As in the paper of [BS2], the theorem follows from Theorem 14 if

1
Fi(e1,e2,e3) = XR1212 — ARi313 >0
for all orthonormal three-frames {e1,es,e3}. Hence let us fix a point p € M and
number A € [1,1] and suppose that {e1, e2,e3} C T, M is an orthonormal three frame
such that

1

XR1212 — ARy313 = 0.
Now the manifold M is not flat, hence we can find a ¢ € M and an orthonormal two
frame {v1,v2} C Ty M such that

Ry (v1,v2,v1,02) > 0.

Now we assume that the holonomy is O(n), this imples that there exists a piecewise
smooth path (¢),7(0) = p,y(1) = ¢ such that under parallel transport along v we
have vy = Py(e1) and v = P,(e2),v3 = Py(e3). Then by Corollary 17, we have that

1

XR(Ul,U2,U1,U2) — AR(v1,v3,v1,v3) = 0.
By a similar argument we have that

1

XR(Ul,U3,U1,U3) — AR(v1,v2,v1,v2) = 0.

This implies that R(v1,ve,v1,v2) = 0 which is a contradiction. O

PROPOSITION 19 (cf [BS2]*Proposition 11). Assume that (M, go) is locally irre-
ducible. Then one of the following statements holds:
1. (M, go) 1is diffeomorphic to a spherical space form,
2. The universal cover if (M, go) is Kdhler manifold biholomorphic to CP2.

Proof. The argument is similar to the argument in [BS2]. A (M, go) is not locally
symmetric and has i pinched flag curvature then (M, go) is not flat and is locally
irreducible. Then by Theorem 18, there are two possibilities,

1. The Ricci flow exists up to time 7', and the manifold is diffeomorphic to a
spherical space form. Hence we are done.

2. The universal cover of (M, gg) is a Kéhler manifold. As (M, gg) has quarter
pinched flag curvature so does the universal cover (M ,go). This implies that
(M ,go) has quarter pinched sectional curvature as follows, we only need to
check that

1
XR(v,w,v,w) — AR(Jv, Jw, Ju, Jw) > 0. (39)

But (M, go) is a Kéhler manifold and the metric and the curvature operator
are J invariant, that is

g(IX,JY) = g(X,Y), R(X,Y)JZ=J(R(X,Y)Z).
In particular, using the symmetries of the curvature operator, we have that

R(Jv, Jw, Jv, Jw) = R(v, w, v, w).
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Hence (39) holds and (M, go) has quarter pinched sectional curvature and
hence is a Kéahler manifold of constant holomorphic sectional curvature [KN].
This implies that the universal cover is isometric to CP? up to scaling and

that (M, go) is locally symmetric, which is a contradiction.
d
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