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Abstra t. Pseudo-random numbers are often required for simulations
performed on parallel omputers. The requirements for parallel random
number generators are more stringent than those for sequential random
number generators. As well as passing the usual sequential tests on ea h
pro essor, a parallel random number generator must give di erent, independent sequen es on ea h pro essor. We onsider the requirements
for a good parallel random number generator, and dis uss generators for
the uniform and normal distributions. We also des ribe a new lass of
generators for the normal distribution (based on a proposal by Walla e).
These generators an give very fast ve tor or parallel implementations.
Implementations of uniform and normal generators on ve tor and ve tor/parallel omputers are dis ussed.
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Introdu tion

Pseudo-random numbers have been used in Monte Carlo al ulations sin e the
earliest days of digital omputers [32℄. In this paper we are on erned here with
random number generators (RNGs) on fast, modern omputers { typi ally either ve tor pro essors or parallel omputers using ve tor or pipelined RISC proessors. What we say about ve tor pro essors often applies to pipelined RISC
pro essors with a memory hierar hy (the ve tor registers of a ve tor pro essor
orresponding to the rst-level a he of a RISC pro essor).
With the in reasing speed of ve tor pro essors and parallel omputers, onsiderable attention must be paid to the quality of random number generators. A
program running on a super omputer might use 108 random numbers per se ond
over a period of many hours or even months in the ase of QCD al ulations,
so 1014 random numbers might ontribute to the result. Small orrelations or
other de ien ies in the random number generator ould easily lead to spurious
e e ts and invalidate the results of the omputation.
Appli ations require random numbers with various distributions (uniform,
normal, exponential, binomial, Poisson, et .) but the algorithms used to generate these random numbers usually require a good uniform random number
generator { see for example [2, 5, 14, 24, 34, 39℄. In this paper we onsider the
generation of uniformly and normally distributed numbers.
Pseudo-random numbers generated in a deterministi fashion on a digital
omputer an not be truly random. What is required is that nite segments of
the sequen e behave in a manner indistinguishable from a truly random sequen e.
In pra ti e, this means that they pass all statisti al tests whi h are relevant to
the problem at hand. Sin e the problems to whi h a library routine will be
applied are not known in advan e, random number generators in subroutine
libraries should pass a number of stringent statisti al tests (and not fail any)
before being released for general use.
A sequen e u0 ; u1 ;    depending on a nite state must eventually be periodi ,
i.e. there is a positive integer p su h that un+p = un for all suÆ iently large n.
The minimal su h p is alled the period.
Following are some of the more important requirements for a good uniform
pseudo-random number generator and its implementation in a subroutine library
(the modi ations for a normal generator are obvious) {

 Uniformity. The sequen e of random numbers should pass statisti al tests


for uniformity of distribution. In one dimension this is easy to a hieve. Most
generators in ommon use are provably uniform (apart from dis retisation
due to the nite wordlength) when onsidered over their full period.
Independen e. Subsequen es of the full sequen e u0; u1;    should be independent. For example, members of the even subsequen e u0 ; u2 ; u4 ;    should
be independent of their odd neighbours u1 ; u3 ;   . Thus, the sequen e of
pairs (u2n ; u2n+1 ) should be uniformly distributed in the unit square. More
generally, random numbers are often used to sample a d-dimensional spa e,
so the sequen e of d-tuples (udn ; udn+1 ; : : : ; udn+d 1 ) should be uniformly
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distributed in the d-dimensional ube [0; 1℄d for all \reasonable" values of d
( ertainly for all d  6).
 Long Period. As mentioned above, a simulation might use 1014 random numbers. In su h a ase the period p must ex eed 1014 . For many generators there
are strong orrelations between u0 ; u1 ;    and um ; um+1 ;   , where m = p=2
(and similarly for other simple fra tions of the period). Thus, in pra ti e the
period should be mu h larger than the number of random numbers whi h
will ever be used.
 Repeatability. For testing and development it is useful to be able to repeat
a run with exa tly the same sequen e of random numbers as was used in
an earlier run [22℄. This is usually easy if the sequen e is restarted from the
beginning (u0 ). It may not be so easy if the sequen e is to be restarted from
some other value, say um for a large integer m, be ause this requires saving
the state information asso iated with the random number generator.
 Portability. Again, for testing and development purposes, it is useful to be
able to generate exa tly the same sequen e of random numbers on two di erent ma hines, possibly with di erent wordlengths. In pra ti e it will be expensive to simulate a long wordlength on a ma hine with a short wordlength,
but the onverse should be easy { a ma hine with a long wordlength (say
w = 64) should be able to simulate a ma hine with a smaller wordlength
without loss of eÆ ien y.
 Disjoint Subsequen es. If a simulation is to be run on a ma hine with several
pro essors, or if a large simulation is to be performed on several independent ma hines, it is essential to ensure that the sequen es of random numbers
used by ea h pro essor are disjoint. Two methods of subdivision are ommonly used. Suppose, for example, that we require 4 disjoint subsequen es
for a ma hine with 4 pro essors. One pro essor ould use the subsequen e
(u0 ; u4 ; u8 ;   ), another the subsequen e (u1 ; u5 ; u9 ;   ), et . This partitioning method is sometimes alled \de imation" or \leapfrog" [11℄. For eÆ ien y
ea h pro essor should be able to \skip over" the terms whi h it does not require. Alternatively, pro essor j ould use the subsequen e (umj ; umj +1 ;   ),
where the indi es m0 ; m1 ; m2 ; m3 are suÆ iently widely separated that the
( nite) subsequen es do not overlap. This requires some eÆ ient method of
generating um for large m without generating all the intermediate values
u1 ; : : : ; um 1.
 EÆ ien y. It should be possible to implement the method eÆ iently so that
only a few arithmeti operations are required to generate ea h random number and all ve tor/parallel apabilities of the ma hine are used. To minimise
subroutine all overheads, the random number routine should return an array of (optionally) several numbers at a time.
Several re ent reviews [4, 6, 11, 16, 22, 24, 28, 33℄ of uniform random number
generators are available. The most important on lusion regarding uniform generators is that good ones may exist, but are hard to nd [33℄. Linear ongruential
generators with a \short" period (less than say 248 ) are ertainly to be avoided.
Generalised (or \lagged") Fibona i generators using the \ex lusive or" operation are also to be avoided; other generalised Fibona i generators may be
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satisfa tory if the lags are suÆ iently large (if they use the operation of addition
then the lags should probably be at least 1000). See, for example, [12, Table 2℄.
Our re ommendation, implemented as RANU4 on Fujitsu VP2200 and VPP300
ve tor/parallel pro essors, is a generalised Fibona i generator with very large
lags, e.g. (79500; 132049) (see [21℄), and areful initialisation whi h avoids any
initial atypi al behaviour and ensures disjoint sequen es on parallel pro essors.
For further details see [6℄.
In the interests of onserving spa e, we refer the reader to the reviews ited
above for uniform generators, and on entrate our attention on the less often
onsidered, but still important, ase of normal random number generation on
ve tor/parallel pro essors. \Classi al" generators are onsidered in x2, and an
interesting new lass of \Walla e" generators [40℄ is onsidered in x3.
We do not attempt to over the important topi of testing random number
generators intended for use on ve tor/parallel omputers. A good, re ent survey of this topi is [12℄. The user should always remember that a deterministi
sequen e of pseudo-random numbers an not truly be random; all that testing
an do is inspire on den e that a generator is indistinguishable from random
in a parti ular appli ation [37, 38℄. In pra ti e, testing is essential to ull bad
generators, but an not provide any guarantees.
2

Normal RNGs based on Uniform RNGs

In this se tion we onsider some \ lassi al" methods for generating normally
distributed pseudo-random numbers. The methods all assume a good sour e of
uniform random numbers whi h is transformed in some manner to a sequen e
of normally distributed random numbers. The transformation is not ne essarily
one to one.
The most well-known and widely used methods for generating normally distributed random variables on sequential ma hines [2, 5, 14, 20, 24, 26℄ involve the
use of di erent approximations on di erent intervals, and/or the use of \reje tion" methods [14, 24℄, so they often do not ve torise well. Simple, \oldfashioned" methods may be preferable. In x2.1 we des ribe two su h methods,
and in xx2.2{2.3 we onsider their eÆ ient implementation on ve tor pro essors,
and give the results of implementations on a Fujitsu VP2200/10. In xx2.4{2.5 we
onsider some other methods whi h are popular on serial ma hines, and show
that they are unlikely to be ompetitive on ve tor pro essors.
2.1

Some Normal Generators

Assume that a good uniform random number generator whi h returns uniformly
distributed numbers in the interval [0; 1) is available, and that we wish to sample
the normal distribution with mean  and varian e  2 . We an generate two
independent, normally distributed numbers x, y by the following old algorithm
due to Box and Muller [31℄ (Algorithm B1):
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1. Generate independent
uniform numbers u; v 2 [0; 1).
p
2 ln(1 u).
2. Set r 
3. Set x r sin(2v ) +  and y r os(2v ) + .
The proof that the algorithm is orre t is similar to the proof of orre tness
of the Polar method given in Knuth [24℄.
Algorithm B1 is a reasonable hoi e on a ve tor pro essor if ve torised square
root, logarithm and trigonometri fun tion routines are available. Ea h normally
distributed number requires 1 uniformly distributed number, 0:5 square roots,
0:5 logarithms, and 1 sin or os evaluation. Ve torised implementations of the
Box-Muller method are dis ussed in x2.2.
A variation of Algorithm B1 is the Polar method of Box, Muller and Marsaglia
des ribed in Knuth [24, Algorithm P℄:
1.
2.
3.
4.

Generate independent uniform numbers x; y 2 [ 1; 1).
Set s x2 + y 2 .
If s 2 (0; 1)pthen go to step 4 else go to step 1 (i.e. reje t x and y ).
Set r 
2 ln(s)=s, and return rx +  and ry + .

It is easy to see that, at step 4, (x; y ) is uniformly distributed in the unit
ir le, so s is uniformly distributed in [0; 1).
A proof that the values returned by Algorithm P are independent, normally distributed random numbers (with mean  and varian e  2 ) is given in
Knuth [24℄. On average, step 1 is exe uted 4= times, so ea h normally distributed number requires 4= ' 1:27 uniform random numbers, 0.5 divisions, 0.5
square roots, and 0.5 logarithms. Compared to Algorithm B1, we have avoided
the sin and os omputation at the expense of more uniform random numbers,
0.5 divisions, and the ost of implementing the a eptan e/reje tion pro ess.
This an be done using a ve tor gather. Ve torised implementations of the Polar
method are dis ussed in x2.3.
2.2

Ve torised Implementation of the Box-Muller Method

We have implemented the Box-Muller method (Algorithm B1 above) and several
re nements (B2, B3) on a Fujitsu VP2200/10 ve tor pro essor at the Australian
National University. The implementations all return double-pre ision real results,
and in ases where approximations to sin, os, sqrt and/or ln have been made,
the absolute error is onsiderably less than 10 10 . Thus, statisti al tests using
less than about 1020 random numbers should not be able to dete t any bias
due to the approximations. The alling sequen es allow for an array of random
numbers to be returned. This permits ve torisation and amortises the ost of a
subroutine all over the ost of generating many random numbers.
Our method B2 is the same as B1, ex ept that we repla e alls to the library
sin and os by an inline omputation, using a fast, but suÆ iently a urate,
approximation (for details see [7℄).
Times, in ma hine y les per normally distributed number, for methods B1,
B2 (and other methods des ribed below) are given in Table 1. In all ases the
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generalised Fibona i random number generator RANU4 (des ribed in [6℄) was
used to generate the required uniform random numbers, and a large number of
random numbers were generated, so that ve tor lengths were long. RANU4 generates a uniformly distributed random number in 2.2 y les on the VP2200/10.
(The y le time of the VP2200/10 at ANU is 3.2 nse , and two multiplies and
two adds an be performed per lo k y le, so the peak speed is 1.25 G op.)
The Table gives the total times and also the estimated times for the four
main omponents:
1. ln omputation (a tually 0.5 times the ost of one ln omputation sin e the
times are per normal random number generated).
2. sqrt omputation (a tually 0.5 times).
3. sin or os omputation.
4. other, in luding uniform random number generation.

Table 1.

omponent
ln
sqrt
sin/ os
other
total

Cy les per normal random number
B1
13.1
8.8
13.8
5.9
41.6

B2
13.1
8.8
6.6
5.6
34.1

B3
7.1
1.0
6.6
11.6
26.3

P1
13.1
8.8
0.0
11.9
33.8

P2
7.1
1.0
0.0
13.8
21.9

R1
0.3
0.0
0.0
35.1
35.4

The results for method B1 show that the sin/ os and ln omputations are
the most expensive (65% of the total time). Method B2 is su essful in redu ing
the sin/ os time from 33% of the total p
to 19%.
In Method B2, the omputation of
ln(1 u) onsumes 64% of the time.
An obvious way to redu e this time is to use a fast approximation to the fun tion

f (u) =

p

ln(1

u);

just as we used a fast approximation to sin and os to speed up method B1.
However, this is diÆ ult to a omplish with suÆ ient a ura y, be ause the
fun tion f (u) is badly behaved at both endpoints of the unit interval. Method B3
over omes this diÆ ulty in the following way.
1. We approximate the fun tion

g(u) = u 1=2 f (u) =

r

ln(1

u

rather than f (u). Using the Taylor series for ln(1
1 + u=4 +    is well-behaved near u = 0.

u)

;

u), we see that g(u) =
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2. The approximation to g (u) is only used in the interval 0  u   , where
 < 1 is suitably hosen. For  < u < 1 we use the slow but a urate library
ln and sqrt routines.
3. We make a hange of variable of the form v = ( u + )=( u + Æ ), where
; : : : ; Æ are hosen to map [0;  ℄ to [ 1; 1℄, and the remaining degrees of
freedom are used to move the singularities of the fun tion h(v ) = g (u) as far
away as possible from the region of interest (whi h is 1  v  1). To be
more pre ise, let  be a positive parameter. Then we an hoose

 =1






+2

2

;


( + 2)u 2
;
v = ( + 1)
2( + 1) ( + 2)u
and the singularities of h(v ) are at ( + 1).
For simpli ity, we hoose  = 1, whi h experiment shows is lose to optimal
on the VP2200/10. Then  = 8=9, v = (6u 4)=(4 3u), and h(v ) has singularities at v = 2, orresponding to the singularities of g (u) at u = 1 and u = 1.
A polynomial of the form h0 + h1 v +    + h15 v 15 an be used to approximate
h(v) with absolute error less than 2  10 11 on [ 1; 1℄. About 30 terms would
be needed if we attempted to approximate g (u) to the same a ura y by a polynomial on [0;  ℄. We use polynomial approximations whi h are lose to minimax
approximations. These may easily be obtained by trun ating Chebyshev series,
as des ribed in [10℄.
It appears that this approa h requires the omputation of a square root, sin e
we really want f (u) = u1=2 g (u), not g (u). However, a tri k allows this square
root omputation to be avoided, at the expense of an additional uniform random
number generation (whi h is heap) and a few arithmeti operations. Re all that
u is a uniformly distributed random variable on [0; 1). We generate two independent uniform variables, say u1 and u2 , and let u max(u1 ; u2 )2 . It is easy to
see that u is in fa t uniformly distributed on [0; 1). However, u1=2 = max(u1 ; u2 )
an be omputed without alling the library sqrt routine. To summarise, a nonve torised version of method B3 is:
1. Generate independent uniform numbers u1 ; u2 ; u3 2 [0; 1).
2. Set m max(u1 ; u2 ) and u m2 .
3. If u > 8=9 then
p
3.1. set r 
ln(1 u) using library routines, else
3.2. set v (6u 4)=(4 3u), evaluate h(v ) as des ribed above, and
set r mh(v ).
4. Evaluate s sin(2
os(2u3  ) as in [7℄.
p u3 ) andp
5. Return  + r 2 and  + sr 2, whi h are independent, normal
random numbers with mean  and standard deviation  .
Ve torisation of method B3 is straightforward, and an take advantage of
the \list ve tor" te hnique on the VP2200. The idea is to gather those u > 8=9
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intopa ontiguous array, all the ve torised library routines to ompute an array
ln(1 u) values, and s atter these ba k. The gather and s atter operaof
tions introdu e some overhead, as an be seen from the row labelled \other" in
the Table. Nevertheless, on the VP2200, method B3 is about 23% faster than
method B2, and about 37% faster than the straightforward method B1. These
ratios ould be di erent on ma hines with more (or less) eÆ ient implementations of s atter and gather.
Petersen [35℄ gives times for normal and uniform random number generators
on a NEC SX-3. His implementation normalen of the Box-Muller method takes
55.5 nse per normally distributed number, i.e. it is 2.4 times faster than our
method B1, and 1.51 times faster than our method B3. The model of SX-3 used
by Petersen has an e e tive peak speed of 2.75 G op, whi h is 2.2 times the peak
speed of the VP2200/10. Considering the relative speeds of the two ma hines
and the fa t that the SX-3 has a hardware square root fun tion, our results are
en ouraging.
2.3

Ve torised Implementation of the Polar Method

The times given in Table 1 for methods B1{B3 an be used to predi t the best
possible performan e of the Polar method (x2.1). The Polar method avoids the
omputation of sin and os, so ould gain up to 6.6 y les per normal random number over method B3. However, we would expe t the gain to be less
than this be ause of the overhead of a ve tor gather aused by use of a reje tion method. A straightforward ve torised implementation of the Polar method,
alled method P1, was written to test this predi tion. The results are shown in
Table 1. 13.8 y les are saved by avoiding the sin and os fun tion evaluations,
but the overhead in reases by 6.0 y les, giving an overall saving of 7.8 y les or
19%. Thus, method P1 is about the same speed as method B2, but not as fast
as method B3.
En ouraged by our su ess in avoiding most ln and sqrt omputations in the
Box-Muller method (see method B3), we onsidered a similar idea to speed up
thepPolar method. Step 4 of the Polar method (x2.1) involves the omputation
of
2 ln(s)=s, where 0 < s < 1. The fun tion has a singularity at s = 0, but
we an approximate it quite well on an interval su h as [1=9; 1℄, using a method
similar to that used to approximate the fun tion g (u) of x2.2.
Inspe tion of the proof in Knuth [24℄ shows that step 4 of the Polar method
an be repla ed by
p

2 ln(u)=s,
4a. Set r 
and return rx +  and ry + 
where u is any uniformly distributed variable in (0; 1℄, provided u is independent
of ar tan(
p take u = 1 s. Thus, omitting the onstant
py=x). In parti ular, we an
ln(1 s)=s, but this is just g (s), and we
fa tor  2, we need to evaluate
an use exa tly the same approximation as in x2.2. This gives us method P2. To
summarise, a non-ve torised version of method P2 is:
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Generate independent uniform numbers x; y 2 [ 1; 1).
Compute s x2 + y 2 .
If s  1 then go to step 1 (i.e. reje t x and y ) else go to step 4.
If s > 8=9 then
p
ln(1 s)=s using library routines, else
4.1. set r 
4.2. set v (6s 4)=(4 3s), evaluate h(v ) as des ribed in x2.2, and
set r ph(v ).
p
5. Return xr 2 +  and yr 2 + , whi h are independent, normal
random numbers with mean  and standard deviation  .
1.
2.
3.
4.

To ve torise steps 1-3, we simply generate ve tors of xj and yj values, ompute sj = x2j + yj2 , and ompress by omitting any triple (xj ; yj ; sj ) for whi h
sj  1. This means that we an not predi t in advan e how many normal random numbers will be generated, but this problem is easily handled by introdu ing
a level of bu ering.
The se ond-last olumn of Table 1 gives results for method P2. There is a
saving of 11.9 y les or 35% ompared to method P1, and the method is 17%
faster than the fastest version of the Box-Muller method (method B3). The
ost of logarithm and square root omputations is only 37% of the total, the
remainder being the ost of generating uniform random numbers (about 13%)
and the ost of the reje tion step and other overheads (about 50%). On the
VP2200/10 we an generate more than 14 million normally distributed random
numbers per se ond.
2.4

The Ratio Method

The Polar method is one of the simplest of a lass of reje tion methods for
generating random samples from the normal (and other) distributions. Other
examples are given in [2, 5, 14, 24℄. It is possible to implement some of these
methods in a manner similar to our implementation of method P2. For example,
a popular method is the Ratio Method of Kinderman and Monahan [23℄ (also
des ribed in [24℄, and improved in [26℄). In its simplest form, the Ratio Method
is given by Algorithm R:
1.
2.
3.
4.

Generatepindependent uniform numbers u; v 2 [0; 1).
8=e(v 12 )=(1 u).
Set x
2
If x ln(1 u) > 4 then go to step 1 (i.e. reje t x) else go to step 4.
Return x + .

pAlgorithm R returns a normally distributed random number using on average
8= e ' 2:74 uniform random numbers and 1.37 logarithm evaluations. For
the proof of orre tness, and various re nements whi h redu e the number of
logarithm evaluations, see [23, 24, 26℄. The idea of the proof is that x is normally
distributed if the point (u; v ) lies
p insidepa ertain losed urve C whi h in turn is
2=e; + 2=e℄. Step 3 reje ts (u; v ) if it is outside
inside the re tangle [0; 1℄  [
C.
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The fun tion ln(1 u) o urring at step 3 has a singularity at u = 1, but it
an be evaluated using a polynomial or rational approximation on some interval
[0;  ℄, where  < 1, in mu h the same way as the fun tion g (u) of x2.2.
The re nements added by Kinderman and Monahan [23℄ and Leva [26℄ avoid
most of the logarithm evaluations. The following step is added:
2.5. If P1 (u; v ) then go to step 4
else if P2 (u; v ) then go to step 1
else go to step 3.
Here P1 (u; v ) and P2 (u; v ) are easily- omputed onditions. Geometri ally, P1
orresponds to a region R1 whi h lies inside C , and P2 orresponds to a region
R2 whi h en loses C , but R1 and R2 have almost the same area. Step 3 is only
exe uted if (u; v ) lies in the borderline region R2 nR1 .
Step 2.5 an be ve torised, but at the expense of several ve tor s atter/gather
operations. Thus, the saving in logarithm evaluations is partly an elled out by
an in rease in overheads. The last olumn (R1) of Table 1 gives the times for
our implementation on the VP2200. As expe ted, the time for the logarithm
omputation is now negligible, and the overheads dominate. In per entage terms
the times are:
1%
17%
23%
59%

logarithm omputation (using the library routine),
uniform random number omputation,
s atter and gather to handle borderline region,
step 2.5 and other overheads.

Although disappointing, the result for the Ratio method is not surprising, beause the omputations and overheads are similar to those for method P2 (though
with less logarithm omputations), but only half as many normal random numbers are produ ed. Thus, we would expe t the Ratio method to be slightly better
than half as fast as method P2, and this is what Table 1 shows.
2.5

Other Methods

On serial ma hines our old algorithm GRAND [5℄ is ompetitive with the Ratio
method. In fa t, GRAND is the fastest of the methods ompared by Leva [26℄.
GRAND is based on an idea of Von Neumann and Forsythe for generating samples from a distribution with density fun tion exp( h(x)), where 0  h(x)  1:
1. Generate a uniform random number x 2 [0; 1), and set u0 h(x).
2. Generate independent uniform random numbers u1 ; u2 ; : : : 2 [0; 1)
until the rst k > 0 su h that uk 1 < uk .
3. If k is odd then return x,
else reje t x and go to step 1.

A proof of orre tness is given in Knuth [24℄.
It is hard to see how to implement GRAND eÆ iently on a ve tor pro essor.
There are two problems {
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1. k is not bounded, even though its expe ted value is small. Thus, a sequen e
of gather operations seems to be required. The result would be similar to
Petersen's implementation [35℄ of a generator for the Poisson distribution
(mu h slower than his implementation for the normal distribution).
2. Be ause of the
p restri tion 0  h(x)  1, the area under the normal urve
exp( x2 =2)= 2 has to be split into di erent regions from whi h samples
are drawn with probabilities proportional to their areas. This ompli ates
the implementation of the reje tion step.
For these reasons we would expe t a ve torised implementation of GRAND to
be even slower than our implementation of the Ratio method. Similar omments
apply to other reje tion methods whi h use an iterative reje tion pro ess and/or
several di erent regions.
3

Ve torisation of Walla e's Normal RNG

Re ently Walla e [40℄ proposed a new lass of pseudo-random generators for
normal variates. These generators do not require a stream of uniform pseudorandom numbers (ex ept for initialisation) or the evaluation of elementary fun tions su h as log, sqrt, sin or os (needed by the Box-Muller and Polar methods).
The ru ial observation is that, if x is an n-ve tor of normally distributed random
numbers, and A is an n  n orthogonal matrix, then y = Ax is another n-ve tor
of normally distributed numbers. Thus, given a pool of nN normally distributed
numbers, we an generate another pool of nN normally distributed numbers by
performing N matrix-ve tor multipli ations. The inner loops are very suitable
for implementation on ve tor pro essors. The ve tor lengths are proportional to
N , and the number of arithmeti operations per normally distributed number is
proportional to n. Typi ally we hoose n to be small, say 2  n  4, and N to
be large.
Walla e implemented variants of his new method on a s alar RISC workstation, and found that its speed was omparable to that of a fast uniform generator,
and mu h faster than the \ lassi al" methods onsidered in x2. The same performan e relative to a fast uniform generator is a hievable on a ve tor pro essor,
although some are has to be taken with the implementation (see x3.6).
In x3.1 we des ribe Walla e's new methods in more detail. Some statisti al
questions are onsidered in xx3.2{3.5. Aspe ts of implementation on a ve tor
pro essor are dis ussed in x3.6, and details of an implementation on the VP2200
and VPP300 are given in x3.7.
3.1

Walla e's Normal Generators

The idea of Walla e's new generators is to keep a pool of nN normally distributed pseudo-random variates. As numbers in the pool are used, new normally
distributed variates are generated by forming appropriate ombinations of the
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numbers whi h have been used. On a ve tor pro essor N an be large and the
whole pool an be regenerated with only a small number of ve tor operations1 .
The idea just outlined is the same as that of the generalised Fibona i generators for uniformly distributed numbers { a pool of random numbers is transformed in an appropriate way to generate a new pool. As Walla e [40℄ observes,
we an regard the uniform, normal and exponential distributions as maximumentropy distributions subje t to the onstraints:
0  x  1 (uniform)
E (x2 ) = 1 (normal)
E (x) = 1, x  0 (exponential).
We want to ombine n  2 numbers in the pool so as to satisfy the relevant
onstraint, but to onserve no other statisti ally relevant information. To simplify
notation, suppose that n = 2 (there is no problem in generalising to n > 2).
Given two numbers x, y in the pool, we ould satisfy the \uniform" onstraint
by forming
x0 (x + y) mod 1;
and this gives the family of generalised Fibona i generators [6℄.
We ould satisfy the \normal" onstraint by forming


x0
y0

 



A xy ;

where A is an orthogonal matrix, for example
1
A= p
2
or

A=

1
5





1 1
11





4 3
:
34

Note that this generates two new pseudo-random normal variates x0 and y 0 from

x and y, and the onstraint

x0 2 + y0 2 = x2 + y2
is satis ed be ause A is orthogonal.
Suppose the pool of previously generated pseudo-random numbers ontains
x0 ; : : : ; xN 1 and y0 ; : : : ; yN 1. Let ; : : : ; Æ be integer onstants. These onstants might be xed throughout, or they might be varied (using a subsidiary
uniform random number generator) ea h time the pool is regenerated.
One variant of Walla e's method generates 2N new pseudo-random numbers
x00 ; : : : ; x0N 1 and y00 ; : : : ; yN0 1 using the re urren e
1

The pro ess of regenerating the pool will be alled a \pass".
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x0j
x
j
+
mod
N
(1)
yj0 = A y j+Æ mod N
for j = 0; 1; : : : ; N 1. The ve tors x0 and y 0 an then overwrite x and y , and
be used as the next pool of 2N pseudo-random numbers. To avoid the opying


overhead, a double-bu ering s heme an be used.

3.2

Desirable Constraints

In order that all numbers in the old pool (x; y ) are used to generate the new
pool (x0 ; y 0 ), it is essential that the indi es

j + mod N
and

j + Æ mod N
give permutations of f0; 1; : : : ; N 1g as j runs through f0; 1; : : : ; N
ne essary and suÆ ient ondition for this is that

GCD( ; N ) = GCD( ; N ) = 1 :

1g. A
(2)

For example, if N is a power of 2, then any odd and may be hosen.
The orthogonal matrix A must be hosen so ea h of its rows has at least
two nonzero elements, to avoid repetition of the same pseudo-random numbers.
Also, these nonzeros should not be too small.
For implementation on a ve tor pro essor it would be eÆ ient to take =
= 1 so ve tor operations have unit strides. However, statisti al onsiderations
indi ate that unit strides should be avoided. To see why, suppose = 1. Thus,
from (1),
x0j = a0;0 xj+ mod N + a0;1 y j+Æ mod N ;

where ja0;0 j is not very small. The sequen e (zj ) of random numbers returned
to the user is

x0 ; : : : ; x N
x00 ; : : : ; x0N

1 ; y0 ; : : : ; y N 1 ;
0
0
1 ; y0 ; : : : ; y N 1 ; : : :
so we see that zn is strongly orrelated with zn+ for  = 2N

.
Walla e [40℄ suggests a \ve tor" s heme where = = 1 but and Æ vary at
ea h pass. This is ertainly an improvement over keeping and Æ xed. However,
there will still be orrelations over segments of length O(N ) in the output, and
these orrelations an be dete ted by suitable statisti al tests. Thus, we do not
re ommend the s heme for a library routine, although it would be satisfa tory
in many appli ations.
We re ommend that and should be di erent, greater than 1, and that
and Æ should be sele ted randomly at ea h pass to redu e any residual orrelations.
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For similar reasons, it is desirable to use a di erent orthogonal matrix A
at ea h pass. Walla e suggests randomly sele ting from two prede ned 4  4
matri es, but there is no reason to limit the hoi e to two2 . We prefer to hoose
\random" 2  2 orthogonal matri es with rotation angles not too lose to a
multiple of =2.
3.3

The Sum of Squares

As Walla e points out, an obvious defe t of the s hemes des ribed in xx3.1{3.2
is that the sum of squares of the numbers in the pool is xed (apart from the
e e t of rounding errors). For independent random normal variates the sum of
squares should have the hi-squared distribution 2 , where  = nN is the pool
size.
To over ome this defe t, Walla e suggests that one pseudo-random number
from ea h pool should not be returned to the user, but should be used to approximate a random sample S from the 2 distribution. A s aling fa tor an
be introdu ed to ensure that the sum of squares of the  values in the pool (of
whi h  1 are returned to the user) is S . This only involves s aling the matrix
A, so the inner loops are essentially un hanged.
There are several good approximations to the 2 distribution for large  . For
example,
p
2
(3)
22 ' x + 2 1 ;

where x is N (0; 1). More a urate approximations are known [1℄, but (3) should
be adequate if  is large.
3.4

Restarting

Unlike the ase of generalised Fibona i uniform random number generators [8℄,
there is no well-developed theory to tell us what the period of the output sequen e of pseudo-random normal numbers is. Sin e the size of the state-spa e is
at least 22wN , where w is the number of bits in a oating-point fra tion and 2N
is the pool size (assuming the worst ase n = 2), we would expe t the period to
be at least of order 2wN (see Knuth [24℄), but it is diÆ ult to guarantee this.
One solution is to restart after say 1000N numbers have been generated, using a
good uniform random number generator with guaranteed long period ombined
with the Box-Muller method to re ll the pool.
3.5

Dis arding Some Numbers

Be ause ea h pool of pseudo-random numbers is, stri tly speaking, determined
by the previous pool, it is desirable not to return all the generated numbers to
2

Caution: if a nite set of prede ned matri es is used, the matri es should be multipli atively independent over GL(n; R). (If n = 2, this means that the rotation angles
(mod 2 ) should be independent over the integers.) In parti ular, no matrix should
be the inverse of any other matrix in the set.
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the user3 . If f  1 is a onstant parameter4 , we an return a fra tion 1=f of the
generated numbers to the user and \dis ard" the remaining fra tion (1 1=f ).
The dis arded numbers are retained internally and used to generate the next
pool. There is a tradeo between independen e of the numbers generated and
the time required to generate ea h number whi h is returned to the user. Our
tests (des ribed in x3.7) indi ate that f  3 is satisfa tory.
3.6

Ve torised Implementation

If the re urren e (1) is implemented in the obvious way, the inner loop will involve
index omputations modulo N . It is possible to avoid these omputations. Thus
2N pseudo-random numbers an be generated by +
1 iterations of a loop
of the form
do j = low, high
xp(j) = A00*x(alpha*j + jx) + A01*y(beta*j + jy)
yp(j) = A10*x(alpha*j + jx) + A11*y(beta*j + jy)
enddo

where low, high, jx, and jy are integers whi h are onstant within the loop
but vary between iterations of the loop. Thus, the loop ve torises. To generate
ea h pseudo-random number requires one load (non-unit stride), one oatingpoint add, two oating-point multiplies, one store, and of order
+

N

startup osts. The average ost should is only a few ma hine y les per random
number if N is large and + is small.
On a ve tor pro essor with interleaved memory banks, it is desirable for the
strides and to be odd so that the maximum possible memory bandwidth an
be a hieved. For statisti al reasons we want and to be distin t and greater
than 1 (see x3.2). For example, we ould hoose
= 3;

= 5;

provided GCD( ; N ) = 1 (true if N is a power of 2). Sin e +
1 = 7, the
average ve tor length in ve tor operations is about N=7.
Counting operations in the inner loop above, we see that generation of ea h
pseudo-random N (0; 1) number requires about two oating-point multipli ations
and one oating-point addition, plus one (non-unit stride) load and one (unitstride) store. To transform the N (0; 1) numbers to N (;  2 ) numbers with given
mean and varian e requires an additional multiply and add (plus a unit-stride
load and store) 5 . Thus, if f is the throw-away fa tor (see x3.5), ea h pseudorandom N (;  2 ) number returned to the user requires about 2f + 1 multiplies
and f + 1 additions, plus f + 1 loads and f + 1 stores.
3
4
5

Similar remarks apply to some uniform pseudo-random number generators [24, 27℄.
We shall all f the \throw-away" fa tor.
Obviously some optimisations are possible if it is known that  = 0 and  = 1.
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If performan e is limited by the multiply pipelines, it might be desirable to
redu e the number of multipli ations in the inner loop by using fast Givens transformations (i.e. diagonal s aling). The s aling ould be undone when the results
were opied to the aller's bu er. To avoid problems of over/under ow, expli it
s aling ould be performed o asionally (e.g. on e every 50-th pass through the
pool should be suÆ ient).
The implementation des ribed in x3.7 does not in lude fast Givens transformations or any parti ular optimisations for the ase  = 0,  = 1.
3.7

RANN4

We have implemented the method des ribed in xx3.5{3.6 in Fortran on the
VP2200 and VPP300. The urrent implementation is alled RANN4. The implementation uses RANU4 [6℄ to generate uniform pseudo-random numbers for initialisation and generation of the parameters ; : : : ; Æ (see (1)) and pseudo-random
orthogonal matri es (see below). Some desirable properties of the uniform random number generator are inherited by RANN4. For example, the pro essor id is
appended to the seed, so it is ertain that di erent pseudo-random sequen es
will be generated on di erent pro essors, even if the user alls the generator with
the same seed on several pro essors of the VPP300.
The user provides RANN4 with a work area whi h must be preserved between
alls. RANN4 hooses a pool size of 2N , where N  256 is the largest power of 2
possible so that the pool ts within part (about half) of the work area. The
remainder of the work area is used for the uniform generator and to preserve essential information between alls. RANN4 returns an array of normally distributed
pseudo-random numbers on ea h all. The size of this array, and the mean and
varian e of the normal distribution, an vary from all to all.
The parameters ; : : : ; Æ (see (1)) are hosen in a pseudo-random manner,
on e for ea h pool, with 2 f3; 5g and 2 f7; 11g. The parameters and Æ are
hosen uniformly from f0; 1; : : : ; N 1g. The orthogonal matrix A is hosen in
a pseudo-random manner as

A=





os  sin 
;
sin  os 

where =6  jj  =3 or 2=3    5=6. The onstraints on  ensure that
min(j sin j; j os j)  1=2. We do not need to ompute trigonometri fun tions:
a uniform generator is used to sele t t = tan(=2) in the appropriate range, and
then sin  and os  are obtained using a few arithmeti operations. The matrix A
is xed in ea h inner loop (though not in ea h omplete pass) so multipli ations
by os  and sin  are fast.
For safety we adopt the onservative hoi e of throw-away fa tor f = 3
(see x3.5), although in most appli ations the hoi e f = 2 (or even f = 1) is
satisfa tory and signi antly faster.
Be ause of our use of RANU4 to generate the parameters ; : : : ; Æ et , it is most
unlikely that the period of the sequen e returned by RANN4 will be shorter than
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the period of the uniformly distributed sequen e generated by RANU4. Thus,
it was not onsidered ne essary to restart the generator as des ribed in x3.4.
However, our implementation monitors the sum of squares and orre ts for any
\drift" aused by a umulation of rounding errors.
On the VP2200/10, the time per normally distributed number is approximately (6:8f + 3:2) nse , i.e. (1:8f + 1:0) y les. With our hoi e of f = 3 this
is 23.6 nse or 6.4 y les. The fastest version, with f = 1, takes 10 nse or 2.8
y les. For omparison, the fastest method of those onsidered in [7℄ (the Polar
method) takes 21.9 y les. Thus, we have obtained a speedup by a fa tor of
about 3.2 in the ase f = 3.
Times on a single pro essor of the VPP300 are typi ally faster by a fa tor of
about two, whi h is to be expe ted sin e the peak speed of a pro essor on the
VPP300 is 2.285 GFlop (versus 1.25 G op on the VP2200/10). On the VPP300
with P pro essors, the time per normally distributed number is 11:4=P nse if
f = 3 and 5:4=P nse if f = 1.
Various statisti al tests were performed on RANN4 with several values of the
throw-away fa tor f . For example:
{

{

If (x; y ) is a pair of pseudo-random numbers with (supposed) normal N (0; 1)
distributions, then u = exp( (x2 + y 2 )=2) should be uniform in [0; 1℄, and
v = artan(x=y) should be uniform in [ =2; +=2℄. Thus, standard tests for
uniform pseudo-random numbers an be applied. For example, we generated
bat hes of (up to) 107 pairs of numbers, transformed them to (u; v ) pairs,
and tested uniformity of u (and similarly for v ) by ounting the number of
values o urring in 1; 000 equal size bins and omputing the 2999 statisti .
This test was repeated several times with di erent initial seeds et . The 2
values were not signi antly large or small for any f  1.
We generated a bat h of up to 107 pseudo-random numbers, omputed the
sample mean, se ond and fourth moments, repeated a number of times, and
ompare the observed and expe ted distributions of sample moments. The
observed moments were not signi antly large or small for any f  3. The
fourth moment was sometimes signi antly small (at the 5% on den e level)
for f = 1.

A possible explanation for the behaviour of the fourth moment when f = 1
is as follows. Let the maximum absolute value of numbers in the pool at one
pass be M , and at the following pass be M 0 . By onsidering the e e t of the
orthogonal transformations applied to pairs of numbers in the pool, we see that
(assuming n = 2),

p

p

M= 2  M 0  2M :

Thus, there is a orrelation in the size of outliers at su essive passes. The
orrelation for the subset of values returned to the user is redu ed (although not
ompletely eliminated) by hoosing f > 1.
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Summary and Con lusions for Normal RNG

We showed that both the Box-Muller and Polar methods for normally distributed
random numbers ve torise well, and that it is possible to avoid and/or speed up
the evaluation of the fun tions (sin, os, ln, sqrt) whi h appear ne essary. On
the VP2200/10 our best implementation of the Polar method takes 21.9 ma hine
y les per normal random number, slightly faster than our best implementation
of the Box-Muller method (26.3 y les).
We onsidered the ve torisation of some other popular methods for generating normally distributed random numbers, and showed why su h methods are
unlikely to be faster than the Polar method on a ve tor pro essor.
We showed that normal pseudo-random number generators based on Walla e's ideas ve torise well, and that their speed on a ve tor pro essor is lose to
that of the generalised Fibona i uniform generators, i.e. only a small number
of ma hine y les per random number.
Be ause Walla e's methods are new, there is little knowledge of their statisti al properties. However, a areful implementation should have satisfa tory
statisti al properties provided distin t non-unit strides , satisfying (2) are
used, the sums of squares are varied as des ribed in x3.3, and the throw-away
fa tor f is hosen appropriately. The pool size should be fairly large (subje t to
storage onstraints), both for statisti al reasons and to improve performan e of
the inner loops. Walla e uses 4  4 orthogonal transformations, but a satisfa tory
generator is possible with 2  2 orthogonal transformations.
It may appear that we have on entrated on ve tor rather than parallel implementations. If this is true, it is be ause ve torisation is the more interesting
and hallenging topi . Parallelisation of random number generators is in a te hni al sense \easy" sin e no ommuni ation is required after the initialisation on
di erent pro essors. However, are has to be taken with this initialisation to
ensure independen e (see x1), and testing of parallel RNGs should not ignore
this important requirement.
A knowledgements

Thanks are due to:
{ Don Knuth for dis ussions regarding the properties of generalised Fibona i
methods and for bringing some referen es to my attention.
{ Wes Petersen for his omments and helpful information on implementations
of random number generators on Cray and NEC omputers [34, 35℄.
{ Chris Walla e for sending me a preprint of his paper [40℄ and ommenting
on my attempts to ve torise his method.
{ Andy Cleary, Bob Gingold, Markus Hegland and Peter Pri e for their assistan e on the Ve tor/Parallel S ienti Subroutine Library (\area 4") proje t.
This work was supported in part by a Fujitsu-ANU resear h agreement. The
ANU Super omputer Fa ility provided omputer time for development and testing on Fujitsu VP2200 and VPP300 omputers at the Australian National University.

Ve tor/Parallel Random Number Generation

19

Referen es

1. M. Abramowitz and I. A. Stegun: Handbook of Mathemati al Fun tions. Dover,
New York, 1965, Ch. 26.
2. J. H. Ahrens and U. Dieter: Computer Methods for Sampling from the Exponential
and Normal Distributions. Comm. ACM 15 (1972), 873{882.
3. S. Aluru, G. M. Prabhu and J. Gustafson: A Random Number Generator for
Parallel Computers. Parallel Computing 18 (1992), 839.
4. S. L. Anderson: Random Number Generators on Ve tor Super omputers and Other
Advan ed Ar hite tures, SIAM Review 32 (1990), 221{251.
5. R. P. Brent: Algorithm 488: A Gaussian Pseudo-Random Number Generator (G5).
Comm. ACM 17 (1974), 704{706.
6. R. P. Brent: Uniform Random Number Generators for Super omputers. Pro . Fifth
Australian Super omputer Conferen e, Melbourne, De ember 1992, 95{104.
ftp://nimbus.anu.edu.au/pub/Brent/rpb132.dvi.gz

7. R. P. Brent: Fast Normal Random Number Generators for Ve tor Pro essors. Report TR-CS-93-04, Computer S ien es Laboratory, Australian National University,
Mar h 1993. ftp://nimbus.anu.edu.au/pub/Brent/rpb141tr.dvi.gz
8. R. P. Brent: On the Periods of Generalized Fibona i Re urren es, Math. Comp.
63 (1994), 389{401.
9. R. P. Brent: A Fast Ve torised Implementation of Walla e's Normal Random
Number Generator. Report TR-CS-97-07, Computer S ien es Laboratory, Australian National University, Canberra, April 1997. ftp://nimbus.anu.edu.au/
pub/Brent/rpb170tr.dvi.gz

10. C. W. Clenshaw, L. Fox, E. T. Goodwin, D. W. Martin, J. G. L. Mi hel, G. F.
Miller, F. W. J. Olver and J. H. Wilkinson: Modern Computing Methods. 2nd
edition, HMSO, London, 1961, Ch. 8.
11. P. D. Coddington: Random Number Generators for Parallel Computers. The NHSE
Review 2 (1996). http://nhse. s.ri e.edu/NHSEreview/RNG/PRNGreview.ps
12. P. D. Coddington and S-H. Ko: Te hniques for Empiri al Testing of Parallel
Random Number Generators. Pro . International Conferen e on Super omputing
(ICS'98), Melbourne, Australia, July 1998, to appear.
13. S. A. Cu aro, M. Mas agni and D. V. Pryor: Te hniques for Testing the Quality
of Parallel Pseudo-Random Number Generators. Pro . 7th SIAM Conf. on Parallel
Pro essing for S ienti Computing, SIAM, Philadelphia, 1995, 279{284.
14. L. Devroye: Non-Uniform Random Variate Generation. Springer-Verlag, New York,
1986.
15. P. L'E uyer: EÆ ient and Portable Combined Random Number Generators.
Comm. ACM 31 (1988), 742{749, 774.
16. P. L'E uyer: Random Numbers for Simulation. Comm. ACM 33, 10 (1990), 85{97.
17. P. L'E uyer and S. C^ote: Implementing a Random Number Pa kage with Splitting
Fa ilities. ACM Trans. Math. Software 17 (1991), 98{111.
18. W. Evans and B. Sugla: Parallel Random Number Generation. Pro . 4th Conferen e on Hyper ube Con urrent Computers and Appli ations (ed. J. Gustafson),
Golden Gate Enterprises, Los Altos, CA, 1989, 415.
19. A. M. Ferrenberg, D. P. Landau and Y. J. Wong: Monte Carlo Simulations: Hidden
Errors From \Good" Random Number Generators. Phys. Rev. Lett. 69 (1992),
3382{3384.
20. P. GriÆths and I. D. Hill (editors): Applied Statisti s Algorithms. Ellis Horwood,
Chi hester, 1985.

20

Ri hard P. Brent

21. J. R. Heringa, H. W. J. Blote and A. Compagner: New Primitive Trinomials of
Mersenne-Exponent Degrees for Random-Number Generation. Internat. J. of Modern Physi s C 3 (1992), 561{564.
22. F. James: A Review of Pseudo-Random Number Generators. Computer Physi s
Communi ations 60 (1990), 329{344.
23. A. J. Kinderman and J. F. Monahan: Computer Generation of Random Variables
Using the Ratio of Uniform Deviates. ACM Trans. Math. Software 3 (1977), 257{
260.
24. D. E. Knuth: The Art of Computer Programming. Volume 2: Seminumeri al Algorithms. 3rd edn. Addison-Wesley, Menlo Park, 1997.
25. D. H. Lehmer: Mathemati al Methods in Large-S ale Computing Units. Ann. Comput. Lab. Harvard Univ. 26 (1951), 141{146.
26. J. L. Leva: A Fast Normal Random Number Generator. ACM Trans. Math. Software 18 (1992), 449{453.
27. M. Lus her:, A Portable High-Quality Random Number Generator for Latti e Field
Theory Simulations. Computer Physi s Communi ations 79 (1994), 100{110.
28. G. Marsaglia: A Current View of Random Number Generators. Computer S ien e
and Statisti s: Pro . 16th Symposium on the Interfa e, Elsevier S ien e Publishers
B. V. (North-Holland), 1985, 3{10.
29. M. Mas agni, S. A. Cu aro, D. V. Pryor and M. L. Robinson: A Fast, HighQuality, and Reprodu ible Lagged-Fibona i Pseudorandom Number Generator.
J. of Computational Physi s 15 (1995), 211{219.
30. M. Mas agni, M. L. Robinson, D. V. Pryor and S. A. Cu aro: Parallel Pseudorandom Number Generation Using Additive Lagged-Fibona i Re ursions. SpringerVerlag Le ture Notes in Statisti s 106 (1995), 263{277.
31. M. E. Muller: A Comparison of Methods for Generating Normal Variates on Digital
Computers. J. ACM 6 (1959), 376{383.
32. J. von Neumann: Various Te hniques Used in Conne tion With Random Digits.
The Monte Carlo Method, National Bureau of Standards (USA) Applied Mathemati s Series 12 (1951), 36.
33. S. K. Park and K. W. Miller: Random Number Generators: Good Ones are Hard
to Find. Comm. ACM 31 (1988) 1192{1201.
34. W. P. Petersen: Some Ve torized Random Number Generators for Uniform, Normal, and Poisson Distributions for CRAY X-MP. J. Super omputing 1 (1988),
327{335.
35. W. P. Petersen: Lagged Fibona i Series Random Number Generators for the NEC
SX-3. Internat. J. High Speed Computing 6 (1994), 387{398.
36. D. V. Pryor, S. A. Cu aro, M. Mas agni and M. L. Robinson: Implementation and
Usage of a Portable and Reprodu ible Parallel Pseudorandom Number Generator.
Pro . Super omputing '94, IEEE, New York, 1994, 311{319.
37. I. Vattulainen, T. Ala-Nissila and K. Kankaala: Physi al Tests for Random Numbers in Simulations. Phys. Rev. Lett. 73 (1994), 2513.
38. I. Vattulainen, T. Ala-Nissila and K. Kankaala: Physi al Models as Tests of Randomness. Phys. Rev. E 52 (1995), 3205.
39. C. S. Walla e: Transformed Reje tion Generators for Gamma and Normal Pseudorandom Variables. Australian Computer Journal 8 (1976), 103{105.
40. C. S. Walla e: Fast Pseudo-Random Generators for Normal and Exponential Variates. ACM Trans. Math. Software 22 (1996), 119{127.

