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Topics
« Connections
- Affine connections
 Levi-Civita connection
« Round sphere and real projective space
« Complex projective space
* Fubini-Study curvature
* Model embeddings
- Kahler form and model pullback
* Representation theory
» Tensors under model pullback
 Pullback of curvature et cetera
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Connections

E = smooth vector bundl&eal or complex)
Connection

V:E->A'QE st V(fo)=fVo+df@oc
Coupled de Rham
Vo1 vV 5 Y vV o5
E—-AQ®QE—>AQE—--- —>AQE—>0

WwRoc—,do®oc—-—wAVo

Curvature
V2 'E — A2QE

V(o) = V20 ~ ke T(A?® EndE))

Bianchi identity VS =0 or Vk =0
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Induced connections

If E andF are equipped with connections, then there
are induced connectiomms the following bundles.

o E*
- EQE
- EAE
- EOE
- EndE)=E*"Q®E
c E®F
« Hom(E,F) =E"®F
« and soon...
Leibniz rule e.g.V(c® 1) = (Vo) @1+ 0 ® (V1)
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Existence and freedom

V.,V connections ot =

hv + (1 - h)V also a connection.

Therefore, partition of unity> existence

FreedomV, V connections ot =

Ve

V=V+T

forT : E - Al ® E a homomorphism
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Affine connections

Affine = connection om\* (or the tangent bundle)

Problem

VAl 5 Ale Al S A2
may not agree with the exterior derivative!
Solution

T=AoV-—d: Al 5 A2 Ale Al

is a homomorphisne torsione I'(A! ® End(AY)).

N\

V =V - T is a torsion free connectiaon A1.

N

\Y% : .
ConsequenceAl ® A1 — A2® Alis unambiguous
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Indices
Covariant tensord,, ¥ap, . ... (Ant)-symmetrisation

Plab] = 5(Pab — Pra)  Pabyc = 3(Pabc + Pbac)

Contravariant tensoyge.g.X® = vector field.
E.g. torsion tensor

Tabc S.1. TabC:T[ab]C or T(ab)CZO

Einstein summation conventioiX | w = X%w,
Curvatureof a torsion-free affine connection

(VaVh — VpVa)X® = Ryp%gX°
(VaVp = VVa)wd = —Rapdwe
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| evi-Civita connection

Givengy, a metric,d! affine V, characterised by
» V,Is torsion-free
* VaOne = 0.

Proof Choose any, torsion-free. Consider

Vad = Vadp — Tapdbe.

Want:| Tape = [ap)c| @nd Tagpey = 2VaGhe | bUL

ATRA° = A?QA!L
Kane +—  Kiape
|

Kalbe]
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Round sphere

Riemannian curvature tensor

(VaVb — VpVa)wd = —Rap“dwe
Rabed = Rabjied] Riabgd =0 (= Rabed = Redan)

— SOM + 1)/SOM)

Rabed = JacObd — JocTad constant curvature

Rab = Rea’s = (N=1)0y R=Ra*=n(n-1)
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Real projective space

antipodal identification

— SOM + 1)/S(0O(1)x O(n))

Rabed = JacObd — JocTad constant curvature

.e. VbVe — VeVp)wa = Gapwe — Gacwh

RP, = {linearL c R™!s.t. dimL = 1)
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Complex projective space

CP, = {linearLc C"!s.t. dimL =1}
= SUMN+1)/S(U(1)x U(n))
Fubini-Study metricgap

complex span . :
RP,C > CP,, totally geodesic embedding

J° st I3 = —6.° complex structur¢orthogonal)
Jab (= Ja°0ne) Kahler form(skew)
Va\]bc — O

Fubini-Study curvature
Rancd = JacObd — JocOad + JacJod — JocJad + 2JanJed
NB: Rab“dJdee = 2Jad9eb — 2Ib(d9e)a + 2Japde / O
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Model embeddings

Recall totally geodesic embeddiikdp, < CPn\
Recall SUG + 1) acting onCP, by iIsometries

)

Model embeddingsRP, N CP,,.
Jistype (11) = «*J = 0. Thereforeu*J = 0,
l.e. model embeddings are Lagrangi&@onversely,

Model embeddings though e CP,
Linear Algebra= 0
Lagrangian subspaces bfCP,

Lagrangian GrassmannianU(n)/O(n)
E.g. Helgason ‘Geometric Analysis ..., Exercise |.A)(li
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Kahler form

Vadoe = 0= dJ=0 . CPhisa _
J.p is non-degenerat symplectic manifold

Lety be a 2-form, I.e. with indicegap = Yian. Then

Yab = Yap— z_lr,JdechaP T Tlr,JCdchJab

-

J-tra?;re-free

Yah = W;b + 60Jap

Symplectic
b+ 0 decomposition
A% @ A°J

e
Il
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Representation theory
A? = A% & A°J (on any symplectic manifold

Let J be a non-degenerate skew X 2n real matrix.
Sp(h,R)= {A = 2n x 2n matrix s.t. AJA' = J}
Defining representationR?”

22N 212N
AR =ANRTBR
O 1 O O 0 O O 1 O 0. 0 O 0 O 0O O
““"“‘:‘°“"'ﬂ%‘@““"'ﬂ%‘
2Nn—1 nodes n nodes n nodes

Branchingfor SL(2n,R) > Sp(2, R).
(Induced vector bundledsom co-frame bundle.)
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Model pullback

Recall model embeddings: RP, — CP,.
Supposey is a two-form onCP,.

Lemma u'v =0Vu & Y =26J
& wl — O
Proof Fix attention onp € CP,.

w(p) € A5 s.t.y(p)l. = 0V LagrangianL c T,CP;

NB: invariant under Sp(2 R) acting onT ,CPp,.
Recally*J = 0. Ay s.t.u*y # 0. Schur O

Generalises to suitable tensausing

a b cd 0 00 a b c d
ooooooo:o—o—.:@o@"' (Casen:4)-
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Curvature pullback

Yabed = Yabj[cd]

J 0 }z NEIERRRE R ESY nnEES
[abcld =

Vancd €T(9-5. 9 o 9 9 39) (casen=4).

Branchto SL(8 R) > Sp(8 R)

O 2 00O O OO 0O 2 0.0 O 1 0.0 O 0 0.0
ooooooo:o—o—o:éo@o—o—ozéo@o—o—ozéo
Wabed = W (J:I_de + dap<deg T OJapady

cf. Weyl cf. Riccli cf. Scalar

Lemma y*Yaped = 0V modelsy < ¢, =0
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Summary

Curvature orRP,
Rabed = OacObd — 9ocOad

Curvature orCP,
Rabed = JacOod — GbcOad + Jacdod — Jbedad + 2JdapJed

Model embeddings
u . RP, — CP, totally geodesic

2-form lemma
Wiban =0Yu & ¢z =0

Curvature lemma
U Yaped = 0V & wébcd =0
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THANK YOU

END OF PART ONE
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