Re-inventing the Wheel:

Differential Operators on the Sphere

Michael Eastwood

Australian National University




The round wheel

The round circle: {z* 4+ y* = 1} = {(cosf,sin @)}

ty

X

-~ with symmetry group SO(2)
7

cosl —sinb
sinf cosb |

Invariant differential operators:— (
\ 2d3f d*f

Tde3 T dp?

Any polynomial in d/d6 will do.
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The projective wheel

The projective circle: {(z,y) ~ A(x,y) for A > 0}

z

with symmetry group SL(2, R).

0 N1
Function on circle < f(\z, \y) = f(z,y)

Homogeneous space: SL(2,R)/, ( Ax

\ /

of 0
ai’ a‘;;) = (yg, —xg)

where g(Az, \y) = A\ 2g(z,y).




An Invariant operator

f—g=15 = —1%is SL(2,R)-invariant.

Fix skew tensor ¢;; (volume form). Then
sz — Ez'j$jg defines g.
Write ¢g=V/f for

V.&E—E(-2)= A
exterior derivative




More Invariant operators

Claim: there are SL(2, R)-invariant operators
VED gy — E(—0—2) Y L>0.
Proof: fij... = V;V,;---Vif (€4 1 derivatives)
fij = fijory and ' fijp =0
exact sequence
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g = €pp€ig: €T - T g.




Classification!

We've found all SL(2, R)-invariant
linear differential operators on the circle:
if D: E(/) — £(m) is a non-constant invariant
linear differential operator, then

¢>0 and m=—¥0—2
D = constant x V{1,

representation theory of s{(2, R).
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z,yl=h |h,x| =2z |h,y]=—-2y &C.




Another wheel

—_—

—_ -

with symmetry group SO(2, 1).

b /a2 2ab  ? \
But, (a )H ac ad -+ bc bd | Induces

c d

\ c? 2cd  d? /

~ 2:1

SL(2,R) —— SO(2,1)
~+ (SL(2,R)/P)/ £1d (not much different).




The 2-sphere

Various symmetry groups:—

ne round sphere = SO(3)/SO(2)

ne projective sphere = SL(3,R)/P Q
ne conformal sphere =S0O(3,1)/P

ne Riemann sphere = SL(2,C)/P

dimg SL(3,R) = 8
dimR SO(S, 1) =0

Projective # conformal

Conformal = Riemann

~ 2:1

SL(2,C) —— SO(3,1).




The 3-sphere

Many symmetry groups, including

ne projective 3-sphere = SL(4,R)/P

ne conformal 3-sphere = S0O(4,1)/P

ne contact projective 3-sphere = Sp(4,R)/P
ne CR 3-sphere =SU(2,1)/P

They are all different.—

% P ° xﬁ:o X:b X—X

Also as complex homogeneous spaces.

S3 = SU(2) = many more possibilities. ..




SL(4, R)-invariant operators
f € T(S3,£(0)) = 'V, f = 0. But...

0 — Al — &(-1) €0 Euler sequence
bundle of 1-forms on S

and V : A’ — Al isinvariant (exterior derivative).

feT(S3,E(1) = 21V, V. f = 0. But. ..

0 — A1) = Ei;y(—1) B & — 0 exact

and so V& : A%(1) — (O?Al(1) is invariant.




More. ..

f eI'(S% AY(2)) and twisted Euler
0— AY2) = &(1) 5 £(2) — 0
= 'V, f; = f; and z' f; = 0. Therefore,

Vufy = 3(@&Vif; + V@' fi) = (V') fi)
= 55 +0-f;) = 0.

But 0 — (O)°A'(2) — E(i) LA £;(1) — 0 Is exact

and so V : A(2) — (O’AY(2) is invariant.




MACHINE
Bernstein-Gelfand-Gelfand

SL(4, R)-invariant Operators on S°




Classification!

We've found all SL(4, R)-invariant

linear differential operators on projective S°:

If D : E — F'Is a non-constant invariant linear
differential operator between irreducible
homogeneous bundles, then

D may be constructed by our machine
there Is an explicit list of such D.

representation theory of sl(4, R).




The list

For non-negative integers a, b, ¢, there are
Invariant operators

a b ¢ wyl+l) —a—-2 a+db+1 c
X—0—0 > X @ @

vit+l) —a—-b—3 a b+c+1
> X @ @

vitl) —a—-b—-c—4 a b
> X 0.

All invariant operators are captured (uniguely)

a b c

the kernel of the firstoneis e—e—e

It's locally exact!
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Examples




What's happening on R? < §°?

de Rham
f — vaf fa — v[afb] fab = v[afbc]

d | di
& Vaf fa 'Ci) Eabcvbfc fa 'L vafa

linear elasticity = Riemannian deformation

¢a — v(a¢b) Cbab — Eaceebdfvcvdgbef Cbab — Vb%b

displacement — strain — stress — load




Application to numerical analysis

BGG MACHINE

BGG FEEC

New Stable Finite Element Schemes for
Linear Elasticity (Arnold, Falk, & Winther)




More BGG complexes on 3-sphere

Conformal

a b —a—2 2a+b+2 —a—-b—3 2a+b+2 —a—b-—3
— > ® > > ® > X :

Contact projective

—a—2 a+b+1 —a—2b— 4 a+b+1

><:¢.—>>< < ® e <\ ®
CR

—a—2 a+b+1 —a—-b—-3

a b/
X—X
Na+b+1 —b—2

N\
/\
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What's going on here?

Representation theory of simple Lie groups.
G /P for G simple and P parabolic.
The (affine) action of the Weyl group of G.
Hasse diagrams.
Central character.
The Jantzen-Zuckerman translation principle.
Verma modules.
Geometric interpretation.
Exterior calculus and Hodge theory.

. Cap, Slovak, Soucek,. ..
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THANK YOU
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