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De Rham complex

in R3

grad curl ; div -
f—Vif wi — €78V jwy, ¢i —> V'@

on a smooth manifold

0>A0S AT A28 039 % An

Elliptic and locally exact (mostly)

D(U, AP 1) & (U, AP) S T(U, AP*1) isexact p>1
ker : T(U, A%) % T'(U, A1) = R
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Coeffective complex

M = symplective manifold of dimension 2n.
J e (M, A?) non-degenerate and dJ = 0.

JN
O—>Ak—>Ak—>Ak+2—>O defines AkVn<k<2n

0 - AF = Ak BdioX A2~ 0

NB d, | d | d|

0 — A/j+1 > ARl = AK3 5 O

Hence (Bouche 1990)

d d d
A?f A’iHl il A2n 2 %l A2n 1_>A2n 0

\ Elliptic and locally exact /
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Coeffective complex cont’d

NB| JA _
JAN_
JAN_

: AF — AF+2 is surjective for n < k < 2n — 2
: A=l - A7+l js an isomorphism
: AF=2 Ak is injective for 2< k <n

JN

0 — AR 2—>A’“—>A’“—>O defines AY VO <k <n.

Hence

di

O—>A0i>[\1 dy A2 dy _)Anl dy An

™S Elliptic e

But| A* 2 A2k vy o<k <n. e o o ¢ o ofs
Whence | this Is just the adjoint of the coeffective complex.
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Coeffective complex cont'd cont’d

Thus, on a symplectic manifold

d d, d, d, - d, n
O—>AO—>A1—>A%—>---—>/\l1—>/\l
) d?)

d, d, d, e

0 « AY <« Al <« A2 <« .. <« AL & A7
Sllgie Smith (1976, n = 2)

local cohomology = R Rumin-Seshadri
Tseng-Yau

Global cohomology

> H"(M,R) > H(M) > H™(M,R) -5 H™(M,R)—> -
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Calibrated GGo-manifolds

M = smooth manifold of dimension 7
J e T'(M, A3) non-degenerate and d.J = 0.

JA JA .. :
AY —= A3 and A! — A? are injective
JA : : :
A? —= A° is an isomorphism

JN J A
3 — §) 4 — 7 I I

order

0 - |AO] > Al — |AZ| > A3 - Al
l Elliptic
0 « A0 « Al « A2 « A3 « Af

local cohomology =R
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Rumin complex

iNnR3  X,Y vector fields. Suppose X,Y, 7 =[X,Y] span.
NB Xf=0,Yf=0= fconstant. Let H =span{X,Y}.

on a contact manifold HcTM <« Al > AL

0 - R - AV - Al

defines dpy:AY - AL
.

AL St R =ker: A0 24 AL

locally Darboux ~ [X,Z]=0=[Y,Z] wlg

Xf

g XYqg-X°h+Zg = = |
v } = { conversely? yes!

h YXh-Y2g-Zh =
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Rumin complex cont’d

A0 AL Ay o A o AR

\4
Q N
+9/+\74+ %+

ik AL, oL AL®L AL oL AL ®L

Diagram chase (spectral sequence) ~ | Subelliptic complex

e

d d d d
A = AL 5 A% — A% L — AL 9L —> AS
J g g g 5 5
0O 0,0 L 0 -3 0,1 -5 0,1 -6 1,0 -6 0,0
dim =1 dim =4 dim =5 dim =5 dim =4 dim =1
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Parabolic geometry

Geometries modelled on homogeneous spaces

{G simple Lie group
P parabolic subgroup

G/P

Examples

e conformal geometry SO(n+1,1)/P
e CR geometry SU(n+1,1)/P

~
|
g

* oo Sk

e projective geometry SL(n+1,R)/ - .

e contact projective geometry | : ) >
Sp(2n +2,R)/P 10 % e x|

xoooo.:(:.
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BGG complexes on the 3-sphere

Conformal

a b —q-2 \2a+b+2 —a—-b-3 20+ b+ 2 —a—b—3\ b
> ®

\
—> X /) ® > X /) ® > X /)

Contact projective

a b —qg-2 a+b+1 —a—2b—4/ a+b+1 —a—2b—4lb

— X% < ® > % { ® > % -
—a—-2 a+b+1 —a-b-3 a
X X > X X

a b/

N—b-2 —a-2
X—X >Ki X X
N a+b+1 —b-2 b —-a-b-3

N\
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Applications: linear elasticity

displacement X; in R3
T Killing
strain ViX;+ Vi Xy Xy
T < Saint-Venant
stress &MY Vi Emn Gl . .
T < Bianchi
load VG

010 Vv 220 v®» 402 Vv 501
BGG x e — xeo 0 —— xee — xee 0N 3-Sphere

~ (Arnold-Falk-Winther) new stable finite element schemes
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Applications: global analysis

on a symplectic manifold Rumin-Seshadri complex

d d d d
0 - A0 5 Al S A2 3 A3 4

o T(CP,, A%) -% T(CP,, A1) - T(CP,, A2) exact

v (2

)
e T(CP,,A!) —T> [(CP,, ®%A1) . T'(CP,,,@,A!) exact
I
Killing cf. St-Venant

on a CR manifold Akahori-Garfield-Lee complex

Hodge theory on symplectic manifolds Tseng-Yau

Geometric and Nonlinear Partial Differential Equations. Xi’An Jiaotondg University — p. 12/14



Further reading
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e M.G. Eastwood, Extensions of the coeffective complex, arXiv:1203.6714.

e M.G. Eastwood and H. Goldschmidt, Zero-energy fields on complex projective
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e L.-S. Tseng and S.-T. Yau, Cohomology and Hodge theory on symplectic
manifolds: | and Il, arXiv:0909.5418 and arXiv:1011.1250.
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THANK YOU

HAPPY BIRTHDAY NEIL!
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