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ABSTRACT. We discuss the recent advances made towards the notorious twin prime
conjecture and its generalisations. What follows is a lengthy exploration of the various
techniques used in the field, both in their general setting and their specific application
to the problem of gaps between prime numbers, along with a new result by the author
on a conjecture of Polignac’s.

1. INTRODUCTION

1.1. The History of Twin Primes. Euclid’s proof of the infinitude of primes [6, Book
IX, Proposition 20] is well-known and any professional mathematician can reproduce it
from memory. It is an easy and intuitive result which raises the question as to how these
numbers are distributed.

Looking through the sequence of primes we note that there seem to be rather a large
number of primes whose difference is precisely two — 3 and 5; 11 and 13; 347 and 349 —
but the earliest extant example of the question as to whether there are infinitely many of
these so-called twin primes was first posed in a more general form by de Polignac [16].

Conjecture 1 (de Polignac, 1849). Let k be any positive even integer and let p, be the
n™ prime number. Then, for infinitely many n € N, we have p,y1 — pp = k.

Any k which satisfies Polignac’s conjecture is called a Polignac number and the twin
prime conjecture simply states that 2 is a Polignac number.

This conjecture was partially resolved by Maynard [13] and Zhang [27] with the follow-
ing theorem



Theorem 2 (Maynard-Zhang, 2013). There exist infinitely many pairs of prime numbers
whose difference is no more than 600.

This bound was originally proved by Zhang [27] with 600 replaced by 7 x 107 which
then got reduced to 4,680 by Polymath [I7]. Maynard [13] then reduced it to 600 and
we will give a further improvement in this report. This clearly shows that there exists
at least one Polignac number 2 < k& < 600 and this, together with the following theorem
from Pintz[15], asserts that there are infinitely many Polignac numbers.

Theorem 3 (Pintz, 2013). There is an ineffective constant C' such that every interval
of the form [m,m + C| contains a Polignac number. Therefore, if there is at least one
Polignac number then there exist infinitely many Polignac numbers.

Unfortunately this theorem is ineffective — it offers no way to generate future Polignac
numbers — but it does give direction for future research, particularly some results by the
author [10] on the behaviour of Polignac numbers and arithmetic progressions.

We might also like to ask whether we have similar bounded behaviour for non-consecutive
primes and that question has also been resolved by Maynard [I3]:

Theorem 4 (Maynard, 2013). Let m and n be positive integers. Then there are infinitely
many n € N such that
Prtm — Pn < Am?et™ (1)

for all sufficiently large m and some positive, real constant A.

This shows that we have bounded behaviour for prime pairs, whether consecutive or
not.
There are some previous results in this direction, dealing with the normalised prime

gaps

Pnt1 — DPn
—_ 2
logn )
where the logn represents the expected gap. In 1931, Westzynthius [26] proved that
lim sup 22— P2 _ o (3)
n—soo  logn

and, in 2005, Goldston, Pintz and Yildirim [§] proved

lim inf 22— Pr (4)
n—oo  logn
The Zhang result has the Golston-Pintz-Yildirim result as a corollary but, recently,
Banks, Freiman and Maynard [1] have announced an improvement to these results which
we will not have time to delve into but mention for the sake of completeness.

Theorem 5 (Banks-Freiman-Maynard, 2014). For at least 12.5% of all positive real num-
bers x, the sequence of normalised prime gaps has a subsequence which tends to x.

1.2. Sieving. Sieving as a technique for counting and/or generating primes has had a
long and interesting history dating back to the Greeks and Eratosthenes. Unfortunately
this is out of the scope of this work but much of the history can be found in [11].

The majority of the sieving in this report uses the large sieve and the Goldston-Pintz-
Yildirim (GPY) version of the Selberg sieve: the large sieve gives us the Barban-Bombieri-
Vinogradov theorem [2] and the GPY sieve [§] acts as a detector for multiple primes in
an interval.

Informally, the Barban-Bombieri-Vinogradov theorem tells us that the average num-
ber of primes less than x on an arithmetic progression does not grow much faster than



z'/2(log x)~* for any positive A. More specifically, if we define the level of distribution of
the primes by

Definition 6. Let A be a positive real number; (m,n) be the greatest common divisor of
m and n; w(x) be the prime counting function; 7 (x;a,q) be the prime counting function
on the arithmetic progression n = a (mod ¢) and ¢ be Euler’s totient function. If, for all
e € RT,
1
sup |7 (z;a,q) — ——7(z)| < caz(logz)™ (5)
qu()fe (a7Q):1 Sp(q)

holds for some positive real constant c,, depending only on A, and all sufficiently large
x € RT, then 6 € (0, 1] is called the level of distribution of the primes.

The Barban-Bombieri-Vinogradov theorem is then equivalent to saying that the primes
have level of distribution 1/2.

1.3. Open Problems and Conditional Results. A generalisation of the Barban-
Bombieri-Vinogradov theorem is the following conjecture:

Conjecture 7 (Elliott-Halberstam, 1970). [5] The primes have level of distribution 1.

Under the assumption that the Elliott-Halberstam conjecture holds, Goldston, Pintz
and Yildirim [§] proved the Maynard-Zhang theorem with a bound of 16. Maynard[13]
himself has given an improvement of this bound to 12 for consecutive primes and a bound
of 600 for p,1o2 — Pn-

There is also a natural generalisation of Polignac’s conjecture and Dirichlet’s theorem
of prime numbers in arithmetic progressions[4] which we would hope to treat using the
methods of Zhang, Pintz and Maynard.

Conjecture 8 (Dickson, 1904). Let ay, ..., ax,by,..., b, be a finite collection of integers
with b; > 1 for all 1 < i < k and let f;(n) = a; + byn be a collection of linear forms. If
there is no positive integer m diwviding all the products Hle fi(n) for all integers n then
there exist infinitely many natural numbers n such that all of the linear forms are prime

3].

You can see that, by setting £k = 2 and using the linear forms n,n + 2, this implies the
twin prime conjecture and proving Dickson with the linear forms n,n + 2k for all k € N
is equivalent to Polignac’s conjecture. Finally, if we assume that there are infinitely
many twin primes, there is the question of just how frequently they show up. Hardy and
Littlewood [9] gave the following conjecture as to how many there should be:

Conjecture 9 (Hardy-Littlewood, 1923). Let Py(n) be the number of prime pairs less
than n and let P be the set of all prime numbers. Then

n
P. ~ 20—
5 (1) Cs (log )2 (6)
where )
Cy= ][ (1 - m) ~ 0.66. (7)
peP\{2}



2. NOTATION AND IDENTITIES

2.1. Notation. We collect here a list of the symbols we will use in the rest of the report
for easy reference.

x a positive real number

D a prime number

Dy the value logloglog NV

W the primorial [[ .p p

0 level of distribution of the primes

P the set of all prime numbers

1 an interval

S the set of all squarefree numbers in

L log

] the largest integer less than or equal to x
(m,n)  the greatest common divisor of m and n

8

the number of prime numbers less than or equal to x

the Euler totient function, giving the number of m < n such that (m,n) =1
the von Mangoldt function

the Chebyshev function »_ A(n)

n<x

the Chebyshev function » logp

S zea

8

)

Q)
~—~ —~

S 8
~— — ~—

p<x
the exponential function €™

o(n the number-of-divisors function
or(n)  the number of ways of writing n as the product of k natural numbers
I'(t)  the gamma function [;* 2" e "dx

g the totally multiplicative function defined on primes by g(p) = p — 2
X a Dirichlet character
7(x)  the Gauss sum > x(a)e(a/q)
a<q
L1a(z)  the characteristic function of the set A,

occasionally written without the argument if the meaning is clear

A(f;a,q) the discrepancy Yo ,cz/zy- | 2 f() = X f(n)

n<x n<lx
n=a (mod q) (n,g)=1

f*g  Dirichlet convolution of two arithmetic functions f and g

2.1.1. Asymptotic Notation. We will write f(x) = O(g(x)) or f(z) < g(z) if and only if
there is some positive constant M such that, for all sufficiently large =, f(z) < Mg(z).
If the implied constant depends on some value A we will write f(z) = Oa(g(x)) or

f(z) <a g(x). We will also write f(z) = o(g(x)) if and only if % — 0 asz — 0.

2.2. Identities.

pmn) < p(m)g(n) 8
S () = Ty )
d|n

pa? _ n
2 o) ol (10



Z Ln < log @ (11)

= )
Z X = lo=p (mod q)>» if (a, Q> =1 (12>
x (mod q)
Z x(a)e(an/q), if x is a primitive character (13)
a<lq
I7(x)| = /g, if x is a primitive character (14)
1
3 au(n) < (o N)* (15)
n<N
1 1
= S eld) (16)
d|(m,n)
1 1
= g(d 17
o)~ ot 27 "
1
Z %ep logn (18)
p<n p

where ¢ is always taken to be the modulus of the Dirichlet character

3. THE LARGE SIEVE INEQUALITY AND THE BARBAN-BOMBIERI- VINOGRADOV
THEOREM

In order to prove Maynard’s theorem we will first need some information on prime
numbers, specifically about their growth on arithmetic progressions. We say that the
primes have level of distribution 6 if

> X > te(n) — —~ Lp(x)| <4 2L (19)

q<zb—o(1) a€(Z/qZ)* |n=a (mod q) QD(Q) (n,g)=1
n<x n<

8 ||

for some sufficiently slowly decaying o(1) and any A € R*. The Barban-Bombieri-
Vinogradov theorem will show that the primes have level of distribution at least 1/2
and that is enough for our purposes.

Theorem 10 (Large Sieve Inequality). For any complez sequence (a,)nen; any M, N € N;
and all real Q) > 1

2

| MN M+N
D D | X extn)] <(@+N) D Jaf’ (20)
¢<Q x (mod q) In=M+1 n=M+1

where Z* represents a sum of primitive Dirichlet characters modulo q.
x (mod q)

Proof. Let x be a primitive Dirichlet character modulo ¢. If 7(x) is the Gauss sum of x

then, by ,

M+N M+N

Z anx(n Z ape(an/q). (21)

n=M+1 a<q n=M+1




Define S(a/q) = Zyvﬂ ape(an/q). Then

2

oY * 1 1 a

n = _ Eva S —

|2 ] = X e s ()
x (mod q) In=M+1 X (mod q) a=1

So, by [14] this is no larger than

Y. ). (22)

As non-zero Dirichlet characters are roots of unity and non-zero only when (a,q) = 1,
2\ (mod g) X(a)]? equals ¢(q) whenever (a,q) = 1 and is 0 otherwise. Therefore is
less than or equal to

> sl @)
a<q
(a,g)=1
Hence we have shown that
M+N M+N an 2
S | s [ e () e
q<Qg0 x (mod q) In=M+1 <@ a<q |n=M+1 q

(a,q)=1

We can view the double sum as a sum over all positive proper fractions whose denomi-
nators do not exceed ¢q. Moreover, as (a,q) = 1, the fractions are all distinct so we can
apply Gallagher’s large sieve inequality (Theorem to show that this is less than or
equal to

M+N M+N
(AN +67) Y e <N+ Y faal” (25)
n=M+1 n=M+1

Finally note that
aq (05}
41 q2

0 = min
al_yag
ql7éq2

completing the proof. O
We will immediately apply this to proving that primes have level of distribution 1/2.

Theorem 11 (Barban-Bombieri-Vinogradov). Let € € (0,1/2). Then

sup Z Ip(n) — L Z Ip(n)| < 2L~ (27)

ac(Z/qL)* n<x n<x

q§z1/276 <
n=a (mod q) (n,g)=1

for any fized A € RT,



Sketch of proof. Consider the Chebyshev 1, ¢ functions and define
rrag= Y L) (28)

n<lz
n=a (mod q)

bmaq = > A (20)

n<lx
n=a (mod q)

s a,q) = Z log p. (30)

p<x
p=a (mod q)

Using partial summation along with the facts that w(x;a,1) = 7(x) and ¥(z;a,1) =
Y(z) we see

U (x;a,l) ‘”19(75 a, 1)

J(x;a,q) “I(ta,q) 1 (
A(r; = |— dt — ——dt
A a,q) ‘ log x +/2 t(logt)? ©(q) log x + t(log t)2
. ‘a1 T 9(¢: 1 v , 1
logz  ¢(q)logz o t(logt) v(q) Jo 7f(logt)
1 t=x
A(J1 A(91 —_—
- logx‘ (Mzagsa a)l + 251 ‘ Hipa @, Q)} |:10gt:|t:2
<A )50, ¢)] + max |A(191[2,t}; a,q)]. (31)
Furthermore
Y(wa,q)= Y, logp+ Y, logp+ > logp+---
p<z p<zl/? p<zl/3
p=a (mod q) p?=a (mod q) p?=a (mod q)
= (z;a,q) + O (V") + (") +---). (32)

Note that the sum in the 'O’ term is finite as z'/°¢2* = 2 and so ¥(2'/") = 0 for all
n > log, . Also, by the prime number theorem,

D(ztm) < 1021;:;/” log z'/™ = gt/m (33)

and so
IV + 9P + - < 22 4 2 B log, o < 22, (34)

Id est
U(xsa,q) = I(z;a,q) + O (zV/?) . (35)

Then
[AWLpara, @)l < [A@Lpa;a,9)] + O!?) (36)
so it is sufficient to show that
sup  |Y(z;a,q) — L@D(:B) < L™ (37)
Py a€(Z/qL)* SO(Q)

This can be achieved by decomposing the von Mangoldt function via the Heath-Brown
identity (Lemma and noting that all of the items we are convolving are coefficient
sequences and that log obeys the Siegel-Walfisz condition, allowing us to apply the gen-
eralised Barban-Bombieri-Vinogradov theorem (see Theorem in Appendix B for de-
tails). O



4. THE SELBERG SIEVE

4.1. General GPY-Selberg Sieve Manipulations. We will now look at the Selberg
lambda-squared sieve [11] and its applications to the problem of bounded gaps. The
Selberg sieve is any sieve of the form

2

Z an Z Ad (38)

n d|n

for some arithmetic function A,. This will let us weight a detector function for primes in
constellations. We will show the particular sieve to use later in this report but we need
to develop a few notions first.

Let H = {hy,hs,...,ht} be some finite set. We say that H is admissible if, for all
primes p, there is some integer a such that h; # a (mod p) for all h; € H. We choose to
study these sets as these are the sets which possess the potential to have infinitely many
translates n + H, all of whose elements are prime. From here on we will consider H to be
some fixed admissible set.

If we take some prime p; then there must be some a; such that h # a; (mod p;) for all
h € H. By the Chinese remainder theorem there must be a unique solution to the system
of congruence equations

vo = —a; (mod p,) (39)
for all p; < Dy, where Dy = logloglog x. Then, as these p; are precisely the prime divisors
of the value W, we must have

vw+h=h—a; #0 (mod p;). (40)

Thus vg + A is prime to W.
These definitions allow us to define the particular detector function we will use. So let
us define the GPY sieve sum

S = SQ — ,OSQ (41)

where
2

S = Z Z Ndy....dy (42)

N<n<2N (V2)(di|n+h;)
n=vg (mod W)

2

Sy = Z <Z Ip(n + hz)) Z Adidi |- (43)
(Vi)(

N<n<2N i=1 di|nt+hs)
n=vo (mod W)

From now on we will omit the (Vi) on the subscript of the summation for ease of reading.
Note that if S > 0 then at least one of the terms in the outer sum must be positive.
As squared factors don’t affect the sign of a term this implies that
k
> p(nthi)—p>0 (44)
i=1
for some n satisfying the previous conditions. Thus there must be at least p primes in
the translate n + H.
Let F' be some fixed piecewise-differentiable function supported on

Rk—{(xl,...,xk)E[O,l}k:ingl}. (45)

8



Also let R = N%279 for some small, fixed, § € R*. Then we want our Selberg weight
function to be of the form

2
. “(Hiﬂﬁ o 1
! g 0g 'k
d1,..,dp (H H’( ) ) TZ Hf:l SD(TZ) <10gR IOgR) ( )

whenever (Hle d;, W) = 1, when [[*,d; < R and when [, d; is square-free. Let
Ad,....d, = 0 otherwise.
We proceed by finding asymptotic equations for S; and Ss.

Lemma 12. Let

=1 1yeensdpe
rild;
and Ymax = SUP, 0 |y7”1 77777 Tk" Then
N o 2 o(W)EN(log R)*
Sl = W :li: T1yeeesy k + O (ymaXSO(Wk?—’—l‘D( Og ) > (48)
T1yeeny Tk H’i=1 gp(y"l) 0

Slz Z Z )\dl ..... dy, Z >\el ,,,,, er

N<n<2N  d;|n+h; ei|ln+h;
n=vg (mod W)

= Z Ady,..di Ner....dy, Z L. (49)

di,..., dy, N<n<2N
€1,--,Ck n=vg (mod W)
[di,ei“n-‘rhi

We will suppose that Dy > max H and conjecture that W and the [d;, ¢;] are coprime.
If not then there exists some d such that either d|([d;, e;], [d;, e;]) or d|(W,[d;, e;]) for all
i # j. In the first case d must divide n+ h; and n+ h;, both of which are coprime to W so
d also divides h; — h; < max(H), giving us that (h; — h;, W) = h; — h;. Thus (d, W) # 1,
contradicting our earlier statement.

On the other hand A4, g4, is only supported when the d; and W are coprime so we
can suppose that W, [dy,e1],. .., [dk, ex] are pairwise coprime. This means that, by the
Chinese remainder theorem, we can turn the inner sum in into a sum over a single
residue class ¢ = W [[_,[d;, ¢;] and this sum has a value of N/g + O(1). So

N ' Ny, d Aer,d !
S1=15 >, “SEREE 0| Y Daa e (50)
Wd1 ----- di Hi:l [di’ ei] di,...,dy
€18k €1,--,Ck
where >’ represents the restriction that W, [dy, e1]. .., [dy, ex] are pairwise coprime.

9



) e
Let Amax = Supg, 4, |Aay,..q,|- Then, as Ag, g, is non-zero only if [[;_, d; < R,

2
I
Z |>\d1,.‘.,dk)\e1,...,ek’ S p\max|2 Z 1
dy,...,dg f;l d;i<R
€1,...,ek =
2
e (Lo
d<R
< A2 R%*(log R)**. (51)

Now we rewrite the main term using E as

74 E )‘dh LdiAer,. ekH

d17 Ak
€1,.-5€k

> o). (52)

’L
uz‘ dzyez)

Recall that A4, 4, is supported only when the product d; ---dj is squarefree so the d;
must be pairwise coprime and also recall that this product and W must also be coprime.
Therefore [d;, ;] is coprime to W. Then the above equals

2oy (f[so@) > Adi i Neren .
Wul,...,uk; i=1 g}:::::gs (Hle di> (Hle ei>

u;|(ds,eq)

with the restriction on the sum simply now being that (d;,e;) = 1 for all ¢ # j but this
can be removed by multiplying through by ZS” dive;) p(si ;). This turns the main term
into

==

s (i) 5 (1 5 ) gty

ULy Uk =1 dl,...,dk Si,5 l;ém <Hi:1 K =1 ei
ey \ 7T 51 | (dr,em)
u;|(di,eq)

or

- Mo Aerscn
% > (H@(w))Z IT wsim) > . d-> (Hk ) (55)

i\ 1shsk d1, (I—L-:l ; i1 €
17] m €1,..,€L
ui‘(diyei)‘ A
s5i,51(ds,ej),Vi#]

We can furthermore require that s;; is coprime to both u; and w; as, if (s;;,w;) # 1,
we would have some common divisor between (d;,e;) and (d;, e;). This would mean that
e; and e; share some common factor but then A., . = 0 and so these terms do not
contribute to the sum.

Similarly we can further restrict the sum so that s;; is coprime to s;, and s;; for all

a # j and b # i. We denote this restricted sum by Z*

Write
i Ny,
Yo = | [ 1e(r)p(ra) | > S5, (56)
i=1 H 1di

If we fix dy,...,dp with u (Hle dz-> # 0 we find



Y : A
1, Tk €1,-.,€k
¥ e 3 (ITe) 3 %
10Tk Hi:l o(ri) 1Tl (i—l €1,-,€k Hi:l €i
il di|r; rilei
k
A
- S M 5 T
1,0yl | T v iy

2.

€1,-s€k

)‘617-~-7€k

k
di %
Hf:l € 7“12"1@ zl_[l M( ' )

d;|rile;

rilei/d;

A

€1,..,€L (57)

Z (7).

[T e
j=1"7 Ti|8i/di

€1,--s€k

If any of the e;/d; do not equal 1 then one of the divisor sums of the M&bius function will
be 0. Therefore we can write e; = d; for all i and so

2.

1Tk
d;|rq

y7"17~--77”k>

[T ()

(58)

Thus any choice of y,, ., which is supported on 7y, ..., 7, such that r = Hle r; < Ris
square-free and (r, W) = 1 will give us some A4, 4, . Now let

Ymax = Sup |y1”1,...,7‘k| (59)
T1y3Tk
. koo
then we find that, by taking " = []._, &

Amax = SUP [ Ady, . a,]
di,...,dg
f[ (d )d Z Yry,.ry, Hf:l :u(ri>2
= sup M\ a; ) Qg
di,...,dg i=1 Tld,.,.,'r‘k- Hf:l Sp(rl)
TR
u(r)#0
i 2
k K (Hi:l dir,) or(r')
= Ymax dsu% H d’ Z k /
w( }?w’d-k)io = ' <R/TI, di 4 (Hi:l T )
=t p(TTiy dir’ ) #0

Iz (Hle dﬂ"'>2 ox(r’)
2 (Hf:l dir,)

a
o(d;)

sup
di,..,ds,
.L"( i_c:l di)7£0

2

k
7",<1:«/ [lizydi
u(ITizy dar’)#0

S

i=1

)

11



p (s di’) (s

,u
e o > e
u(l‘[}{;’dik)yéo dITTi= d P<R/Tl,di ¥ (Hi:l dir)
- (T i )0

by equation ([L0)). Setting u = dr’ and noting that ak(dr’ ) > o(r') shows

A <t 3 LW - 0g B! (61)
u<R
by standard estimates on the mean values of arithmetic functions.

max ymaxR2(logN)4k)'

We can use this to bound our error term O(\2, R?(log N)?*) by O(y?
Substituting our expression for y,, into equation (H5]) and using our new estimate for
the error term we get

k k
51:% Z (H‘;O(Uz)) Z* H 1(81,m) (HM )il ya1, 0k Yby,...b )

UL, \i=1 Sij 1<i,m<k =1 90
1#] l#m

+ Oy R (log R)™) (62)

where we define a,;, = um, H#m Sm,1 and by, = uy, Hlim Sim- AS Uy, is coprime to all s;,, we
note that p(aym,), 11(bm) # 0 and the main term becomes

vy (e

ULy Ul \2=1

s Tk

)Z 11 ) Yar,.eoar Yor ..k (63)

2
si; \ 1<lm<k P (s1.m)
i#£j l#m
Using the fact that ygq, ..

are coprime to W. Thus we only need to consider s; ; = 1 and s; ; > Dg. The contribution when
Sij > Dy is

d, is supported only on (Hle d;, W) = 1 it must be that the s; ;

K k2—k—1
2 2 2
ymaxN M ) :u 817] M(S)
<< zoooea
%% U<ZR o(u) ©(si,5)? 5221 o(8)?
(u,W)=
2 k k
YmaxP(W)"N (log R)
< ; Wk+1Dy (64)

by standard estimates on the mean values of multiplicative functions.
We can now just restrict our attention to the case where s; ; = 1 for all < # j. This gives

- g Yimax®(W)*N (log R) 2 4k
T oot ¢ ( - Ymax R’ (log R) (65)
W ul;uk H?:l QD(UZ) Wk+1DO a

but R? = N?~2¢ <« N172¢ W <« N€ and log R ~ log N < N°¢ for all € € RT, giving the required
result. O

We derive an asymptotic bound for S5 in a similar way but we first need to break it
up. Define

Sém) = Z 1[@(” + hm) Z )\dl,...,dk (66)

N<n<2N di,...dy
n=vg (mod W) di|n+h;

12



All we have done is to break up the set H as the parameter to the GPY sieve term

Sy. Clearly we have Sy = 2:1:1 Sém) and our next lemma gives us a bound for these
summands.

Lemma 13. Let

i = ([Tutten) 3 ot @)

1yernslr
dm=1
where g is the totally multiplicative function defined on primes by g(p) = p — 2. Also let
yr(nn;; = Sup,, .. \yfflﬂ) |- Then, for any firted A € RY, we have

..........

m) )
Yri,ir (m)\2 k—2 k—2
Sém) _ ( k) L0 <<ymax) e(W)*2N(log N) >

AN eN 2 11 g0 WD,

T1yeesTh
2
ymaxN
+0 ( (lOgN)A). (69)

Proof. As before we expand out the square and swap the order of summation in Sém) to
give

S = 3" Mpediravea D Lt hy). (69)

di,..., dy N<n<2N
€1,...,dg n=vg (mod W)
[di.es]|n+h;

As with the estimation of S; we can use the Chinese remainder theorem to write the
inner sum as a sum over a single primitive residue class modulo ¢ = WHle[di,ei] if
W, ldy,e1], ..., |dy, ex] are pairwise coprime. Also note that the inner sum equals 0 unless
[dy, €] = 1. Then the inner sum contributes

Y nthy) < D> 1p(n) +0(1)

N<n<2N N<n<2N

n=ap (mod q) n=ag (mod q)
1 1
=— Y L)+ Y Lm)-—= Y Ilpn)
v(9) N<n<2N N<n<2N v(q) N<n<2N
n=ag (mod q)
+ O(1)
1
< oo 2 )
go(q) N<n<2N

o | Y L) - —— S ()| +0(1)

(a0)=1| N<p<on 90(6]) N<n<2N
n=a (mod q)
XN
= —— +O(E(N,q)). 70
©(q) (B, 9) )

where

N<n<2N

E(N,q) =1+ sup |A(lplnaony;a, q)l. (72)

(a,9)=1

13



m XN * )\d wd /\e ..e
Sy = et 4 O st Aer,nen E(N @) | (73)
SO(W) dlzzwdk Hi:l @([di’ e’]) d17Z~7dk
€1,k €1,k
dm=em=1

Looking at the error term we see that, by the restricted support of A4, 4, we only need
to worry about Hle d; < R. I.LE. when ¢ < Hle die; < R?*W with ¢ being square-free.
Combinatorially, if r is square-free then there are no more than os;(r) choices of dj,

., dg,eq,..., e for which W Hle[di, e;] = r. Then the error term contributes
< Youx(log R)* D~ u(r)* o (r) E(N, 7). (74)
r<R2W
Trivially we see that E(N,r) <1+ Z(N) < - Using Cauchy-Schwarz and the fact that

the primes have level of distribution 6 this error term is

1/2 1/2
<<yﬁ1ax(10gR)2’“( > M(T)203k(7’)2¢](\;>> ( > M(T)2E(Na7’)>

r<R2W r<R2W
2 2%k 1/2 201\0(1) N2
log R N=log(R“W —
<< ymax( Og ) X Og( ) X (10g N)A
2
Yo N
max 75
< {log N)A (%)

for any fixed A € RT with the penultimate step coming from standard multiplicative
function means.

We treat the main term similarly to in the previous lemma and rewrite the condition
(d;, e;) = 1 by multiplying through by Zs” dive;) (s;). Again we can restrict the s; ; to
be coprime to u;,u;, s;, and s, for all @ # ¢ and b # j and denote the summation with
respect to these restrictions by Z* Using the fact that d;, e; are square-free we get a
main term of

* >\d1 ...dk)\e1,...,ek
u; Si.m T 7
90( ) Z (Hg >Z H o) Z [Tizs w(di)p(ei) (7o)

uy,- “?i,j' 1<I,;m<k dy,...,dg
i#] I#m €1,.-,Ck
u|(di,e;)

Sij I(divej)vv'i?éj

m=em=1

where the product of the g(u;) comes from equation (17). Now let

T (Hu ri)g n) 3 ﬁ (77)

d17 7dr
ri|d;
dm=1

and note that this will be 0 unless r,, = 1 and unless the r; are all square-free. Substituting

this into we get

2 (5

ulv- ’

* /’1’ m m
) Z H . ya’17) a‘kylglz)7 <78)
Si,j 1<i m<k b
i#£] l;ém

14



where a; = u; H#] sj; and b; = u; H ;sij for each 1 < j, < k as before. Arguing as in
the preceding lemma we ﬁnd that the contrlbutlon from s; ; # 1 is of size

k-1
(m)\? "
O ] (5 st (ot
QP(W) 10g N u<R g(u) Si >Do s>1 S
(u,W)=1
(m))* k—2 k—1
(ym) (W) 2N (log R)*~ )
< WH+1Dglog N (79)
Thus
2 2
g(m) XN Z <yz(LT)uk> o (Z/I(nn;2c> ©(W)F2N(log R)F1
2 = B e —
SO(W) UL y.een Uk H']::I g(ul) Wk 1D0
2
ymaxN
o ((log N)A> (80)

for all A € R*. Finally, by the prime number theorem, Xy = % + O <(logN)2> This

error term contributes

k—1
2 2
(shik)” N M (k) (W)~ 2N (tog )2
S v 'S < (81)
(W) (log N)? g9(u) Wh=3

u<R
(u,W)=1

which is absorbed in the first error term above due to log R being significantly bigger than

Dy, finishing the proof. U
Lemma 14. Ifr,, =1 then
Yri,ePm—1,Gm T g1,k (ymaxgo( W) log R>
S E +0 82
e — () WD, (82)

Proof. Substituting (58|) into the definition of yrl r. We get

.....

(m)  _ u . p(d;)d; Yar,....ax 33
Yryre = HM(H‘)Q(H‘) dz L. o(d;) az Hk,— (83)

=1 Lyeeny dy, =1 1yeees ag =1 ¢<a1)
rild; 018
dm=1
Now, by changing the order of summation, the sum over d, dj equals
k
Yay,....a p(di)d;
T (84)
al%;lk [Tisy v(ai) dl;ik (E p(d;)
il ri|d;la;
s

Z I (ai)dz (H o(d;r;) ) (85)



Note that, due to multiplicativity and the fundamental theorem of arithmetic

_ Kp)p
‘pr,!(”wp))
_qple-b-v»
_g P~

—1
=11, (86)

plr

Looking specifically at the sum over d we see that, by switching order of summation
and product, equals

wldiri)dir; i u —1
1Pt | Sl W |
i#=md;la; /T; pla;/ri

H /'L Tz Tz az/rz)
T CLZ

itm /i)

H 2l “Z “ (87)

i£m

where the splitting and recombining of the multiplicative functions holds due to the fact
that the a; are squarefree (else the contribution is 0). Substituting this back into (85

and then (83| gives
r 7" Yay,...,ax ,u(az)
g (H“ Hot Z>az T ) AL #0e) o

By the restricted support of y,, ., we can specify that (a;, W) = 1. This implies that
(a;/r;, W) = 1 which, in turn, implies that either a; = r; or a; > Dyr;.
For j # m the total contribution from a; # r; is

7

< Yinax (Hg(m)m) M M ) 11 ZM

i=1 am<R 1<i<k \rq|a;
(am,W)=1 i#£j,m
k
Ymax (W) log R r g(ri)rs
< WD() H (Ti)2
Ymaxp(W) log R
< 89
WD (89)
by standard results on the mean values of multiplicative functions and noting that Hp‘r (g f;g’ =
I pziT;—i-l < 1. Thus the main contribution is when a; = r; for all 7 # m. This gives
k
(m)  _ g(rs) Yriseorm—1,am Pm+ 15057k (ymaXSD(W) log R)
D (T 3 s 0
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due to the u(r;)? term getting absorbed into g(r;). Note that
9P)p _ 1

=l

w(p) pPP=2p+1

implying that the whole product is equal to 1+ O (p~2). Furthermore, as the contribution

is zero unless Hle r; is coprime to W we must have p > Dy. This then gives a second

error term of size
ymax 1
<

=1+0(p?), (91)

Ymax 10 R
< D(Q)
Ymax W log R
_ 92
<" Wb, (92)
completing the proof. O
4.2. Choosing y. We will now define
log ry log 1,
I e Y
yl ~~~~~ k <10gR 10gR (93)

whenever r = [[¥_, r; satisfies (r, W) = 1 and pu(r)? = 1 for some piecewise-differentiable
function F' supported on the k-simplex

It is not hard to see that this choice of y satisfies all of our support conditions and we
can now develop some slightly more explicit bounds for S; and Sy which is what we spend

the rest of this chapter doing.
Lemma 15. Define
oF
. 95
i ) (95)
Then we have
W)*N(log R)* F? W) N (log R)*
sy~ SN R o (BN N 1Y .

(t1, ..., tk)

i=1

k
Fame = sup <|F<t1,...,tk>| +>
WkHDg

where 1 1
Ik:/ / Flth, ... )%, .., dby (97)
0 0

Proof. By our definition of y we clearly see that

Ymax = sup |F(t17 SR )tk)| S Fmax (98)
(tl ..... tk)e[O,l]k

so, substituting our choice of y into the expression for S given by Lemma [12] we get
k 2
N pw(u;)? log u, log u,
S1=— F ey
W 2. (H o(u;) log R log R

o (W)*N (log R)*
+0 ( D, ) . (99)
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Any integers a and b with (a, W) = (b, W) = 1 but (a,b) # 1 must share some common
prime factor which is greater than Dy. Therefore we can drop the condition (u;,u;) =1
by introducing an error of size

p‘ui,u]‘
(ulvw)fl
2
< FraxV 3 1 fu(u)?
—1)2
4 p>Do(p 1) u<R @(
(u,W)=1
FraxN < @(W)*(log R)*
2 o & i
p>Dog
1 2aXsD(W)’“N (10g R)*
< WD, . (100)
by standard estimates on the mean values of multiplicative functions.
We now deal with the sum
k 2 2
i 1 1
Z HM(U) F(Ogul,‘“’ Oguk) (101)
wii Gy o(u;) log R log R
(u,W)=1
Let k = 1 and suppose that
_ 1 pw
v(p)—{ 0 p|W (102)
1
L= 221 0(1) < log Ds. (103)
pIW

Then h(p) = pW(f()) = (p)~! whenever (p, W) = 1 and 0 otherwise so, when extended

multiplicatively, h(n) = ¢(n)~! whenever (n,7W) = 1 and 0 otherwise. Also note that
L > 0 and, by Chebychev’s inequality ,

1

S P g2 ~log S —log = +0(1) = O(1). (104)
P w w w

w<p<z

W

All the conditions of Lemma 40| are thus satisfied and we can apply it k times to (101))
which then equals

w(W):él:g R )40 (Fﬁlaxgo(W)’“(l%% Do)(log R)k_l) | (105)
as we would have )
-I(-77) ()
- 1;[ p —]iy(p) § SD;W
_ % (106)
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4

Substituting this into
We get a similar result for Sy

Lemma 16. Using the notation from the previous lemma

p(W)*N(log R)*' Frax®(W)EN (log R)*
Jy(F)+0
Wk+llog N k WkE+1D,

1 1 1 2
ka)(F):/O /0 </0 F(tl,...,tk)dtm) dty .. b rdtpyr . . . dtg. (108)

Proof. By substituting our choice of y into the expression given by Lemma [14] we get

wo_ oy u(u)2}7 <10g71  logrmoy logu logrmii 10g77“> (109)

Sim = (107)

where

o(u) logR> 7 logR ’logR’ logR '~ ’logR

u<R
(u,W Hle ri)=1

We can use estimates of multiplicative functions on this to bound y&”;i asymptotically
above by Fiaxp(W)(log R)/W.
Now set k =1 and

1 pJ(WHl.C_lri
_ 5 i= 110
0= o
log p log p loglog R
L=0(1 oo
(1) + E ) < E p + E log R
pIW T ri p<logR pIWITTE 7
p>log R
< loglog N (111)

as the p < log R sum will dominate over the second and R < N. Also h(n), defined in
the same way as in the previous lemma as 1% and extended multiplicatively, is now

equal to £ En) whenever n is coprime to W Hl L Ti--

As in the previous lemma we note that > _ . (logp)/p — log(z/w) is bounded in
magnitude by a constant and so all the conditions of Lemma [40] are satisfied and we

apply it once to (109) to get

g —1og RPW) (ﬁ 90(7“”) E™ 10 (Fm%ﬂl/)) logR) (112)

as, similarly,

S — (WHZ 1TZ) (113)

WHz ITZ

Now, substituting this back into the result from Lemma [13] remembering that gives

W)N (log R)? 1(r)2o(r) ,
s = & F(m)
2 W?2log N Zrk 1_11: Tz)TZQ 1y rk)
(ri, 7W,)fl =
(Tz TJ) 1
rm=1

+ o FhaeW)"N(log )}
Wk+1 D, )

(114)
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Similarly to before, we can remove the condition (u;,u;) = 1 with an error

F2 N k ,M(Ul)290(ul)2
g maxt Z Z H ) "pl)”
W p>Do ui,...,up <R I=1 g(w)u;

plui,u;
(ul,W):l

k—1
2

Fr?laxN (p - 1)4 ﬂ(U) QD(U)2
<2 <<p—2>2p4) 2

poDo eSO
(u,W)=1
F2.o(W)EN (log N)*
< WD, (115)

again, by multiplicative function estimates. We now look at the sum
pu(ri)* o (r:)? (m) 2
Z H g(rz),rzz (FTl ..... T‘k) (116)
T1yeersTm—1,"m—+1,--Tk 1<z§k

and estimate it using Lemma [40| £ — 1 times, on each of them ry,... 70 1, "mit, ..., Tk
in turn. We do this, as a slight correction to [13], with x = 1 and set

_ _pP-3p+l
'y(p> = { 1 p3—0]?2—2p+1 ’]];TMW/ (117)
1
L=01)+Y 2 «log D, (118)
pIW
?0 i;ﬁ(/?;) :1% = % whenver p { W and is 0 otherwise. So h(n) = g‘p(gz; whenever
n,W)=1. Also

c-n(-) (-}

p

pIW
p(W)
119
< W (119)
Then, as before
1 1 1 2 -3p+1
T 7(p) 8P 1op = 3 08P 10| - 3 ogp 329 : P+
w<p<z p w w<p<z w w<p<z p p=p° = 2p+ 1
W P W
< 1 + Zn—Q-‘re
neN
=1+¢(2—¢)
<1 (120)
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for all small enough € € R*. So we get

m) _ (W)*N(log R)*' () Fraxp(W)*N (log N)*
Sy = W log N Jp '+ 0O WD, (121)
where
1 1 1 2
Ji = / / (/ Flth,... ,tk)dtm> by, b 1 dbney, iy (122)
0 0 0
as required. O
Putting these results all together while noticing that 1/Dg — 0 yields
Proposition 17. With the notation as before, there exists some choice of A4, .. 4, Such
that
(1+0(1)p(W)*N(log R)*
S, = T I (F) (123)
k
~ (I+0(1))p(W)*N(log R)*! (m)
Sy = W TIog N > RM(F (124)

m=1

provided that neither I(F') and J,gm) are zero for any m.

5. BOUNDED GAPS BETWEEN PRIMES

We are almost in a position to prove the main results of Maynard’s paper but we first
need a preparatory result

Proposition 18. Let the primes have level of distribution 6 € (0,1) and let Sy denote
the set of piecewise-differentiable functions F : [0,1]* — R supported on the k-simplex Ry,

with I,(F) # 0 and Jlim) # 0 for all m. Also let

_ Sk I(F) oM,
M’f‘??&( LE ) T’“‘{ 2 W (125)

Then there are infinitely many integers n such that at least ry. of the elements of n+H
are prime. In particular,

lim inf(pysp,—1 — pr) < max (h; — hy) (126)

n—00 —1<i,j<k

Proof. Let R = N?%279 for some § € R, as before. Then, by definition, we can select
some Fj € S}, such that

Z J" > (Mg — 0)I1,(Fo) (127)

Now let p be some positlve real number and recall that S = Sy — pSs. Then, using
such that

----- k

(W)*N(log R)* (log R
Wk-i-l 10gN Z ‘]k FO p[k(F()) + 0(1)

©(W)*N (log R)*I(Fy) 0
. (<5 -

g_ ¥

= Wk

My,

) (My —3) — p+ 0(1)> . (128)

— ¢, for some € € R, then

(g—é)(Mk—é)—p:6—5(g—Mk+1> (129)

Ifwesetp—a
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which is positive for small enough §. Then, as the fraction in (128)) is also strictly positive
we must have that S > 0. So, as noted previously, there must exist an N < n < 2N such
that at least [p+ 1] primes in n + #H. Also note that [p+ 1] = [%W as long as € is
sufficiently small.

As this holds for any interval [N,2N) we obtain the liminf result. O

The M, are a ratio of k-fold integration so, as one might expect, their calculation is
rooted deep within the study of the calculus of variations. This is beyond the scope of
this work so we will have to content ourselves with taking other people’s calculations [13]
[24] at face value. Our best known values are

o My > 2;
o Msg > 4;
o M >logk + 2loglog k — 2 for sufficiently large k.

Then
Theorem 19 (Maynard-Polymath). Unconditionally we have that
lim inf(p,+1 — pn) < 300 (130)
n—oo

and, on assuming that the primes have level of distribution 8 =1 — € for every e € RT,
lim inf(p,1 — pp) < 12 (131)
n—oo
lim inf(py42 — pn) < 300. (132)
n—o0

Proof. By Theorem [11| we can take § = 1/2 — € for all e € RT. Then

0 Msg Msg  €Msg
= — 1
2 4 2 (133)
can be made to exceed 1 by choosing € to be sufficiently small, as Ms9 > 4. By Proposition
this gives

o B < o
hggf(pnﬂ Pn) < 1;2]52(59@1 h;) (134)
for some 59 element admissible set. There exists such an admissible set H[Jwhose diameter
is 300, proving the first part.
The results for the primes having level of distribution # = 1 are almost identical except
that you get
6M5 M5 €M5
—=———>1. 135
2 2 2 (135)
The required 5 element admissible set is given by {0,2,6,8,12} O
In generality, we can look for a result for general prime pairs, consecutive or noncon-
secutive. Unfortunately we are currently unable to obtain an effective inequality so we
must content ourselves with an asymptotic one.

Theorem 20 (Maynard). Let m € N. Then

Hm inf(pym — pn) < mie™. (136)
n—oo

1An example is given by {0, 4, 6,16, 18,28, 30, 34, 36, 46, 48, 58, 60, 64, 66, 70, 84, 88, 90, 94, 106, 108, 114,
118,126, 130, 136, 144, 148, 150, 156, 160, 168, 174, 178, 184, 190, 196, 198, 204, 210, 220, 226, 228, 234, 238,
240, 244, 246, 256, 268, 270, 276, 280, 286, 288, 294, 298, 300}
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Proof. Consider the case where k is large. For this proof any constants implied by as-
ymptotic notation will be independent of k.

By the Barban-Bombieri-Vinogradov theorem, we can take § = 1/2 — € and so, by our
explicit expression for M, we have, for sufficiently large k:

QMk 1 €
— > -—==](1 — 2log1 —2). 1
5 _(4 2)(ogk oglogh — 2) (137)
Set € = 1/k and then, by Lemma [41]
OM
—tsm (138)

2

if & > Cm?e? for some C, independent of k and m. Then, for any admissible set
H = hy,..., h, with k > Cm?e*™, at least m + 1 of the n + h; must be prime for infinitely
many integers n.

We can choose our set H to be equal to {pr)41 + - + Pr(k)+x}- These are all prime
and not divisible by primes less than & so, for primes p < k, pry+; Z 0 (mod p). Also
note that H only has k elements so there must be an open residue class modulo any
prime greater than or equal to k. Therefore this choice of H is indeed admissible and has
diameter

Pr(k)+k — Pr(k)+1 <K< klogk (139)
by the prime number theorem.
Thus, if we take k = [Cm?%e'™], we get

minf (p,m — pn) < klogk < m?e*™(2logm + 4m) < m3e'™ (140)
n—oo
as required. O

With a very different tone — combinatorial rather than sieve theoretic — to the rest of
his results, Maynard proved one final result concerning the density of these prime tuples.
We will denote by P,, the set of all m-tuples hq, ho, ..., h,, such that all of n+ hy,n+ hs,
...,n + h,, are simultaneously prime infinitely often. Then we have the following result.

Theorem 21 (Maynard). Let m € N and let r € N be sufficiently large, depending on m.
Also let A be the set of all tuples of r distinct integers. Then

#{(h1,...,hp) € A:(h1,...,hp) € Pp}
#{(h1,. .. )}

That is to say: a positive proportion of m-tuples are simultaneously prime infinitely
often.

Proof. Let m be fixed and define k = [C'm?e*™], as before. If {hy,..., hy} is an admissible
set then there is a subset {h},...,hl.} C{hq,...,h,} such that there are infinitely many
integers n for which all of the n + h; are prime.

Now let A5 be the set starting with A and then, for every p < k, removing all elements
of the residue class modulo p with the fewest integers. Then, for each prime, at most 1/p
elements will be removed. Thus

#A > ][] (1 - 1) >0 T (142)

p<k p

S 1. (141)

as the number of primes less than or equal to k will depend only on m. Moreover, any
subset of A, of size k will be admissible as it cannot cover all residue classes modulo p
for any prime p < k. Write s = #.A4, and, as r is sufficiently large, we may assume that
s> k.
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Now there are (Z) sets H C A, of size k. Each of these is admissible due to the fact that
As is admissible. Therefore these must contain at least one subset {hf,..., k! } which
are simultaneously prime infinitely often.

Conversely, any admissible set B C A, of size m is contained in (2:%) sets H C A, of
size k. Thus there are at least

(Z> (Z _ Z) - le((i - Zﬂ;)il((;__g: = ﬁ Z :i- > 8" > " (143)

i=1

admissible sets of size m which are simultaneously prime infinitely often.
As there are (T’;L) < 7r™ sets {hi,...,hn} C A we then get

m

24> [] (1 - 1) S ::—m S T (144)

p<k p

6. BEYOND BOUNDED GAPS

So we have these beautiful results but what now? The Polymath project has further
improved upon these bounds, getting 246 as the bound for consecutive primes and

i inf [Py — Pp| <€ meld=5/2839m (145)
n—oo
unconditionally[I8]. Furthermore, if we consider how we arrived at the Barban-Bombieri-

Vinogradov theorem then there is the following natural generalisation to the Elliott-
Halberstam conjecture:

Conjecture 22 (Generalised Elliott-Halberstam). Let ¢ < M, N < z'~¢ be such that
<< MN < x and let o, B be coefficient sequences at scale M and N respectively. Then

> sup(a,q) = 1|A(a* f;a,q)| < z(logz) ™" (146)

q<az?
for any fized A € RY and for all § € (0,1).

Under the assumption that this holds, Polymath have proven that we have bounded
gaps between primes of size 6 [18].

Also, if we suppose that we have proved that any admissible set of size k has infinitely
many translates that contain p primes then we can verify Conjecture [I] in a few specific
cases.

Lemma 23. Let k > 59 and d = Hpgkp. Then, for every N € N,
{dN,2dN, ..., (k—1)dN} (147)
contains at least one Polignac number.
Proof. Consider the set
H ={0,dN,2dN,...,(k—1)dN}. (148)
If we take any prime p < k then, for all o € H, we have p|h. Id est
h=0 (mod p) (149)
for all p < k. Furthermore, if p > k then H cannot occupy all residue classes modulo p

as there are only k elements. Therefore H is admissible.
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As k is large enough we know that there are infinitely many translates of H which
contain two primes infinitely often. Therefore there is some pair (n;dN, nodN) which are
simultaneously prime infinitely often, and the difference between these must be one of the

elements of the set ((147)). O

Let ¢ € N and consider the sequence given by n =0 (mod ¢). This has a subsequence
given by n =0 (mod ¢d) where d = 59#. This, in turn, has the subsequence

(qd, 2qd, . .., 58¢d), (59¢d, 2 x 59¢d, . .., 58 x 59q¢d), ... (150)

where each of the parenthesised terms contains a Polignac number by the above theorem
so we have proven [10]:

Corollary 24. There are infinitely many Polignac numbers on any arithmetic progression

of the form
q,2q, ... (151)
for all ¢ € N.

As there is only one even prime number we cannot have odd Polignac numbers, and
we will call the arithmetic progressions containing only odd numbers trivial, but we then
have the question as to whether the following statement is true.

Conjecture 25. Every non-trivial arithmetic progression contains infinitely many Polignac
numbers.

Theorem [23| implies the conclusion of Pintz’ (Theorem [3) but in a more effective form.
We can reduce the value of k on improvement in our knowledge of the M) values and,
specifically, under the assumption of the Elliott-Halberstam conjecture we know that one
of 30,60,90 or 120 is a Polignac number and, under the generalised Elliott-Halberstam
conjecture, one of 6 or 12 is a Polignac number. This very clearly shows.

Theorem 26. Polignac’s conjecture is true if and only if every admissible tuple of size 2
s prime infinitely often.

By using Pintz’ result that every interval of the form [m,m + C] contains a Polignac
number if C' is large enough we can calculate a lower bound for the upper asymptotic
density of the set of Polignac numbers P.

n—00 n
U P —1)C,iC]
> lim sup . (152)
n—00 n

All of the intersections above are non-empty but they might count some Polignac numbers
twice so this is

n/eq
> lim sup Z—:l
N—00 2n
-1
> lim sup n/c
n—00 n
1
= —. 153
5 (153)

So the upper asymptotic density is positive and we can apply Szemerédi’s theorem [19]
[25] to show [10]
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Theorem 27 (Hanson, 2014). The set of Polignac numbers contains arbitrarily long
arithmetic progressions.

This has the following natural generalisation:
Conjecture 28. The Polignac numbers contain infinitely long arithmetic progressions.

One might also ask whether the Selberg sieve techniques used in the proof of bounded
gaps have applications to other problems related to the distribution of primes such as the
binary Goldbach conjecture. Analytic number theory is certainly advancing quickly and
only time can tell us what the limits of these techniques are.

A. LARGE SIEVE THEOREMS

Here we gather together a collection of results needed to prove the large sieve inequality
and the Barban-Bombieri-Vinogradov theorem.

Lemma 29 (Sobolev-Gallagher Inequality). Let g have a continuous derivative on [0, 1].

Then .
o(3) = [ (a0 + lcon) a (154)

Proof. Using integration by parts
[ stwa=tego - [ =g - [ g (155)
and, by the fundarr?ental theorem of calcglus 0
g(x) + /; g'(t)dt = g(z) + g(1) — g(x) = g(1) (156)

for x € [0,1]. Substituting out ¢g(1) and rearranging to put things in terms of g(z) we
find that

g(m):/o g(t)dt—i—/oztg'(t)dt—i—/ (t—1)g'(t)dt. (157)
Setting x = 1/2 gives

o (3)| < [ s [ g [ o oo

1 1/2 ¢ / N
< [lowiae+ [ Slg@lar+ [ Sl
0 0 1/2

< [+ § [ g
< [ (1s1+ 3 ) (158)

due to the fact that ¢t and 1 — ¢ are less than or equal to 1/2 on [0,1/2] and [1/2,1]
respectively. 0

Lemma 30 (Parseval’s Identity). Let f be a function with Fourier series f(x) = 5= > oo cpe(nx)
where ¢, = [ f(x)e(—nz)dz. Then

n=—o00 —a

a

f(a)Pda (159)
whenever a = q/2 for some q € Z.
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Proof. Let Sy(z) = & N yene(nz). Then, if || - || is the norm over L2[—a, a:

Lf = Snll* = {f, f) = (Sn: )" = (Sw, f) + (S, Sw)
a N a N
AP = [ g 3 melna)f@)dn = [ oo ST evelna) (o)
a N N
+/ % Z cme(mx)i Z cpe(—nx). (160)

As all of our sums are finite they converge and we can exchange the order of summation
and integration to give

1717 - 5 Z o~ o Z i z Z e / dr. (161)
—N n=—

If m#nthenm—n=A¢€cZ" and

“ 1
/a e(Ax)dr = 27rz'A[ e(Ax)]s__, =0 (162)

whenever a is of the form ¢/2 for some integral q. However, if m = n, then the integrand
is 1 and so the integral is 2a giving

a 1 N
I£ = Sxll = [ 1@ = 50 3 el (163
e n=—N

To finish the proof we simply note that Sy — f as n — oo implying that || f — Sy|| —
0. O

Theorem 31 (Gallagher’s Large Sieve Inequality). Let oy, g, ..., a5 € R and ay,ao, . . .,
ay € C be two finite sequences with

d :=min |la; — oyl #0 (164)
J#k
where ||a|| is the distance from a to the nearest integer. Then
J | M4N 2 M+N
DY ane(nay)| < (@N+67") D anl” (165)
j=1 |In=M+1 n=M+1

Proof. Let g(t) = f(a+ 6(t — 3)) and suppose that f has a continuous derivative. Then
g has a continuous derivative and, by the Sobolev-Gallagher inequality:

w=s )< [ (b{orsle D)oo D))

— [ (001 + S ) du (166)
) 2

—6/2

Let S(a) = 32N ane(an) and set f(a) = S(a)?. This has a continuous derivative so

n=

a+5/2
Z 15(ay)[? < Z / 57UIS () ? + |5 ()8 (1))

-—5/2

< / (671S(w) + ()5S (u) ) du (167)
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as the intervals [a; — 0/2, a; + 6/2] are non-overlapping modulo 1 and S is periodic with
period 1. By the Cauchy-Schwarz inequality

2

/01 |5(u)S" (u)|du < (/01 |S(u)|2du) " (/01 |S’(u)|2du> ! _ (168)

On changing variables we see that
1
S -
(u + 2)

[ 1stwpan= [ //
s <u + %) _ n_ZN_:N e ((u + %) n) _ _iv (ane Gn» eun)  (170)

Calculating directly we get

2

du. (169)

and

s (u + %) - n:iN orin (ane (%n)) e(un). (171)

Using Parseval’s identity with a = 1/2 gives

1/2 L N 1\ 2 N
_ _ 2
/_1 ) S <u—|— 5) = Z ane (én) = Z || (172)
/ n=—N n=—N
and
[l (5] = 3 Jorinae (3)] = 30
S’ (u + —) = 2minaye (—n) = 47? Ina,|*. (173)
—-1/2 2 n=—N 2 n=—N

Putting these values back into (167)) and using Parseval’s identity again we get
1/2

e [ wsorene (1 ]s (o)) (/7] (0+2))

N N 1/2 N 1/2
<6 anl? + 2m < > W?) (Z |nan\2>
n=—N n=—N

n=—N

1/2

<@ +27N) Y Janl (174)

n=—N

Note that 2[N/2] < N so, defining any extra a, to be 0 if necessary:

J | M+N 2 g | N2
YUY ane((ay=[IN/A=M—=1)n)| =D | Y aninasae(nag)
j=1 In=M+1 j=1 [n=—[N/2]
[N/2]
SO THAN) D sl
n=—[N/2]
M+N
<@ AN D> anl (175)
n=M-+1
completing the proof. 0
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Lemma 32 (Heath-Brown Identity). Let K be some natural number. Then

J

K i 4
A= (—1)j< ,),u*Kj*/ﬂS*l*Kl*log (176)
Jj=0

on [1,2z], where u< is the Mébius function restricted to [1, (2z)Y%] and f*™ is the n-fold
convolution of f with itself.

Proof. Using the identities that A = p * log and § = p x 1y, where 6(n) = 1, is the
identity for Dirichlet convolutions, we deduce that

A= % 1 < log. (177)

Writing @ = pi< + p~ where pu< and p- represent the restriction of the Mobius function
to [1, (2z)"/5] and ((2z)"/¥,c0) respectively, we notice that the K-fold convolution pf
vanishes on [1,2z] and, in particular,

% 1 % log = 0 (178)
on [1,2z]. Now, as Dirichlet convolutions distribute over addition, we can generalise the

binomial theorem to Dirichlet convolutions. Specifically:

K
P = (= pe)*

_ z}_ly (5o (179)

Putting this back into equation ((178]) we get

K

0= (=10 . )™ 5 pl + 13" xlog (180)
j=0 J

on [1,2z]. But the j = 0 term is simply A so the lemma follows by using the fact that
Dirichlet convolution is a symmetric operation and remembering the cancellation identity
M x 1N =9. [

B. COEFFICIENT SEQUENCES

Definition 33. A coefficient sequence is a finitely-supported sequence o : N — R such
that

la(n)| < U(n)o(l)ﬁo(l) (181)

Definition 34. If « is a coefficient sequence and a (mod ¢) is a primitive residue class
then the signed discrepancy A(q;a,q) of « in the sequence a (mod ¢) is given by

Mesag)= Y ol — O aln) (152)

pla)

n=a (mod q)

Definition 35. A coefficient sequence « is said to be at scale NV for some N > 1 if it is
supported on some interval of the form [(1 — O(L=49))N, (1 + O(L~4°))N].

Definition 36. A coefficient sequence « at scale N is said to obey a Siegel-Walfisz theorem
if
Aol g=13a,1) < a(qr)?VINLA (183)

for any ¢,7 > 1, A € R" and any primitive residue class a (mod ).
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Lemma 37. Let o be a coefficient sequence and let C € RT. Then

> led)|” < 29, (184)
d<zC®
Proof. Beyond the scope of this work but can be found in [23]. U

Proposition 38. Let o, 3 be coefficient sequences and let a be a primitive residue class
modulo q. Then

AlaxBia,q) = @ Y. Xl (Z(ax)(m)) (Z(ﬁx)(n)) : (185)

x#Xxo (mod q) m=1 n=1

Proof. By expanding out the sums and remembering that Dirichlet characters are totally
multiplicative:

m=1 n=1 m=1 n=1

(Z(ax)(m)) (Z(ﬁx)(@) =Y > alm)B(n)x(mn). (186)

Changing the first sum to be over £ = mn this is equal to

Z X(k) Y a(d)B(k/d) =Y (ax B)(k)x(k). (187)
dlk k=1
Thus the right-hand side of (185 becomes
1 - 1
Wx(gq)X( );(a*ﬁ)( _W; ax B3)(k)xo(k). (188)

The primitive Dirichlet character modulo q is equal to 1. 4 so the right-most term is

LS (axp)h) (189)

©(q) i)

and the left-most term is, upon switching the order of summation and recalling the or-
thogonality relations for Dirichlet characters

o0

1 _
D laxBk) s D Xax= D (axB)k). (190)
k=1 X (mod q) k=a (mod q)
Summing these last two equalities gives the required result. 0

We will use these results to prove a generalised form of the Barban-Bombieri-Vinogradov
theorem

Theorem 39 (Generalised BBV). Let M and N be such that v < MN < x and z¢ < M,
N < z'7¢ for some fized ¢ € (0,1). Let a, 3 be coefficient sequences at scale M, N
respectively. Suppose also that B obeys a Siegel-Walfisz theorem, then

sup  |AlaxBia,q)| < 2L (191)

g<zl/2—o(1) WE(2/A2)"

for some sufficiently slowly decaying o(1) and any A € RY.
Proof. Set Q = 2'/27¢ then, by the overspill principle (Lemma ??), it is sufficient to show
that

sup  |A(ax fBia,q)| < zL74. (192)
q<Q a€(Z/qQ)*
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Using Proposition 38 the left-hand side is simply

sip |— Y () (Z(ax)(m)) <Z(ﬁx>(n)>- (193)

g<Q 2€(Z/aL)” #la) X#xo (mod q) m=1 n=1

By the definition of imprimitivity we can rewrite every character in the above sum in
the form x(n) = x'(n)1(se)=1 Where ¢ = de and X’ is a primitive Dirichlet character with
conductor d > 1. Then the above expression becomes

> D>, sw gp(iie) Y X (Z(axl(.,e)zl)(m)) (Z(ﬁx1<.,e):1)(n)) :

e<Q 1<d<Q/e a&(Z/qZ) X#Xo (mod d) m=1 n=1
(194)

Now, using ¢(de) > p(d)p(e) we can split up the totient function term. Furthermore, if
we define S, to be equal to

sup L Z (Z axlie=1) )) (Z(5X1(~,e)1>(”>>

a€(Z/qZ)* QO(d) n=1

1<d<Q/e X#Xo (mod d)

(195)
then ([194)) is equal to

1
Z ——8S, < LsupS.. (196)
= v(e) e<Q

Working with S, itself shows that, by the triangle inequality and the fact that the absolute
value of any Dirichlet character is at most 1, S, is no more than

(Z(axl(.ﬁ):l)(m)) (Z(ﬁxl(-,e)zl)(n)> ' ‘ (197)

m=1 n=1

> 5 X

1<d<@/e P\ stxo (mod a)

We now break apart the sum over d by dyadic decomposition. [.E. using the observation
that

[logs Q/€]
2w ) D«
1<d<Q/e k=0 2k<d<2k+1
< L sup Z aq (198)

D=Q p_4<ap

Putting these all together shows that ((194)) is asymptotically less than

o(1 1 *
£°0 sup Z w Z

eDsQ pg<op #x0 (mod d)

(Z(axl(~,e)=1)(m)) (Z(ﬁxlc,e):l)(n)) ‘ (199)
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Fix some C' € R* and suppose that D < £. Then, splitting the sum over the primitive
residue classes

Z B(n)X(n)l(n,e):l

< Z Z B(n)X(n)l(n,e)zl - So(ld) Z ﬂ(n)X(n)l(n,e):l

€(2/dzZ)* n=a (mod d)

13 B e

(n,d)=1

ABXL e ad)| +| Y Bn)x()1ge=|. (200)

(n,d)=1

< o(d
< ¢ )aeg%

We treat the first term using the Siegel-Walfisz condition (183 along with the fact that
¢(d) < d < L and the second using Lemma [37] to obtain

Zﬂ 1(ne) 1

for any A’ € RT. Note that, because A’ can take any positive value, we can ignore any bounded
contribution of £. So, multiplying this through by

> an)x(n) L1

n

< o(de)PM N L-A+OC), (201)

< MLOW, (202)

and using the fact that M N < = we get

Zﬁ

d)

1
<z sup Z 7( Z (de)o(l)
l;fQ D<d<2D "\ \#xo (m

< zL sup Z 7(de)®W

e<@
D<d<2D
p<cc P<d

<zl (203)

for all A’ € R™, by multiplicative function means. This is acceptable so we deal with the case
where D > £€. Then, again by Lemma

Z\a M) L.ey=1|* < MLOW (204)
Zw 1)1 (=1 |> < NLOW. (205)

Using the large sieve inequality and the Cauchy-Schwarz inequality gives us

T Y o % (Za(m)x( (me)= ) (Zﬁ )

D<d<2D X (mod ()d) m
o\ 1/2 o\ 1/2
1 * *
< Z W Z Z a(m)X(m)l(m,e):l Z Zﬁ(n)X(n)l(n,e):l
D<d<2D v (mod d) | m (mod d)

Z a(m)X(m)l(m,e):l

o\ 1/2
D<d<2D x (mod d) ) (D<d<2D<P(d)(modd
M+ D2\ 2 /N + D2\ /2
<<< > ( D ) > lam) L me)=1 ] S B0 1 gy
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£0o1)

1/2

< (MN(M + D*)(N + D?)) (206)

Again, using the fact that M N =< x we get
1/2 pO(1)
T < %(MN + MD? + ND? + D%)1/2
£1/2,00)
<
- D

< a0 (11) + N2 M2 x_1/2D> . (207)

((MN)1/2+M1/2D+N1/2D+D2)

But £ <D< Q=2a"**s0
T < 200 (L’*C +a )
< zL0M=¢ (208)

which, for large enough C, is <« xz£~4 for all A. Substituting both these values back into
(199) will only multiply by a bounded power of £ which we can safely ignore. This proves the
result. O

C. ASSORTED LEMMATA

Lemma 40. Let k, A1, Ay, L € RY and let v be a multiplicative function satisfying
7(p)

0< —~<1-4 (209)
p
and |
0 z
<y w—/{logagflg (210)
w<p<z
for any 2 < w < z. Also let h be the totally multiplicative function defined on primes by
1(p)
hp) = 211
) p—7(p) 21)
and, finally, let G : [0,1] — R be a piecewise-differentiable function with
Gmax = sup (|G(4)] — |G'(1)]). (212)
te(0,1]
Then
log d 1 kot
3w @?h(d)G (=2 = o loe?) / G ()2 + O, a, n(SLGmax(log 2))
“— log 2 L'(k) Jy o
(213)
where

c-n(-2) (-t

15 the singular series and the ‘O’ term is independent of G and L.
Proof. Found in [7] with slight notational changes. O

Lemma 41. Let k,m € N and suppose there exists some constant C € R", independent
of m and k, such that k > Cm?2e*™. Then

1 1
(4_1 — %) (logk — 2loglogk — 2) > m. (215)
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Proof. Suppose that the lemma does not hold. Then there is some k > Cm?2e*™ with

1 1
logm > log (Z — %) + log(log k — 2loglog k — 2)

1 1 log log k 2
=1 - — — log 1 1 1-2 — ) 21
og(4 2/<;)+Og ogk—l—og( log k logk) (216)
Now logk > log C' + 2logm + 4m so
1 1 log log k 2
>1 21 - — — loglogk +1 1-2 —
0>logC+ (og(4 2k>+ogog +og( log & logk:)>
2
-I—(l—E) (logk + 2loglogk — 2) — log k
1 1 log log k 2
=1 21 - — — 1 1—-2 — —1
0gC+ (0g(4 2k)+0g( log k logk> >
2
—E(logk—l—Qloglogk—Q)‘ (217)

This is continuous and tends to a finite limit and so is bounded. Thus we can increase
C sufficiently to violate this inequality for all k, yielding a contradiction. This implies
that the lemma must hold. [l
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