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Outline of talk

EQ codes: The Recursive Zonal Equal Area spherical codes,

EQP(d,N) C S¢, with |[EQP(d,N)| = N .

® Overview of properties of the EQ codes
® Some precedents

® Definitions: spherical polar coordinates, partitions,
diameter bounds

® The Recursive Zonal Equal Area (EQ) partition
® Details of properties of the EQ codes

® Separation and discrepancy bounds imply energy bounds
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The spherical code EQP(2,33) on S? C R?
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Geometric properties of the EQ codes

For EQP(d, N)

Good:
 Centre points of regions of diameter < O(N ~1/9),

® Mesh norm (covering radius) < O(N ~1/9),

e Minimum distance and packing radius > O(N ~1/4),
Bad:
* Mesh ratio > O(+/d),

°® Packing density < F’ZZ//Z e
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Approximation propertiesof the EQ codes

For EQP(d, N)

Not so bad?
* Normalized spherical cap discrepancy < O(N ~1/4),
* Excess normalized s-energy < O(N®/4°—1/d) for
0<s<d.
Ugly:

® (Cannot be used for polynomial interpolation:
not a fundamental system
- proven for large enough N, conjectured for small N .
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Relationshipsbetween propertiesof EQ codes

partition diameter — — —=> mesh norm

I ~

discrepancy

centres separation energy

| T~

no polynomial : :
interpolation packing density
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Some precedents

The EQ partition is based on Zhou’s (1995) construction for S?

as modified by Saff, and on Sloan’s sketch of a partition of S®
(2003).

Separation without equidistribution: Hamkins (1996) and

Hamkins and Zeger (1997) constructed S¢ codes with
asymptotically optimal packing density.

Equidistibution without separation: Many constructions for S2,
eg. mapped Hammersley, Halton, (%, s) etc. sequences.

Feige and Schechtman (2002) constructed a diameter bounded

equal area partition of S¢. Put one point in each region.
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Equal-area partitions of S¢ C R

An equal area partition of S¢ C R is a nonempty finite set P
of Lebesgue measurable subsets of S¢, such that

| R=-54,
ReP

and foreach R € P,

where o is the Lebesgue area measure on S<.
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Diameter bounded sets of partitions

The diameter of a region R C R9*?! is defined by

diam R := sup{||lx — y|| | x,y € R}.

A set = of partitions of S C R+ is diameter-bounded with
diameter bound K € R, ifforall P € E, foreach R € P,

diam R < K |P|~V4.
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Key propertiesof the EQ partition of S¢

EQ(d, N) is the recursive zonal equal area partition of S¢
into V" regions.

The set of partitions EQ(d) := {EQ(d,N) | N € N_}.
The EQ partition satisfies:

Theorem1. Ford > 1, N > 1, EQ(d,N) is an equal-area
partition.

Theorem 2. For d > 1, EQ(d) is diameter-bounded.
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Spherical polar coordinateson S¢

Spherical polar coordinates describe x € S¢ C R4t! by one
longitude, &1 € R (modulo 27r), and d — 1 colatitudes,

¢ € [0,x],for j € {2,...,d}.

The spherical polar to Cartesian coordinate map
®:R x [0, 7] — S4 C R s

@(519 £29 o« 7€d) — (wla L2g ooy wd—l—l)a

d d
where @, := cos&; H sing;, xT2:= H sin &,

d
Ty = cos Er_1 H sin¢;, ke{3,...,d+ 1}.

=k
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Spherical caps, zones, and collars

The spherical cap S(p, 0) C S is

S(p,0) :={qeS?| p-q=cos()}.

For d > 1, a zone can be described by

Z(7,8) := {O(1,...,€a) €S | La € [7, 8]},
where 0 < 7 < @ < .

Z (0, 3) is a North polar cap and Z (7, 7) is a South polar cap.

fo<rt<pB<m, Z(t,3) isacollar.
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EQ(3,99) Steps 1 to 2 EQ(3,99) Steps 3t0o 5

eF,l
A: 14.9... /\ 0.,
A

V(e) =V,
= o(S%)/99




Centre points of regions of EQ(d, \)

The placement of the centre point a = ®(«) of a region

R = @ ([7-17 /61] X eeo X [Tda /Bd]) 18

o 0, B1 = 71 (mod 27),
Y7 ) (71 4 B1)/2 (mod 27),  otherwise,

and for 7 > 1,

,
07 T — U,
(Xj::<7'r /Bj:ﬂ'a

9
\ (Tj =+ 53') /2, otherwise.
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Mesh norm (covering radius)

The mesh norm of X := {x3,...,xa} C S%is

mesh norm X := sup mincos ' (x - y).
yesd X&X

Since EQ(d) is diameter bounded,

mesh norm EQP(d, N) < O(NW~1/9),
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Minimum distance and packing radius

The minimum distance of X := {xy,...,xax} C S%is

min dist X := ;nlenx Ilx — vyl ,

and the packing radius of X is

rad X := min cos™*! 2.
P nin (x-y)/

It can be shown that min dist EQP(d, N) > (N—l/d),
and therefore ~ prad EQP(d,N) > O
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Minimum distance of EQP(4) codes
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N = number of points

Spherical codes with good separation, discrepancy and energy — p.17/2



Mesh ratio and packing density

The mesh ratio of X := {x1,...,xx} C S?is
mesh ratio X := mesh norm X / prad X.
The packing density of X is
pdens X := N o (S(x,prad X))/ o(S?).
Regions of EQ(d, N') near equators — cubic as N/ — o0, s0

mesh ratio EQP(d, M) > O(v/d), and

d/2

pdens EQP(d, N) < 24 T'(d/2 + 1)

(asymptotically).
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Packing density of EQP(4) codes
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N: number of nodes
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Nor malized spherical cap discrepancy

We use the probability measure o := o /o (S?).

For X := {x1,...,Xxx} C S? the normalized spherical cap
discrepancy is

XNS(y,0
disc X := sup sup | (v, 9)

—o(S(y,0))].
y€eSd 0€[0,] N ( (y ))

It can be shown that

disc EQP(d, N') < O(N /%),
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Normalized s-energy

For X := {xq,...,xa’} C S? the normalized s-energy is

N
E,(X) ::./\/'_ZZ Z 1% — x5

1=1 x; #£x;€X

and the normalized energy double integral is

I, = / Ix — y||~* d& (x)dé (v).
sd Jsd
It can be shown that, for 0 < s < d,

E.(EQP(d,N)) < I, + O(N®/~1/d),
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Separation and discrepancy imply energy

Theorem 3.

Let (X1, X3,... € N) be asequence of S¢ codes for which
there exist ¢;, co > 0 such that each

Xn ={xn1y---sXarn} Satisfies

1xars — Xargll > et N7Y9 (3 # 5)
disc Xy < ca N 79,

Then for the normalized s energy for 0 < s < d, we have for
some c3 > 0,

EJ(Xy) < I+ es N@/d71)a,
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d — 1 energy of EQP(2), EQP(3), EQP(4)
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For EQSP Matlab code

See SourceForge web page for EQSP:

Recursive Zonal Equal Area Sphere Partitioning Toolbox:

http://eqgsp. sourcef orge. net
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