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Outline of talk

EQ codes: The Recursive Zonal Equal Area spherical codes,

EQP(d,N) C S¢, with |[EQP(d,N)| = N

Overview of properties of the EQ codes

Some precedents

Definitions: coordinates, partitions, diameter bounds

The Recursive Zonal Equal Area (EQ) partition

Details of properties of the EQ codes

Separation and discrepancy bounds imply energy bounds
Separation and diameter bounds imply energy bounds
More details of properties (if time permits)
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The spherical code EQP(2,33) on S? C R?
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Geometric properties of the EQ codes

For EQP(d, N)

Good:
 Centre points of regions of diameter O(N —1/4),

e Mesh norm (covering radiusy O(N~1/4),

e Minimum distance and packing radius Q (N ~1/4).
Bad:

e Mesh ratio= Q(v/d),

d/2

T (/2T asN — oo.

* Packing density<
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Approximation propertiesof the EQ codes

Not so bad?
e Normalized spherical cap discrepaney O (N —1/9),
* Normalizeds-energy

(I, £ O(N /%) 0<s<d-—1
I. £ ONYelogN) s=d—1
ES=<I8::O(N8/d_1) d—1<s<d
O(log V) s=d
O(N#/d=1) s > d.

Ugly:
e Cannot be used for polynomial interpolation:
proven for large enougV', conjectured for smallV'.
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Relationshipsbetween propertiesof EQ codes

partition diameter — — == mesh norm
~ N

N

s N
discrepancy -

|
|
|
|
|
|
¥ _ Q
centres separation energy

T

packing density

no polynomial
Interpolation
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Some precedents

The EQ partition is based on Zhou’s (1995) construction ras
modified by Saff, and on Sloan’s sketch of a partitiorSéf (2003).

Separation without equidistribution: Hamkins (1996) araihtkins

and Zeger (1997) construct&t codes with asymptotically optimal
packing density.

Equidistibution without separation: Many constructions $2, eg.
mapped Hammersley, Halto(t, s) etc. sequences.
Feige and Schechtman (2002) constructed a diameter bogoged

area partition ofS¢. Put one point in each region.
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Equal-area partitionsof S¢ C R¢

An equal area partitiorof S¢ C R? is a finite setP of Lebesgue
measurable subsets 8f, such that

| R=54,
ReP

and for eachR € P,

where o is the Lebesgue area measureth
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Diameter bounded sets of partitions

Thediameterof a region R C R+ is defined by

diam R := sup{||x — y|| | x,y € R}.

A set 2 of partitions of S¢ C R9t! is diameter-boundewith
diameter boundK € R, ifforall P € E, foreachR € P,

diam R < K |P|~Y.
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Key properties of the EQ partition of S¢

EQ(d, N) is therecursive zonal equal argaartition of S¢ into
N regions.

The set of partitionE£Q(d) := {EQ(d,N) | N € N_}.
The EQ partition satisfies:

Theorem1l Ford > 1, N > 1, EQ(d,N) is an equal-area
partition.

Theorem 2. For d > 1, EQ(d) is diameter-bounded.
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Spherical polar coordinateson S¢

Spherical polar coordinatedescribex € S¢ C R¢+1 by one
longitude,&; € R (modulo 27), andd — 1 colatitudes,

g €[0,x],forj e {2,...,d}.

The spherical polar to Cartesian coordinate map
®:R x [0,7]91 — S C R4 s

@(517529 o« o 7€d) — (3317 L2g ooy wd—|—1)7

d

d
where x; := cos &; H sing;, x2:= H sin &,
=1

=2

d
Ty = cos Er_1 H sin¢;, ke{3,...,d+ 1}.

j=k
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Spherical caps, zones, and collars

Thespherical capS(p, 8) C S? is
S(p,0) :={qeS?| p-q=cos(9)}.
Ford > 1, azonecan be described by
Z(7,B) == {©(1,-..,8&) €S? | €a € [1,0]}
where0 < 7 < B8 < .
Z (0, 3) is a North polar cap an& (, 7r) is a South polar cap.

foO<rTr<B<mw, Z(7,3) isacollar.
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EQ(3,99) Steps 1 to 2 EQ(3,99) Steps 3t0o 5

eF,l
A: 14.9... /\ 0,
A

V(e) =V,
= o(S%)/99




Centre points of regions of EQ(d, NV)

The placement of the centre poiat= ®(«) of a region

R=0 ([r1,81] X ... X [14,84]) i

e — 0 ,61:7'1 (m0d271')
YT ) (1 4+ B1)/2 (mod2x)  otherwise
andfory > 1,
0 T —
Oéj b TT ,Bj = T

(1; + B;)/2 otherwise
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Minimum distance and packing radius

Theminimum distancef X := {x;,...,xx} C S%is

min dist X := ] —
dist Jnin [lx — |,

and thepacking radiusof X is

radX := mi (x-y)/2.
p min cos™(x+y)/

It can be shown that min diSEQP(d, V) = QN ~V/9),
and therefore  pra@®QP(d,N) = QN /9.,
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Minimum distance of EQP(4) codes
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N = number of points

Spherical codes with good separation, discrepancy andgrgr. 16/27



Normalized spherical cap discrepancy

We use the probability measuée:= o /o (S%).

For X := {x31,...,xx} C S% thenormalized spherical cap
discrepancys

X NS(y,0
disc X := sup sup | (v, 9)
YESd 96[0977] N

—a(S(y,0))].

It can be shown that

disc EQP(d,N) = O(N /%),
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Normalized s-energy

For X := {x1,...,xax} C S%, s € R,
thenormalizeds -energyis

N
E(X) =N 3 s — x50,

1=1 x; #x;€X

and thenormalized energy double integrfr 0 < s < d is

I, := / |Ix — y||”°do(x)do(y).
sd Jgd
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Separ ation and discrepancy imply energy

Theorem 3.

Let (X, X5,...) be asequence &* codes for which there exist
c1,c2 > 0 and 0 < g < 1 such that each

Xn = {XA 159 XA/ N} Satisfies

1xars — Xargll > et N7V (6 £ 5)
disc X < co N9

Then for the normalized energy for0 < s < d, we have for
somecs > 0,

E (Xn) < I, + c3g N(&/d1)a,
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Separation and diameter imply energy

Theorem 4.

Let ((X1,P1), (X2,P>),...) be asequence of pairs 8F codes
and equal area partitions such thaX /| = |Pa| = N, each
xn: € Xarliesin Rar; € Par, and such that( X, X5,...) is
well separated andP;, P-, . . .) is diameter bounded.

Then for the normalized energy we have

(I, +£ O(N~1/4) 0<s<d-—1

I, ON YdlogN) s=d—1
E.(Xn) = ( I, &+ O(N3/d1) d—1<s<d

O(log V) s=4d

L O(N&/d=1) s > d.
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Comparison to minimum energy

Fors > d — 1, Theorem 4 yields energy bounds of the same order
as £,(N), the minimum normalized energy forA/ points onS<.

(I, —OW3/4 1) 0<s<d
(Wagner;
Rakhmanov, Saff & Zhou;
88 — ] ]
W) =« Brauchart)
O(log N) s = d (Kuijlaars & Saff)
LO(N3/d-1) s > d (Hardin & Saff).
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d — 1 energy of EQP(2), EQP(3), EQP(4)
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2d energy of EQP(2), EQP(3), EQP(4)

fMMMW*Mm

ot

Iy
gt

+
+
+ +
4+
++++++F@

e
+

0.05

0.04r

T-P/s

2 N
= S

o o
N/AB1sua pazijewloN

0.01r

1000

100

N: number of codepoints

10

Spherical codes with good separation, discrepancy andgregr. 23/27



Mesh norm (covering radius)

Themesh nornof X := {x,...,xx} C S%is

mesh normX := sup mincos™ ' (x - y).

Since EQ(d) is diameter bounded,

mesh normEQP (d, N)) = O(N ~Y9),
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Mesh ratio and packing density

Themesh ratioof X := {x1,...,xx} C S%is
mesh ratioX := mesh normX / prad X.
Thepacking densitypf X Is
pdensX := A& (S(x,pradX)).
Regions ofEQ(d, N) near equators— cubic asN — oo, SO

mesh ratioEQP(d, V) = Q(v/d), and

/2

pdensEQP(d, N) < 29 T(d/2 7 1) asN — oo.

Spherical codes with good separation, discrepancy anderer. 25/27



Packing density of EQP(4) codes

09F ,,,,,,,,,,,,,,,,,, ,,,,,,,,,,,,,,,,, ,,,,,,,,,,,,,,,,, ......

0.8 .................. R I T A AR IR
07 .................. T L
> : :
% 06F L e
C . .
) . .
© + :
o OB .
[ . .
= .
3 :
o 0.4 ........................................................................ S
03 ............. IO + ................. S ......
. + : .
: : S |
0.2 ......... s * . 4+. m . f -‘: L "- o * L 5- .................... R
+ Y OwAE e g = e W .
T T T NN .
. + +'H+ -m-* e " ; o+ R .
01k R R & ‘J.‘j‘ﬂ‘;ﬁ;’?‘f‘{“{jﬂ

N: number of nodes

Spherical codes with good separation, discrepancy andgrgr. 26/27



For EQSP Matlab code

See SourceForge web page for EQSP:

Recursive Zonal Equal Area Sphere Partitioning Toolbox:

http://eqgsp. sourceforge. net
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