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Abstract

This thesis deals with the problem of finding holomorphic curves in symplectic man-
ifolds which are Lagrangian torus fibrations with a well defined action of the torus.
A family of complex structures are defined which can be viewed as collapsing the
torus fibers. Under this degeneration, it is seen that holomorphic curves converge to
objects called holomorphic graphs, similar to what are called tropical curves in the
algebraic setting of tropical geometry.

A moduli space of objects called J¢ holomorphic graphs is defined, and proved
to be cobordant to the moduli space of holomorphic curves. Thus the moduli space
of J¢ holomorphic graphs can be used to calculate invariants of the moduli space of

holomorphic curves.
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Chapter 1
Introduction

This thesis provides methods for studying the moduli space of (pseudo)holomorphic
curves in a class of symplectic manifolds which are fibered by Lagrangian tori, subject
to assumptions listed in appendix B. Examples of such Lagrangian torus fibrations
are given by the symplectization of the unit cotangent bundle of T™ or the region in
a toric manifold where the torus action is free. Another space where these techniques

apply is given by the structure on R x (S x S?) considered by Taubes in [8].

A family of complex structures J¢ is considered which can be viewed as collapsing
the torus fibers. Under this degeneration, holomorphic curves become solutions of a
finite dimensional problem. A perturbation of this finite dimensional problem gives
a moduli space of objects called J¢ holomorphic graphs. Invariants associated to
the moduli space of holomorphic curves can then be computed using J¢ holomorphic

graphs.

The qualitative properties of these J¢ holomorphic graphs (and hence the moduli
space of holomorphic curves) are determined by studying the integral curves of a lat-
tice of vector fields determined by the original complex structure and the torus fibra-
tion. Sending € to zero creates objects called holomorphic graphs. Loosely speaking,
an edge of a holomorphic graph consists of a closed geodesic in a torus fiber translated

along by a vector field determined by the homology class of the geodesic. The fact

1



2 CHAPTER 1. INTRODUCTION

that homology classes of edge geodesics sum to zero at vertices gives a kind of con-
servation of momentum condition at vertices. Apart from this, vertices contain the
information of a model holomorphic map of a punctured Riemann surface to (CP!)"

and determine the relative positioning of edges.

The class of manifolds under consideration are Lagrangian torus fibrations of the

form
T — T" x B"

|7
B’I’L

with a structure group consisting of rotations of the torus fibers T". This means that

there is a well defined action of torus rotations on the fibers.
T" x (T" x B") —"— T" x B"

Note that it would also be possible to work with torus fiber bundles that have a
structure group consisting of affine transformations of the torus, however the analysis
is complicated in this case by not having nice metrics. For a study of Lagrangian torus
fibrations, see [7]. In this article, it is pointed out by Mishachev that any Lagrangian
fibration admits a canonical affine structure on the fibers, identified with the affine
structure on T%B™ by lifting a covector in the the base manifold to the total space
and then taking its symplectic dual, which consists of a vectorfield tangent to the
fiber. Locally, we always have a symplectic action of T™ on the fibers given by the
flow defined by these vectorfields.

We need an (almost) complex structure
J? = —Id: T,(T" x B") — T,(T" x B")

which is symmetric with respect to this structure in the sense that it is preserved by



the torus rotations, and a symplectic form
w€ N (T"x B"), dw=0, w"#0

which is also symmetric with respect to the torus rotations. w needs to tame J
holomorphic curves in a sense described in section 3.1. The torus fibers should be

Lagrangian with respect to w.

w(v1,v9) = 0 for vy, vy € ker(dm)

Note that our torus rotations and J provide a canonical trivialization of our tan-
gent space T'(T™ x B™). Giving T" coordinates = € R"/Z", the torus multiplication
on fibers provides vertical vector fields we’ll denote as J,, and an identification of
each fiber with R™/Z" up to translation. We then have the following important basis
for T(T" x B™).

{0z, J 0z, }

We shall see that the dynamics of the vector fields generated by those above will
determine the moduli space of holomorphic curves. Note that as described in [7],
the existence of a torus fibration over a manifold B™ is equivalent to T*B" carrying
an integrable affine structure. This affine structure is the one given by choosing a
one form X over a ball in the base so that dA = w. A then restricts to a closed one
form on each fiber, which represents a class in H'(T"). The Lagrangian neighborhood
theorem implies that this gives coordinates for the base. A different choice of primitive
A simply shifts these coordinates by a constant, so we have an identification of H! of
the fiber with the tangent space of the base. The projection of {J0,,} to the base
gives an identification of the tangent space of the base with H; of the fibers. The
lattice defined by the projection of {J3J,,} is not necessarily the same as the lattice
defined by H'(T",Z). These two lattices do however obey a positivity condition due

to the constraint that w is positive on holomorphic planes.

This basis {0,,, JO,, } gives an identification of (7,,(T"xB™), J) with C" by sending

Oy, to x and JO,, to yi using the standard z = x 44y coordinates for C. We can put
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a metric g on T(T™ x B™) in which {0,,, J0,,} gives an orthonormal frame. There is

a canonical flat connection, V which preserves this trivialization.

We are interested in the moduli space of J holomorphic curves. A J holomorphic
curve is a map u : (S,7) — (T™ x B™,J) so that u*J = j, where (5, j) denotes a

Riemann surface S with its complex structure j. This is equivalent to

1
ou := §(du—Joduoj):O

We consider J holomorphic curves tamed by w so that

Consider the degenerating family of complex structures J¢ for € € (0, 1] charac-
terized by
J0, = €JO, for 0, € ker(dm)

The conditions on our taming form w have been chosen to ensure that w tames J¢
holomorphic curves for all € # 0. In chapter 2, for € small we will construct the moduli
space of bounded energy solutions of a slightly weakened 0 equation, using as models
objects called J¢ quasi holomorphic graphs described in sections 1.1, 2.5, and 1.1.4.
We shall show in chapter 3 that any bounded energy J¢ holomorphic curve can be
constructed in this way. This is put together in chapter 4 by showing that the moduli
space of holomorphic curves is cobordant to the a moduli space of objects called J¢

holomorphic graphs.

It is shown in appendix B that the following spaces obey our technical assumptions.
Example 1.0.1. C"/Z"

We can consider C"/Z™ as (CP' — {0, 00})". Pulling back a rotationally symmet-
ric symplectic form w from (CPY)" to C"/Z"™, we can consider holomorphic maps of

punctured Riemann surfaces to C"/Z" which have finite w energy. These extend by



the removable singularity theorem to holomorphic maps to (CP!)". Prescribing the
homology class in C"/Z" represented by a puncture corresponds to prescribing the
order of poles and zeros at that puncture in (CP')". This integrable case will be an
important local model for the constructions that follow.

We could also consider different compactifications of C"/Z" to toric manifolds. It
is interesting to note that the moduli space of holomorphic curves in C"/Z" tamed by
any symplectic form pulled back from a compact toric manifold in this way is always
the same, however we need to consider different compactifications of our moduli space
depending on the compactification of C"/Z".

The degeneration of complex structures has been studied in this algebraic setting
by Grigory Mikhalkin and other tropical geometers, see for instance [6], [5]. This
thesis can be considered as a smooth version of this tropical scheme for counting
holomorphic curves, with an idea of what a perturbation theory of tropical curves
would be. The smooth notion of a holomorphic graph however is sufficiently different
from the more degenerate idea of a tropical curve that we are justified in using a

different name.
Example 1.0.2.

We can give T” the flat metric from R"/Z". The unit cotangent bundle then is a
contact manifold with a T symmetry. We can give the symplectization T" x (R"—{0})
a cylindrical complex structure J given in coordinates (z,y) € (R"/Z") x (R" — {0})
by

JOz, = [yl 9y,

Example 1.0.3.

The symplectization of any compact three dimensional contact manifold with a
T? symmetry, where locally, either the T? action is free or there is a neighborhood

which has a contact form modeled on
dfy + r*db,

(7", 91,92) € D2 X Sl
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and the T? action is given by rotating 6, and 6.

1.1 The moduli space of holomorphic graphs

A holomorphic graph is a kind of decorated graph. The underlying graph has vertices
which have associated to them model maps of a stable punctured Riemann surface
into C"/Z", and edges associated to trivial holomorphic cylinders, the ends of which

may be attached to a vertex or free.
Recall that we have a torus fibration
T — T" x B"

7
BTL

a degenerating family of complex structures
JO0, = €JO, for 0, € ker(dm)

and a symplectic form, w which tames all J¢ holomorphic curves. Labeling the vector
fields induced by the T" = R"/Z" action 0,,, we also have a metric ¢¢ in which
{0s;, JOx,} gives an orthonormal frame, and a flat connection, V which preserves

this frame.

1.1.1 Trivial holomorphic cylinders

Given a point p € T" x B™ and a lattice direction a € Z™ C T'T", consider the map
Cpa(,t) : St x R — T™ x B™ given by

Cpall,t) = exp,(fa +tJa)

Here exp denotes the exponentiation given by our flat connection V. «a € Z" is

identified with a vertical tangent vector by our identification of T,,(T™ x B™) with C"
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given by the basis {0,,, JO,, }.

Note that C,, is J¢ holomorphic if S* X R is given the complex structure j9y = €0.
Maps of this type and their images will be called trivial holomorphic cylinders. In
chapter 3, we will see that for e small enough, J¢ holomorphic maps of long cylinders
with bounded energy must converge to some trivial holomorphic cylinder at a uniform
rate which is exponential in the distance to the ends of the cylinder, thus we see that
parts of J¢ holomorphic curves with bounded energy which are conformal to long
cylinders can be approximated by trivial holomorphic cylinders. Actually, if we add
in an averaging condition, each part of a holomorphic map conformal to a long cylinder

will be approximated by a unique trivial holomorphic cylinder.

An edge of a holomorphic graph consists of a subset of a trivial holomorphic
cylinder parametrized by the cylinder R/Z x (a,b) C R/Z x R. An end of an edge
can either go off to the edge of our manifold (which will require an edge of infinite

length) or be attached to a vertex.

1.1.2 Vertex model curves

A vertex of a holomorphic graph will correspond to an equivalence class of pairs [p, f]

where p is a point in our manifold T" x B™ and f is a model holomorphic map
f:8—C"/7Z"

of the type considered in example 1.0.1. In particular, f is a holomorphic map of
a punctured Riemann surface which extends to a finite energy holomorphic map to
(CPY)". f should be thought of as a map to the torus fiber containing p. Identifying
the torus fiber containing p with R"/Z" C C"/Z"™, we consider pairs [p, f] up to the

following equivalence relation:

[p, f1=[p+z0, f — 20 + J21]

Lo, X1 € R"
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Equivalently, [p, f] = [, f] if exp,, (gn/zn ) = exp, <7ar/znf>

f is a holomorphic map of a stable Riemann surface with labeled punctures which
extends to a holomorphic map to ((CIP’l)n. Each edge attached to a vertex corresponds
to one of these punctures. At each puncture, f converges in the torus fiber containing
p to some closed geodesic o with an orientation induced from S. The image of the
end of the edge attached to this puncture must be «. In particular, as « also gives
a class in H1(T™) and a corresponding lattice direction [a], we can choose a point

Di.a € o, and then the edge attached to this puncture can be parametrized as

Cpraofa) (6, 1) = expy,  (6]a] +tJ[a])

Lemma 1.1.1. Any holomorphic curve f : S — C"/Z" from a punctured Riemann
surface S which extends to a holomorphic map of the entire Riemann surface to
(CP")" is determined up to translation by f. : Hy(S) — H,(C"/Z") and the complex

structure of S.

Proof:

Consider one factor of the extension of f to ((CIP’l)n. All poles and zeroes of this
map are determined by f,, and hence this map is determined up to multiplication by
a constant. Multiplication in CP' corresponds to translation in C/Z.

O

Note that this tells us that the edges attached to a vertex and the complex struc-
ture of its model curve determine a model curve up to translation. Translations in
the real or torus fiber directions will give us distinct model curves, however we want
to quotient out by any translation in the imaginary direction. To this end we add a
normalizing condition to our model curves. One that will come in useful later on is
the following.

Given a Riemann surface with punctures, we have a way of partitioning it into
subsets called ‘vertices” and subsets called ‘edges’ which is similar to the partitioning

of a Riemann surface into ‘thick” and ‘thin’ given by the uniformisation theorem. This
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decomposition is discussed in appendix C. We use the notation € to refer to a way of
partitioning Riemann surfaces in this way. The important fact that we use now about
this decomposition is that each puncture is surrounded by an ‘edge’ region which is
conformal to R/Z x (0, 00).

It is proved in section 3.3 that if f has finite energy, it must converge in these

coordinates to some map
tlim f0,t) =C+0a+tJacC"/Z"
CeC"/Z", aeZ"

Note that rotating our coordinates changes ¢ by some multiple of a, but the
imaginary part of ¢ is well defined. A normalizing condition on our holomorphic

model curves can them be

Imaginary part of ( Z C) =0

punctures

Example 1.1.2. Trivalent Graphs

An easy to deal with subset of holomorphic graphs consist of the trivalent graphs
which have model curves at vertices consisting of three-punctured spheres. These
graphs are simple because there is only one possible complex structure on a three-
punctured sphere, and thus up to torus rotations only one possible model curve for
a given set of homological data. For example, suppose we take as coordinates for
our three punctured sphere C — {0,1} with the third puncture at oo. If the image
of a loop around 0 is @ € Z" and 1 is § € Z", then we know that the image of a

loop around oo is —a — 3. We can choose a normalization so that our model curve

f:C—-{0,1} — C"/Z™ is given by

_ log(z) log(z — 1)
fe) = 0
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The asymptotics of the real (torus) part of f are given by
li 2mify\ ﬁ
rl_r)l(l)WRn/ani(Te )—O[0+§ at 0

lir% T jzn f (1 +1e*™) = 30 at 1
lim 7gn /70 f(re >™) = (—a — §)6 at oo

Note that these three geodesics in T™ will not necessarily have a point in common,
so we can’t make all the edges leaving a vertex leave from the same point p. We can

parametrize the trivial holomorphic cylinders attached to each puncture as follows:
. p
attach to O: expp(§ +0a+tJa)

attach to 1: exp, (68 +tJ3)

attach to co: exp,(0(—a — 3) +tJ(—a — 3))

Suppose we want to attach the other end of our edge attached to 1 to another
model curve located at p at its 1 or co punctures. The image of a positively oriented
loop around this puncture will need to be —(3. The location of p must be on this
edge, so

p = exp, (08 +1J3)

The only constraints on constructing these trivalent holomorphic graphs come from
the correct placement of the ends of edges, arising from equations such as the one
above. 0 is the twist of this edge, and [ its length. This can be thought of as changing
the domain of the holomorphic graph. Note that we needed to make choices such as
labeling the 0, 1 and oo punctures and giving a parametrization of their blow ups
to define the twist 6 of an edge, so an edge’s twist is far from being a canonical

coordinate.

Often, we can calculate invariants of the moduli space of holomorphic curves using

the space of trivalent holomorphic graphs.
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1.1.3 J¢ holomorphic ¢ graphs: first attempt, M€

A J¢ holomorphic € graph is an object that can be thought of as mimicking the
behavior of a holomorphic map. In this section we will see a first attempt at saying
what a J¢ holomorphic graph is. We will call the space of such objects M€ and
refer to the individual objects as ‘graphs’ u € M®%€  The reasons for choosing
this notation will be clear in section 1.1.6, when we define the correct space M1)€,
Our description in this section will not be perfect, as M©%:¢ will not be continuous
when the combinatorics of edges and vertices changes. Nevertheless, M€ can
be used to calculate invariants of the moduli space of holomorphic curves given some
transversality conditions and when it is possible to restrict the moduli space to regions
where the combinatorics of edges and vertices is constant. The shortcomings of the

description given in this section are remedied in section 1.1.6.

The €& refers to a way of partitioning Riemann surfaces into subsets which are
called ‘edges’, conformal to R/Z x (a,b) and ‘vertices’ which are the connected com-
ponents of the compliments of the edges. This choice of edges is similar to the thin
parts of a Riemann surface when it is given the complete hyperbolic metric provided
by the uniformisation theorem. € must obey the axioms listed in appendix C. The
important difference from the usual thick-thin decomposition given by the uniformi-
sation theorem is that the decomposition must be preserved by surgeries on edges
which change the length of an edge. In particular, if we take a vertex region V' and
replace each € edge region surrounding it, R/Z x (0, R) with R/Z x (0, 00), we get
a Riemann surface with punctures Sy. The & edge regions of Sy surrounding these
punctures will consist of these cylinders R/Z x (0,00). Graphs in M€ ohey the

restriction that all model curves have domains Sy of this type.

We can associate a domain Riemann surface S to our graph u € M€ 5o that
every € vertex region V' C S corresponds to a vertex of u with domain Sy, and every
¢ edge region of S corresponds to an edge of u. An edge of a graph u € M&%-€ ig

then part of a trivial holomorphic cylinder parametrized by a € edge region of S.
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The connections between vertex model curves and edges are reflected by the con-
nections between the vertex and edge parts of the domain. Parameterizing the edge
part of a holomorphic model curve [p, f] surrounding a puncture by R/Z x (0, c0)
the domain of the edge attached to this puncture is considered as a subset of this,
R/Z x (0, R). Then the trivial holomorphic cylinder this edge parametrizes is given
by

c6,t) = expexppg(eoz +tJ)

where tlim fl0,t) =C+0a+tJa

The map exp should be understood by the identification we have of T'(T"™ x B"), J¢
with C™.

Note that apart from the stupid holomorphic curves that map entirely to a point,
every vertex model curve [p, f] has at least one puncture. f is then determined by
the complex structure of the model curve and the location of one edge relative to p.
This means that the equivalence class of [p, f] is determined by any edge attached to

it and the complex structure of the domain S.

The above observation motivates putting a topology on Me%:€ that keeps track
of the complex structure of the domain surface and the trivial holomorphic cylinders
at its edges. A sequence of graphs {u;} C Me%:€ i gaid to converge to a given graph
U if the domain surfaces converge in Delinge-Mumford space, and for each edge of
U, the corresponding sequence of trivial holomorphic cylinders from wu; converge.
(The exact choice of what we mean by ‘converge’ for a trivial holomorphic cylinder

depends on what compactification we wish to put on a space of holomorphic maps.)

The problem with M©%:€ is that it will not be continuous when the combinatorics
of the & edge-vertex decomposition jumps. This is taken care of by a smoothing
procedure in section 1.1.6. For now the space of J¢ holomorphic graphs Meldol.e
should be thought of as being like Medo.@ except with some sort of interpolation to

make the moduli space smooth when the combinatorics of & edge markings changes.
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1.1.4 J¢ quasi holomorphic graphs

The space of J¢ holomorphic & graphs, M€ can be used to calculate invariants
of the moduli space of holomorphic curves when some transversality conditions are
met. To get a good perturbation theory for these objects, we define the space of J¢
quasi holomorphic & graphs, Q%%. Each connected component of Q%% will be finite
dimensional, and we can view M“%:€ and MeDL€ the space of J¢ holomorphic &
graphs, as embedded in this space. For a given genus and energy, we can choose an
e small enough and a system of vertex and edge decompositions, € so that the space
of J¢ holomorphic curves can also be considered as embedded in Q¢ and cobordant
to M1)€,

As with the graphs in Me%0:€ congidered in the previous section, the data for a J*
quasi holomorphic & graph u € Q%% will consist of a Riemann surface S with trivial
holomorphic maps on the edges, and equivalence classes of vertex model curves [p, f]

associated to vertex regions, joined together in the manner suggested by S.

Model maps corresponding to a vertex region V now will be continuous maps
f: Sy — C"/Z". Sy denotes the Riemann surface obtained by replacing the edges
R/Z x (0, R) surrounding V' with semi infinite cylinders R/Z x (0,00). f must have

the property that in these cylindrical coordinates

tlim |f(0,t) — ¢ —0a—tJale' =0

a €z ¢ eCT

Imaginary part of < Z Q) =0

punctures

Considering the edge part attached to this boundary as the subset R/Z x (0, R) C
R/7Z x (0,00), the trivial holomorphic edge attached to this boundary is given by

C(0,1) = expey, (O + 1))

Here exp,,  is to be understood by the identification of (T,,(T" x B"), J¢) with C"
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We will consider these model maps up to the following equivalence relation:

[pvf]:[p+$af_$+g]

g:Sy — C" zeR"/Z"
g = 0 at punctures

Said in words, the equivalence relation equates isotopy classes of maps with a
fixed set of asymptotics modulo an equivariant torus action. Coordinates on Q%% are
locally given by keeping track of the trivial holomorphic cylinders from edges and the
complex structure of the domain S. The extra information carried by the vertices is
discrete. Note that the dimension of Q%% can change when we change the complex
structure of the domain S so that edge regions are created or disappear. We will

discuss this in more detail in section 1.1.5.

We now give a notion of what it means for a family of quasi holomorphic graphs
to be continuous or smooth. To do this, we associate to each quasi holomorphic graph
in a family a map from its domain S to T" x B" called a gluing. A family of quasi
holomorphic graphs is said to be continuous (or smooth) if we can choose a continuous
(or smooth) family of gluings. (For an example of a definition of continuous for a
family of maps with changing domains, see Definition 2.11.1).

A gluing of a holomorphic graph u with domain S is a smooth map
f:8—T"xB"

so that f restricted to the edge regions of S is given by the trivial holomorphic
cylinders associated to edges of u, and f restricted to each vertex region is given by
exp,, fi, where [p;, fi] is a choice of model curve for the corresponding vertex of u which
is a trivial holomorphic cylinder on all edge regions. The energy of a holomorphic
graph, E,(u) is defined to be the energy of a gluing E,(f). Note that this doesn’t
depend on our choice of gluing. If we want to consider invariants that come from

placing restrictions on the moduli space of holomorphic curves such as passing through
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a particular point, or being tangent to a plane, we place the corresponding conditions
on a choice of gluings of quasi holomorphic graphs. We will show in chapter 4 that
a choice of gluing of M;’ff};@ gives the moduli space of solutions to a perturbed 0

equation.

We can define a bundle £ over OF.

The fiber He (S, C™) is a vector space depending on the vertex regions {V;} of S defined
as follows: Denote by Sy, the Riemann surface with punctures created by attaching
semi infinite cylinders to the vertex region V;. Now, let the space of holomorphic one

forms on Sy, with poles of order at most 1 at punctures be A%(Sy,). Then
He(S,C") := @; home(AM0(Sy,),C™)

Note that if we change the complex structure of the domain S so that one edge
region disappears, consolidating the vertex regions that it joins, the dimensions of

He(S,C") and Q¢ drop by the same amount.

We now define a section 9y of this bundle, which should be thought of as an
approximate measure of how close to being holomorphic a quasi holomorphic graph
is.

First, note that given a smooth map v : Syy — C" which vanishes at punctures

of Sy, the following identity holds:

OvNG = / d(vf) = 0 for € AM°(Sy)
Sy Sy

Choosing a of model curve [p, f] for a vertex of a quasi holomorphic graph defines
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a map AYY(Sy) — C" by

0 — df NO
Sy

This doesn’t depend on the choice of representatives [p, f] for our model curve

and therefore doing the same for all vertices defines a section

50 : Qe’e — &

We will define a gluing procedure in section 2 which will produce from a quasi

holomorphic graph u with domain S a map G(u) : S — T" x B", which will satisfy
Hég(u) — 50uH ~ 0
Here the above must be understood after an identification of He (S, C") with a sub-

space of the Banach space B which is the target of the d operator.

There is a family of edge-vertex decompositions &g, the edge regions of which
consist of the cylinders a distance R into the interior of € edge regions. We will show
that for R large enough and e small enough (dependent on a choice of energy bound
E and genus), the moduli space of bounded energy J¢ holomorphic curves with genus
g can be viewed as embedded in a subset of Q“®® where J, is within a neighborhood

of 0. Putting a metric on He, (S, C"), we can choose this neighborhood to be
Q;%RE = {u e Q% : ’c%u’ < 1,E,(u) < E, genus = g, k punctures}

We will show that on this space of bounded energy approximately holomorphic

J¢ quasi holomorphic graphs, there exists a section
O Qo — &

so that the moduli space of J¢ holomorphic curves corresponds to the intersection of
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0, with the zero section, and

= = 1
}&u — 80u’ < 5

This section is defined by using an iteration procedure to obtain a map
O : Q;:;f,RE — maps to T" x B"

satisfying
0Goo(u) € Hep(S,C") C B

0y is then defined by
O1(u) = 0G(u) € Hen(S,C™)

If & — Q;%RE was a vector bundle over a manifold, and we knew that 0; was
a continuous section, we would then have enough information to identify invariants
of the moduli space of holomorphic curves. This is often the case in moduli spaces
that we are interested in, but at other times & — QZ?}J can jump dimensions, so

we have to examine the behavior near this dimension jumping.

1.1.5 Local stabilization

We want to have some idea of what it would mean to have a continuous section of our
bundle & — Q%%. The dimensions of the fiber and base can jump when we change

the complex structure of the domain S so that an edge region appears or disappears.

Given a decomposition into edge and vertex regions € satisfying the assumptions
listed in appendix C, we can define another decomposition €5 as follows: The edge
regions in € are in one to one correspondence with the edges in & which are longer

that 2R. In cylindrical coordinates on the edges of &, they consist of the subsets
R/Z x (a+ R,b— R) C R/Z x (a,b)

This new decomposition will obey the axioms listed in appendix C for all R > 0. We
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can make choices so that our gluing procedure will define inclusions
He,(S,C") C He(S,C") C B

where B indicates the Banach space which is the target of the linearized 0 operator.
This inclusion is an isomorphism when the edges of g are in one to one correspon-
dence with the edges of €, and otherwise has complex codimension equal to n times
the difference in the number of edges. Note that in the case that dim(He(S,C")) =
dim(He, (S, C")), the quasi holomorphic graphs in Q%®® are in one to one correspon-

dence with the quasi holomorphic graphs in Q€.

Definition 1.1.3. A section s : U C Q¢ — & is continuous (smooth, transverse
to the zero section respectively) if around every graph uy € U with domain Sy, there

exists a neighborhood Uy C Q%% of ug and some R > 0 so that
Hep (S0, C") = He(So, C")
2. The dimension of He, (S, C") doesn’t jump in Uy.
8. The subset
US™ = {u € Uy so that s(u) C He,(S,C) C He(S,C™)}

is transversely cut out and homeomorphic (or diffeomorphic ) to an open neigh-
borhood of ug considered as a graph in Q%%®. This homeomorphism should
preserve the domain Riemann surface. Note that this means that UOGR will not

exhibit dimension jumping behavior.

4. The restriction of s to UOGR,
5: U™ — He,(S,CM)

is continuous (smooth, transverse to the zero section respectively).
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As there will be no bubbling of domains, we can take a finite cover of each com-
ponent of Deligne Mumford space to get rid of finite automorphisms, and not worry
about orbifolds and multisections.

Note the transverse intersection of a section s : Q¢¢ — &£ with the zero section
will be a manifold, and that a generic smooth section is transverse to the zero section.

Also, a generic family of sections will give a cobordism.

Theorem 1.1.4. For R large enough, and € small enough dependent on R,
O Qo — &

is a continuous section. The intersection of 0y with the zero set is homeomorphic to

the moduli space of holomorphic curves.

Chapters 2 and 3 are devoted to the proof of the above theorem.

1.1.6 Moduli space of J¢ holomorphic graphs

What we want to be able to say is that 0; is a perturbation of 9, and that their
intersections with the zero section are cobordant. The problem with this is that dy is
not continuous where dimensions jump. To remedy this, we just need to smooth 9
over where this dimension jumping happens. The following lemma helps us do this

explicitly.

Lemma 1.1.5. For € small enough, dependent on E, g, k and R', there is a well

defined projection

TRR Q;f}j‘g — Q%

forall0 < R< R

This preserves the domain Riemann surface, and satisfies
0o o Tr.r = 0o

when He, (S,C") = He,, (S,C").
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Moreover,
TR {u € Q% so that dyu € He,, (S,C") C He,(S,CM)} — Qo

1s a diffeomorphism onto its image.

This is constructed in appendix C.3.

Now define the section

1
[80] = / 80 o) 7TR,(R+t)dt
0

Theorem 1.1.6. For R large enough and ¢ small enough,
[00] - Q4 — €

is a C* smooth section hopotopic to 0y. If [0y] and O, are transverse to the zero section,
the intersection of the homotopy with the zero section defines a cobordism contained
in the interior of Q;g% between the intersection of [Oy] with the zero section and the
moduli space of holomorphic curves identified with the intersection of 0, with the zero

section.

The homotopy is given by the following family
p— 1 — p—
[0s] := / (1 =)0y + 801) o TR (rR4n)dt for s € [0,1]
0

composed with a homotopy between [0;] and 0;. This theorem is proved in chapter
4.

We call intersection of [J] with the zero section the moduli space of J¢ holomorphic
graphs, M;’f‘g’%. This moduli space can be used instead of the moduli space of
holomorphic curves. By taking a smooth gluing of M;’ﬁ%’%, it can be regarded as
the moduli space of solutions to some perturbed 9 equation. This is proved in chapter

4.



Chapter 2

Gluing

2.1 Introduction

The purpose of this chapter is to use quasi holomorphic graphs to construct J¢ holo-
morphic curves for € small enough. The plan is to glue together the model holomorphic
curves at vertices of the graph using the positioning of the graph as a guide. This
will result in approximately J¢ holomorphic curves. We will see that the linearization
of a weakened 0 equation at these approximately holomorphic curves is surjective,
and use this to prove that there are close by solutions. The structure of the moduli
space J¢ holomorphic curves within this moduli space can then be found by purely

topological means.

Recall that we have a torus fibration
T" — T" x B"

lm
B’I’L

and a degenerating family of complex structures

J0, = €JO, for 0, € ker(dm)

21
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Giving T™ coordinates x € R™/Z", there is a metric ¢¢ in which {0,,, J0,, } gives
an orthonormal frame, and a flat connection, V which preserves this frame. V is not
torsion free, and most of the estimates for the behavior of holomorphic curves in this

chapter involve its torsion tensor.

T(v,w) := V,w — Vv — [v,w]

For this reason the major technical assumption used in this chapter is that |T|
and |VT| are bounded.

IT] o + IV < ¢

This will automatically be true for reasonable choices of J on compact manifolds

or manifolds with cylindrical ends. Note that

1T < ec

(2.1)
VT, < e

Here the superscript € denotes the norm using ¢¢. For convenience, the € will also

usually be omitted from notation in what follows.

2.2 The linearized 0 operator, Dj.,

We are interested in holomorphic maps
u:S—T"x B"
Here S denotes a Riemann surface with complex structure j. This map is holomorphic

if
1
O(u) = é(du—I—Joduoj) =0
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We need an expression for the linearization of O at a map u:
Dj.,: Q(S,w*T(T" x B")) — Q*'(S,u*T(T" x B"))

Dj,, maps from sections of the bundle over S consisting of the pullback of the
tangent bundle of T" x B™ to antiholomorphic one-forms with values in this bundle.

As we have a canonical holomorphic frame for T(T" x B™) we really have
Dj,. : Q°(5,C") — Q%'(5,C")

Note that this is the linearization of O restricted to curves with a fixed complex
structure. The variations from changing complex structures will be included at a
later point.

The trivial parallel transport provided by V makes Dy, relatively easy to define.

(9 exp, (t€))

t=0

dt

Lemma 2.2.1.

S| e, (16) = v+ T

t=0

Proof:
Define U : R x S — T" x B" by

U(t, z) = expy,) t€

0

% t:O (dexp,(t€)) = En (0.U) (0, 2)

- (VgazU) (07 Z)
= v@U(O,z)i + T (57 azU(Oa 2))
= VE+ T(E, du)

Lemma 2.2.1 allows us to compute an expression for Dy,
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Proposition 2.2.2.
D5.(6) = 5(VE+ 70 VE o) + 3 (T(E,du) +J o T(E, duo )

Note that in the above expression for Dy ,, the only terms which change when we
change our map u are du and the torsion tensor, T, which depends on position. Thus

we have

Proposition 2.2.3. If uy and uy are two maps S — T™ x B", then

’(Dé,ul - Dé,ug) (g)’ < (|TU1 - TU2| |du1| + |TU2| |du1 - du2|) |£|

Note that in the above proposition, |du| indicates the size of du in the ¢g¢ metric.
In order to get estimates comparing Dy, and Dg ., 4, it is necessary to estimate

|d(exp, ¢) — du|. In the proofs below, exp, ¢ will often be abbreviated to

Lemma 2.2.4.
[d(exp, 6) = du = Vol < (IIT] 8] |du] + [V]) eIl — Vg
In particular, if | T |¢| < 1, then
|d(exp,, ¢) — du| < 3[|T|, 6] (ldul + [V )
Proof:

1
— dy — < -
|dug — du — V| < /0 dt(

D dugg) — w’ dt (2.2)

d
S0 = V0| = [T(6.du)

(2.3)
< Tl 19l [duce|

d
= |dugg] < 199] + [T 0] duus (2.4)

Integrating 2.4 for | T||_ |¢| > 0 gives
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Vo ) 4T |6 Vo
dusg| < | |d —_— colPl - T 2.5
s (‘ e [T 18 (25)

Substituting the estimate of |du,| from 2.5 into 2.3 and 2.2 gives the desired result,

|dug — du| < (| T 18| |du| + |V¢]) el Tl=l?l — |7 g

0
Lemma 2.2.4 and Proposition 2.2.3 give the following pointwise estimate for the
behavior of Dj,,. This will be used in Proposition 2.3.3 to bound HDé,u(f) — D5, (§) H

after appropriate norms for ¢ and ¢ (which dominate the L> norm) have been chosen.

Proposition 2.2.5. If | T |¢| < 1, then

D5.u(€) = Dy, ()] < (10 IVl dul + 3T 9] (1dul + [V 9])) I¢

2.3 Banach norms

It would be nice to have a Banach manifold structure on the space of maps we are
dealing with so that 0 has a continuous derivative Dyj ,,. This section describes a local
Banach space structure on a finite codimension subset of maps close to a particular
map u. Later, in section 2.7, we will be able to describe a Banach manifold structure
on an open set of maps which contains the holomorphic curves. Consider the set of
maps
Ugp 1= eXp, ¢
u:S — T"x B"
¢:S —uT(T"x B")=C"

Recall that the linearization of d at u is given by

D5(6) = 5(VE+ 0 VE o)) + 3 (T(E du) + J o T(E, duo )

= 0¢ + % (T(&,du) + J o T(E,duo j))
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The objective now is to choose a norm for £ and Dy ,(§) so that Dy, is continuous.
First we choose a metric on the Riemann surface S that satisfies the assumptions
listed in appendix C.2. The important properties of this metric are that it is in the
conformal class defined by the complex structure on S, and it gives the regions marked
as edges the standard metric on R/Z x (a,b). (For a discussion of the partitioning of
S into vertex and edge regions, see appendix C)

One important feature of such a metric on S is that for € small enough, bounded

energy J¢ holomorphic curves will have uniformly bounded derivatives.

The Banach spaces that we will use will be Sobolev spaces with exponential

weights Lg"s with the norm

(1€l = /S w3 Dt

o] <k

The weight w on each cylindrical part is given by the exponential of the distance to
the edge of the cylinder, and 1 elsewhere. For Dy, to be well behaved, we will choose
0<éd<i.

We will consider Dg,, as a map
Dy, : LP°(Q°(S,C") — LP°(Q%!(S,C"))

The following is a standard Sobolev embedding lemma:
Lemma 2.3.1. Ifp > 2, then on the unit disk the inclusion of LY into C° is compact.
This implies a similar fact for S with the metric we have chosen:

Lemma 2.3.2. For 2 < p < oo, there exists a constant cs so that

cs €l ps = 0’8, = €]l

This implies the following proposition that tells us that D, is well behaved for
¢ € L small if |du| is bounded.



2.3. BANACH NORMS 27

Proposition 2.3.3. If | T (cs 9]l ,5+1) < 1.

| D= Dau, | < e (19T + 31T ldul 1],
Moreover,

(Dg. — Da,,) + LEO(Q0(S,CM)) — LPA(QY1(S,C™))
18 compact.
Proof:

Lemma 2.3.2 tells us that ||T|| |¢| < 1 so we can apply Proposition 2.2.5 which

tells us

1D5,(6) = D, (€)] < (161 IV T, dul + 3 ITI 0] (1dul + [96]) ]

We integrate this to obtain

|(Da = D3 )(©)|| | < 10119l ldul + 3ITIE, |61 (ldul + VD], ;€]
< (9Tl +31TIZ) lldul . 1],

+ 31T, lldul 6] 1961],5) €]

< (IVTl + 3 I1Tllo) I el 181l 6 1€l

Thus we see that (Dg,, — Dg’%) : L® — LP9 is bounded. Therefore composing with

the compact inclusion L’f’6 — L*° from Lemma 2.3.2 gives a compact map.
O

Now we have seen that Dj,, Lll”é — LP? is quite well behaved near maps with

bounded derivatives.
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2.4 Model left inverse ()

Recall that as we sent € to 0, the torsion tensor becomes smaller and Dj,, converges

to the linear 0 operator. Consider the integrable problem
f:S—Cc"/z"

where S is a Riemann surface with punctures and f extends to a continuous map to

(CPY)". Consider the linearized 0 operator
Dy =09 : L}°(S,C") — LP2(Q%(S,C™))

It is a standard result that 9 is Fredholm for the above spaces if § ¢ 27Z (see [4]).

In particular, we will be interested in the case where 0 < § < %

Assume that our domain S has at least one puncture. Then a section ¢ €
L’f’é(S, C™) must approach 0 at that puncture. The kernel of 0 consists of holo-
morphic maps S — C” that vanish at punctures. Therefore 9 restricted to L’f"s is

injective. As 0 is Fredholm, this means that there must exist a bounded left inverse

Q : LPO(QY1(S,CM)) — LP°(S,CM)
Q o O = Identity

A choice of left inverse @ is equivalent to a choice of projection mg := 9 o Q onto
5([/19’6). This is the same as choosing a kernel for (). The kernel of () is dual to the

cokernel of 0.

An antiholomorphic one form v € LP(Q(S, C")) is in (L) for 0 < 6 < 5 if and

only if|
/u/\@z()
S

for all holomorphic one forms 6 with at most simple poles at the punctures of S.

Calling the space of such holomorphic one forms A'°(S), we see that the cokernel of
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0 is equal to
ker g = homgc(AM0(S),C")

where the above isomorphism is given by
Vi / v A+ € home(A(S),C")
S

In section 2.9 we will see some extra compatibility constraints that we want @) to
satisfy. To do this, it will be important to choose the kernel of ¢ to consist of smooth
one forms supported on some subsets of the Riemann surface S. The characterization
above tells us we are able to choose one forms with support in any given open set in
S which span ker mg. The space of such choices is convex, so there is no obstruction
to choosing a continuous family such left inverses (). If we restrict attention to model
Riemann surfaces with a compact subset of (non nodal) complex structures, then this

family can be chosen to be uniformly bounded.

2.5 Quasi holomorphic model curves

We now define a new type of quasi holomorphic model curve which will exist for
complex structures where there are no genuine holomorphic model curves. Given any
smooth map F' : S — C"/7Z"™ which consists of trivial holomorphic cylinders close

to punctures of .S, consider the map
f=F-Q(F)

f is characterized by having asymptotics given by the chosen trivial holomorphic

cylinders and satisfying the equation
Tdf == 00Q(0f) =0

We call solutions of the above weakened O equation quasi holomorphic. We can

measure how far such a quasi holomorphic map is from being holomorphic by taking
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0 of it
Jf € kermg C LP°

We can define the finite dimensional 9, equation on the space of quasi holomorphic

maps by identifying ker 7o with homc(AY?, C")

5f = 60]0 S homC(Al’O, Cn)

Recall that the definition of vertices of quasi holomorphic graphs given in section
1.1.4 involved an equivalence class [p, f], where p is a point in T" x B", and f : Sy —
C" /7" satisfies

tlim |f(0,t) — ¢ — 0a — tJale' = 0 on edge regions surrounding punctures
a€zZ ¢ ez

Imaginary part of ( Z CZ-> =0

punctures

Here Sy is created from the vertex region V' C S by adding semi infinite cylinders
with the coordinates (0,t) € R/Z x (0, R). These model curves are considered up to

the following equivalence relation:

p, fl=lp+a f—2+g]

g:Sy — C"x e R"/Z"

g = 0 at punctures

Given such an equivalence class [p, F] and a point p, there is a unique quasi
holomorphic model curve f so that [p, F] = [p, f]. We can consider the alternative
definition for quasi holomorphic model curves to be an equivalence class [p, f] where

f is a quasi holomorphic map satisfying a normalizing condition as above and [p, f]
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is defined up to the equivalence relation

[p,f]Z[p-i—x,f—:E]

z e R"/Z"

2.6 Exponentiating out model curves
This section describes how to take a quasi holomorphic model curve
f:8—C"/7Z"

WQng:O

and exponentiate it out to a map G(f) : S — (T" x B™, J¢) which consists of trivial

holomorphic cylinders outside a compact set and satisfying

1dG(f) = dfl,s =0

Consider the end of a model curve f : S — C"/Z" near a puncture z;. After
we give a neighborhood of z; its cylindrical coordinates (0,t) € R/Z x [0, 00), there

exists a trivial holomorphic cylinder C; so that
€3t ‘f(ea t) - 01(07 t)‘

and
e |d(f(0,t) — Ci(0,1))]
are uniformly bounded for ¢ > 1. Note that these cylindrical coordinates come from

an edge-vertex decomposition € as described in appendix C.

Lemma 2.6.1. There exists a constant ¢(E,g) so that all quasi holomorphic model

curves f with energy less than E, and genus less than g, satisfying ngdf = 0 and
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HéfH <1, satisfy the following
63t |f(9a t) - Ol(ea t)| S C(Eag)

and

e d(f(0,t) — Ci(0,1)| < c(E, g)

forallt > 1

Proof:

To see this, note that such a cylinder C' can be found using the removable sin-
gularity theorem on f considered as a map to (CP')". f is holomorphic on this &
edge region, and has energy controlled by E and the L? norm of df. Note that the
energy of f bounds the number of punctures, and the genus is bounded by ¢ so the
@ vertex regions on which Of is supported are bounded, and the L? norm of Jf is
controlled by our LP° norm. The proof of Proposition 3.2.4 can then be used to bound
df on the interior of our € edge region. The function d(f — C') is then holomorphic,
bounded for ¢t > % and converges to 0 as t — oco. The Schwartz lemma then implies
that e?™d(f — C') must be uniformly bounded for ¢+ > 1. Integrating this gives that
e*™(f — C) is also uniformly bounded for ¢ > 1.

g

In what follows we will first modify f so that it coincides with a trivial holomor-
phic cylinder close to each of its punctures, and then exponentiate out the resulting

modified model curve. Choose a smooth cutoff function
¥R — [0,1]

so that (t) =0fort <0, =1for t > 1, and |dyy| < 2. We can use ¢ to obtain a

cutoff function in cylindrical coordinates around the ith puncture
Yri R/Z x (0,00) — [0, 1]

Yri(t,0) =1 (t — (R+1))
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Extend g ; to be 0 elsewhere Now modify f close to punctures
Fi=(=Y tr)f+ Y tnriCi

We can modify f similarly close to all other punctures. What we obtain is a map
f : S — C™/Z"™ which consists of trivial holomorphic cylinders close to punctures.
In particular, the edges regions surrounding punctures in the decomposition € de-

scribed in appendix C are trivial holomorphic cylinders.

Lemma 2.6.2. There exists a constant c¢(E, g) < oo so that all quasi holomorphic

model curves f of energy less than E and genus g satisfy

< c(E,g)e "
1,p,6

-1

when we use the cutoff functions Vg, .

We want now to take f and exponentiate it out to an approximately J¢ holo-
morphic curve. Taking exp, f is not quite good enough as the ends of the resulting
curve will not in general be trivial holomorphic cylinders. This is because the trivial

holomorphic cylinders around the punctures of f are given by
01(9, t) = QOZZ‘ + tJOéZ' + Cz

and (; may not be a multiple of «;.

Define the function ¢ := ) (;¢r;, and exponentiate f out from exp,, ¢ instead.

g([ 7f]) = eXpepr1/J< f - 1/}{

Note that although each ¢; depends on the S! choice of cylindrical coordinates for
the edge region around the puncture at z;, G([p, f]) is independent of this choice, and
well defined depending only on the equivalence class [p, f] so long as quasi holomor-
phic representatives are used. The exponentiations in the above expression can be
understood after identifying 7,(T" x B"), J¢ with C"/Z".
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For notational convenience, when the point p from which we exponentiate out

from is not important, we will often write

Note that G([p, f]) restricted to the € edge regions surrounding punctures of S
coincides exactly with the trivial holomorphic cylinders that attach to the model
curve [p, f] in J¢ quasi holomorphic €g graphs, as described in section 1.1.4. This
means that we can extend G to Q“%#. Explicitly, for a quasi holomorphic graph u,
G(u) restricted to edge regions is given by the associated trivial holomorphic cylinders,

and G(u) restricted to a vertex region V' with model curve [p, f] is given by

G(w)lv = G(lp, fDlv

The next step is to show that dG(f) is close to df. For this to be true when
T # 0, the parts of G(f) which are not trivial holomorphic cylinders must not be
too far apart. The space of vertex model curves appearing in Q;g% is contained in a
compact set of model curves and independent of €, so there is a bound independent of
¢ on the diameter of model curves restricted to vertex regions. (Recall that Q;%RE is a
subset of the space of J¢ quasi holomorphic graphs u with edge-vertex decompositions
given by €g, genus g, k punctures, and energy < E which satisfy HéouH < 1. The
closure of this set of model curves f will then have bounded energy, genus less than
g, and satisfy Todf = 0 and Hc% f H < 1. As the number of punctures is bounded by

the energy for maps to C"/Z", this makes this set of curves compact. )

Lemma 2.6.3. For quasi holomorphic model curves f appearing in Q;’ﬁ’RE, there

exists a constant ¢ < co so that for e small enough dependent on R,

[d(G(1)) — dfl, 5 < e

Proof:
This uses the fact, proved in section 3 that the energy of a quasi holomorphic graph

bounds the energy of its model curves. dG(f) = d f on &g edge regions surrounding
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punctures where f and G(f) are both trivial holomorphic cylinders. On the rest of our
Riemann surface S, the L norm is controlled by the L> norm, and f is bounded.
First, recall that Lemma 2.2.4 tells us that

|d(exp, ¢) — du — V| < (| Tl 6] [du| + [Vg]) el Tl<l?l — |V |

By using Lemma 2.2.4 with v = p and ¢ = 1), noting that ¢ and di. are

bounded, we can get

|dexp,(1¢) — dije|

as small as we like by choosing € small and recalling that ||T||__ is proportional to e.
Now by using Lemma 2.2.4 with u = exp,(¢¢) and ¢ = f—wg noting that every term

and its derivative are bounded

4G(1) — d(eap,(ve) — d(] = &)

can be made as small as we like by choosing € small. Putting these two expressions

together, we can make
4G (f) - d(f)

as small as we like, and the result follows after using Lemma 2.6.2.

2.7 Banach Structure

Define Be(S,C") € LP°(S,C") to consist of sections ¢ : S — C™ so that the average

of ¢ around each circle at the center of a € edge region is 0

fgb = ( at center of & edges

This is well defined because ¢ € Llf’(S must be continuous.
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Our space of maps will be modelled on

B@(S, (Cn) —>Bg3
!

€&
Qg,k,E

From a quasi holomorphic graph u € Q;i p with domain S and a section ¢ €

Be(S,C™), we can create a map S — T™ x B" by
U, & eXPgru)

Lemma 2.7.1. This map is injective restricted to u € Q;f}}; and €(||¢l], , s+ 1) small

enough.

Proof:
Suppose that we have f = exp, ¢ for € ||¢||1’p75 small. We need to show that if

f= expﬁqg for €||@ 5 small, then u = @ and ¢ = ¢. First note that Lemma 2.3.2
Lp

tells us that ||¢|| is controlled by [[¢l],,5- An application of Lemma 2.2.4 gives that

0 0 0 0
ot Po(t) O~ Ep(t) and o &P P(t) ~ g (t)

for € |¢| small enough. This implies that moving the cylinder which we exponentiate
out from to obtain our map will change the average of the required ¢ in the opposite
direction, so for € ||¢[, , s small enough, the trivial holomorphic cylinders representing
the edges of u and ¢ restricted to these edge regions are uniquely determined by the

requirement that the average of ¢ around the middle of edge regions is 0.

As explained in Appendix C.3, for € small enough, once we know the edges of a
graph u € QZ?}J approximating f in this way, the vertex model curves are determined
uniquely, so we have u determined uniquely for €(|[¢]], , 5+ 1) small enough and hence

¢ is also determined uniquely because of the above estimate.

O
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2.8 Gluing map

We now wish to describe a map, which we’ll call dGg,, which takes variations &; €
Lf’é(SVi,C") of the model curves at the vertices V; of some quasi holomorphic &p

graph u with domain S and glues them together to a variation over S in Llf’é(S, Cn),
dgC%R : @verticesL€76(5%7 (Cn) B L112,6(S7 (Cn)

To start off, & can be considered as a variation over the vertex region V; C S and
the edges surrounding it without alteration. If § and &; are the variations coming
from the vertices at either end of a €x edge region, dG¢, averages them over the &

edge region containing this € edge using a cutoff function. Choose a cutoff function,
PR : [Ra R] - [Oa 1]

so that pp = 1 near —R and 0 near R, |dpg| < + and pg(t) + pr(—t) = 1. In
cylindrical coordinates centered over the center of an edge traveling from vertex ¢ to

vertex 7,

AG e, (D€)(0,1) = pr(1)&i(t, 0) + pr(—1)&;(0,1)

Note that these cylindrical coordinates exist, because €z edge regions consist of the
subsets R/Z x (a + R,b— R) C R/Z x (a,b) of & edge regions.

We can define dG¢,, on any set of sections d¢; of T%5; @ C" analogously. Thus, it
makes sense to talk of dGe, applied to ®d&; or GIE;.

The fact that the cutoff function satisfies dp < % implies the following lemma.

)
Lemma 2.8.1. If & € LY°,

|d(dGe, (©6)) — dGen (@&, 5 < 3 19l g

We now want to define a cutting map Cj which is an approximate right inverse
to dGe,, which we will then use to construct an exact right inverse, C¢,,. Recall that
a subset of the model domain Sy can be identified with the vertex region V' and the

edges regions surrounding it. Define Cj of a section & € LP? to be & cut off half way
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along each edge and considered as a section over Sy. So Cj gives a bounded map
Co : LP°(S) — Byertices L/ (Sy;)
Lemma 2.8.2. There exists a right inverse C¢,, to
dGe, + ®:LP°(Sy;) — LP°(S)

with
[Cepll <2

Proof: .
||deER © 00(5) - £||p,5 S 5 ||£||p,5

s0 Ge,, 0 Cy is invertible, with ||(dGe, o Co)!|| < 2. Define

C@R = C() o) (dgqu o) CO)_l

Ce¢, is a right inverse to dGe,, with ||Ce,|| < ||Coll ||dGe, o Co|l < 2

U

We can construct an approximate left inverse to 0 restricted to Be(S,C") using

the left inverse () considered in section 2.4. In particular, consider the map
dGoQoC: [P — [P
Lemma 2.8.3.
dG o Q o C(LP°(Q%Y(S,CM))) = Be(S,C") € LY°(S,C™)

Proof:

Recall that Q o 9 = Id on Lﬁ”é, and the image of C consists of sections in LP?°
that vanish half way along edges. This means that the image of () o C' at each vertex
model curve is all sections of LP9 that are holomorphic everywhere past half way

along the edges. Therefore, if the circle halfway along an edge is given coordinates 6,
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all the non positive Fourier coefficients of ¢;(f) and nonnegative Fourier coefficients
of ¢;(0) will vanish where ¢; and ¢; denote the sections over the vertex model curves
at each end of the edge. Any section in L’f"s over the interior of these vertex model
curves which obeys these conditions at its boundary circles can be extended to a
section in the image of Q) o C'. Applying dG to these gets a section which restricts to
3(01(0) + ¢2(0)). As ¢ can be anything on one side and ¢, is unrestricted on the
other, the only restriction that the image of dG o @ oC obeys is the average of sections
over these circles at the center of edges is 0. This is the condition that dG o Q) o C' is
in Be(S,C).

O

2.9 Self similarity of ()

Lemma 2.9.1. If S has at least one puncture or Eg edge region, there exists a bounded
left inverse to O restricted to Be,(S,C"),

Qep, - LP°(QM(S,C™)) — B, (S,C")

so that ||Qe,|| restricted to connected components of Deligne Mumford space is uni-
formly bounded. Moreover ker Q¢, can be chosen to consist of smooth one forms

supported in € vertex regions of S.

Proof:

The proof is by induction on the possible number of internal edges of .S, which is
k — 3 4 3g where S has genus g and k punctures.

First, note that 9 is injective and Fredholm on Be, (S, C"), so there must be some
bounded left inverse Qg,. The extra cokernel created by restricting 0 to Be, (S, C")
can be spanned by C" ® Span{df;} where f; is some real valued function that is equal
to 1 on the ith internal € edge region that contains a €x edge region and 0 on all
other edges. So as when we were defining (), the kernel of ()¢, can be chosen to
consist of smooth one forms which are supported in € vertex regions.

Also note that we can choose Q¢, to depend continuously on S when restricted
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to complex structures where the € edge regions have fixed combinatorics, so Q¢,
is uniformly bounded when restricted to any compact subset of Deligne Mumford
space with nodal Riemann surfaces removed. We now need to worry about Riemann

surfaces with very long internal & edges.

The case to start off the induction is the 3 punctured sphere, with (k—3+3¢g) = 0.

There is only one of these, so we have no trouble choosing ()¢, bounded.

Suppose that [|Qe¢,|| < ¢, for all Riemann surfaces S with (k — 3 + 3g) < m for
some R greater than R,,,; from axiom 5 in Appendix C. This means that €z edge

decompositions will be compatible with cutting and gluing on Riemann surfaces with
(k—3+3g) < (m+1)

Now consider Qg¢, restricted to surfaces S with (k —3 4+ 3g) = m + 1. First,
note that (Q¢, restricted to these surfaces with all internal € edges bounded by 2[ is
uniformly bounded, so we need to consider a surface with at least one edge longer

than 2[. Consider the map
dGe, 0 Qep 0 Cg,

for some [ > R. Note that as in the proof of Lemma 2.8.3, the image of this is
contained in Bg,(S,C"). The Q¢, in the above expression acts on sections over
Riemann surface with (k — 3 + 3g) < m, so it is bounded by ¢,,. Also recall that

|C|| < 2. Therefore, we can use Lemma 2.8.1 to say

- _ 2
|0 0 dGe, 0 Qe, 0 Ce, — dGe, 0 0 0 Qe © C || < 7Cm

note that m := dGg, o do Qe, 0 Cg, is a projection, as the projection do ¢, preserves
the image of C' and C o dG is the identity restricted to the image of C. Also note
that Q¢, 0 C¢, o™ = Q¢, © Cg,. So by choosing | > 4c,,, we get

HgodgelOchROOelOW—WH <

DO | —
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Therefore 7 o 0 is invertible and bounded below by ﬁ, so O has a left inverse

bounded by 8c2,.
Note that the Q¢,, constructed this way satisfies

ker Qe,, = dGe, (ker Qe,,)

so the ker )¢, is spanned by smooth one forms with support inside & vertex regions.
The lemma is now proved by induction, and noting that ||Qe,|| can be chosen smaller
than HQ@R,H for " > R.

O
Proposition 2.9.2. We can choose a left inverse to 0,
Qe : LP(Q0(S,C)) — Bey (5,C7)

so that

ker () C ker Q¢,, C ker Qe

for all Ry > Ry

2. Qe¢, depends smoothly on the complex structure of S in regions where the com-

binatorics of the g edge decomposition doesn’t change.

3. There exists a series of constants c,, < oo so that if S has genus g and k

punctures and (k — 3 + 3g) < m, then

1Qexll < e

4. There exists a series of constants R,, < oo so that if S satisfies (k—3+3g) < m,
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ker Q¢ s self similar for R > R,,, in the sense that

ker QC%R = dgC%R (ker QGR) = dg@R (ker Q)

Proof:

We construct (¢, more carefully from the Q)¢ discussed in Lemma 2.9.1. We
know that Q¢, must equal Q¢ restricted to the image d(Bg(S,C")). Recall that we
decided to span the extra cokernel of d created by restricting to Be(.S, C") by taking
C" ® Span{df;} where f; is some smooth real valued function equal to 1 on the ith
edge and vanishing on all other € edge regions. Actually, we can construct ker Q¢ to
contain C" ® Span{df;} where f; is one on the ith (not necessarily internal) & edge,
and vanishes on all other & edges. These f; should obey one linear constraint that

>~ fi = 1. These can easily be constructed to be self similar in the sense that
{of:} c{ dgeR(®5fj)} for all R

As ker Q¢ is finite dimensional and just consists of smooth one forms, we can use
the L? metric on it, and choose ker Q¢, to be the orthogonal compliment in ker Q¢
of ker Qg N O(Be,(S,C")). As we chose our f; to be self similar, there exists some
constant ¢ (depending on (k — 3 4 3g)) so that if f; is one on the ith edge which has
length R,

1fillips < ce® OS] 5

The projections defined by 0 o Q¢ and the complimentary projection onto ker Q¢ are
controlled by ||Q¢l|, which Lemma 2.9.1 tells us is uniformly bounded depending on
(k — 3+ 3g). Therefore the Q¢, we've defined satisfies

|Qe,ll < e for (k—3+3g) <m

As noted in the end of the proof of Lemma 2.9.1, there exists an I(m, R) so that

ker Q¢, = dG¢, (ker Q¢,,) for I > I(m, R) and (kK — 3+ 3g) <m
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As we chose the functions f; to be self similar, and the metric for taking the orthogonal

compliment is self similar, this tells us that there exists some R,, so that
ker Q¢, = dGe, (ker Qg¢,,) for all R > R, and (k —3+3g) <m

Note that we can define
Q= lim Qe,
so () = (¢, on surfaces with no internal € edges. Therefore the last property stated

is satisfied. The first two properties are satisfied by construction.
OJ
Define the projection
TQ ¢p 1= do Qe
For R large enough, the above proposition implies that kermg ¢, = dGe, (ker mq).
This is important, because then we can use Lemma 2.6.3 to say that we can make

70.¢,0G (Q;i’%) as small as we like by choosing R large and e small. The next step

is to use the implicit function theorem to modify G to G, so that

7TQ7€R5900 = 0

2.10 Implicit function theorem

We want now to modify the gluing map G to G, so that for any quasi holomorphic

6,€R

graph u € ngkyE,
Tg,er(0(Goo(u))) =0

We do this iteratively. Each iteration will be of the form

Gr(u) = €XPg(u) Pk

where

¢o =0
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Pry1 = Or — Qep(9(Gr(u)))

In order to prove that this sequence of maps will converge to one with the desired

properties, we need to examine how 5eng(u) ¢ changes with ¢.

6,¢R

Lemma 2.10.1. For quasi holomorphic graphs v € QME,

ds

<c
ds

p,6

d d
H %d(eXPg(u) ¢s) - %(dgbs)

1,p,8

where ¢ can be made arbitrarily small by choosing € ||ps||, ,, 5 small.

Proof:
define
F(Sa t) = eXPg(u) t¢s

dF(s,t) = d(expg(u) tos)

We are interested in 2=dF (s, 1).

Using Lemma 2.2.1

0
510F = d(9) + Tr(6,dF)

SO

52
O0t0s

0
dF — o-d(¢s)| = | 5 5. dF = =-d(¢s)

_’82 5

oF 0
< 191 |5F 11141+ 1. -6 01

+ T |95l

0
24

Applying Lemma 2.2.4 along with the observation || T, |d¢s| < 1if €[[¢4][, , 5 18
small enough gives

|[dF (s, 8)] < A(|dF (s, 0)] + [d(¢s)])

Note that Lemma 2.2.4 is valid regardless of the domain of u. Using this with
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u(s) = F(s,0) = G(u) and ¢(s) = ¢5, and the same assumption that
1T o [@s] <1

gives

OF ) 96,
ZZl<al —
'83 _3'83(¢8) 3‘83
0? 0 0o,
F—— <12||IVT F
Jia? -~ 5t < 2IvT 5]t are ol
26,
121Vl o5z | 1o,
FAITIL |20, 14F G0
> as | 5 %9 lloo
D,
0 d
AT | 5i0n| L@l
0
Tl o | 207
S o
So by choosing e small enough, we get
o2 B 96, )
dF — —d —dF
Hatas 55" )| =g | T 2||as |

for ¢; > 0 and ¢y > 0 as small as we like. Integrating this, we can bound H%dFHp(S
by 2|52

and then integrating again gives

i

for ¢ > 0 as small as we like.

1,p,8’

0 0
%dF(Sa 1) - gd(%)

< CHf)’cbs
.6 O0s

1,p,6
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Recall that we have defined

Gr(u) = eXPg () O,

where

¢o =0

Pr1 = b — Qen(0(Gr(w)))

Proposition 2.10.2. For quasi holomorphic graphs u € Q;’ﬁ’RE, it 15 possible to choose

€ > 0 small enough and R large enough that ¢i form a Cauchy sequence. In the limit,
Goo(u) = eXPg(y) Poo Satisfies

7Q.¢(0(Goo (1)) = 0

Moreover, this is the unique solution to the above equation for maps of the form
eXPg(u) @ for ¢ € Bey(S,C") with [|¢],,s < 1. By choosing € and R, it can be

arranged that ||¢ull; , 5 is as small as desired.

Proof:

Given any constant 0 < ¢ < 1, we can also choose ¢ and R so that Lemma 2.6.3
gives that

- c
|7q,e,(0G ()| < 2[0e.

this is because the left hand side shrinks with R faster than e~~9% and Proposition

2.9.2 tells us that [|Qe,|| grows like e’ and § < 1.

Choose € small enough that Lemma 2.10.1 can be used to show that

S}Hdaﬁs
06 21| ds

(2.6)

d d
H%d(eng(u) ¢s) — E(d%)

1,p,6
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NIEll,,5

<1, then
[lQerll

for [|¢[],, s < 1. In particular, this means that if ||¢[[, , s +

_ - 1
HanPg@0(¢'+(Q€R§)_‘anPgm)¢'_§”pﬁ S 5”&”@5

This also implies that any solution with ||¢l[, , s <1 will be unique.

Suppose that
92— k

< 5ge
ol s < (1 —275)

HWQ ¢, (0Gk (u

Then
kafl

2|KQ€RH
12ll1,6 < c(1—27%71)

1 70,¢4 (8Gk1 ()| <

Therefore the above inequalities hold by induction, and the proposition is proved.

To summarize, what we have now is a map G, which takes quasi holomorphic

graphs in Q;’ﬁ’RE and produces curves satisfying the equation
1Q,ex(0(G(u))) = 0
To find genuine holomorphic curves, we also want to solve the equation
01 = (Id — mq,e,)(0(Goc (1)) = 0

Note that (Id — mg ¢,) projects onto a finite dimensional space, so if we can prove
that (Id—7q ¢,)0G is continuous, then solutions of the above equation can be found

by topological methods.
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2.11 Continuity of G

The strategy for proving that G., is continuous will be to check that for every ug €
Q;iRE there will exist a neighborhood uy € U C Q;%RE and a continuous family of

maps f, for u € U so that
fuo = Goo(u0)

and f, = expg(, ¢u for some ¢, € Be(S,C")

Then applying the iteration procedure from the proof of Proposition 2.10.2 will give
us that G, must be continuous.

To say what we mean by ‘continuous’, we may want to use a weaker metric from the
canonical one we have been using up until now so that the space of holomorphic curves
can be compactified. An appropriate metric G must satisfy the following properties
listed in Appendix B. Essentially, the torus action and J should be well behaved
in the G metric. In particular, the canonical frame for the tangent space defined
by the torus action and J should be bounded and have its derivatives bounded. The

additional assumption that the curvature of G is bounded gives the following estimate:

diste(exp,, ¢, exp,, ¢) < dista(pr, p2)e?!

Also, the change in the torsion tensor T measured in the canonical metric should be

bounded by distance in G, ie

‘Tpl - TPQ‘ < CdiStG(plap2)

To define the meaning of a ‘continuous’ family of maps from Riemann surfaces

with changing conformal structures, we use the following somewhat ad hoc definition.

Definition 2.11.1. Say a sequence of maps f; : S; — T™ x B™ conwverges to f :
S — T™ x B" if

1. S; converges to S in Deligne Mumford space
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2. There exists a R > 0 so that all €g edge regions in S are infinite cylinders and
a N € 7Z so that for allt > N there exist identifications of the Eg vertex regions

of S; with the €g vertex regions of S so that in these identifications

(a) the complex structures j; converge to j in the sense that

17i = jllyps converges to 0

(b) fi converges to f in on these €g, vertex regions in the sense that

|diste (fi, )|l + ldfi — df|l, 5 converges to 0

(c) If a €g edge region of S; is conformal to R/Z x (0,2l), then identifying
the first half of this with the subset R/Z x (0,1) C R/Z x (0,00) of the
corresponding € edge region of S, then f; converges on this subset to f

as above in the sense that
|diste (fi, )|l + ldfi — df]l, 5 converges to 0

We will call a family of quasi holomorphic graphs u for which the combinatorics
of the € edge markings is constant continuous if G(u) is continuous. Note that this

means that a continuous family of quasi holomorphic graphs is characterized by

1. The complex structure of the domain changes continuously
2. The position of edge holomorphic cylinders change continuously in the G metric

3. The relative positioning of the ends of edges at a vertex changes continuously

in the canonical metric.

We now consider the effect on df of small changes of complex structure which
can be considered as changing j on the domain of f. We will deal separately with
‘large’ changes of complex structure which resolve nodes into long edge regions later.

Consider a smooth family j; of complex structures on S.
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d 1 )
= E(i(df + Jdf j,)
1 dj
— g4
2 fdt

d -
E(ajtf)

The following lemma is immediate.

Lemma 2.11.2. If ||df|| . is bounded, then

d -
|5

djy
< 1l H—
5 dtll,s

p

If |dfy — dfsl], 5 is bounded, then

djt

< [ldfy — dfal, 5 7

p,0

[e.o]

This is enough to control the change in 0 of any of the maps which we are interested
in for small changes of complex structure that do not change the nodal structure of
our domain, as we can choose representatives for these variations in complex structure
with bounded L> and LP° norms. Variations of complex structure near the boundary

of the Deligne Mumford space are taken care of by Lemma 2.11.5.

Lemma 2.11.3. Given any €g edge region R/Z x (0,1) and family of trivial holo-

morphic cylinders continuous in the G metric,
Cy(0,t) := exp,, (fa +tJa) for (0,t) € R/Z x (0,1)

the family
eXpg, ¢

. . p,0
is continuous for any ¢ € Lj

Proof:
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define
Fv(s) = €XDPg, 5¢

dF,(s) = d(expg, 5¢)

Using Lemma 2.2.1

0
—dF, = T F,
an v (b_'_ Fv((bad v)

so using the assumptions on G listed in Appendix B

0

0
55 — 5o dFu| < ecdista(Fuy, Fiy) 9] |dEy | + [Tl 9] |dE, — dE|
S

0s
< ecdistg(Cly, Cv2)e€c‘¢| 9] [dF, | + ||T||oo 9| |[dF,, — dF,,|

Integrating this using dC,, = dC,, for the initial conditions and noting that |¢| is
bounded by [|¢]|, , 5 gives that expc, ¢ is a continuous family.
O

The same proof gives the following

Lemma 2.11.4. If p(v) is a family of points continuous in the G metric and ¢ € Lll”é
1s defined on some €g vertex region, then the family of maps defined on this Eg vertex
region by

epr(v) ¢

18 continuous.

The following lemma deals with ‘large’ changes in complex structure that resolve

nodes in our domain Riemann surfaces.

Lemma 2.11.5. Tuake a trivial holomorphic cylinder
C(0,t) = exp,(fa +tJa) for (0,t) € R/Z x (0,00)

of finite length in the G metric. Choose a smooth cutoff function p : R — [0, 1] so
that p(t) = 1 for t < —1 and p(t) = 0 for t > 1. Then for any ¢y, ¢y € L2°, the
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family

exPea (Pt = Do1(0,1) + p(l = 1)da(20 — 1)) for (t,0) € R/Z x (0,21)

is a continuous family when parametrized by the length of C' restricted to (t,0) €
R/Z x (0,2l) in the G metric plus #l
Proof:

Because multiplication by p and shifting are continuous operations on Llf"s we
know that (p(t — 1)ep(0,t) + p(I — t)p2(20 — t)) will be continuous in [ for [ bounded.
Note also that the first half of this converges to ¢; on R/Z x (0, 00) and the second
half converges to ¢, on R/Z x (—00,0), reparametrizing from the other end of the

cylinder. The Lemma then follows from Lemma 2.10.1 and Lemma 2.11.3.

U

Proposition 2.11.6. For R large enough and € small enough, G, is continuous at
reqular points of Q;’ﬁ’ . around which the combinatorics of the €r edge markings do

not jump.

Proof:

Choose some graph wug € Q;f}}; so that in a neighborhood of ug, the combina-
torics of €g edge markings do not change. We will show that G, is continuous at
up. Consider the map f,, ‘= Go(ug). We define a continuous family of maps f,
parametrized by quasi holomorphic graphs u in a neighborhood of uy. We do this
as follows. Consider the domain S of ug. We will only consider quasi holomorphic
graphs v with domains that have the same €x edge marking combinatorics, so we
have correspondences between the edge and vertex regions of S and those of u. We
then choose a family of maps identifying S with all infinite edge regions removed
with the corresponding regions in u. By choosing our neighborhood small enough,
we can choose this family continuous with the resulting family of complex structures
Ju continuous using the Lﬁ”é norm. We also choose these identifications so that they
continue as complex maps halfway along the remaining edges of u into the remaining

(infinitely long) edges regions of S.
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We will define an attempt at f,, which we will call f, separately on each vertex

and edge region, and then smooth this together into f, using a cutoff function.

Now define f, on the internal edge regions of S which aren’t infinitely long and

all external edge regions as follows:

If fu, = expg, @

Define fu = expg, ¢

Above, C,, indicates the corresponding trivial holomorphic cylinder which is an edge
of u parametrized so that its center corresponds to the center of our edge region in

S. (Note that we might need to extend or shorten C,, to make this fit.)

Define fu on a neighborhood of vertex regions of S as follows: Choose the location
of a family of vertex model curves given by u to be p(u). We can choose p(u) to be

continuous when measured in the G metric.
If fuy = €XDp(ug) @
Define fu 1= eXPpy)
Define f, on edge regions corresponding to internal pairs of infinitely long edge
regions of S as follows:
If f. = expe, ¢1 on one cylinder

and f, = exp¢, ¢ on its mate

Define fNuo (97 t) = eXpCuO (,O(t T l>¢1 (97 t) + p(l o t)(bQ(ea 20— t))

The expression above is for (0,t) € R/Z x (0, 2l) where this parametrizes the correct

edge region of u conformally, and C, is the corresponding trivial holomorphic cylinder.
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Lemmas 2.11.2, 2.11.3, 2.11.4, and 2.11.5 tell us that fu so defined will be continu-
ous families on their respective regions. Note also that f, will match up approximately
in a way that approaches 0 in our canonical metric when u approaches uy So we can
smooth f,, using a cutoff function in a collar neighborhood of each vertex region to
produce a continuous family of maps f, for which f,, is our original function. In
particular, we know that ”7‘(‘@7@5 quLp, 5 approaches 0 as u approaches ug. Applying
the iteration procedure from Proposition 2.10.2 will converge in a neighborhood of
ug if R is large enough and e small enough. This will produce a family of functions
satisfying 7o ¢0 = 0 which must correspond to G, in some neighborhood of ug be-
cause of the uniqueness statement in Proposition 2.10.2. Moreover, this family must

approach f,, as u approaches 0. Therefore, G, is continuous at uy.

U

Now we want to show that 0 o G, is a continuous section
_ e
0000 : Quplp — €
as defined in Definition 1.1.3. We need this special definition because the bundle

ker Q¢,, := He,(5,C") —&
!

e, Cp
Qg,k,E

(which 0 o G, is a section of) jumps dimensions in the fiber and base when the

combinatorics of € edge markings changes. Note that we have chosen ()¢, so that
ker Q¢ C ker Q¢ for all R>R

as Proposition 2.9.2 tells us we can. The idea is that if ker ()¢, jumps, we can increase
R a little to R so that there is locally no jumping of ker Qe,. The analysis in this

case will then tell us that 9o G, is well behaved. To do this we need a way of relating
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,QE 57Q3~
G On Q;kﬁg and QQ&%.

Lemma 2.11.7. If R s large enough and € small enough, there exists a map

for R+1> R > R so that for every u € Q;%}E satisfying
WQ’géggoou =0

Goolu) = QOO(WR,RU)

Proof:

Note that in order for the above to make sense, we may need to extend G, to

Q;i% = {u € Q% so that ||dyu|| < 2, E(u) < E, genus(u) = g, k punctures}

This differs from QZ’i% only in that the requirement on O of the model curves is

weakened so HgouH < 2 rather than HéouH < 1. All proofs concerning Q;fE work for
Q;:’% so long as R is large enough and e small enough. The reason that we may need
to do this is the image of TR A (QZ?E) may not be in Q;iﬁg, but it can be verified
using Lemma 2.2.4 that for € small enough it will be contained in QZ?}E

T i 1 defined in Appendix C.3, here we only need to verify its extra properties.

With that plan, choose some u so that
WQ’géégoo(u) =0

Choose R large enough and e small enough so that Proposition 2.10.2 works using
the L?° norm for both § = 0.4 and § = 0.1, and we have

Goo(u) = expg(,) ¢

with ||¢||1,p,0.4 < %

The edges of mx zu correspond to a subset of the edges of u and we use the same
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trivial holomorphic cylinders. As in Appendix C.3, for every vertex region of 7 pu,
there is some point p € T" x B™ so that the attached edges start at exp, ¢; with
bounded and ) ,(; = 0. Then consider the map F' : V — C"/Z" on the vertex
region V'

U= eXPasy (52 oy (F = Y Gt)

with notation as in section 2.6. F' will be bounded, and we can use Lemma 2.2.4 to
prove that for e sufficiently small

H&F— agOOqu,OA
is small. We also have that F' is close in L’f’o'4 to the appropriate trivial holomorphic
cylinders starting at ;. We can then extend F' to all the model domain Sy so that

for € small enough,
HQ%gFHLp,o.l < ce™*

This uses that the growth of Qg, in the norm with § = 0.1 is e®!® as proved in
Proposition 2.9.2. Note that in particular, by choosing R large enough, this can be

made as small as we like. Our model curve will then be given by

p. f]:= [p, F — Qe 0F]

We can then use Lemma 2.2.4 to prove that G([p, f]) is close in the L' norm to

Gool(u).

The quasi holomorphic graph with these model curves and edges as above will be
Tt € Q. We know already that Go.(u) is close to the edge trivial holomorphic
cylinders in Lzl”o'4, so it is close in Lzl”o'l. The above argument gives that it is also

close in LP™! in vertex regions, so for some ¢ € Be, (S, C") with ||¢], 0, <1

Goo(u) = eXPr () ¢



2.11. CONTINUITY OF G, o7

The fact that 7TQ7@R5900(U) = 0 implies that
Goolu) = QOO(WR,RU)

because of the uniqueness statement in Proposition 2.10.2.

Theorem 2.11.8. For R large enough, and € small enough,
3 e,
0oGy: ngkﬁ‘@ —s &
s a continuous section in the sense defined by Definition 1.1.35.

Proof:

At regular points of Q;g% where there is a neighborhood in which the combi-
natorics of €x edge regions don’t jump, we've seen that for R large enough and €
small enough, 0 o G is continuous, as around those points we just use the normal

definition.

Now consider an arbitrary graph ug € Q;%RE There exists some R > R so that
ker Q¢, = ker Q¢, at ug, and ker Q¢, doesn’t jump in a neighborhood of uo. We

know that if we have chosen R large enough and e small enough,
00Gy: QZ’E% — ker Qe

will be continuous.

We are interested in solutions of the equation

TQ.¢, (6 o Goo) =0 on Q;g%

in some neighborhood U of uy. Call the set of solutions U%. The uniqueness state-

ment in Proposition 2.10.2 implies that this is the same thing as looking for solutions
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to the equation

Qe (0f) =0
for maps f in some open set in the space of maps. Note that Lemma 2.10.1 used
as in Proposition 2.10.2 implies that 0 o G, is transverse to 0 at U%# restricted to
variations in Be, (S, C"), so U®R is transversely cut out.
Lemma 2.11.7 combined with the uniqueness statement of Proposition 2.10.2 tells
6,Cxh

us that U®% will be the intersection of Gu (ngk’ E) with the above open set. The

inverse image of this open set under
36,€x n n
goo:ngE—> maps to T" x B

will an open set U’ C QZ?}’E Note the proof of Lemma 2.7.1 along with Proposition

2.11.6 tells us that for € small enough G, will provide a homeomorphism
Goo : U — U®R

Noting that 0G., is continuous on U’ gives that all the conditions for 0G., to be

. 7@
continuous at ug € Q; o

n



Chapter 3
Convergence to graphs

The goal of this chapter is to show that all bounded energy J¢ holomorphic curves are
in the image of the gluing map G, which is the subject of the previous chapter. This
is achieved by showing that any bounded energy J¢ holomorphic curve in T™ x B™
will be close to a J¢ quasi holomorphic graph of the type described in section 1.1.4
for € small enough. The first task is to describe the properties of the taming form w

which will keep our holomorphic curves well behaved.

3.1 Taming form
The class of manifolds under consideration are Lagrangian fibrations of the form

T — T" x B"
L
B’I’L
w is a symplectic form on T" x B™ which is symmetric with respect to the torus
rotations, and which vanishes when restricted to torus fibers. The first requirement

is that w is positive on J holomorphic planes, this together with the condition that

torus fibers are Lagrangian implies that w is positive on any J¢ holomorphic plane.
Lemma 3.1.1. w is positive on J¢ holomorphic planes for any € € (0, 1]

29
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Proof:

This is a simple computation. Represent an arbitrary vector as vy + J vy where

v1 and vy are vertical vectors tangent to torus fibers. Then
w(vy + JVy, JU — v3) = e(w(vy, Jv1) + w(va, Jvo)) + € (w(Jvy, Jv1))

By assumption w(vy, Jv;) and w(ve, Juy) are both positive, so the only way the above
expression can be negative is if w(Jvg, Jvq) is negative. In that case, the above

expression is greater than
e(w(vy, Juy) + w(vy, Jua)) + w(Jvg, Ju1)) = ew(vy + Jvg, J(v1 + Jug)) > 0

U

As we are in the non compact setting, we have some extra requirements on w

(these are listed in appendix B and checked for some spaces). First, we require that

E, ::/u*w
s

is constant for any continuous family of holomorphic curves u. Actually, we want

the w energy,

the same to be true for slightly more flexible families of maps. We will say a smooth
map from a punctured Riemann surface v : S — T" x B™ has holomorphic ends if
there is some open neighborhood of the punctures of S on which w is holomorphic.
If the energy of u is finite, this will place some restrictions on the behavior of u near
punctures; for example, if T" x B™ has cylindrical ends, the punctures will either be
removable singularities or converge to cylinders over Reeb orbits, if T x B™ arises as
a dense open set in some compact symplectic manifold, then punctures will need to
be removable singularities in this compact manifold. We assume that the w energy is

constant on any continuous family of maps with J¢ holomorphic ends.

The non compactness of our problem and the need to tame a degenerating family
of complex structures requires us to have a little more flexibility in our taming forms.
Call A,, g the set of taming forms @ which are positive on holomorphic planes, vanish

restricted to torus fibers, give constant integrals restricted to connected components
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of the space of maps with holomorphic ends, and so that Ez(u) = E,(u) for any J¢
holomorphic map u with E,(u) < E. If D C S is part of the domain of a holomorphic
map u, define the energy of the map restricted to D to be

Ep(u):= sup /u*dj
D

WEAL, By (u)

Note that Ep(u) < E,(u).

The final condition on our manifold and w is that for any energy bound E there
exists an r > 0 smaller than the injectivity radius of B™ and cg > 0 so that for every

p € T™ x B™ there exists a taming form w, g € A, g so that
w, (v, Jv) > cg [v] (3.1)

for all tangent vectors v based at points within a distance r from p. This gives a way

of controlling the local area of our holomorphic curves.

The above assumptions are listed and checked for some spaces in appendix B.

Note that if we want a local area bound for J¢ holomorphic curves, the above

forms will give us the estimate
wy. (v, JU) > ecp |v]?

This is not good enough. We will need to make an exact adjustment to w, to con-
centrate it further around the point p in order to get a good local area bound for J¢

holomorphic curves.

First, use Lemma 2.2.4 to find a radius » > 0 smaller than the injectivity radius
of B™ and the 7 used in the definition of the w, g, so that in a ball of radius r around
any point p € T" x B,

(dexp,)(v) o] < 5 lo

We now describe an exact alteration to w, g in coordinates centered at p. If the
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coordinates for T = R"™/Z™ are given by x;, then use the coordinates

n

R
exp,, (7 + ZyiJﬁxi) — (z,y) € 7 X R

Note that in these coordinates our above estimate becomes

|Jax7, - ayi

Now consider the two-form

0,. :=d (Z - ffdxi>

(3.2)

Here ff is a smooth function of y supported in the ball of radius r satisfying the

following conditions involving the constant cg from the definition of w, .

C_E> off >_C_E
dne — Oy; —  4n

off CE o,
_Jr —~ 1
'8yj’<4n oriz

and, for [y:] < %€ amd |y| < I
off _ ce

Oy,  4ne

off

=0,i#j
y;

The following lemma holds in the metric rescaled to be preserved by J¢.

Lemma 3.1.2. Fore < é

0,.(v, JV) > —ecp |v]?

and within % of the torus fiber at p,

6 CE 2
Oy (v, JV) > Ton [v]
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Proof:

63

Decompose v as v; + Jsy where v; and vy are torus directions. Note that the

stated properties of f; together with our estimate 3.2 are enough to tell us:

O(vy, Jur) > % Enk

With the above estimates, we can show that 6(v, J) can’t be too negative

O(v, Jv) = O(vy, eJuy) + 0(va, €Jvg) + O(eJva, €Jvy)

2 2 3cp
~(fonf* + foaf® + [ol, [0, )=

v

> —ecg |v)?

Also, within % of the torus fiber at p,

O(v, Jv) = O(vy, eJuy) + 0(va, €Jvg) + O(eJva, €Jvy)

2 2\ CE 3cp
> (Jv1]” + |vg] )8_n — |vl; |vl, €5
> CE v|2

16m

0

Define the set of taming forms A, g, to be the set of closed two forms that are

nonnegative on J¢ holomorphic planes, vanish when restricted to torus fibers, and

give the same integral as w when restricted to J¢ holomorphic curves of energy less

than E. We have that

WpEe = wpE T Opc € Ny e

We can use the forms wy, g to prove the following lemma.

Lemma 3.1.3. Given an energy bound E, there exists an r > 0 and cg > 0 so that
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for all positive e < 1 and p € T" x B", there exists a taming form wy pe € Ay pe 50

that in the metric corresponding to J¢,
wy.p.c(v, JV) > cg |v]°

for tangent vectors v within v of the torus fiber at p. Moreover, w, . can be chosen
so that

lii%(exp;)*u)p,E,6 = Cpwo
where expy (z,y) = exp,(r+)_ y;J0y,) and wy is a standard taming form on R™ /Z" x
R™ given by

wo =Y d(—f(y)dw;)

where f is some increasing function.

A corollary of the above lemma is that if some component of the space of quasi
holomorphic graphs QZ?}J contains a graph u so that G, u is holomorphic, then the

energy of the individual vertex model curves in that component is bounded.

3.2 Derivative bounds

In what follows we will obtain a first derivative bound for our holomorphic maps by a
bubbling type argument. First, we will apply a standard elliptic regularity lemma for
the linear 0 operator to show that bounds on the first derivatives of J¢ holomorphic

curves will imply second derivative bounds independent of e.

Lemma 3.2.1. For a giwven integer k and 1 < p < oo, there exists a constant ¢ so
that

HuHLiﬂ(D(%)) <c <H8“HL§(D(1)) + H“HLP(D(l)))
where L} (D(1)) indicates the LP norm on the first k derivatives in the unit complex

disk.

Lemma 3.2.2. If u : D(1) — T" x B™ is holomorphic, then remembering the
identification of T,(T™ x B™) with C* and using coordinates (x,y) for the unit disk,
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ug : D(1) — C™ satisfies

Proof:

1
O(uz) = §(unw + IV, Uz)
1
= §(Vuz(ux + Juy) + JT(uy, uy))

1
= aJT(uy, Ug)

O
Note that the O operator on derivatives is just the usual linear  operator in our
trivialization. In particular we can apply Lemma 3.2.1 to u, in the case that du is

bounded to obtain

Lemma 3.2.3. for every 1 < p < oo, there exists a constant c so that for any

holomorphic map w : D(1) — T™ x B",

2
1wl pperyy < ellITllog ldullLe oy + ldull oo (pay))

Following a bubbling type argument, we are now ready to get a derivative bound

for J¢ holomorphic curves disks with bounded energy when ¢ is close to 0

Proposition 3.2.4. For a given energy bound E, there exists an eg > 0 so that for
all 0 < € < €g, all J¢ holomorphic curves with w energy less than E satisfy a uniform
derivative bound.

In particular, giwen any domain in a bounded energy J¢ holomorphic curve u

conformal to the complex unit disk, u: D — T™ x B™ satisfies
|Vu(0)| bounded

Proof:
Suppose to the contrary that there exists a sequence u; : S; — T™ x B" of

bounded energy J¢ holomorphic curves with a sequence of holomorphic inclusions of
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the unit disc D C S;, so that lim, . ¢; = 0 and
w;: D — T" x B"

satisfies lim |Vu;(0)] = 0o

i—00

We will use a minor modification of the proof of the bubbling lemma 5.11 from [1]
to obtain a nontrivial holomorphic plane with bounded energy and a contradiction.

Note that all these maps satisfy

sup /ufdj <FE
JJEAW,E,Q D

First, we obtain a sequence of rescaled J¢ holomorphic maps @; : D(R;) — T" x B"

as in the proof of lemma 5.11 in [1] so that
Vi, <2
Vi, (0)] =1

lim R; = o0

11— 00

Suppose that R; is also chosen so that

i—00

Write 4; in coordinates centered on @;(0):

u; = €XDPg,(0) oF

Identifying (T4, o) (T" x B™), J%) with C", we get a sequence of functions
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Note that |¢;| < 2R; so Lemma 2.2.4 tells us that there exists a constant c so that
|d111 — d¢z| S CEZ‘RZ‘GCGiRi |d¢z|
so for 7 large enough, |d¢;| < 3, and

fim 00 =0
Lemma 3.2.3 implies that as |du;| < 2, the L} norm of di; is bounded on compact
subsets of C. As the inclusion of L into C? is compact for p > 2, we can choose a
subsequence of @; so that da; converges in C)_, and hence ¢; converges in C}_ to a
holomorphic map ¢ : C — C" with energy less than F and |[V¢(0)| = 1. Recall that
Lemma 3.1.3 tells us that

E> /(CCEWWOI/(CCE¢*(_de(yi)dxi)

However, at least one component of ¢ is a nonconstant, entire holomorphic map
C — C, and hence must cover all of that component of C". Therefore the energy of

¢ must be infinite, a contradiction.

O

3.3 Convergence of cylinders

In this section, we use the derivative bound from Proposition 3.2.4 to prove that the
parts of bounded energy J¢ holomorphic curves conformal to long cylinders will be

close to trivial holomorphic cylinders for e small.

Consider a J¢ holomorphic curve u with energy less than E that has a subset of
its domain conformal to S x [—1, R+1]. Proposition 3.2.4 tells us for € small enough

that the restriction of u to the cylinder

u:S' % [0,R] — T" x B"
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satisfies a derivative bound depending only on the energy F.

Now consider a nearby trivial holomorphic cylinder C': S* x [0, R] — T" x B™ so
that u.([S']) = C.([S']) € Hi(T"). Note that our derivative bound tells us that for €
small enough, u(S"!) must be contained in a ball in the base B" which is smaller than
the injectivity radius of B™, so u,([S']) = C.([S']) € m1(T" x B"). Recall that trivial
cylinders are holomorphic cylinders of the form C(6,t) = exp,(6v +tJv). Write u in

coordinates about this cylinder:
u(f,t) = expeg, #(0,1)
The main lemma we will use will be Lemma 2.2.4 which tells us that
jdu — d¢ — dC| <|| T, [¢] [dC| /P11 1 |dg| (eI Tl — 1)

Note that for ||T|_, |¢| small, this gives a bound on |d¢| as we already have bounds
on |du| and |dC|. From now on, assume that ||T||_ |¢| is small enough so we have a
bound on |d¢|. Note that this will give us a bound for |¢(0;,t) — ¢(62,t)|. Simplifying

the above expression, we have for || T||_ |¢| small enough,

|du —d¢ — dC| < c[|T|, [¢] (3.3)
We have o6
20 —(0,t)d0 =0
SO
d _
a/¢d9‘ < [ 10| as
< || Tl|, max (0, ) (3.4)

<e|T., (] [ o]+ s 106010 - o10:.0))

C(6,t) can be chosen so that [ ¢(6,0)df = 0, so for e small enough there is a
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constant cgr so that integrating the above expression gives,

}&b} < cremax |¢p(by,t) — (b, 1)] (3.5)

and

9]l < (cre + 1) max|p(6y, 1) — ¢(02,1)| (3.6)

Now we can use the Cauchy integral formula on ¢:

¢(6,0) ¢(0, R)
(b(eo,to) / — e 27rt0€27rz(9 0o) df — /1 e2m(R—to) g2mi(0—00) df

(3.7)
// 1— e27r(t to ) e2mi(0—0o )dadt
We can now use this to bound |¢(6, £)|:
R —mR
¢(0, 7)) < 37 (cre + 1) max |¢(61,1) — $(02, 1))
2 (3.8)

+ ¢rcremax |d(61,t) — ¢(6a, 1)

s _ 1
where ¢ = max [ |1762ﬁ(t7t0)62m(9790)|d@dt

Lemma 3.3.1. For € small enough, given any J¢ holomorphic curve u of energy less
than E so that part of its domain is conformal to S* x [—1,3],
u: St x[0,2] — T" x B"

satisfies the following.

There exists a trivial holomorphic cylinder C : S* x [0,2] — T™ x B" so

u(@, t) = eXpC(G,t) ¢(97 t)

/ (0, 0)d0 =
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max |¢(61,1) — ¢(62, 1)| < e ? max |p(6:,t) — ¢(6a,1)]

t€[0,2]

|¢(‘9a 1)| < 672 trél[g};] |¢(01’ t) - ¢(927 t)|

moreover, ifCY is a close by trivial holomorphic cylinder and u = exp QNﬁ,

max (b(ela 1) - ¢(927 1) < 672 max |¢(917t) - ¢(927 t)|

te[0,2]

Now consider a bounded energy J¢ holomorphic curve u with part of its domain
conformal to S x [—1,2N + 1] — T" x B". For ¢ small enough, there exist a
series of trivial holomorphic cylinders Cy,...,Cy and ¢; so that u = expg, ¢; and

[ ¢:(0,i)df = 0. Repeated application of Lemma 3.3.1 gives that

) s < —2k
te[?,gi]t\:;(—k} ‘451(917 t) ¢z(927 t)‘ € c

dist (02_1(0, Z), CZ(Q, Z)) S CG_%

For ||T||, small enough, Lemma 2.2.4 tells us that the growth of the distance

between trivial cylinders is small enough so that

max dist(C;_1(0,1), Ci(0,1)) < ce™"

te[0,i]
Thus, we have

Proposition 3.3.2. Given an energy bound E, there exists a constant c so that for e
small enough, for each part of a J¢ holomorphic curve conformal to S* x [—1,2R + 1]

there exists a unique trivial holomorphic cylinder C' so that in coordinates u = expq ¢,

$(0, R)df = 0
Sl

‘¢(9,t>| < Ce—min{t,2R—t}

and
’&b(@, t)} < cemin{t.2R—1}
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Lemma 3.2.1 then gives us the immediate corollary that ¢ € L’f’(S for any weight

0 <1 is uniformly bounded.

3.4 Convergence to model curves

Proposition 3.4.1. Given an energy bound E, genus g, and number of punctures
k for a surface S there exists an R and € > 0 so that the following is true. Any J¢
holomorphic map u : S — T" x B™ with energy bounded by E can be approximated on
each Eg vertex region V C S by a quasi-holomorphic model curve f : Sy — C"/Z™

in the sense that

u = expg(s) ¢ on Sy
and |9y, < c

for ¢ > 0 arbitrarily small.

Proof:

First, Proposition 3.3.2 can be used on the ends to show that for € small enough
and R large enough u must be close in LY 0 trivial holomorphic cylinders on € edge
regions. In fact, as the exponential decay of u is like e~ and our exponential weights

(1=0)% of trivial holomorphic

grow like %, 4 must be within some constant times e~
cylinders on &g edges in L2,

Each of these trivial holomorphic cylinders starts at a point p;. Next, note that
the derivative bound from Proposition 3.2.4 and the bounded diameter of €x vertex
regions V' C S imply that «(V') has bounded diameter. For ¢ small, we can choose a

point p so that each p; = exp, G, > ¢ = 0 and

U= eXPey, (5 i) (F = Y Githi)

for some map F : V — C"/Z". Note that the above expression is chosen to look a

lot like the expression for G introduced in section 2.6. Note also that F' is bounded,
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so we can use Lemma 2.2.4 to prove that for e sufficiently small
|OF = 0, ;

is small. We also have that F' is close in Lll”é to the appropriate trivial holomorphic
cylinders starting at (;. We can therefore extend F' to all of the model domain Sy

which is asymptotic to these cylinders and has
IO, 5 < cc™ 0"

< co—(1-20)R

and {|Qex(OF )], , 5 <

This is because Lemma 2.9.2 tells us that the norm of Qg¢, grows like e’®. We can

make this as small as we like by choosing R large as § < % Now consider the

quasi-holomorphic model curve f given by
f=F —Qe,0F

Lemma 2.2.4 can be used to prove that
u = expg(p ¢ on V

and ||¢ll, s is small.

Note that 7o (0f) = 0 and (Id — 7g)0f is small.

3.5 Convergence to holomorphic graphs

Now all the pieces are in place for us to prove that for e small enough, any J¢ holo-
morphic curve with small enough energy will be close to a glued together holomorphic

graph.



3.5. CONVERGENCE TO HOLOMORPHIC GRAPHS 73

The idea of what follows is to approximate the € edge regions of our holomorphic
curve with edges of a holomorphic graph using Proposition 3.3.2, and approximate

what remains using Proposition 3.4.1.

Proposition 3.5.1. Given an energy bound E, genus g and number of punctures
k for a surface S, for R large enough and € small enough (dependent on R), the
following is true. Any J¢ holomorphic curve f : S — T" x B™ with energy less than
E is in the image of
Oco Q;%RE — maps to T" x B"

Proof:

Recall that the edge regions of g consist of the subsets R/Z x (a + R,b— R) C
R/Z x (a,b) of € edge regions. Proposition 3.3.2 tells us that for e small enough and
R large enough, our holomorphic curve f restricted to any of the € edge regions can

be approximated by a unique trivial holomorphic cylinder C' so that
f = expes ¢ so that 74@520

on the circle at the center of the edge, and [|¢]|, , s is small. There exist quasi holo-
morphic model curves f; : Sy, — C"/Z™ that match up with the ends of these trivial
holomorphic cylinder edges as in Proposition 3.4.1 so that f restricted to the vertex
region V;

[ = expgsy @

where ||¢]], , s and |0 are small if € is small enough and R large enough. These
model curves and edges fit together to form a J¢ quasi holomorphic graph u € Q%%

so that
u = eng(u) ¢

with [[¢[], , s small. Note that the average of ¢ over all the circles at the center of €g
edge regions is zero, which is exactly the condition that ¢ € Bg, (S, C"). If we choose
R large enough and e small enough that ||¢||1’p75 < 1, and Proposition 2.10.2 holds,
then Proposition 2.10.2 tells us that this must be the unique ¢ satisfying the above
conditions so that WQ@Réeng(u) ¢ = 0, therefore f is in the image of G. O
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J¢ holomorphic graphs

Combining Propositions 2.10.2, 3.5.1 and Theorem 2.11.8, we have now proved The-

orem 1.1.4. In particular, there exists continuous section
D0 G =01 : Q;iRE — &
of the bundle
ker Q¢,, := He,(S,C") — €

|

Qe
and an embedding of the corresponding moduli space of J¢ holomorphic curves

€ €,&
More — Lok

as the intersection of 9; with the zero section.

Now we want to prove Theorem 1.1.6. In particular, we want to define a C*
smooth section
[00] : Q4 — &

so that the moduli space M;’f‘g’% which is the intersection of [Jy] with the zero

74



75

. . . e, CRr €
section is cobordant in Qg,k,E to Mgk,E.

[Do] is a smoothing of Jy defined by an averaging of dy. In particular, for e small

enough, dependent on E, g, and R, there is a well defined projection

TRR Q;’ﬁﬁg — Q%

for all 0 < R < R'. This is defined in Appendix C.3.

This preserves the domain Riemann surface, and satisfies
Oyorm R,R = Do

when the Er edge regions are in one to one correspondence with the €p edge regions.

Moreover,
Trp : {u € Q5% so that Gou € He,, (S,C") C He,(S,C")} — Q“%w

is a diffeomorphism onto its image whenever restricted to regions where ker Q¢,, or

equivalently He,, (S,C") does not jump.

Now define the section

1
[0 1=/ 0o © TR (Ryt)dt
0

It is easily verified using Lemma 2.2.4 that [J] is a C' section in the sense of
Definition 1.1.3. If we want [0p] transverse to the zero section we can take [0p] — v
where v is some smooth section with the property that 7¢ ¢,,,v = 0. (We can either
take a finite cover to get rid of automorphisms or use a multi-section here. The fact
that we can take v € ker Qg¢,,, follows from Lemma C.3.1.) We can do the same
thing to make 0, transverse to the zero section. This will correspond to solutions of

some perturbed 0 equation.
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Now we want to define a family of continuous sections [9;] so that the intersection

of [8;] with the zero section for ¢ € [0,1] defines a cobordism between M ,?OE ' and
g,k,E‘
Define

1
[&5] = / ((1 — S>80 + 881) o 7TR,R+sd3
0

Note that Lemma 2.11.7 tells us that the intersection of [0;] with the zero section
is the same as the intersection of J; with the zero section, or M . g For R large
enough, and e small enough, [0;] can be shown to be continuous restricted to Q; %I}E
in the sense of Definition 1.1.3 using Lemmas 2.2.4, 2.10.1 and Proposition 2.11.6.

As Proposition 2.10.2 tells us that we can make 0; as close as we like to 9, by
making R large and e small, this cobordism will be contained in the interior of QZ?}J
We can also perturb this family to be transverse to the zero section. In many cases,
this tells us that in order to compute invariants of the moduli space of holomorphic
curves, we can calculate these invariants using the moduli space of J¢ holomorphic

curves.

Recall that a smooth family of graphs in u, € Q;’f,’; g Is characterized by the
existence of a smooth family of gluings. This is equivalent to the existence of a family

of sections ¢ € Be(S, C™) which vanish on & edge regions so that

CXPG(us) Ps

gives a smooth family of maps. For R large enough, and e small enough, we can
choose a gluing of M’ foE % which is ‘small’ in the sense that ¢sll1,5 < 1. (This

follows from Lemma 2.10.1 and Lemma 2.6.3.)

Theorem 4.0.2. For R large enough and € small enough, any smooth small gluing
f/\/lg ,f(}; R is the moduli space of solutions of some perturbed O equation. Moreover,

if My E?%@R is transversely cut out, so is its gluing.

Proof:



7

First, note that for any given R we can choose € small enough so that the map

u, gb = eng(u) ¢

is injective for u € Q;’g% and ||¢[; , 5 <5 as in section 2.7. Then the set of smooth

small gluings of any smooth family in Q;’ﬁ ', is contractible. Therefore, we can extend
our small gluing of M;’VQ%’GR to a small gluing of Q;?E so that the restriction to any
smooth family of solutions to g e,,,[0oJu = 0 is a smooth family of gluings, and
the restriction to subsets where ker (¢, doesn’t jump is smooth. The information
contained in this gluing consists of an assignment of a section ¢, € Be,(S5,C") to

every u € Q;%RE So our gluing is given by

u — expg, Ou

QER«‘fs €=€R+s

Note that we can get related gluings of Q;k’ " for s € [0,1] by considering Q"%

. a . . e, CRr
as the solutions of 7q ¢y, ,[0o]u inside Q)%

We now want to define a perturbation of the d equation so that the image of

M;’f%’% under this gluing is the solution space. Choose some cutoff function p :

[0,5] — [0,1] so that p(t) = 1 for t < 4 and p vanishes in a neighborhood of 5.
Define

00’ (expg(uy 8) = p([10l1,,5) (Qou + (& — du)) + (1 = p([I61l; ,,5))0 (exPg(u) )

Extend 9F to be 0 on any other map. We can define 9J""* analogously. Now define

1
[00)Ff = /0 ofts fds

Suppose that R has been chosen large enough and e small enough so that Proposi-

tions 2.10.2 and 3.5.1 and Lemma C.3.1 work using € and €g, 1, and so that Lemma
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2.10.1 tells us that

for [|gs]| <5

1,p,6

-1fe
.6 21| ds

d d
| oatexpag 00) — 4100,

This ensures that the solution set to [0y]®f = 0 is exactly the image of M;’f%’%

under our gluing. Note that [0p]F is transverse to the zero section if [Jp] is.



Chapter 5
Examples

Definition 5.0.3. The use of the qualifier virtually when describing a moduli space
will mean that there is some perturbation of the O equation so that the moduli space

15 transversely cut out as described.

5.1 Holomorphic spheres in T*T"

Any embedded Lagrangian torus in a symplectic manifold has a neighborhood sym-
plectomorphic to a neighborhood of the zero section in 7*T". We can give this
neighborhood a complex structure which gives it a cylindrical end. This is talked
of as ’stretching the neck’ of the boundary of the neighborhood in symplectic field
theory, [2]. Giving T*T" coordinates (z,y) € R"/Z" x R", a model for this kind of
end is given by the complex and symplectic structures

0 0
Jﬁ_x :f(|y|)8_y

Y
w = d=Fp ™

where f : Rt — R* is 1 in a neighborhood of 0, asymptotic to the identity, and has

derivative bounded by 1. Note that this gives coordinates for a unit neighborhood

of the zero section in T*T" with the standard symplectic structure. The verification

79



80 CHAPTER 5. EXAMPLES

that this satisfies the assumptions listed in Appendix B is the same as in section B.2.

Recall that the moduli space of J¢ holomorphic spheres with k punctures and

energy less than F, MG, 5 is given by the intersection of O : QB”?’E — & with the

o

. .. .. ¢ . , ..
zero section. This is cobordant inside Qp /%, to the moduli space MSE& ) consisting

of the intersection of our section [Jy] with the zero section. In this case, if we do not
constrain the moduli space further, it will have codimension one boundary, maybe
with corners, so cobordisms need to be treated more delicately to extract invariants.
To avoid this, we shall put more constraints on the moduli spaces that we look for. In
particular, we will fix the complex structure and the image of a marked point. Note
that for these problems, there is no dimension jumping (which always is associated
with changes of complex structure.) Thus without complicating matters by using
the smoothed section [Gp], we can just consider the intersection of 9y with the zero

section, M;‘Zog Theorem 4.0.2 tells us that in this case, for R large enough and e
small enough the image under the gluing map, G <M;2OE"3R> is the moduli space of

solutions to some perturbed 0 equation.

Lemma 5.1.1. Given any point p € T" xR", k homology classes in H(T",Z) adding
up to zero, and a Riemann sphere S with k punctures and a marked point z, there
exrists a unique graph u € ME00-Cr yyith underlying Riemann surface S so that the

marked point is sent to p,

G(u)(z) = p
and the k ends are sent to the k specified homology classes.

Proof:

The underlying Riemann surface S, homology classes of the ends, and the require-
ment that all model curves are holomorphic, specifies the types of model curves and
trivial holomorphic cylinders that must be glued together, all that remains is a choice
of where to exponentiate them out from. Concentrate first on the component of S
that contains the marked point z. If 2z is on an edge, sending z to p fixes the location
of the edge’s trivial holomorphic cylinder. If z is in a vertex region, we must send

z to p using the gluing map G described in section 2.6. This fixes the location from



5.1. HOLOMORPHIC SPHERES IN T*T¥ 81

which the vertex region is exponentiated out from.

After fixing the location of the component containing z, the location of all other
components are fixed by the need to attach to the fixed component. As the genus is
zero, there is only one condition fixing the location of each component. Note that this
proof only works if there are no infinitely long internal edges with nonzero homology

classes.
OJ

This tells us what the answer for holomorphic spheres should be virtually. (Recall

the special sense in which ‘virtually’ is used, definition 5.0.3)

Lemma 5.1.2. Given a point p in T™ x R"™, k homology classes in H,(T",Z) adding
up to zero, and a Riemann sphere S with k punctures and a marked point z, for €
small enough, there is virtually one J¢ holomorphic map u : S — T™ x R™ so that

u(z) = p and loops around the k punctures are sent to the specified k homology classes.

Proof:

First, note that as proved in section 2.11, G, is continuous and close to G. There-
fore Lemma 5.1.1 tells us that counting multiplicities, there is one J¢ quasi holo-
morphic graph u with holomorphic model curves for which G, (u) satisfies all the
requirements above apart from being holomorphic. The same proof as Lemma 5.1.1
gives that the same is true for quasi holomorphic model curves with 0, specified. As 0,
is a perturbation of 0y, for € small enough, there will be virtually one J¢ holomorphic

curve meeting the requirements.
0

Note that the above lemma only applies to holomorphic spheres with distinct
punctures. For nodal holomorphic spheres, we have to consider the compactifications.
This involves studying holomorphic curves in the cylindrical end of our manifold,
T™ x (R™ — {0}) with the complex structure introduced in example 1.0.2, we do this

in section 5.3.
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5.2 Curves with boundary on the zero section of
T

The zero section of T*T" is a Lagrangian submanifold. One scheme for studying
holomorphic curves with boundary on an embedded Lagrangian torus inside an ar-
bitrary symplectic manifold is to use symplectic field theory to isolate a standard
neighborhood of the Lagrangian torus and study the holomorphic curves with bound-
ary in that setting. The advantage of this is that T*T" with the complex structure

we consider has an antiholomorphic involution
¢ T — T T"

@(Jj’y) = (l’, _y)

which preserves the zero section. Instead of studying holomorphic curves with bound-

ary on the zero section, we can study holomorphic maps
w: (S, ¢) — (T"T", D)

uogp=>ou

Here (5, ¢) denotes a Riemann surface with an antiholomorphic involution. Such a
map can be constructed from a curve with boundary on the zero section by reflecting.
To reverse the operation, note that the fixed point set of (S, ¢) must be sent to the
zero section, so taking half the curve gives a holomorphic map with boundary on the
zero section.

We can find these holomorphic curves with involutions by considering quasi holo-
morphic graphs with involutions, and making sure that our gluing procedure preserves
involutions. Note that as we chose our edge and vertex markings to depend only on
the conformal structure of S, the € edge-vertex decomposition is conserved by these
involutions. The original gluing map G preserves any involution. The map which may
not preserve involutions is the model left inverse (). Given a Riemann surface with

involution (S, ¢), define the equivariant model left inverse
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Qulv) = 5(Qu+ (6,8) 0 Q0 (6.2))

Here (¢, ®) indicates the action induced on a map by acting on the domain by ¢
and the range by ®.

Lemma 5.2.1.
Qy - LPO(QVY(S,CM)) — LP°(Q°(S,CM))

is a (¢, P) equivariant left inverse to
d: LY (Q°(S,C") — LP(QY'(S,C)

Proof:
First note that 0 is (¢, ®) equivariant,

(6,2)00 =00 (0,9)
If € € LP°(S,C") then
QuE = 5(QUE + (6, 9)Q(6, ®)¢)

_ %(5 + (6, 9)Q0(, D)¢)
_ %(g + (6, D) (9, ®)E)

0 Q is a left inverse to 0.

Qoo (6,2) = 5(Q0 (6, 8) + (6,8)0Q) = (6,9) 0 Q,

s0 Q4 is (¢, ) equivariant.

We can do the same to define an equivariant version of Qe¢,, Qep.¢-
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Define the equivariant gluing map Go. 4 in the same way as G, was defined in

section 2.8, using instead of Q¢,, the equivariant left inverse Q¢ 4.

We can define Q;’ﬁ pe C Q;’ﬁ 5, to be the subset of quasi holomorphic graphs in
Q;’;  which are preserved by the action of (¢, ®)

As in chapter 4, there is a bundle £ over Q;?}E s With the sections [0o] and 0.
We can take the (¢, ®) invariant part of this bundle, £. Constructing [J] and 0,

equivariantly, they give sections
o, [50] : Q;i,RE,(é — &
Theorem 5.2.2. For R large enough, and € small enough, there is an embedding
M pms— Qiling

of the moduli space of holomorphic maps with involutions so that the image is the
intersection of the section
O Qs — &

with the zero section. Moreover M;k,E7¢ 1s cobordant inside Q;’ﬁ’RE’qﬁ to the moduli

space M;:/?OE]qs which is the intersection of [0] with the zero section. (If each moduli

space 1is transversely cut out.)

Proof:

First we recall the map from holomorphic curves to Q;%RE This relies on Propo-
sition 3.3.2, which, for e small enough, provides unique trivial holomorphic cylinders
approximating the thin parts of a Riemann surface S of length greater than Ry. As
the normalizing condition used to choose these cylinders is (¢, ®) invariant, if a holo-
morphic curve is (¢, ®) invariant, the set of these approximating trivial holomorphic
cylinders will be invariant too. We can then implement Proposition 3.4.1 equivari-
antly using our equivariant left inverse ()4 to obtain vertex model curves. As every

6,Cpr

step is (¢, @) invariant, we must obtain a graph in Q, kpe The fact that this map
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gives an embedding follows from Propositions 2.10.2 and 3.5.1.
The (¢, @) equivariant gluing map, G 4 maps Q;?E ¢ to (¢, ®) invariant quasi

holomorphic curves. Taking 0 of the resulting curves defines our section
01t Qorpo — &

Holomorphic curves map to the intersection of 9; with the zero section of £. The

cobordism to M;’EOE} ¢ 1s defined as in as section 4 by the intersection of

1
[8,5] == / ((1 - t)éo + tél) o 7TR+t,Rdt
0

with the zero section. mgy, g is also defined equivariantly, so this defines an equivari-
ant family of sections.

0

Lemma 5.2.3. Given a punctured Riemann surface with antiholomorphic involution

(S, ), any bounded energy map
u:S—C"/Z"
so that u, : Hy(S,7Z) — H,(C"/Z",7) and Ou are both (¢, ®) invariant satisfies
® ouo@p=u-+ constant

Proof:
I(Pouog) = ¢o (du)o¢ = du. Bounded energy maps u : S — C"/Z" are
determined by w, : Hy(S,Z) — H,(C"/Z",Z) and du up to addition of constants.
0

Lemma 5.2.4. Giwen a complex disk D with k punctures and a choice of homology
class in Hi(T",Z) for each puncture, for e small enough (dependent on the choice of

homology classes), there ezists a J¢ holomorphic map

uw: D — T"T"
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so that u sends 0D to the zero section of T*T™, and the punctures of D have the
prescribed homology classes. This map is virtually (definition 5.0.3) unique up to

translation in the direction of T".

Proof:

Doubling the disk D gives a Riemann surface with involution (.5, ¢). We first need
to verify the above statement for (¢, ®) invariant quasi holomorphic graphs u with
underlying Riemann surface S satisfying 9y = v for any small v € &;. The lemma
will then follow as O;u is a perturbation of Jy when we restrict to a single complex
structure.

If a vertex component of S contains some of §D, then Lemma 5.2.3 tells us that
the model curve for this vertex will automatically be (¢, ®) invariant. This model
curve can be exponentiated out from any point on the zero section of T*T".

As ¢ preserves the conformal structure of S, it preserves the € edge markings.
Thus any € edge region of S containing some of §D must be cut exactly in half by
0D, either longways or in the middle. An edge cut in the middle by 6D contains all
of . The placement of such an edge is determined up to T" translation. An edge
cut longways by 6D must have homology class zero. The trivial holomorphic cylinder
associated with such an edge will just be a constant map to some point of the zero
section of T*T". A vertex attached to such an edge must also contain some of §D.
The puncture associated to our edge must be preserved by ¢, and thus as the model
curve is (¢, ®) invariant, the model curve must map this puncture to some point on
the zero section. Thus all the vertices and edges that contain some of 6 D and must be
located on the zero section can be attached together without leaving the zero section.

As in Lemma 5.1.1, after we have chosen the placement of one of these compo-
nents which must be on the zero section, the placement of all other components is
determined by the complex structure of S and dyu. The fact that S has zero genus
means that there are no further conditions that need to be fulfilled. Any such quasi
holomorphic graph which has du € & will automatically be (¢, ®) invariant due to
the symmetry of the construction.

We now have that there exists a J¢ quasi holomorphic graph satisfying dyu = v

for any small v € &;, and this graph is unique up to T" translation. The same is
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true for ¢ markings with any R. For R large enough and e small enough, 0 is
a perturbation of d, when restricted to a single complex structure, and the Lemma
follows.

O

5.3 Holomorphic spheres in T" x (R" — {0})

We want to consider T" x (R™ — {0}) with the cylindrical complex structure which

the end of the structure on T" x R" considered earlier is asymptotic to.

0 0
J%_m@_y

This manifold has two ends. The end as |y| — oo will be referred to as the
positive end and the one around y = 0 the negative end. The curves relevant to the
compactification of the space of holomorphic spheres in T x R™ will be holomorphic
spheres with several punctures, one of which is special and sent to a particular orbit

in the negative end.

Lemma 5.3.1. Given a closed geodesic o in T" with class [a] € H(T",Z) and k
classes in H\(T",Z) summing to —|«], for any sphere S with k + 1 punctures, for
e small enough, there is a J¢ holomorphic map u : S — T" x (R™ — {0}) so that
the first puncture is asymptotic to « at the negative end, and the other ends have the
appropriate homology classes. Up to scaling in the y direction and translating in the

direction of [, there is virtually (definition 5.0.3) one of these maps.

Note that depending on the complex structure of S, the other ends of v may be
either positive or negative. Generically, they will be positive.
Proof:

As we are restricting to a fixed complex structure, 0, is a perturbation of 0Op.
We first solve the problem for quasi holomorphic graphs with 0, specified. The
requirement that the first edge is asymptotic to « fixes its position up to translation

in the [a] direction or scaling in the y direction, each of which is a symmetry. The
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other components of u are then fixed as in the proof of Lemma 5.1.1. Note also that
such solutions of dyu = 0 will be transversely cut out.
Now note that the ends of a graph u and G.,(u) are the same. Thus as 0, is a

perturbation of dy, we have for € small enough the required result.

U



Appendix A

Notation

q &€ «

T" x B™

€,E
Qg,k,E

[90]
6,[50],@}2
g,k E

¢, Cp

almost complex structure

symplectic form

unique connection preserving J and torus action
torsion tensor of V

Lagrangian torus fibration which is the ambient space.
space of J¢ quasi holomorphic graphs u with genus g, k
punctures, and energy less than E with HgouH < 1. See
sections 1.1.4 and 2.5.

a finite dimensional bundle over Q;g  defined in section
1.1.4.

the fiber of Q;’fl’; g- Defined in section 1.1.4. Equal to
ker ()¢, discussed in sections 2.4 and 2.9

Section of £. A way of taking 0 of quasi holomor-
phic graphs involving taking 0 of each individual model
curve. See section 1.1.4.

A smoothing of 9. See sections 1.1.6 and 4.
Intersection of [Jy] with the zero section. Cobordant to
space of J¢ holomorphic curves. See chapter 4.

A decomposition of Riemann surfaces into edge and ver-

tex regions. See appendix C.
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p,6
Lk

1911 .6

Be(S,C")

Be

Qe

TQ,e

APPENDIX A. NOTATION

Weighted LP space on k derivatives. The weight § is
chosen so that 0 < § < % p is larger than 2. Defined in
section 2.3.

The norm of ¢ in sz’é. Note that this norm is always
measured in the rescaled metric in which J¢ is an isome-
try and torus fibers have the standard metric on R"/Z".
The subspace of L¥°(S,C") which consists of sections
which average to 0 over the center of € edge regions.
See section 2.7.

Bundle over QZ:? 5 with fiber Be(S,C™) on which the
space of maps is locally modelled. Defined in section
2.7.

Model left inverse to d restricted to L2°(S, C"). Defined
in section 2.4

Model left inverse to O restricted to Be(S,C"). Defined
in section 2.9.

Projection onto the image of 9 (Be(S,C")) with kernel
given by ker Q. Defined by g ¢ := 0 0 Qg. Introduced
in section 2.9.

Linearization of the 0 operator at a map w. Introduced
in section 2.2.

‘Gluing’ map. Takes quasi holomorphic graphs and pro-
duces maps to T" x B". Introduced in section 2.6

Map which takes quasi holomorphic graphs in Q;’ﬁ’RE
and produces quasi holomorphic curves f satisfying
To.e0f = 0. Discussed in section 2.10.

Section of £ defined by 0; := 0 0 Go. The intersection
of 0; with the zero section gives the moduli space of
holomorphic curves.

Local submersion from Q;f’j’g to Q%®r'. Defined in ap-
pendix C.3.

Set of taming forms equivalent to w for holomorphic

curves of energy less than E. Defined in section 3.1.



Appendix B
Technical assumptions

1. Torus fibers are Lagrangian

2. The symplectic form and J are preserved by the torus action on the fibers.

3. w is positive on holomorphic planes

4. The w energy is constant on continuous families of maps with holomorphic ends

5. The energy provides a bound on the local area of holomorphic maps. More
precisely, for any energy bound E there exist constants r > 0 and cg > 0
so that for any point p in the base manifold B", there exists a taming form

wp e € Ay g so that in the fibration over the ball of radius r around p
wy(v, Jv) > cp |v|2

(Recall that A,, g is defined as the set of closed two-forms which are nonnegative
on holomorphic planes, vanish restricted to torus fibers and have the same

integral as w on any J¢ holomorphic curve with w energy less than E.)
6. |T||,, and |VT|| are bounded.

7. T™ x B™ is complete and has injectivity radius bounded below.
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8. If a weaker metric GG is to be used to compactify the space of holomorphic curves,
then the curvature of G' and the derivatives in G’s Levi Civita connection of the

canonical frame should be bounded so that

diste(exp,, ¢, exp,, ¢) < dista(pr, pa)e?!
Also, the change in the torsion tensor T measured in the canonical metric should

be bounded by distance in G, ie

|Tp1 - Tp2| < CdiStG(plap2)

B.1 C"/Z"

C" /7" has an obvious torus action which preserves the usual complex structure. In
this case, g is the euclidean metric and V the corresponding trivial connection. The
torsion tensor T = 0. To choose a taming form compatible with our requirements,
we consider C"/Z" as the subset of a toric manifold where the T" action is free.
For example, we could consider C/Z = C* C CP', and consider some rotationally
symmetric symplectic form on CP!. All assumptions apart from 4, 5, and 8 are
immediate.

To understand 4, we must first understand what it means for a map to have
holomorphic ends. A map f from a punctured Riemann surface has holomorphic
ends if there exists a neighborhood of each puncture so that f is holomorphic. As
we can consider f as a map to our toric manifold, the removable singularity theorem
tells us that if f has finite energy, then f extends to a map of the entire Riemann
surface to the toric manifold. As w is a closed differential form on this toric manifold,
the w energy of f depends only on its homology class, so assumption 4 is satisfied.

To understand 5 we first recall that the set of taming forms A, g is defined as the
set of closed two forms which which are nonnegative on holomorphic planes, zero on
torus fibers, and have the same energy as w on any J¢ holomorphic curve. In this

case, any translation of w as a form on C"/Z" will represent the same cohomology
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class on the compactification, so any translation of w is in A, g. Assumption 5 is then
easily seen to be satisfied.

The final assumption we need to check is assumption 8. Note that any holomorphic
curve with bounded energy in the taming form pulled back from some toric manifold
will have bounded energy for any other taming form pulled back from a compact toric
manifold. Thus the moduli space of holomorphic curves is independent of the choice of
compactification. We want a compactification of this moduli space that corresponds
to the moduli space of holomorphic curves on our toric manifold. For this we want to
use a weaker metric GG pulled back from a metric on the toric manifold. It is natural

in this case to use the metric
G(v1,v2) = w(vy, Jug)

The fact that the torus action extends to a smooth action on the toric manifold and
the derivative of J in the Levi-Civita connection of G is bounded gives us assumption
8.

B.2 Symplectization of unit cotangent bundle of
TTL

Give T" the standard metric on R”/Z"™. The unit cotangent bundle has a T" invariant

contact form. Identify the symplectization of the unit cotangent bundle with
T" x (R" - {0})

Giving T" coordinates x € R"/Z" and (R" — {0}) standard coordinates y, we have a

torus invariant almost complex structure J defined by

0 0

The metric g in this case is the product of the standard symmetric metrics on
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T™ x S" 1 x R, so assumption 7 is satisfied. Note that this structure is cylindrical
because translation in the R direction preserves J and the metric. Unlike the last
example, J only gives an almost complex structure, and the torsion T of our flat
connection V is non zero. Recall that V is defined by declaring the frame {0,,, JO,,}

to be constant.

T( O, J0x;) = =yl Dy, [y] 9y,]

_ Oyl
yi

dly

|

ly| 0, +

T vanishes in the torus fiber directions. We see that |T| and |VT| are bounded and
assumption 6 is satisfied. Of course, this has to be the case for smooth choices of J

on manifolds with cylindrical ends which are otherwise compact.

A choice of taming form which satisfies our conditions is given by

w= Z dx; N df;(y)
where f: (R" — {0}) — R" is given by

_ hdyl
fly) = oY

and h : RT — (1,2) is some surjective smooth increasing function. Assumptions 1,

2, and 3 are immediately seen to be satisfied.

To understand maps with holomorphic ends, we can use the modified removable
singularity theorem from [1] to see that any bounded energy map with holomorphic
ends will either extend as a holomorphic map over its punctures or converge to a Reeb

orbit at an end of our manifold. Our taming form is exact
w=d(>_ fily)dz;)

lim Z fily)dz; = Z %dxi and lim Z fily)dz; = Z %d:pi

ly|—0 ly ly|—o0

So the w energy of a map with holomorphic ends just depends on the integral of the
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above one forms over the Reeb orbits at its ends. The Reeb vector field is given by
> i
ly| O;

so families of Reeb orbits all occur over the same point in S"~!, and have a constant

integral. Therefore, a continuous family of maps with holomorphic ends will always
have the same energy, and assumption 4 is satisfied.

Assumption 5 is seen to be satisfied when we note that translations of w in the R
direction are in A, g.

An appropriate choice for G that satisfies assumption 8 is
1
G(v,w) = a(w(v, Jw) + w(w, Jv))

This metric squashes down the R factor to a finite interval. The change in T is
still dominated by G distance, as translation in this R direction doesn’t affect T. A
more extreme choice for G is actually a pseudo metric which crunches down the R
factor to a point. This 'metric’ comes in useful when considering the moduli space of

holomorphic curves or graphs mod translations in the R factor.

B.3 Contact three manifolds with a T? action

Take a compact contact three manifold M that has a T? action preserving the contact
structure. Assume that there is a contact form Ay preserved by the T? action so that
each point in M either has a neighborhood on which the T? action is free or the

neighborhood is modeled on an open neighborhood of {r = 0} in
(7", 91,92) S D?* x Sl

o = dbsy + 12db,

with T? acting by rotating the 6; and 6, coordinates. If we quotient M by the T?

action we either get S' and M is some multiple cover of the unit cotangent bundle of
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T2, or we get an interval [0, 1] where the T? action degenerates as above at each end,
with the coordinate that is part of the interval given by r2. M can be a sphere, a
Lens space, or S x S? depending on how the T? action degenerates at the ends. We
will only consider the latter cases, as covers of the unit cotangent bundle are covered

by section B.2.

As the Reeb vector field of this contact form may not be generic enough to fit
some needs, we will work with a more flexible model for the contact form A near

where the T? action degenerates
A= (14 h(r®))dby + r*do,

where h is some smooth function which vanishes at 0, and A describes a contact form
in some neighborhood of {r = 0}. The contact distribution is spanned by the vector
fields

for r # 0. We can choose some complex structure J on the contact distribution, for
example,

0 0 0

J{A+h(H))— —r*— | =r—

(( TR gg 692) "or

The direction of the Reeb vector field is given by the kernel of

d\ = dr A (gde1 + gh’dez)

0 0
field R = ¢(r?) [ —h'— + L
Reeb vector field R = ¢(r*) ( h 20 + 892)

1
(1+ h(r?)) — r2h'(r?)

where c(r?) 1=

The symplectization of M can be identified with M x R with symplectic form
de*\ where the R coordinate is s. The complex structure that behaves well in a

symplectization pairs the Reeb vector field with %. So we have J given in coordinates
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close to where the T? action degenerates as

Note that
. |A—=1Id|
lim — =

r—0 r

0

The size of the torsion tensor T as r — 0 is controlled by the derivatives of A with
respect to r%, and |VT| is controlled by the derivative of this with respect to r%,
both of which approach 0. So assumption 6 is satisfied by this complex structure.
Note also that the vector fields J 8%1 and J 8%2 are smooth vector fields on M x R,
independent of s, and the torsion tensor depends smoothly on position in M. This
tells us that any metric which is the product of a smooth metric on M times any

metric on R will satisfy assumption 8.

An appropriate taming form is given by

w = d(¢(s)N)

where ¢ is some smooth surjective function R — (1, 2) with positive derivative. It is
shown in [1] that a bounded w-energy holomorphic map of a punctured disk to M x R
must converge to a Reeb orbit at s = 00 or extend to a holomorphic map over the
puncture. Therefore, the w energy of any map with holomorphic ends will depend on
the integrals of ¢\ over the Reeb orbits at its ends. As continuous families of Reeb
orbits always have the same )\ integral, the w energy will be constant on continuous

families of maps with holomorphic ends, and assumption 4 is satisfied.

The final assumption to check is assumption 5. First note that by translating

w in the R direction, we can satisfy assumption 5 away from where the T? action
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degenerates. We can now specialize to our neighborhood where
A = (14 h(r?))dy + r*db;

For a generic contact form of the above type, for any given energy E, there will be a
radius g > 0 so that no Reeb orbits appearing in holomorphic curves of energy less
that E exist in the region with » < rg. The idea now is to alter X in the neighborhood
where r < rg. Our complex structure is such that the following forms are both non

negative on holomorphic planes
r r,
d\ =dr A (§d6’1 + ih dby)

and d ((¢ — 1)A)
We can change A to
A= f(r?)dby + g(r?)db,
where f and g satisfy
9(0) =0
g(r®) =r*forr > rg
f(r*) = (14 h(r?) for r > rg
(f',g) = c(h,1) for some ¢(r) > 0

d) will have the same integral as A on any J¢ holomorphic curve with energy less than
E. By making (f’, ¢’) large in some region, we concentrate d) in the direction of r%.

By adding some translate of d(¢ — 1)\ to this, we can get taming forms satisfying

assumption 5.



Appendix C

Vertex-edge decomposition, ¢

We need a family of decompositions € of our domain Riemann surface .S into subsets

labeled as vertices or edges which is reminiscent of the decomposition into thick and

thin parts given by the uniformisation theorem. Our decomposition should obey the

following axioms:

1.

The & edge regions are disjoint open subsets of S conformal to R/Z x (a,b),
where a € RU {—o0}, b € RU{oc} and a < b. €g edge regions for R > 0
consist of the subsets R/Z x (a+ R,b — R) C R/Z x (a,b) of € edge regions.

¢ vertex regions are the closed subsets of S which are connected components

of the compliment of the edges.

The € edge and vertex regions depend only on the conformal structure of S.
The edge regions which are conformal to punctured disks change smoothly with

a smooth change of conformal structure.

. For each edge, there exists some distance r so that the edge is the unique edge

contained in some connected component of the set of points in S with injectivity

radius less than r in the metric given by the uniformisation theorem.

. there exists a sequence R, so that the € decomposition obeys the following

axioms for all R > R, on Riemann surfaces with (3¢ — 3 + k) < m where k is

the number of punctures and g is the genus.

99
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(a) Take a €g vertex region V' and replace each &g edge region R/Z x (0, R)
surrounding it with R/Z x (0,00). This creates a new Riemann surface
Sy. The €g edges of Sy are exactly these subsets R/Z x (0, 00).

(b) Take a Riemann surface S with a node. The €g edge regions surrounding
each side of this node will be conformal to R/Z x (0, 00) on one side and
R/Z x (—00,0) on the other. Resolve this node by gluing these cylinders
together with the identification

0,6)=(0—0,t—1)

These cylinders are identified along a cylinder of length [. This gluing
produces a new Riemann surface with our two infinite cylinders replaced
by this new cylinder. The g edge regions of our new Riemann surface
consist of this new cylinder and the images under this construction of all

the other € regions of S.

(c) There exists a distance r(m, R) so that if S has genus g and k punctures
so that (k + 3¢9 — 3) = m, the regions in S with injectivity radius less
than r(m, R) in the metric given by the uniformisation theorem are all

contained inside the € edges of S.

By € edge regions moving smoothly in axiom 3, we mean that there exists locally
a smooth family of diffeomorphisms which are the identity on these edge regions. For
changes of complex structure resolving a node, the other edge regions are given by
axiom 5b. This counts as ‘smooth’.

The important axioms here that require us to modify the usual thick-thin decom-
position given by the uniformisation theorem are axioms 5a and 5b. These ensure

that our markings of edges and vertices are compatible with the operations of gluing.

An alternative description of quasi holomorphic graphs and the gluing procedure
uses as € regions on a Riemann surface the thick-thin decomposition coming from
the uniformisation theorem. For compatibility with gluing we then have to have the

¢ regions on vertex model curves depending on the global structure of the original
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Riemann surface. The results will then hold with only minor modifications after the

equivalent of Proposition 2.9.2 has been proved.

C.1 Construction of ¢

We construct € inductively as follows:

Pick some p > 0 so that the regions of injectivity radius less than p in the constant
curvature —1 metric provided by the uniformisation theorem are always annuli. The
€ edge regions we construct will always be contained in these p-thin regions. There
is a holomorphic identification of each p-thin region surrounding a puncture with the
unit complex disk D, punctured at 0. This identification is unique up to rotations
of D. Note that the space of regions in D that are star shaped around 0 is convex.
More than this, the space of collections of star shaped regions in the p-thin regions
surrounding punctures that are preserved by automorphisms is also convex. We
shall construct € edge regions to be star shaped in these p-thin regions surrounding
punctures. This has the advantage of there being no topological obstructions to
defining our & decomposition in patches on Deligne-Mumford space and then making

them match up using a partition of unity.

Define the € edge regions of a three punctured sphere to be the standard disks of

1
2

standard complex unit disk punctured at 0). These are star shaped and preserved by

radius 5 inside the p-thin regions. (Identifying the p-thin regions as above with the
automorphisms. This also trivially satisfies the axioms of a & decomposition.

Suppose that we have constructed our € decomposition on parts of Deligne Mum-
ford space with (3g —3+k) < m. Suppose that this decomposition satisfies the above
axioms and also has that each & edge region is contained inside some p-thin region,
and the € regions surrounding punctures are star shaped in their p-thin region.

We now want to define our & decomposition on a component of Deligne Mumford
space with (3¢ — 3 + k) = (m + 1). Due to axiom ba, for R large enough the &g
decomposition has to be the decomposition already defined on the boundary strata,

which consists of nodal curves with components satisfying (3¢ — 3 + k) < m. The
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¢ decomposition in some neighborhood of the boundary strata is then determined
using axiom 5Hb.

We will start off on the boundary strata with the € decomposition already defined
for Riemann surfaces with (3g — 3 + k) < m. We will alter this by removing &
edge regions shorter than some size R,,,1 and extend it to a neighborhood U of the
boundary strata so that it satisfies axiom 5b. We will then patch this together with

the & decomposition defined outside of a neighborhood of the boundary strata by

1

5 inside the p-thin disks surrounding punctures.

taking disks of radius

In particular, suppose we want to take a nodal Riemann surface and resolve some
node. Axiom 5c¢ tells us that there must be a € edge region surrounding each half
of the node. Identify the & edge region of one half with R/Z x (0, 00) and the other
half with R/Z x (—o00,0). (To do this, there is an unimportant choice of angular
parameter). A gluing involves an identification of parts of these two cylinders. These
identifications can be parametrized coordinates (0,1) € R/Z x (0, 00). In particular,
take the identification

0,6)=(0—-0,t—10)

This identifies our two cylinders on a cylinder of length [. The gluing given by this
identification replaces our pair of infinitely long cylinders with this one. Define the
¢ edge regions of this new surface for small r to consist of this new cylinder and the
image of all other € edge regions under this construction. Lemma C.1.1 below shows
that for some Ry, this construction gives a well defined € decomposition for some
neighborhood U of the boundary strata corresponding to all gluings with [ greater
than some Ry. Moreover, on this neighborhood U, the edge regions will be contained
in the p-thin parts and the edge regions surrounding punctures will be star shaped.

We will alter this decomposition on this neighborhood U. First, set
Ry+1
Rm+1 = min ( 0;_ 7Rm)

Then remove all edge regions shorter than 2R,,, 1. This decomposition locally defined

on U will obey the above axioms.

Now define a second & decomposition, by taking the disks of radius % inside the
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p-thin disks surrounding punctures. This gives a well defined € decomposition outside
any neighborhood of the boundary strata, which satisfies all our axioms. Note that
the length of the longest internal edge before we deleted edges above is still well
defined on our neighborhood. We interpolate between these two locally defined &
decompositions using this as a parameter, using our disks of radius % outside of
our neighborhood U and if the length of the longest internal edge before deletion is
shorter than Ry + i, and using our previously defined decomposition if the length of

the longest internal edge before deletion is longer than Ry + %.

This gives a globally defined € decomposition on the components of Deligne Mum-
ford space with (3g —3 + k) = (m + 1), which obeys all our axioms and the addition
assumptions. We can continue inductively to define this & decomposition on all of

Deligne Mumford space.

The following is based on the exposition given in [3]. We want to show that the
gluing procedure described above gives us a well defined € decomposition on some

neighborhood of the boundary strata. We will do this locally.

Suppose we have some nodal Riemann surface S with automorphism group Gg.
The €g edge regions will be preserved as a set by Gg, but they may be permuted or
twisted by the action of Gs. We can choose a uniformising neighborhood (Us, G) for
S inside the boundary strata that keeps all the nodes of S as nodes. A ‘uniformising
neighborhood” means an open subset Us € R" with a group action Gg and a diffeo-
morphism identifying Us/Gg with a neighborhood of S. These are the local charts
for orbifolds.

We can choose smooth identifications of the € edges surrounding our nodes of
surfaces in Ug with R/Z x (0,00) on one side and R/Z x (—o0,0) on the other
side. This may not be be well defined down in Deligne Mumford space, as our
automorphisms may act nontrivially on these identifications. This is called a small

disk structure in [3]. If there are k of these nodes, we then have a map defined by
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gluing on our k£ nodes as described above
P : Ug x D¥ — Deligne Mumford space

D indicates the complex unit disk with coordinates e~2"(*®) with (0,1) € R/Z x
(0,00). Our gluing map is defined as above by making the identification

0,0)=(0—-0,t—1)

on each of our £ nodes. Note that as our group action Gg may act nontrivially on
our coordinates on the nodal & edges, the action of G'g extends naturally to Ug x D*.

The following is proved in [3]:

Lemma C.1.1. There exists some open neighborhood Us of (S,0) C Ug x D¥ so that
<US, GS) together with the map ® s a uniformising neighborhood of S.

To get that our gluing procedure gives a well defined & decomposition in a neigh-
borhood of the boundary strata, we just need to patch together a finite number of
these neighborhoods (noting that the boundary strata are compact.) Note that as
our ¢ decomposition that we start with on the boundary strata satisfies axiom 5b,
gluings on k nodes close to the strata where there are k + 1 nodes will give the same
¢ decomposition as gluings starting from the strata with k£ 4 1 nodes. Restricting to
a smaller neighborhood if necessary, we see that it is possible to keep the resulting
¢ edge regions inside the p-thin regions, and make the € edge regions surrounding

punctures star shaped inside their p-thin disks.

C.2 Metric

We want a family of metrics on our domain compatible with gluing and our complex
structure and so that Proposition 3.2.4 gives a uniform derivative bound. For this
we use the decomposition of a Riemann surface into edges and vertices discussed in

section C, and choose a metric so that the following are satisfied.
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1. The metric is in the conformal class given by the complex structure on the

Riemann surface.
2. The metric on edges is given by the standard metric on R/Z x (a,b).

3. The metric on a vertex region V depends only on the Riemann surface Sy

created by replacing all edges surrounding V' with semi infinite cylinders R/Z x
(0, 00).

4. The metric depends continuously on the complex structure of the Riemann

surface.

5. For every point p € S there exists a holomorphic embedding of the unit disk

D — S sending 0 to p and with derivative at 0 greater than %

. E,QR 6,6
Cog WR’R/ . Qg,k:,E _— Q R/
The goal of this section is to define the map
TRER QZfR — Q% for R > R

mr,r Will preserve the domain Riemann surface of a quasi holomorphic graph, but
as we are changing the €z edge markings, some things will need to be altered. Recall
that the edge regions of €p consist of subsets R/Z x (a + R,b — R) C R/Z x (a,b)
of the € edge regions parametrized conformally. If a & edge region is conformal to
a cylinder shorter than 2R, then it will not contribute to the € edge regions. Two
things can happen to a €r edge when we change to €r markings for R' > R, it
can get shorter, or it can disappear entirely. The trivial holomorphic cylinders of the
edges of mr pru will consist of the restriction of the trivial holomorphic cylinders from

the edges of u restricted to €p edge regions.

If no edge regions disappear, then we can simply take the map on vertex model
curves [p, f] to be the identity. Thus mg r is practically the identity when no edges dis-
appear (or said another way, when Qe, = Q¢,, or when He,(S,C") = He,, (5, C")).
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What we need to define mg p in general is a way of assigning model curves when

some Ep edge region contains no € edge region.

Recall that the condition on joining a vertex model curve given by [p, f], f : Sy —
C™/Z™ to an adjacent edge in a quasi holomorphic graph is given by considering the
edge as a subset R/Z x (0,R) C R/Z x (0,00) of the edge region surrounding a

puncture in Sy, and then parameterizing the edge as
c(,t) = expexppg(ea +tJ)

where thm f0,t) =C+0a+tJa

The above expression exp, ¢ is to be understood after identifying (T,,(T" x B"), J¢)
with C". Note that this identification multiplies the part of  that projects to the
base manifold by e. Recall also that a normalizing condition we put on f was that
>~ ¢; is in the real (torus) subspace of C"/Z".

Because the torsion of our flat connection V is bounded, there exists a radius r
smaller than the injectivity radius of the base manifold, so that given any finite set
of points b; inside a ball in our base manifold of radius ry there is a unique average b
so that

b; = exp,v; for |v;| < 2rg

and Zvi:()

¢ is bounded for model curves appearing in Q;’ﬁ’RE, and the edges that disappear
have length bounded by 2(R' — R). The number of internal edges is bounded by
39 — 3+ k. We can choose € so that e(max|(| + (69 — 6 + 2k + 2)(R' — R)) < 2.
This means that all the ends of the edges of mp pu attached to a Ep vertex region
V' will be contained in a ball of radius ry in the base, and have a unique average.
We choose a point p in the torus fiber over this average point, and have the new
model curve [p, f] living at this point p. Once we have chosen p we can choose the (;

which get us from p to the ends of the attached edges. We can then define a function
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F: S — C"/Z" so that

EXPexp,, (3 1i¢i) (F - ZwZCz> onV C Sy

and F' continues as the appropriate holomorphic cylinders. The notation above is
explained in Section 2.6. All that is important for now is that this makes F' become
the correct trivial holomorphic cylinders near punctures. If we want our model curve

to be quasi holomorphic, then we take
f:=F—QO0F
This defines the map 7 p. Note that we needed to choose € small depending on R'.

Note ker dmp pu can be identified with movements of the edge holomorphic cylin-
ders of u that are conformal to cylinders of length less than 2(R’ — R). If there are

m of these, by tracking a marked point on the center of each edge, we can identify
kerdrgp g = (C™)™

Note also that the complex dimension of He,(S,C")/He,, (S, C") is also nm.

Lemma C.3.1. There exists a canonical isomorphism
IS . ((Cn)m = ker dﬂ'R,R/ — H@R(S, Cn)/H@R,(S, Cn)

so that the derivative of 0y projected to He,(S,C")/He,, (S,C") and restricted to
ker dmp, rr
Dgo : ker dﬂ'R,R/ e H@R(S, Cn)/H@R/(S, Cn)
satisfies
1

HDéo - ]SH < 9 HI—1H

for € small enough dependent on R’ and Q;?};

Proof:
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In fact, Is = Dp, in the integrable case. Recall that the way we defined Q¢, in
Proposition 2.9.2, ker Q¢, is spanned by ker Q¢,, and C" ® Span{df;} where f; is
some function that is equal to 1 on the ith €g edge region that contains no € edge
region, and 0 on all other €5 edge regions.

In the integrable case, shifting the ith edge edge by v; € C" will change 9, by
v ® Of;. Considering this map on movements of &5 edges that don’t contain &g
edge regions defines the isomorphism Ig. An application of Lemma 2.2.4 shows that
because the length of these edges and the size of model curves in Q;?}’E is bounded,
that Dg, converges to this integrable case as € approaches 0

O

Note that the fact that dy is C' smooth when the 5 decomposition doesn’t jump

and the above lemma implies that for e small enough, 7z p provides a C' smooth

diffeomorphism from solutions of the equation
dou € He,, (S,C") for u € Q;g%

to its image in Q“%®r when restricted to sets where the ¢z decomposition doesn’t

jump.
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