Lecture 15. de Rham cohomology

In this lecture we will show how differential forms can be used to define topo-
logical invariants of manifolds. This is closely related to other constructions
in algebraic topology such as simplicial homology and cohomology, singular
homology and cohomology, and Cech cohomology.

15.1 Cocycles and coboundaries

Let us first note some applications of Stokes’ theorem: Let w be a k-form on
a differentiable manifold M. For any oriented k-dimensional compact sub-
manifold X of M, this gives us a real number by integration:

O.)IEH/Q}.
)

(Here we really mean the integral over X' of the form obtained by pulling
back w under the inclusion map).

Now suppose we have two such submanifolds, Xy and X7, which are
(smoothly) homotopic. That is, we have a smooth map F : ¥ x [0,1] — M
with F|5y ;3 an immersion describing X for @ = 0,1. Then d(Fiw) is a
(k + 1)-form on the (k + 1)-dimensional oriented manifold with boundary
Y x [0,1], and Stokes’ theorem gives

/ d(F*w):/ w—/ w.
2x[0,1] o8 >N

In particular, if dw = 0, then d(Fiw) = Fi(dw) = 0, and we deduce that
Jo,w =[5 @

This says that k-forms with exterior derivative zero give a well-defined
functional on homotopy classes of compact oriented k-dimensional submani-
folds of M.

We know some examples of k-forms with exterior derivative zero, namely
those of the form w = dn for some (k — 1)-form 7. But Stokes’ theorem then
gives that fzw = fz dn = 0, so in these cases the functional we defined on
homotopy classes of submanifolds is trivial.
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This leads us to consider the space of ‘non-trivial’ functionals on homotopy
classes of submanifolds: Each of these is defined by a k-form w with exterior
derivative zero, but is unchanged if we add the exterior derivative of an
arbitrary (k — 1)-form to w.

We call a k-form with exterior derivative zero a k-cocycle, and a k-form
which is an exterior derivative of a form is called a k-coboundary. The space
of k-cocycles on M is a vector space, denoted Z*(M ), and the space of k-
coboundaries is then d2*~1(M), which is contained in Z*(M).

15.2 Cohomology groups and Betti numbers

We define the k-th de Rham cohomology group of M, denoted H*(M), to be

k Z*(M)
A (M) = Ak (M)’
Thus an element of H*(M) is defined by any k-cocycle w, but is unchanged
by changing w to w + dn for any (k — 1)-form 7, which agrees with the
notion we produced before of a ‘nontrivial’ functional on homotopy classes of
submanifolds.

An element of H¥(M) is called a cohomology class, and the cohomology
class containing a k-cocycle w is denoted [w]. Thus

wl={w+dn: ne Qkil(M)}.

Since the exterior derivative and Stokes’ theorem do not depend in any
way on the presence of a Riemannian metric on M, the cohomology groups
of M depend only on the differentiable structure on M. It turns out that
they in fact depend only on the topological structure of M, and not on
the differentiable structure at all — any two homeomorphic manifolds have
the same cohomology groups®. The groups H*(M) are therefore topological
invariants, which can be used to distinguish manifolds from each other: If two
manifolds have different cohomology groups, they cannot be homeomorphic
(let alone diffeomorphic).

The k-the cohomology group H* (M) is a real vector space. The dimension
of this vector space is called the kth Betti number of M, and denoted by (M).

5 The de Rham theorem states that the de Rham cohomology groups are isomorphic
to the singular or Cech cohomology groups with real coefficients, and these are
defined in purely topological terms. It is also a consequence of this theorem that
the cohomology groups are finite dimensional.
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15.3 The group H°(M)

The group H°(M) is relatively easy to understand: The space Z°(M) is just
the space of functions on M with derivative zero, which is the space of locally
constant functions. We interpret 27! as the trivial vector space. Therefore
HO(M) ~ Z°(M) = RY where N is the number of connected components of
M. Thefore bo(M) is equal to the number of connected components of M.

15.4 The group H'(M)

The group H'(M) is closely related to the fundamental group i (M). We
will examine some aspects of this relationship:

Proposition 15.4.1 Suppose M is connected. If w € Z*(M) and [w] # 0 in
HY(M), then there exists a smooth curve v : S* — M such that

w(y) = /S w0,

Proof. We will prove that if w(y) = 0 for every smooth map v : S' — M,
then [w] =0 in HY(M).

On each connected component of M choose a ‘base point” zg. We define a
function f € C°(M) ~ £2°(M) by setting f(x¢) = 0 and extending to other
points of M according to

fo= [ w
[0,1]

for any v : [0,1] — M with v(0) = zp and (1) = «. This is well-defined,
since if 1 and 75 are two such curves, then the curve v;#(—72) obtained
by concatenating v; and —v2 (i.e. 72 with orientation reversed) gives a map
from S' to M, so by assumption

0=/Sl(71#(—72))*w=/sl vi‘w—/sl VoW,

and so the value of f(z) is independent of the choice of v. Finally, df = w,
since in a chart ¢ about x,

where y(1 +t) = ¢~ (o(z) + te;).
This shows that w = df, so that [w] =0 in H'(M). O
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Corollary 15.4.2 If M has finite fundamental group then HY(M) = 0. In
particular if M is simply connected, then H'(M) = 0.

Proof. Let w € (M) with dw = 0. Then for any closed loop 7 : S* — M, we
have [y]" = 0 in 7! (M) for some integer n. Therefore we have a homotopy
F: S x[0,1] — M from y#~...#v to the constant loop ¢, and Stokes’
theorem gives

0:/ F*dw:/ (7#...#7)*w—/ c*w = nw(y).
51x[0,1] 51 51

Since this is true for all closed loops <y, Proposition 15.4.1 applies to show
[w] =0 in HY(M), and so H'(M) = 0. O

The same argument tells us something more: In fact H'(M) is a subspace
of the dual space of the vector space G ® R, where G is the abelianisation of
m1(M), which is the abelian group given by taking 71 (M) and imposing the
extra relations aba='b~! = 1 for all elements a and b. In particular, by (M)
is no greater than the smallest number of generators of 71 (M). In fact it
turns out (at least for compact manifolds) that H' (M) is isomorphic to the
torsion-free part of the abelianisation of 71 (M), as described above. We will
not prove this here.

15.5 Homotopy invariance

In this section we will prove a remarkable topological invariance property
of cohomology groups: They do not change when the space is continuously
deformed.

More precisely, suppose M and N are two manifolds, and F' is a smooth
map from M to N. Then the pullback of forms induces a homomorphism of
cohomology groups: If w € 2F(N) is a cocycle, then so is F*w € £2F(M),
since d(F*w) = F*(dw). Also, is w = dn then F*w = F*dn = d(F*n), so this
map is well-defined on cohomology.

Proposition 15.5.1 Let F : M x [0,1] — N be a smooth map, and set
fi(x) = F(x,t) for each t € [0,1]. Then f; is independent of t.

Proof. Let w € 2%(N) be a cocycle. Then we can write
Frw =wy+dt ANwy
where wg € 2F(M) and w; € 2F~1(M) for each t. Then f;w = wy for each

t. Since F*w is a cocycle, we have

OzdF*wzdt/\(%—dMuq)—i—...
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and therefore
fiw— fiw =wo(l) —we(0) = %dt / dprwrdt = dM/ w1dt.
0

Therefore ffw and fjw represent the same cohomology class.

Corollary 15.5.2 If the smooth map f: M — N is a homotopy equivalence
(that is, there exists a continuous map g : N — M such that fog and go f
are both homotopic to the identity) then f* is an isomorphism.

15.6 The Poincaré Lemma

We will compute the cohomology groups for a simple example: A subset B
in R™ is star-shaped (with respect to the origin) if for every point y € B, the
interval {ty : t € [0,1]} is in B.

Proposition 15.6.1 (The Poincaré Lemma). Let B be a star-shaped open
set in R™. Then H*(B) = {0} fork=1,...,n

Proof. We need to show that for & > 0 every k-cocycle is a k-coboundary.
In other words, given a k-form w on B with dw = 0, we need to find a

(k — 1)-form n such that w = dn. We will do this with k replaced by k + 1.
Write w = wiomikdxio A...Adz*. For y € B write y = yje]- and define

1
Miy..iy = y]/ t*(wiy ) jiy iy, AL
0

This defines a k-form n on B. We compute the exterior derivative of n at y:

k
(dn)iy...ir, = Z(_l)paipmo...i;...ik

p=0

k 1
= Z(_l)p/ tk(wty)ipio...i;...ikdt
p=0 0
k ) 1

FX Y [ @)

p=0 0

We rewrite the last term using the fact that dw = 0: This means

0 = (dw)jiy. ..y

k
jWig...ip E : Zp G0 i

p=0
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This gives (by the antisymmetry of the components of w)
1
(dn)iy...i. = (k+ 1)/0 £ (Wey)i...ix dt
1
+yj/ L (050) ey )iy di
0
1
= (k+ 1)/ e—
0

! k+1 0
+/O o E( ty )io...ix At

= (wy)io-uik

by the fundamental theorem of calculus. Thus dn = w, and H*+1(B) = {0}.
O

Remark. Now that we have seen the explicit proof of the Poincaré Lemma,
I remark that there is a very simple proof using the homotopy invariance
result of Proposition 15.4.1: First, the cohomology of R is trivial to compute.
Second, there is a smooth homotopy equivalence f : B — R% = {0} defined
by f(z) = 0: If we take g : R® — B to be given by g(0) = 0, then we
have f o g equal to the identity on R?, and g o f(z) = 0 on B. The latter is
homotopic to the identity under the homotopy F' : B x [0,1] — B given by
F(z,t) = (1 —t)x. Corollary 15.5.2 applies.

15.7 Chain complexes and exact sequences

In this section we will discuss some algebraic aspects of cohomology.

The algebraic situation we are dealing with is the following: We have a
complex 2* consisting of a sequence of real vector spaces 2%, together with
linear operators d : 28 — Q2F*! satisfying d> = 0. In any such situation we
can define the cohomology groups of the complex as H*(£2) = kerd},/imd}, _; .
We will call such a complex a co-chain complex, the elements of the complex
as co-chains, co-chains in the kernel of d as cocycles, and those in the image
of d as coboundaries.

Suppose we have two chain complexes A* and B*. A chain map f from
A* to B* is given by a sequence of linear maps f* from A¥ to B¥ such that
df¥ = fF+1d for any k.

A chain map induces a homomorphism of cohomology groups: If w € A*
with dw = 0, then f*w € B with df¥w = 0. If we take another representative
of the same cohomology class, say n = w + du, then f¥n = ffw 4+ df*=1pu
is in the same cohomology class as f¥w. Therefore we have a well-defined
homomorphism of cohomology groups, which we also denote by f.
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Of particular interest here is the situation where we have three chain
complexes, say A*, B* and C*, with chain maps f: A* — B* and g : B* —
C* forming a short exact sequence — that is, for each k, f* is injective, ¢* is
surjective, and the kernel of the map ¢* coincides with the image of the map
f*.

It follows that we have a sequence of maps f from H*(A) to H*(B) and
g from H*(B) to H*(C), and that the kernel of g coincides with the image of
f- Let us consider those cohomology classes in H*(C) which are in the image
of g. If w is a C-cocycle, then we know that w = gn for some cochain 7 in
B*, by the assumption of surjectivity of g. However, we cannot deduce that
71 is a cocycle. However we can deduce that gdn = dfn = dw = 0, and since
the kernel of g coincides with the image of f it follows that dn = fu for some
cochain p € A**1. Then we have fdu = dfju = ddn = 0, and the injectivity
of f implies du = 0. Therefore y represents a cohomology class in H*T1(A).
In the case where w is the image of a cocycle in B under g, we have dn = 0
and hence p = 0. Conversely, if [¢] = 0 then p = do, hence d(n — fo) =0,
and w = g(n — fo), so [w] = g[n — fo] is in the image of g.

This suggests that we have a homomorphism from H*(C) to H¥T1(A)
with kernel coinciding with the image of g. To verify this we need to show
that the cohomology class of p does not depend on our choice of i or on our
choice of representative of the cohomology class of w.

Independence of the choice of 7 is easy to check: 1 can be replaced by
n+ fo for arbitrary o € A*. Therefore dn is replaced by dn+dfo = dn+ fdo,
and p is placed by u + do which is in the same cohomology class as p.

Independence of the choice of representative in the cohomology class of w
also follows easily: If we replace w by w + da, then 7 is replaced by n + dg,
and dn is unchanged, so p is unchanged.

The homomorphism we have constructed is called the connecting homo-
morphism. Finally, we note that the image of the connecting homomorphism
coincides with the kernel of f: If p arises from some cohomology class w,
then we have by construction fu = dn, so [fu] = 0 in H**!(B). Conversely,
if [fu] = 0, then fu = dn for some 7, and then p is given by applying the
connecting homomorphism to [¢gn] (note that dgn = gdn = gfp = 0, so gn
does represent a cohomology class).

We have therefore produced from the short exact sequence of chain com-
plexes a long exact sequence of cohomology groups:

— Hk(A) — Hk(B) — Hk(C) — Hk+1(A) — ...

In the next few sections we will see some example of these long exact
sequences in cohomology and their applications.
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15.8 The Meyer-Vietoris sequence

Next we want to discuss a way to compute the cohomology of complicated
manifolds by cutting them up into simpler pieces. Suppose M is a manifold
which is the union of two open subsets U and V, and suppose that we know
the cohomology groups of U, V' and the intersection U N V. We want to
relate the cohomology groups of M to these. We will do this by constructing
an exact sequence relating the cohomology groups of M, U, V and UNV.

Let w be a k-cochain on M. Then the restriction of w to U and to V are
also k-cochains. This defines a chain map i from £2%(M) to 2F(U) @ 2F(V),
given by

i(w) = (wlu, wlv).

Similarly, if @ and § are k-cochains on U and V respectively, then we
can consider their restrictions to the intersection U NV, and these are again
k-cocycles. We consider the map j from QF(U) @ QF(V) — 2¥(UNV) given
by

(o, B) = aluav — Bluav-

This is again a chain map.

These two chain maps define a short exact sequence: The map ¢ is injec-
tive, j is surjective, and the image of i coincides with the kernel of j.

By the argument of the previous section, this short exact sequence of
cochain complexes gives rise to a long exact sequence of cohomology groups.
This long exact sequence of cohomology groups is called the Meyer-Vietoris
sequence for de Rham cohomology:

HOM) S HOUY @ HO(V) L HOUNV) L HY (M) S ...
LHNOM) S HYU) @ HE(V) L HEU N V) L HR Y (M) S

15.9 Compactly supported cohomology

The algebraic discussions of section 15.7 allow us to extend our notion of
cohomology to more general situations where we have chain complexes. Here
we introduce the notion of compactly supported cohomology:

Let M be a smooth manifold. Then we denote by £2%(M) the space of
differential k-forms on M with compact support. This is a subspace of 2% (M)
which is closed under exterior differentiation, and hence forms a cochain
complex. The cohomology of this complex is called the compactly supported
cohomology of M, and denoted H*(M).

Next we will give another useful example of a long exact sequence relating
compactly supported cohomology to the usual cohomology.

Suppose M is a smooth manifold, and X' is a submanifold within M. Then
we have a natural chain map from H*(M) to H*(X) given by pulling back



15.9 Compactly supported cohomology 145

forms via the inclusion map ¢. This map is surjective. The kernel consists
of those forms w on M which have i*w = 0. This is again a chain complex,
since i*(dw) = di*w = 0 if i*w = 0. This gives us a short exact sequence
relating the cohomologies of M, ¥, and the chain complex 024(M, X)) = {w €
2*(M): i*w=0}.

We will now show that the cohomology of the latter is isomorphic to the
compactly supported cohomology of M\ X.

To see this, we note that 2F(M\X) C 28(M, X). We denote by C* the
quotient space 28 (M, X)/2%(M\X). We define an operator d : C* — CF+1
by d[w] = [dw]. If n € 2¥(M\X), then d(w+n) = dw-+dn € dw+ 251 (M\X),
so this operator is well defined and satisfies d> = 0. Therefore the complex C
is a cochain complex, and we have a short exact sequence of chain complexes

0— 2(M\XY) - 5(M, %) - C— 0.
This induces a long exact sequence in cohomology:
.— HY(M\X) — HE(M, X)) — H¥(C) — HM*Y(M\Y)...

We will prove that H*(C) = 0 for all k, and the long exact sequence above
then implies that H*(M\X) ~ HE(M, X).
Suppose w € QF(M, X) satisfies d[w] = 0, that is,

dw=mn

for some n € QF1(M\X). We want to show that [w] = d[o] for some [0] €
C*~1 which means we want to show that w — do € 2F(M\X).

Since X is a smooth compact submanifold, the nearest-point projection
p (defined using any Riemannian metric on M) is a smooth map from a
neighbourhood T of X' in M to X, and is homotopic to the identity map on
T. We can assume that du = 0 on T since du € 25+1(M\X). Therefore by
the homotopy invariance we have

w—p'w=dv

for some v € Qg_l(T, X)). But we also have p =i op and so p*w = p*i*w =0

since w € 2F(M, X)), and we have w = dv. Now let ¢ be a smooth function

on M which is identically 1 in a neighbourhood of X, but identically zero in a

neighbourhood of M\T. Then v € Q571 (M, 5), and w—d(¢v) € 2F(M\X).

Therefore [w] — d[pv] = [w — d(pv)] = 0 in C¥, and H*(C) = 0 as claimed.
Therefore we have a long exact sequence in cohomology:

LCHNM\D) - HY(M) — HY(X) - HM Y (M\D) — ...
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15.10 Cohomology of spheres

We will use the Meyer-Vietoris sequence to deduce the cohomology groups of
the spheres S™ for any n. We start with the circle S': We can think of this as
a union of two intervals U and V', such that U NV is a union of two disjoint
intervals.

Now we can apply the Meyer-Vietoris sequence to compute the cohomol-
ogy of S = U U V: The sequence becomes

0— R R*—R?*— HY(SY) —0

which implies that H'(S') = R (this could be computed directly by seeing
what the cocycles are on St explicitly). Clearly H*(S') = {0} for & > 1
because S! is a 1-manifold.

Now consider the cohomology of the sphere S?: We observe that S? =
U UV where U and V are diffeomorphic to disks and U NV is diffeomorphic
to St x (0,1). By homotopy invariance S* x (0,1) has the same cohomology
as ST. So the sequence in this case becomes:

0—Ri—R?* =R HY(S?) = 0— R H*(M) — 0.

It follows that H'(S?) = {0} and H?(S?) =R.
Proceeding in the same way for higher dimensions, we find H*(S") = R
if k=0 or k=n and H*(S™) = 0 otherwise.

15.11 Compactly supported cohomology of R"

Proposition 15.11.1

0, k<n

HFR™) =
e (RY) {]R, k=n.

Proof. For k = 0 the result is immediate because constants are not compactly
supported in R”.

For k = 1 and n = 1 the result is also immediate: If w = widz!, then
w = df implies fR wy = 0, and conversely.

We will use the long exact sequence from section 15.9 together with the
results on cohomology groups of spheres from section 15.10: The sphere S™
contains an equatorial S"~! as a submanifold, and the complement S™\S"~!
is diffeomorphic to two copies of R™. Therefore the long exact sequence be-
comes (for n > 1)
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0—-R—R
—H}R")? - 0—0

—H" Y R")? -0—R
—H"(R")? R — 0
It follows that H¥*(R") =0 for k=1,...,n — 1 and H?(R") = R. O
Furthermore, it is immediate that the n-coboundaries of compactly sup-

ported cohomology are precisely those that have integral zero: This contains
the n-coboundaries (by Stokes’ theorem), and has codimension 1.

15.12 The group H"™ (M)

If M is a compact manifold of dimension n, then we always know what the
nth cohomology group is:

Proposition 15.8.1 If M is a compact connected manifold of dimension
n, then H*(M) = R if M is orientable, and H"(M) = {0} if M is not
orientable.

Proof. First suppose M is oriented. Choose an atlas for M consisting of co-
ordinate regions U,, « = 1,..., N, each of which is diffeomorphic to R". Let
{pa} be a smooth partition of unity with p, supported in U,,.

Define a map ¢ : 2%(M) — RN by

HW)Z(/;puw-~,%;pr)

Now consider the subspace X of RY defined by
X = {¢(dv)] v e 2 (M)},

If w is exact, then clearly &(w) € X. Conversely, if {(w) € X then we have
v e " (M) such that [, po(w —dv) = 0 for every a. Now p,(w —dv) is a
compactly supported form in R™, with integral zero, and hence by Proposition
15.11.1 there exists v, € £2771(U,) such that p,(w — dv) = dv,. Summing

over «, we find
w—dv= Zpa(w—dv) = Zdva

and hence

w:d(v+Zva)
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and w is exact.
The subspace X is defined by a finite collection of equations c;pxr = 0,

j=1,..., K. Therefore an n-form w on M is exact if and only if
/ (Cjrpr)w =0
M
for j = 1,..., K. Suppose that c;rpy is non-constant for some j. Then in

one of the regions U, we can find an n-form w supported in U, with integral
zero such that fUQ ¢jkprw is non-zero. But then it follows that w is not exact,
contradicting Proposition 15.11.1. Therefore c;;py, is constant for each j, and
w € 2"(M) is exact if and only if [, w = 0.

Next suppose M is not orientable. Let M be the double cover of M, which
we can define as follows: Define an equivalence relation on A™T M\{0} for
each x € M by taking w ~ n iff w = An for some A > 0. The quotient space
at each point consists of two points, and the quotient bundle PA"T*M =
{(z,[w]) : w € AT M} is a Zs-bundle over M. Fix € M and w # 0
in A"T*M. Then we take M to be the connected component of (z,[w]) in
PA™T*M. If M is orientable then there is a global non-vanishing section of
APT*M, so M is diffeomorphic to M, while if M is not orientable then M
covers M twice (if M is connected), and there is a natural projection 7 from
M to M given by n(z,[w]) = z. M is always orientable, since Tz, (W) M ~
T, M, hence A’LT(";’[W])M ~ A"T*M, and so [w] € PA"TFM gives a global
section of PA™T™* M.

In the case where M is not orientable, there is a natural involution i of
M induced by the map w — —w of A"T*M, and this is orientation-reversing.
Since 7 o i = m, a differential n-form @ on M arises from pull-back by 7 of a
differential form w on M if and only if i*®@ = @. But then we have

since 7 is orientation-reversing, and hence |’ 7@ = 0. It follows from the case

we have already considered that & = dn for some 7 € Q"’l(M ). Then let
7} = (n+1i*n)/2. Then we have i*7j = 7}, so 7 = 7w*n’ for some n’ € 2"~1(M),
and df = (dn + di*n)/2 = (v + i*®)/2 = ©. Tt follows that dny = w, so w is
exact. Therefore H"(M) = 0, as claimed. O
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15.13 Cohomology of surfaces

In this section we will use the results we have developed above about coho-
mology groups to compute the cohomology of compact surfaces.

We already know the cohomology groups of S2. Next we will compute
the cohomology groups of the torus T? = S* x S!. This can be written as
the union of open sets U and V', where U and V are each diffeomorphic to
S xR, and UNV is diffeomorphic to two copies of S! x R. We therefore know
HO(T?) = H(U) = H'(V) =R, HO(UNV) = R? HY(U) = H (V) = R
and HY(UNV)=R? and H*(U) = H*(V) = H3(UNV) =0, H*(T?) = R.
Thus we have the long exact sequence

0—-R—-R*-R?— H(T?) 5 R?-R?* >R —-0—0

which implies that H'(T?) = R2.

We will proceed by induction on the genus of the surface: A surface Mg41
of genus g+ 1 can be written as the union of sets A and B, where A is diffeo-
morphic to T?\{p}, B is diffeomorphic to M,\{q}, and ANB is diffeomorphic
to S! x R. To use this we first need to find the cohomology groups of T?\{p}
and My\{p}.

Proposition 15.13.1 Let M be a compact oriented manifold of dimension
n>1,pe M. Then H"(M\{p}) = 0.

Proof. Let w be an n-form on M\{p}. Then we can write w = wg + w1, where
wp is compactly supported in M\{p} and has integral equal to zero, and wq
is supported in a region diffeomorphic to S x (0,1), and is identically zero
on St x (0,1/2).

wo extends to a form on M with integral zero, so there exists g €
2"=1(M) such that wy = dnp.

By the proof of the Poincaré Lemma, there also exists a form 7, €
2"=1(St x (0,1)), vanishing on S* x (0,1/2), such that wy; = dn;.

Therefore w = dng + dn is exact, and H"(M\{p}) = 0. O

From this we can deduce the cohomology of M,\{p} as follows: M, is the
union of U and V, where U ~ M,\{p}, V ~R?, and UNV ~ S* x R.
From this we obtain the long exact sequence

0—-R—-R*-R— H (M) —» H (M,\{p}) >R —R —0

which implies that H'(M,\{p}) ~ H*(M,).

Finally, we can apply the Meyer-Vietoris sequence to A and B as above,
obtaining

0-R—-R*—-R— H' (Myy1) —» H (My) 8R* R —-R -0

which implies that H'(My41) ~ H'(M,) & R2

By induction, we deduce that the cohomology groups of the surface of
genus g are given by H%(M,) = R, H'(M,) = R?9, and H*(M,) = R.





