Lecture 16. Curvature

In this lecture we introduce the curvature tensor of a Riemannian manifold,
and investigate its algebraic structure.

16.1 The curvature tensor

We first introduce the curvature tensor, as a purely algebraic object: If X, Y,
and Z are three smooth vector fields, we define another vector field R(X,Y)Z
by

R(X,Y)Z =Vy (VxZ)—=Vy (VyZ) - Viy,x1Z.

Proposition 16.1.1 R(X,Y)Z is a tensor of type (3,1).

Proof. R is tensorial in the first two arguments, because we can write
R(X,Y)Z = (VVZ) (Y, X) - (VVZ) (X,Y),

and each of the terms of the right is a tensor in X and Y. This leaves one
further calculation:

R(X,Y)(fZ)=Vy (fVxZ+X(f)Z) = Vx (fVyZ+Y(f)Z)

- [XYI(f)Z - fVixvZ

=fVyVxZ+Y()VxZ+YX(f)Z+ X(f)VyvZ
—fVXxVyZ - X(f)VyZ - XY (f)Z -Y(f)VxZ
- [X,YI(H)Z - fVixnZ

=f (VyVXZ —VxVyZ — V[ny]Z)
FYX() - XY ()~ (X, Y]() Z

— fR(X,Y)Z.

O

Remark. Note that this calculation does not use the compatibility of the
connection with the metric, only the symmetry of the connection. Thus any
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(symmetric) connection gives rise to a curvature tensor. However, we will
only be interested in the case of the Levi-Civita connection from now on.

As usual we can write the curvature tensor in terms of its components in
any coordinate tangent basis:

R = Rikjldxi ®dz* ®da? ® 0.

Then an application of the metric index-lowering operator gives a tensor of
type (4,0) defined by

R(u,v,w,z) = g(V,Vyw — V,Vyw — Vi, yw, 2).

The components of this are R;;x; = Rijkpgpl.

Proposition 16.1.2 (Symmetries of the curvature tensor)
(1). Rikji + Riiji = 0;

(2). Rikji + Riji + Rjir = 0;

(8). Rikji + Ririj = 0;

(4). Rirji = Rjiik-

The second identity here is called the first Bianchi identity.

Proof. The first symmetry is immediate from the definition of curvature. For
the second, work in a coordinate tangent basis:

Rigji + Ryja + Ry = g (Ve Vi0; — ViV 05, 0)
+g9 (Vjvkai - Vkvj&, 8l)
+g (Vivj‘ak — Vjviak, 81)
=9(Vi (Vi0; = V;8:),0))
+9(V; (V0 — V;0x), )
+9((Vi (V0 = Vi0;) ,0)
=0
by the symmetry of the connection.
The third symmetry is a consequence of the compatibility of the connec-
tion with the metric:
0= 00911 — 0;0igri
= 0; (9(V;0k, 01) + 9(9k, V;01))
— 95 (9(ViOk, 01) + 9(9k, Vi)
= g(ViVjé)k, 8;) + g(Viak, Vjal) + g(Vjak, Vlé)l) + g(é)k, Vivj'al)
= 9(V;ViOk, 0) — g(V 0k, Vi0) — g(ViOk, V;0,) — g(9k, V;Vi0))
= Rjiri + Rjik.
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Finally, the last symmetry follows from the previous ones:

Rirjt = —Ryjir — Rjin
=® Ryjii + Rjin
=® —Rjiki — Rinji — Rije — Rijin
=W 2R3 + Rukij + Riwj
=) 2Rjik — Ry
=WV 2Rk — Rigji.
|

Note that if M is a one-dimensional Riemannian manifold, then the cur-
vature is zero (since it is antisymmetric). This reflects the fact that any
one-dimensional manifold can be locally parametrised by arc length, and so
is locally isometric to any other one-dimensional manifold. The curvature
tensor is invariant under isometries.

Next consider the two-dimensional case: Any component of R in which the
first two or the last two indices are the same must vanish, by symmetries (1)
and (3). There is therefore only one independent component of the curvature:
If we take {e1,ea} to be an orthonormal basis for T, M, then we define the
Gauss curvature of M at x to be K = Rjs12. This is independent of the
choice of basis: Any other one is given by e} = cosfe; + sinfles and e}, =
—sinfey + cos ey, so we have

Ryig190 = R(cos feq + sin feg, — sin fey + cos e, €], €5)
= cos? OR(eq, ea, €], ) —sin? OR(eq, €1, €}, €5)
= R(ey,eq, €], €5)
= R(elh 6/2a €1, 62)
= R(@l, €o2,€1, 62)
= Ri212.
More generally, we see that (in any dimension), if {e;} are orthonormal,

then R;ji; depends only the (oriented) two-dimensional plane generated by
e; and e;, and the one generated by e, and e;.

16.2 Sectional curvatures

The last observation motivates the following definition:

If X is a two-dimensional subspace of T, M, then the sectional curvature
of Xis K(0) = R(e1, ea,€1,€2), where e; and e are any orthonormal basis
for Y. This is indepedent of basis, by the calculation above.
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Proposition 16.2.1 The curvature tensor is determined by the sectional
curvatures.

Proof. We will give an explicit expression for a component R;;z; of the curva-
ture tensor, in terms of sectional curvatures. We work with an orthonormal
basis {e1,...,e,} at a point of M.

For convenience we will refer to the oriented plane generated by e; and
e; by the notation e; A e;. We compute the sectional curvature of the plane

%(61 + ek) A (Ej + 61):

Fen) A e + 1
K <(6z 616) 5 (6] el)) = ZR(eZ —|—ek’ej + e, €; —|—ek,ej —|—el)

1 1 1 1
= ZK(ei Nej)+ ZK(ei Nep) + ZK(ej Neg)+ ZK(ek Aep)

1 1 1 1
+ 5 ftigu + 5 Rije + SRk + 5 Btk
1 1
+ 5 fiji + S Rujit-
Now add the same expression with e, and e; replaced by —ej and —e;:

(€i+€k)/2\(€j+€l)) +K((€i—€k)/2\(€j—€l))

Rijri + Riju = K (
1 1 1 1
- §K(ei Nej) — §K(ei Nep) — §K(ej Ney) — iK(ek Aep).

Finally, subtract the same expression with e; and e; interchanged: On the
left-hand side we get

Rijri + Rijir — Rjikt — Riiji = 2Rijit — Rjka — Riiji = 3Rijm
by virtue of the Bianchi identity. Thus we have

1 ((ei—i—ek)/\(ej—&-eg)) +1K<(ei—ek)/\(ej —el))

Riji = 3K 2 3 2

3 K<(6j+ek);\(ei+el)> _%K<(ej_ek);\(€i—€z))

D= Wl

1 1 1
K(ej Nep) — EK(ei Aeg)+ EK(ei Aep)+ EK(ej Aeg).



16.5 The curvature operator 155

16.3 Ricci curvature

The Ricci curvature is the symmetric (2,0)-tensor defined by contraction of
the curvature tensor:
Rij = 6F Rirj' = g™ Rigji.

This can be interpreted in terms of the sectional curvatures: Given a unit
vector v, choose an orthonormal basis for TM with e,, = v. Then we have

n=1

R(v,v) = zn:R(ei,v,ei,v) = Z Rinin = zn:K(U Aep).
i=1 i=1 i=1

Thus the Ricci curvature in direction v is an average of the sectional curva-
tures in 2-planes containing v.

16.4 Scalar curvature

The scalar curvature is given by a further contraction of the curvature:
R =g"Ri; = g" " Riji-

R(z) then (except for a constant factor depending on n) the average of
the sectional curvatures over all 2-planes in T, M.

16.5 The curvature operator

The full algebraic structure of the curvature tensor is elucidated by construct-
ing a vector space on which it acts as a bilinear form.

At each point x of M we let A?T,M be the vector space obtained by
dividing the space T, M ® T, M by the relation

URV~—vRU.

This is a vector space of dimension n(n — 1)/2, with basis elements
eiNej = [e; ® e

for i < j. More generally, if v and v are any two vectors in T, M, we denote
uANv=[u®u.

This is called the wedge product of the vectors u and v.
In particular, if v and v are orthogonal and have unit length, then we
identify u A v € A?T, M with the two dimensional oriented plane in T, M
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generated by v and v. The construction of A%2T,M simply extends the set
of two-dimensional planes in T, M to a vector space, to allow formal sums
and scalar multiples of them. We refer to the space A2T, M as the space of
2-planes at x (even though not everything can be interpreted as a plane in
T, M), and the corresponding bundle is the 2-plane bundle of M. We extend
the metric to A2T'M by taking {e; Ae;| 1 <i < j <n} to be an orthonormal
basis for A?T, M whenever {e1,...,e,} is an orthonormal basis for T}, M.

A 2-plane which can be expressed in the form u A v for some vectors u
and v is called a simple 2-plane, and such a plane corresponds to a subspace
of T, M.

Exercise 16.5.1 Show that every 2-plane is simple if n = 2 or n = 3, but
not if n > 4.

The importance of the 2-plane bundle is the following;:

Proposition 16.5.2 The curvature tensor defines a symmetric bilinear form
on the space of 2-planes A>T, M, by

R(Aijei Nej, Bklek AN el) = AijBklRijkl.

Here the sum is over all ¢ and 5 with ¢ < j, and all k£ and [ with k& < [.

In particular, this curvature operator, since symmetric, can be diago-
nalised. It is important to note that the eigenvalues of the curvature operator
need not be sectional curvatures! The sectional curvatures are the values of
the curvature operator on simple 2-planes, but there is no reason why the
eigen-vectors of the curvature operator should be simple 2-planes. In partic-
ular, it is possible to have all the sectional curvatures positive (or negative)
at a point, while not having all of the eigenvalues of the curvature operator
positive (negative).

In the special case of three dimensions, however, every 2-plane is simple,
and so the eigenvalues of the curvature operator are sectional curvatures.
In this case we refer to the eigenvectors of the curvature operator as the
principal 2-planes, and the eigenvalues the principal sectional curvatures.

16.6 Calculating curvature

Suppose we are given a metric g and wish to calculate the curvature. In
principle we have all the ingredients to do this, but in practice this can get
very messy:

First, in local coordinates we can write down the connection ceofficients,
which are smooth functions on the coordinate domain, such that
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Vo,0; = I;*0y.
From these we can calculate the second derivatives:
ViVid; = Vi (I')
= 3! 0y + Ty TP 0.
This gives the expression for the curvature:
Riwj' = 0nTyj' — 0iTk;' + Ty Tg' — I T
Let us consider a simple case, namely when the parametrisation is con-
formal, so that the metric takes the very simple form
gij = fos;
for some function f. Then the inverse metric is also easy to compute:
gl = f1g0.

Therefore a connection coefficient is given by

1
Ik = 59“ (0igji + 9594 — 019i5)
_ L prsk (0,6, + 0, o0 — D116
=5/ (0if 05+ 0; fou — OLfij)
1
=3 (650;1og f + 670;1og f — ;50" Oy log f) .
This gives the following expression for the curvature tensor components,
where we write u = log /f:

Rk = 8L 0k0u + 810k 0;u — 8,00 pu
— aéaiaku — (523¢8ju + 5kj(51p@¢0pu
+ (6205u + 610;u — 6;;07 Opu) (8, 0ku + 61,041 — S1g0"™ D)
— (820ku + 6101 — 06 Dyu) (S, 0iu + 6i0qu — 6ig6"™ D)
= 6l0k0ju — 856" O Opu — 6L.0;0;u + 8070, 0pu
+[Dul® (8;,0; — i}
+ 8L 0iudju + 6;;6'0udku — 610;udiu — 856! 04ud;u.
Taking the trace over k and [ gives the Ricci curvature:
Rij = =6 (Au+ (n—2)|Dul?) — (n — 2) (9;0;u — Oudju),

where Au = §*9,0u is the Laplacian of . Finally, multiplying by f~16%
gives the scalar curvature:
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R=—(n—1)f""(24u+ (n—2)|Dul?).

Ezxample 16.6.1 We will compute the curvature of the left-invariant met-
ric gij = y 20;; on the upper half-plane H" in R", with coordinates
(r1,...,Zn_1,Y), y > 0. If this case we have f = y~2, so u = —logy. There-
fore O;u = —y~167, and 9;0ju = y_25f§§’. Also |Dul? = y~2. The equation
above therefore gives
Rigji=y* (51‘15?5? + 0076 — 0305 0" — Ok10; 67
+ (6510: — 0:50k1)
+ 5kl5?5? + 5@'5,?5? - 5jk5;151n — (511(525?)
=y * (060 — 6i;0k1) -

An orthonormal basis is given by {ye;}, which gives for any sectional curva-

ture
K= -1.

Thus hyperbolic space has constant negative curvature.

16.7 Left-invariant metrics

Another situation in which is it possible to conveniently write down the cur-
vature of a metric is when it arises as a left-invariant metric for a Lie group.

Let G be a Lie group, with a left-invariant metric g, and an orthonormal
basis of left-invariant vector fields Eu, ..., E,. Write [E;, E;] = cijkEk. Then
we have

(ng +d ij tc ﬂ) £y,

and so .
V}CVZ‘EJ- = 1 (Cijl + Clij + Clji) (Cklp + P+ Cplk) E,.

Also, we have
1
Vige sl B = ' ViE; = sew' (e + ¢ + ) B
Combining these:

L !
Rigi? = = (i’ + i + i) (ew® + Pr + i)

»-lkl}—‘

(ij + d kj+C ch) (Cilp + P+ cpli)

1
4
1 1 P D D

5 (Clj +Clj+le).
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Example 16.7.1 This gives us another method to compute the curvature of
the metric on the upper half-plane: We think of this as the Lie group G of
matrices of the form

Unp V1 V2 Un—1

0 1 o0 0

0 0 1 0

O 0 0 ... 0
with v, > 0. We identify this with the upper half-space of R™ by associating
the above matrix with the point (vy, ..., v,). We take the left-invariant metric

for which the usual basis at the identity (0,...,0,1) is orthonormal. The
corresponding left-invariant vector fields are:

00 ... 0w, 0 ...0
00 ... 00 0 ...0
(EiJo= 1. . -« o o . |~ vne
0 0 0 0 O 0
for1<i<n-—1, and

v, O 0
0 0 0

(Bn)o=1. . . .|~ Unen
0 0 ... 0

Therefore the corresponding metric is g;; = x,,20;;. The structure coefficients
c;;® can be computed as follows: If 1 < i,j < n — 1, then [E;, Ej] = 0; If
1 <i<n-—1, then

[EiaEn] = _UnEi-

Therefore
cij” = —076F + 676

This gives (since with respect to the basis {E;}, gi; = d;5)
1
Rixjt = = (57 0kp = 6705 + 0305 — 0051+ 0 0k — 83,051
x (5 St = 000t + 0201 — O Bi + 070y — 075
1 n n n n n n
+ 7 (670 — 070 + 67 03p — 8583 + 0 0p — 3,85:)
X (80811 — O} 01+ O St — O] O + 610t — 07" Okp)
1 n n n n n n
(5 — 07" Okp) ((5j O1p — 0,051+ 0,05, — ;"0 + 07 5jp)
= 75?5;?51'1 + 5?5?5% + 51215]% — 5?5{15%
+ ST G — OO Suk — Oriliy + 7670,
+ 050504 — 030705 — 005 Ot + 650" O
= —0k10ij + 0;k0ir-
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Hence the curvature operator has all eigenvalues equal to —1, and all of the
sectional curvatures are —1.

16.8 Bi-invariant metrics

The situation becomes even simpler if we have a bi-invariant metric:

Proposition 16.8.1 If g is a bi-invariant metric on a Lie group G, then for
any left-invariant vector fields X, Y, and Z,

g([X, Y]’ Z) = g([Z, X],Y)

Proof. g must be left-invariant, so that for any h € G,
gn(Delpn(X), Delp(Y)) = ge(X,Y).
Similarly, g must be right-invariant, so
gn(Dern(X), Derpn(Y)) = ge(X,Y).
Together these imply that
9e((Dern) "' Deliy(X), (Der) "' Deliy(Y)) = ge(X,Y).

We will denote by Adj, the isomorphism of T,G given by (Dcry) " Delj.
Then Ad is a representation of the group G on the vector space TG, called
the adjoint representation: If v has tangent vector X, then

Ady Ady(X) = % (i)~ i ()™ lh('}/(t))’tzo
_ % (koY) |

= Adn(X).

So we have g(Adp(X), Adp(Y)) = g(X,Y), or g is Ad-invariant. But now
differentiate this equation with h = e'Z, at ¢ = 0. In doing so we differentiate
the maps Ady,.

Definition 16.8.2 The derivative at the identity of the map Ad : G —
GL(T.G) is denoted ad : T.G — L(T.G,T.G).

The map ad is a representation of the Lie algebra g of G: It is a linear
map such that
[ad(X), ad(Y)] = ad([X,Y]),
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where on the left hand side the Lie bracket is to be interpreted as the com-
mutator of the linear transformations Ad(X) and Ad(Y).
Now when we differentiate the Ad-invariance condition, we get:

0 = g(ad(2)(X),Y) + g(X, ad(Z)(Y)).

Lemma 16.8.3

ad(X)Y = [X,Y].
Proof. By definition we have
_d _dd ix v ix
ad(X)Y = g (AdixY) |t=0 = T ds (" e e ™) o’

This makes sense because % (etXe“"Ye_tX) |s=o is a vector in T.G for each

t, and so can be differentiated with respect to t. The identification between
this and the Lie bracket comes from a more general statement:

Lemma 16.8.4 Let M be a smooth manifold, X and Y in X (M), and
x € M. Then if ¥x+ and Wy+ are local flows of the vector fields X and Y

near x,

0 0

5 Bs (T, ¥x Wy, —¢(z)) = [X,Y](=).

s:O’t:O

Proof. In local coordinates near z (say, with z* = 0), we have
X*(2) = X¥(2) + 20, X" (x) + O(2%).
Therefore by definition of the local flow,
(xo(2))* = 2° + (X (2) + 2'0,X" () + O(2%)) + O(t?)
= 2P Lt X (x) + 270, X  (x) + O(t2%, 7).
From this we can compute:
(Fy,—e(2)" = —tY"(z) + O(t?),
and
(Wx Py _4(z))" = —tYF(2) + s X" (2) — stV (2)0, X% (z) + O(st?, 5?)
and finally,
Py Wx Py, ()" = —tY"(2) + s X" (2) — stV (2)0; X" () + O(st?, 5%
+ YR () + (Y (x) + sX(2))0; Y * () + O(st?, 1?)
= sX¥(z) — st (Yi(2)0; X" (z) — X'(2)0;Y " ()
+ O(s%,t%).
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Differentiating with respect to s and ¢ when s =t = 0 gives

8,05 (Wy Wx Wy _y(z))" = X4 (x)0,Y*(z) — V()9 X" ()

s=t=
k
= ([X,Y](z))".
O
In the present case, we have
e =y 4(e);
And by left-invariance,
d d
—Wx (k) = X, = DpX. = — (hetX),
7 x.t(h) h h i (he')
so that
Wy i (h) = he'X.
Therefore
XV e tX = Ux ¢ (etXeSY) =Uyx Wy Px(e).
So Lemma 16.8.4 gives the result. (]
This completes the proof of Proposition 16.8.1. |

Corollary 16.8.5 If G is a Lie group and g a bi-invariant Riemannian met-

ric, then
1

4

Riji = Jcijpcutp = 7 (CikpCitp — CikpCitp) -

Proof. By Proposition 16.8.1 we have c;;i = c;xi, and we also have the sym-
metry cijr = —cjik. Therefore

1
Vg Ej = 59“ (ciji + cuij + ciji) Ex

1
59“ (ciji + ciji + ¢jir) Eg

L
59 cijitEr.

Therefore

R

g (VkViEj — VinEj — V[Ek,Ei]Eja El)
1 1 1

4 4 2

CkplCijp — 7 CiplCkjp — 5 CkipCpjl

Now we note that the Jacobi identity (cf. Lecture 6) gives
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0= [Eiv [Ejka]] + [Ej7 [EkinH + [E/Cv [Ei)EjH
= CiplCjkp T CjpiClip T CkplCijp

which gives the result, including the equality between the two expressions.
|

Ezxample 16.8.6 We will apply this to a simple example, namely the Lie group
53: Here the metric for which i, j and k are orthonormal at the identity is
easily seen to be bi-invariant, and we have the structure coefficients

[i, j] = ij — ji = 2k;
and similarly [j, k] = 2i and [k, 4] = 27. This gives, if we label Ey =i, Ey = j,
and F3 =k,
€123 = C231 = C312 = 2
and
€213 = C321 = C132 = —2,
and all others are zero. Thus we have
1

_ _ 2 1.
Rig12 = 1012;00121) = 10123 =1

and Similarly R1313 = R2323 =1. Also

1
Rig13 = 1C12pC1sp = 0,

and similarly Ri293 = R1323 = 0. Therefore the curvature operator is just the
identity matrix with respect to the basis 1 A Ea, Es A E3, E3 A E1, and all
the eigenvalues are equal to 1. In particular all the sectional curvatures are
equal to 1.





