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Topics

» Funk or Radon transforms a#f or R?
» X-ray transform orRP;

» Penrose transform cdPs

« Other Penrose transforms
 Complex v. Real (complex methods)
» X-ray transform ornCP;

* Real v. Complex (real methods)

» Other double fibration transforms
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Funk-Radon

* Funk(1913)

feT(5%.¢) 7 o0 = $ 1

 Radon(1917)

f e (R €) \V o) = /f
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Radon=Funk!

f:Feven(Sz,E) — Feven(‘saag)

H H
Better: F(RPQ, g) F(RPQ, g)

~

Better still:  F : T'(RP,, £(—2)) — ['(RP;, £(—1))

Usual affine codrdinatesR? < RPy  ~~

M(R%LE)

|
[(RPy, £(—2))
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John (1938)

The according to John

[L.(R%E)> f— oy /f

Better: T'(RP3,E(—2)) > f— o¢(y) = j[f

NB invariance unde$l.(4, R) because

[(RPy, £(—2)) = T(RP,, A') - R

IS invariant undefL(2, R).
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X-ray transform on RP;

~

X :T(RP3, £(—2)) — I'(Gry(RY), £[—1])

Theorem (John)
p=Xf < Uop=0

where

. El-1] — g[—3]
= ultrahyperbolic wave operat@sL(4, R)-invariant).
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Penrose(197s-81)
SU(2,2) acting onCPP; has 3 orbits:—

CP; .
(CIP’g —
hyperquadric

2 open orbits

SU(2,2) acting onGr,(C*) has 6 orbits (3 open):—

CPy — \/@ Gry(CHtt
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Penrose transform

P : HY(CPY, O(—2)) — T(Gry(CHT, 0]-1])

I>C

NB: H!(CP;, O(—2)) = HY(CPy, Q') =

Theorem (E-Penrose-Wel|$981)
»=Pw < Lp =0

where

. O|-1] — O]-3]
= holomorphic wave operat@f1.(4, C)-invariant).
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Twistor transform (cf. Fourier)

T : H'(CPS, O(-2)) = H'(CP:,0(-2))

both= {+ve-frequency solutions of the
wave-equation on compactified Minkowski space

T : HY(ICP5],0(-2)) — H'(|CP; |, 0(-2))

lIZ

12

solutions. Definesnitary structure-

@,mz/wmf—ﬂ

Bent @rsted’s Birthday Conference in Gottingen — p. 9/20



Double fibration
F, o(CH) fiores= CP,

YO

(CIP);; — Fl ((C4) ]FQ(C4) — Gl“z((c4)

CPy = p(v=1(Gr2(CH) ™))
Spectral sequence (cf. Leray)

EP? = T(Gro(CH, v1(0, @ p*V))
— H'(CPy, O(V))
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Twistor fibration (cf. Hopf)

CP; P HY (7Y (U),0(-2))
S4 2 openfgry
¢ =Pw <— Lo =0
where
. E|—1] — &3]

= conformal LaplaciarfSO(5, 1)-invariant).
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Other Penrose transforms

Z Atlyah-Hitchin-Singen1978-81)

7]

M <« anti-self-dual-manifold

NB: a construction.

P:HYZ, kY% = {¢p € T(M,E[-1]) sit.

wherell = conformal Laplaciar\ + R/6.

= 0},

P:HY(Z k)= {pcT(M,A)stdp=0}

= anti-self-dual Maxwelfields on}.
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Example (Fubini-Study)

CIP, (with opposite orientation) is anti-self-dual

IFLQ((C?’) > L CP

7] 7]
_ CPs S LTNP
Conclusions

H'(F,5(C%),0)=0 = exactness of
['(CPy, A”) — T(CPy, A") — T(CPy, A2).

H'(F15(C%),0)=0 = exactness of

[(CPy, Al) 5 T(CPs, (O?AY) X5 I(CPy, B, ).
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Complex v. Real(complex methods)

dimR =30
Fl 2 V_l(GTQ (R4))
/ \ - RN
Gl”z <C4) (Cpg GIQ(R4)

A flbratlon

7:CP3 \RP; 3 [Z] — [iZ A Z] € Gry(R?)

~ D —_—
I'(G —1 " =
(Gro,E(—1)) 20— 0 < 0977 =10
F(CP3\RP3,AO’1(—2))
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But
» H°(CP; \ RP3, O(—2))
» H'(CP; \ RP3, O(—2))
Therefore, IfLlyp = 0 then

0
0.

JIF € T'(CP; \ RP3, £(—2)) s.t. OF = 01*¢.

Theorem (Bailey-E-Gover-Masam994-2003)
p=Xf = f=1mF
limRF = f lim &F' = Hilbert transform off.

version (Aryapoo(2009):.—
[(RP3, O(—2)) — H,(CP; \ RP3, O(-2)) —

{6 € T(Gry(RY), O(—1)) s.t.0¢ = 0}.
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X-ray transform on CP;

0) X :T(CP3A) > frs vy g f
1) X :T(CP3,A') 5w ij%w
2) X :T(CPs,O°A) 3 hay — v § ha

wherev € {Fubini-Study geodesigs
* 0) X IsInjective
e 1) Xw=0 <= w=df
- o 2) Xhypy =0 < hy = V(aXb)
o Xhy.q=0 < hy.q= v(aXb---d)
'sukamotq1981)
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Real v. Complex(real methods)

» Bootstrap fromRP, to CPy; (E (1997)
* Bootstrap fromCP, to CIP;3 (Tsukamoto1981)
» Bootstrap fromRP; to CIP; (E-Goldschmidt...))

v C RP, € CPy and act bysU(3).

Example
j%w = 0, \V/”}/ —> dw‘R% = 0, v RIP,
& dw = fJ (J=Kahler form)
= d,w=0.
[(CPy, AY) — T'(CPy, A') — T'(CPy, A%) is exact!
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Proof of Tsukamoto
Similarly, to prove

%hab =0, Vv = hap = V(. Xp)

~

on CPy, we may use the:alingredients:—
 |t's true onRP,,

« T(CPy, AY) % T(CPy, OPAY) X2 I(CP,,
IS exact.

o+)

These, In turn, may be proved by methods!
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More double fibrations

Missing link: H"(CP3 \ RP3, O(—2))=?
Use SCV (Laufer’s Serre Duality ...) or

+ve-definite real quadrics= SL(4,R)/SO(4)
C SL(4,C)/S0(4,C)

SL(4,C) /(P NSO(4,C))

A

CP3; =SL(4,C)/P SL(4,C)/SO(4,C)
U
CP; \ RIP; Now transform (E-Wolf...)). ..

H"(CP3 \ RPP3, O(—2)) = 0forr = 0,1, as required.
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THANK YOU

HAPPY BIRTHDAY BENT!
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