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Topics
• Funk or Radon transforms onS2 or R

2

• X-ray transform onRP3

• Penrose transform onCP3

• Other Penrose transforms
• Complex v. Real (complex methods)
• X-ray transform onCP3

• Real v. Complex (real methods)
• Other double fibration transforms
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Funk-Radon
• Funk(1913)

f ∈ Γ(S2, E)
γ

S2

φ(γ) =

∮

γ

f

• Radon(1917)

f ∈ Γ∗(R
2, E)

R
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B
B
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B
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γ
φ(γ) =

∫

γ

f
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Radon=Funk!

F : Γeven(S
2, E)

≃
−→ Γeven(S

2, E)

‖ ‖

Better: Γ(RP2, E) Γ(RP2, E)

Better still: F : Γ(RP2, E(−2))
≃
−→ Γ(RP

∗
2, Ẽ(−1))

Usual affine coördinatesR
2 →֒ RP2  

Γ∗(R
2, E)

R
−→

↓

Γ(RP2, E(−2))
F
−→





agree!
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John (1938)

TheX-ray transformaccording to John

Γ∗(R
3, E) ∋ f 7→ φ(γ) =

∫

γ

f

Better: Γ(RP3, E(−2)) ∋ f 7→ φ(γ) =

∮

γ

f

NB invariance underSL(4, R) because

Γ(RP1, E(−2)) ∼= Γ(RP1,Λ
1)

∫
−→ R

is invariant underSL(2, R).
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X-ray transform on RP3

X : Γ(RP3, E(−2)) −→ Γ(Gr2(R
4), Ẽ [−1])

Range?

Theorem (John)

φ = X f ⇐⇒ �φ = 0

where
� : Ẽ [−1]→ Ẽ [−3]

= ultrahyperbolic wave operator(SL(4, R)-invariant).
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Penrose(1978–81)

SU(2, 2) acting onCP3 has 3 orbits:–

CP
+
3

CP
−
3

CP
0
3 →
‖

hyperquadric

2 open orbits@
@@I

�����9

SU(2, 2) acting onGr2(C
4) has 6 orbits (3 open):–

Gr2(C
4)++

��*����
CP1 −→
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Penrose transform

P : H1(CP
+
3 ,O(−2)) −→ Γ(Gr2(C

4)++,O[−1])

NB: H1(CP1,O(−2)) ∼= H1(CP1,Ω
1)

∫
−−−→ C

Range?

Theorem (E-Penrose-Wells(1981))

φ = Pω ⇐⇒ �φ = 0

where
� : O[−1]→ O[−3]

= holomorphic wave operator(SL(4, C)-invariant).
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Twistor transform (cf. Fourier)

T : H1(CP
+
3 ,O(−2))

≃
−→ H1(CP

∗−
3 ,O(−2))

both∼= {+ve-frequencyhyperfunctionsolutions of the
wave-equation on compactified Minkowski space}.

T : H1(|CP
+
3 |,O(−2))

≃
−→ H1(|CP

∗−
3 |,O(−2))

↓|≀

H2
∗(CP

∗+
3 ,O(−2))

∼= real-analyticsolutions. Definesunitary structure:–

〈α, β〉 ≡

∫

CP
+
3

α ∧ T β
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Double fibration
F1,2(C

4)

F1(C
4) F2(C

4)CP3 = = Gr2(C
4)

�
�

�
�	

@
@

@
@R

µ ν

fibres∼= CP1
�����

CP
+
3 = µ(ν−1(Gr2(C

4)++))

Spectral sequence (cf. Leray)

Ep,q
1 = Γ(Gr2(C

4)++, νq
∗(Ωp

µ ⊗ µ∗V ))

=⇒ Hp+q(CP
+
3 ,O(V ))
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Twistor fibration (cf. Hopf)

CP3

τ↓

S4 ⊇ openU

P : H1(τ−1(U),O(−2))

→ Γ(U, E [−1])

Range?
φ = Pω ⇐⇒ �φ = 0

where
� : E [−1]→ E [−3]

= conformal Laplacian(SO(5, 1)-invariant).
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Other Penrose transforms

Z

τ↓

M

Atiyah-Hitchin-Singer(1978-81)

← anti-self-dual4-manifold

NB: aconformally invariantconstruction.

P : H1(Z, κ1/2) ∼= {φ ∈ Γ(M, E [−1]) s.t.�φ = 0},

where� = conformal Laplacian∆ + R/6.

P : H1(Z, κ) ∼= {φ ∈ Γ(M,Λ2
−) s.t.dφ = 0}

= anti-self-dual Maxwellfields onM .
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Example (Fubini-Study)

CP2 (with opposite orientation) is anti-self-dual

F1,2(C
3)

τ↓

CP2

∋ L ⊂ P
−

τ↓

∋ L⊥ ∩ P
Conclusions

H1(F1,2(C
3),O) = 0 ⇒ exactness of

Γ(CP2,Λ
0)→ Γ(CP2,Λ

1)→ Γ(CP2,Λ
2
+).

H1(F1,2(C
3),Θ) = 0 ⇒ exactness of

Γ(CP2,Λ
1)
∇
→ Γ(CP2,

⊙2
◦Λ

1)
∇(2)

−→ Γ(CP2, ◦+).
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Complex v. Real(complex methods)

F1,2(C
4)

CP3 Gr2(C
4)

�
�	

@
@R

µ ν ⊇

Gr2(R
4)

@
@R

ν−1(Gr2(R
4))

dimR = 6
HH

CP3

�
�	

D
D
D
DD

 fibration

τ : CP3 \ RP3 ∋ [Z] 7−→ [iZ ∧ Z̄] ∈ Gr2(R
4)

Calculation=⇒

Γ(Gr2, Ẽ(−1)) ∋ φ
�
7−→ 0 ⇐⇒ ∂̄ ∂τ ∗φ︸ ︷︷ ︸

Γ(CP3\RP3,Λ
0,1(−2))

= 0 !!!
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But (see later)
• H0(CP3 \ RP3,O(−2)) = 0,

• H1(CP3 \ RP3,O(−2)) = 0.

Therefore, if�φ = 0 then

∃!F ∈ Γ(CP3 \ RP3, E(−2)) s.t. ∂̄F = ∂τ ∗φ.

Theorem (Bailey-E-Gover-Mason(1994–2003))

φ = X f ⇒ f = ‘lim’ F.

limℜF = f limℑF = Hilbert transform off .

Real-analyticversion (Aryapoor(2009)):–
Γ(RP3,O(−2))

≃
−→ H1

∗(CP3 \ RP3,O(−2))
≃
−→

{φ ∈ Γ(Gr2(R
4), Õ(−1)) s.t.�φ = 0}.
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X-ray transform on CP3

0) X : Γ(CP3,Λ
0) ∋ f 7→ γ 7→

∮
γ f

1) X : Γ(CP3,Λ
1) ∋ ω 7→ γ 7→

∮
γ ω

2) X : Γ(CP3,
⊙2Λ1) ∋ hab 7→ γ 7→

∮
γ hab

... ... ...

whereγ ∈ {Fubini-Study geodesics}. Kernel?
• 0) X is injective
• 1) Xω = 0 ⇐⇒ ω = df

• 2) Xhab = 0 ⇐⇒ hab = ∇(aXb)

•
... Xhab···d = 0 ⇐⇒ hab···d = ∇(aXb···d)

Tsukamoto(1981)

-
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Real v. Complex(real methods)
• Bootstrap fromRP2 to CP2 (E (1997))

• Bootstrap fromCP2 to CP3 (Tsukamoto(1981))

• Bootstrap fromRP3 to CP3 (E-Goldschmidt(. . . ))

Geodesics? γ ⊂ RP2 ⊂ CP2 and act bySU(3).

Example∮
γ ω = 0, ∀ γ ⇒ dω|RP2

= 0, ∀RP2

⇔ dω = fJ (J=Kähler form)
⇒ d+ω = 0. However,

Γ(CP2,Λ
0)→ Γ(CP2,Λ

1)→ Γ(CP2,Λ
2
+) is exact!
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Proof of Tsukamoto
Similarly, to prove

∮

γ

hab = 0, ∀ γ ⇒ hab = ∇(aXb)

onCP2, we may use therealingredients:–
• it’s true onRP2,

• Γ(CP2,Λ
1)
∇
→ Γ(CP2,

⊙2
◦Λ

1)
∇(2)

−→ Γ(CP2, ◦+)
is exact.

These, in turn, may be proved bycomplexmethods!
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More double fibrations
Missing link: Hr(CP3 \ RP3,O(−2))=?
Use SCV (Laufer’s Serre Duality . . . ) or

+ve-definite real quadrics∼= SL(4, R)/SO(4)

⊂ SL(4, C)/SO(4, C)

SL(4, C)/(P ∩ SO(4, C))

SL(4, C)/P SL(4, C)/SO(4, C)CP3 =

�
�

�
�	

@
@

@
@R

µ ν

∪
CP3 \ RP3 Now transform (E-Wolf(. . . )). . .

Hr(CP3 \ RP3,O(−2)) = 0 for r = 0, 1, as required.
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THANK YOU

HAPPY BIRTHDAY BENT!
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