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Abstract

The classical Euclidean algorithm for finding the greatest common divisor of two positive
integers has been exhaustively analyzed since the time of Gauss. The theory of binary Euclidean
algorithms is less well-developed. We analyze the “right-shift” binary Euclidean algorithm of
Silver and Terzian [11] and Stein [12]. In particular, we show that the expected number of
iterations for uniformly distributed inputs in {1, 2, 3, . . . , N} is asymptotic to K log2 N as N →
∞, where K ' 0.706 .

We introduce another binary Euclidean algorithm, the “left-shift” algorithm, and consider
its expected behaviour on random inputs. The expected number of iterations for the left-
shift algorithm is slightly greater than for the right-shift algorithm, but the left-shift algorithm
is worth considering for use on a computer with a “normalize” instruction, as then the left-
shifting loop may be replaced by a single instruction. Either of the binary algorithms could
be implemented in hardware (or microcode) with approximately the same expense as integer
division.

Comments

Only the Abstract is given here. The full paper appeared as [2]. Binary Euclidean algorithms
were later applied to give linear-time systolic algorithms for integer GCD computation [6, 8, 7, 1].
The polynomial GCD problem [5] is simpler because of the lack of carries.

The probabilistic assumptions of [2] were given a rigorous foundation by Vallée [13, 14].

Minor Errata

In the definition of D0(x) on the last line of page 326

D0(x) = 0 should be replaced by D0(x) = 1 .

In equation (6.3) on page 342, the term

− x

2(1 + x)
should be replaced by − 1

2(1 + x)
.

Major Errata

Some of the results are incorrect. For example, (3.1), (3.29), (3.34), (3.35) are wrong (though
a close approximation to the truth). Further details are given in [3, 4]. See also [10, §4.5.2].
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