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Abstract

In this paperwe studythe parallelizationof PCGLS,a basiciterative methodwhich mainideais to or-
ganizethe computatiorof conjugategradientmethodwith preconditioneappliedto normalequationsTwo
importantschemesrediscussedWhatis the bestpossibledatadistribution andwhich communicatiomet-
work topologyis mostsuitablefor solvingleastsquareproblemson massvely paralleldistributedmemory
computers.A theoreticalmodel of datadistribution and communicatiorphasess presentedvhich allows
usto give a detail executiontime compleity analysisandto investigatets usefulnesslt is shovn thatthe
implementatiorof PCGLS,with arow-block decompositiorof the coeficient matrix, on aring of commu-
nicationstructures the mostefficient choice.Performanceestsof thedevelopedparallelPCGLSalgorithm
have beencarriedout onthe massvely distributedmemorysystemParsytecandexperimentakiming results
arecomparedvith thetheoreticakexecutiontime compleity analysis.

1 Introduction

Marny scientificandengineeringapplicationssuchaslinear programming5], augmented.agrangiamrmethods
for CFD [12], the naturalfactor methodin partial differential equationg[3, 14], tomography[30], seismic
modeling[29], controltheory[23], mechanicakystemand signal analysis[24], robotics[25], and structural
analysisgive riseto the leastsquaregproblemswith alarge andsparsecoeficient matrix A. Excellentsureys
of work in this areaare[4, 11]. Minimizing by solvingthe normalequationss a commonandoften efficient
approachpecaused’ 4 is symmetricand positive definite andit canbe solved by using conjugategradient
methodwith preconditionewhichwasdevelopedin theearly19505 by HestenegandStiefel[15]. Theresulting
method PCGLS,is usedasthebasiciterative methodto solve theleastsquaregproblems Althoughthis method
doesnot explicitly form the normal equationsthe rate of corvergencestill relies on the spectrumof AT A.
Preconditioningechniqueghatacceleratéhe convergenceof thesemethodshave receved extensve attention
in theliterature[1, 22].

In mary situations gspeciallywhenmatrix operationsarewell-structuredtheseoperationsaresuitablefor
implementatioron vectorand sharememoryparallelcomputerqd9, 10]. But for paralleldistributed memory
machineghepictureis entirelydifferent.In generathe matricesandthevectorsaredistributedovertheproces-
sors,sothatevenwhenthe matrix operationsanbeimplementedefiiciently by paralleloperationsyve cannot
avoid the communicatiorrequiredfor informationexchange About discussion®n how to reducethe commu-
nicationcostson distributedmemorysystemsseel[6, 7, 8, 20]. In aword, thesecommunicatiorcostsbhecome
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relatvely moreandmoreimportantwhenthe numberof the parallelprocessorss increasedndthusthey have
the potentialto affect the scalabilityof the algorithmin a negatve way [7].

We are also highly concernedvith preconditionergor massiely parallel distributed memorycomputers
becausehe preconditioningpartis often the mostproblematicpartin a parallelervironment. The precondi-
tioning techniquedave beenstudiedby mary authors.In our paperwe will focuson the IncompleteModified
Gram-Schmid{IMGS) preconditionera classof incompleteQR factorizationpreconditionershecauseheir
existencesanbe guarantee6).

Here,we presenthefunctionalaspect®f parallelizingthe PCGLSmethodfor solvingleastsquaregprob-
lems. Parallelismis realizedby decompositiorof the problem. This canbe a taskdecompositioror a data
decompositio13]. In thefirst casethe problemis divided into a numberof tasksthat can be executedin
parallel,andin the secondcasethe dataare divided into groupsandthe work on thesegrainsis performedin
parallel. The parallelpartsof the problemareassignedo processinglements.n mostcasethe parallelparts
mustexchangdnformation. Thisimpliesthattheprocessinglementsareconnectedn anetwork. Parallelizing
a problembasicallyimplies answeringhe following questionswhatis the bestdecompositiorfor problemor
datadistribution andwhich communicatiorschemaes bestsuited.

A suitablemetricis neededo decidewhich datadistribution and communicationschemeshouldbe se-
lected. We will follow the definition and the abstractmodel of the parallel computingsystemproposedn
[17, 18]. We alsochoosethe total executiontime of the parallelprogramT},,, asour metricin [17, 18]. The
total executiontime 7, depend®ntwo variablesandsystemparameters

Tpar = Tpar (p, 1, system parameters),

wherep is thenumberof processinglementsandnr is the datasize.

In generalthe communicationis describedby a startuptime 744,44, Plus a pure sendingtime n7comm,
wheren is the numberof bytesthatis sent,andr..mm the time to sendonebyte. Now we restrictoursehes
first that our parallelcomputingsystemis Hoares CommunicatingSequentialProcesse§l6]. The platform
Parsytecs communicatiormodel suits our assumptionwell. Furthermorewe assumehat the action within
the sequentialprocessesnainly consistsof manipulatingfloating point numbers,and that the time needed
to performone floating point operationcan be describedwith a single parameterr.,.. So basedon above
assumptions/},, canbespecifiedasfollows:

Tpar = Tpar (p, Ny Tealey Tstartupy Tcomm s topology).

Finally it is assumedheparallelprogramconsistof asequencef cycles[2]. Duringacycleall processors
first perform somecomputationsand after finishing the computationthey all synchronizeand exchangedata.
This programexecutionmodelis valid if parallelismis obtainedthroughdatadecomposition.With the final
assumption7},,, canbeexpressedsfollows:

Tseq

Tpar = + Tcalc.np + Tcomma

where

o Ty = Tseq(p = 1,n), the executiontime of the sequentiaklgorithm, to be the executiontime of the
parallelalgorithmon 1 processor

® Teaicnp = Teatenp(Ds s Teale, topology), all calculationthatcannot be performedcompletelyin parallel.

® Teomm = Teomm(Ps Ms Tstartups Teomm, topology), the total communicatiortime of all cyclesof the par
allel program.



In this papeywe will focuson how to minimize T, asafunctionof p andn anddecidethecorresponding
datadistribution and communicationnetwork topology combinationfor PCGLS method. Here we assume
throughouthatno preconditioners usedto verify the effect differentparallelizationstrategies.

Theleft partof papemwill beorganizedasfollows. In section2, we will presenshortlyourintroductionfor
the PCGLSmethodwith IMGS preconditioner And an abstracimodelfor datadistribution or decomposition
andcommunicatiorschemesvill be analyzedheoreticallybasedon [17, 18, 28] in section3. Thecomparison
of actualimplementatiorand theoreticaltotal executiontime compleity analysiswill be describedbasedon
[17, 18, 27, 28].

2 PCGLSwith IMGS Preconditioner

PCGLSwith preconditioneM statesasfollows:

ALGORITHM PCGLS.
Let z¢ beaninitial approximationset

ro =b— Azg, so=po= R_T(ATTO), Yo = (805 %0);
fork=1,2,... compute

tr = R 'py;

qr = Atg;

ok = Y/ (K, r);
Tgpt1 = T + Qply;
Tk+1 = Tk — Qkqk;
Or+1 = AT rpya;
ki1 = RO 11;
Ye+1 = (k415 Sk+1);
Br = Ye+1/ 7k

Pk+1 = Sk+1 + BkPk;

The PCGLSalgorithmcontainsthreedistinctcomputationatasksperiteration

e Fourmatrix vectorproducts,Aty, A7ryy1, R™'py andR™7 6y, whereT(2 " = 8nteqe.

e Twoinnerproducts g, gx) and(sg+1, Sg+1), WhereTis = (8n — 2)Teqe.

e Threevectorupdatesgy1, rx+1 andpgy1, whereTy, “ = (8n? — 2n)Teale.

Let P, = {(4,5)|i #j, 1 <14,j < n}andassumahatthematrix A hasfull column. Supposeve are
givenasetof index pairs P suchthatP € P, and(i,j) € P impliesthati < i,57 < n. ThesetP determines
which elementsof the matrix R will not be retainedin the approximatefactorization,i.e., P is the drop set.
Giventheseassumptionsywe describethe IncompleteModified Gram-Schmid{IMGS) preconditioningech-
niquefully asfollows.

ALGORITHM IncompleteModified Gram-Schmidt

for k=1,2,...,n do
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k
Tkk = ||a§c )||2;

ar = af /rix;
for 7=k+1,...,n do
0  (i,j)eP
T = { (Qk,ag-k)) otherwise

k+1 k
oD o g

endfor
end

Hereadroptolerancdor elements” in R suggestety JenningsandAjiz [19] is used wherethemagnitudeof
eachoff-diagonalelements-;; is comparecdagainsta droptolerancer scaledby the normof the corresponding
row norm|| a; ||, i.e.,|ry ;| < 7d;, wherer = 0.02 is recommendednd

A= (CL]_,G/Q,CL,?,,--- 7an)T7 dZ = || ij ||2 (1)

For thefixedparameteselectingpattern besideshegenerakcomputationvhichwe need% (n?+ 5n) inner
productsatmost,herewe alsoneedto computen innerproductsfor thedroptoleranceparametet; = || a; ||,
andif (i,j) € P we evendo not needto computethe innerproducts.So combiningwith the above situations,
we usethe averagenumberof themasthe estimatechumberof the inner productsin IMGS preconditioning
procedurelt alsoshaws clearlythatthe choiceof P, not surprisingly canbe crucial not only to the quality of
the preconditionebut alsoto the combinedefficiengy of the parallelimplementation.

The IMGS preconditioningprocedurerequiresapproximately; (n® + 5n) inner products,and (n?® +
n) vectorupdatesandn matrix-vector multiplications. And a singleiterationof PCGLSrequirestwo inner
products,and three vector updatesand four matrix-vector multiplications. So, the total executiontime per
iterationis
87 5 59

Tseq(n) = (14n3 + 7” + ?n - 4)Tcalca (2)

wherewe ignorethe two divisionsay, and g, andthetime for initialization if the numberof iterationis large
enough.

3 DataDistribution and Communication Schemes

Basedon [27, 28], threedifferentdatadecomposition®f the matrix will be discussedrow-block decomposi-
tion, column-blockdecompositiorandgrid decompositionWe will demonstratén the paperthat, theoretically
andpractically therow-block decompositions muchmoreefficient thenthe columnandgrid decompositions.

Firstwewill presenthe basicparallelvectoroperationsaindtheir executiontime compleity mainly based
on[17, 18].

3.1 Vector update operations

The parallelvectorupdateoperationanbe performedin parallel. The computingtime for the parallelvector
updateoperationg17, 18, 27, 28]:

13z, = o )

par

+ 8([E—| - E)'rcalca 3)
p p p



where[z] is theceiling functionof z. It doesnot have to communicatelata,soT;omm = 0. And non-parallel
partis a pureloadbalancingeffect. From(3), we canknow that:
_ n n
sz.galc(pan) = 8([;1 - ;)TcalCa (4)
if thelengthof thevectoris notdivisible by the numberof processop, thensomeprocessorseceve piecesof
thevectorwith size[ ], andsomewith size[ ] — 1. Thiswill leadto aloadimbalancepf whichtheeffectis
presentedby (4). In generalfor large grainsize,n/pTyp.cac iS very smallcomparedvith T, /p.

3.2 Inner product operations

Thetotal computingtime for the parallelinnerproductionoperationss [17, 18, 27, 28]:

TSZ(?‘? (’)’L) inn

; 1 ) 0
Tmn(p’ TL) = + ( ca.cale 2(1 - ;)Tcalc) + 8([1_)1 - ;)Tcalc + tea;

par

wheret,, is thetime for acomplex accumulatethetotal communicatioriime to sendthe complec partialinner
productsresidenton eachprocessoto all processorsThet., ., is @ computingtime introducedby summing
the partialinner productsafter or duringthe scalaraccumulationlt is quite easyto know that:

; ; ; 1 n )
ngﬂ%m(pa n) = tea, clglré.np = ( Z;’.ncalc - 2(1 - B)Tcalc) + 8([1_)1 - ;)Tcalc-
Therearetwo termsincludedin this part. Thefirst term describeghe summationsn the parallelvectorinner
productthatcannotbe performedcompletelyin parallelandThe secondermis theloadimbalancaerm.

3.3 Matrix vector multiplication operations

The executiontimesfor vector updatesand inner productsare independentf the decompositiorof the co-
efficient matrix. But the matrix vector multiplication operationsare the only matrix dependenpartsof the
algorithm. Soin next subsectionwe will examinetheseoperationsn thesethreedifferentdecompositions
mainly basedon[17, 18].

3.4 Decomposition models

FromPCGLSalgorithm,we canseeclearlythatit consistof thefollowing threetypesof data:scalarsyectors
and matrices. All operationsare performedon vectorsand scalars. Thereforeit is quite naturalto definea
staticdecompositiorof the matrices. This preventsthat large piecesof the matriceshave to be sentover the
network. We will presenthe matrix vectorproductfor the following threesituationsbasedon the analysison
[17, 18, 27, 28]: row-block decompositioncolumn-blockdecompositiorandgrid decomposition.

3.4.1 Therow-block decomposition

Therow-block decompositionis achiered by dividing A into blocksof rows, with every block containing[%}

or [%1 — 1 consecutie rows, andassigningoneblock to every processingelement. The total executiontime
for this operationis [17, 18, 27, 28]:

m—v n

e T n
T]:ZT v row(p’ n) = %(n) + (STL - 2)(|—E-| - Z_))Tcalc + tvfga

wheret,_, thetime neededor the vectorgatheroperation.The non-paralletime 7;,,, only consistsof aload
balancingterm,andtheonly contrikution to 7., is the vectorgatheroperation.
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3.4.2 Thecolumn-block decomposition

The column-blockdecompositionis achiered by grouping [%1 or (%1 — 1 consecutie columnsof A into
blocksanddistributing theseblocksamongthe processinglementsThetotal executiontime for this operation
is[17, 18, 27, 28]:
L T (n) 1 n, n
T;ggr v—eol — % + (tva.calc - 2”(1 - Z_)Tcalc)) + 8”([]_)1 - ;)Tcalc + tvas

wheret,, is thetime to accumulateandscatterthe resultingvector andt,, .. thetime to evaluatethe partial
sums.Herethe non-parallelpartconsistf aload balancingiermanda termfor the summationsn the partial
vectorgatheroperation T, IS thecommunicatiortime for the partial vectoraccumulateperation.

3.4.3 Thegrid decomposition

The matrix is decomposeih p blocks,which aredistributed amongthe processingslements. The matrix AT
alsois decomposedsa grid. Thetotal executiontime for this parallelmatrix vectorproductcanbe expressed
asfollows[17, 18, 27, 28]:

I - n_ 1 1 n .2 n?
T}Z:r v—grid _ %(n) + (tpva.calc - 2”([%1 E - E)Tcalc) + 8((%1 - ?)Tcalc + tp—g + tpvaa

wheret,_, is the time for the partial vectorgatheroperation t,,, thetime for the partial vectoraccumulate,
andt,,q.calc thetime to evaluatethe partial sumsafteror duringthe vectoraccumulationThe non-parallepart
consistf a load balancingterm andfloat-pointoperationghatare not performedcompletelyin parallel,and
Teomm 1S thetime neededn thecommunicatiorof the pre-andpostprocessingteps.

Thecompletecomparisorof the executiontimefor thesethreedifferentmatrix decompositionss presented
fully in [27, 28]. Beforewe presenthetheoreticaresultswe shoulddefinethistermT;,,,(p, N) asfollows:

Tioss (p; N) = p(Tcalc.np(pa N) + Tcomm(pa N)) (5)

Fromthetheoreticakxpressionsit is easyto know thatif communicatiortimescanbe neglectedthe row-
block decompositiorhasthe smallestT},;;. ThetermT;,,s is only introducedby evaluatingthe partial scalar
sumdecompositionsf theinnerproducts.Thegrid andcolumndecompositionsisogive riseto vectorpartial
sumdecompositionin the parallelmatrix vectorproducts.This evaluationaddsup to Tj,;.

It alsocanbe shavn thatT;,,, of the column-blockdecompositions alwaysbiggerthanthatof the row-
block decompositionFor every interconnectiorschemeof the processinglementshe vectoraccumulatelus
scatteroperationof the columnblock decompositiorf17, 18] involves messagethatare biggerin sizethan,
atleastequalto the messages the vectorgatheroperationof the row-block decompositionSo,asprovedin
[17, 18, 27, 28], we cangetthefollowing relations:

column Tow column row
Tcomm Z Tcomma calc.overhead = Tcalc.ove'rheada
sothatwe concludethat
column oW
Tloss > Tloss . (6)

Similar comparisorfor matrix vectormultiplication,we canconcludethatthe row-block decompositions
muchmoreefficient thanthe columnandgrid decompositionsf A for ary parallelcomputers.



4 Theoretical Time Complexity Analysis

We will presenthe executiontime compleity analysisof the row-block decompositioronaring [17, 18, 27,
28]. We alsowill describethe row-block decompositioron a binarytreeandatorusbasedon [27] which give
afully theoreticalanalysis. The total executiontime on the torusis higherthanon the ring andbinary tree
topologies.Thelasttwo arecomparableFurthermoreour presentationvill focusonthegrid decompositioron
atorustopology

4.1 Therow-block decomposition on ring topology
If we assumehatpointto pointcommunicatiorof » floating pointstakesatime

tpointftofpoint = Tstartup T NTcomm (7)
thent,_,(p, N), thetime neededor the vectorgatheroperation canbe expressedisfollows [17, 18, 27, 28]:

; P p 16N
t:,Tg(p, N) = LiJTstartup + LiJ TTcomm-

Onring topology Theexpressionsor t., andt., , in innerproductoperationcanbe describedasfollows
[17,18, 27, 28]:

tZZ”“’ = |.§J (Tstartup + 16760mm)7 tZZ,chalc = 2(10 - 1)Tcalc-

4.2 Thegrid decomposition on atorustopology

Fromthetheoreticalanalysisin [27, 28], the executiontime of the partial vectorgatheroperationt}f,o_’” ¢ onthe
torustopologyis [17, 18, 27, 28]:

n
t;f)o_m;s = (\/ﬁ - 1)(Tstartup + 16L1_)JTcomm)-
Theexecutiontime of thevectoraccumulate)peratiort;’,%“s is[17, 18, 27, 28]:
o
VP

andtieres | thetime to evaluatethe partial sumsafter or during the vectoraccumulatiorcanbe expresseds

pva.calc’

follows[17, 18, 27, 28]:

D
tiorus = | VP |+ 16]

n
9 -|7—comm) + (\/1_7 - 1)(Tstartup + 16[1_)-|Tcomm)a

n
t;;%zqualc = 2(\/1_7 - 1) I__-|Tcalc-

/P

Ontorustopology the complex accumulate’? s is quite simplelike [17, 18, 27, 28]:

ca
torus __ @ 16 -1 16 torus __ 4 -1
tca = I_ 9 J(Tstartup + 7'comm) + (\/ﬁ )(Tstartup + Tcomm): tca.ca,lc = (\/1_7 )Tcalc-

The derwvation of the expressionfor the communicationand non-parallelroutines,as a function of the
systemparametersallows usto comparel},, of thePCGLSwith IMGS preconditionefor two differentparal-
lelization stratgjies.



Herewe will compareTy,, andTe,mm Of both parallelizationstratgiesin somelimited cases.Fromthe
previous parts,we know that

1 nm 1
Ty CFFIMES = 2(n? + 5n)Tp" + 5 (0 + )T + n T, ®)
and
1 ; 1
Tomm M5 = (0 + 50) T 0 + 5 (0 + )Ty + 0T . ©)

Combiningthe expressiorof the previous sectionwith (8) and(9), we get

_ 1 1
e Pock — (14n2 + 12n)(T %1 - %) + 5 (0 +5n)(p + - 2)) Teate (10)
TPCGLS.IMGS row—block _ 1 o 9 o p 16 p n I ,,9 11

Teomm )ring = (Z" + Z")LiJTstartup + L?("fﬁ vt Z")Tcomma (11)
and
id n .2 2
(TTIL;CGLS.IMGS)fOT;uS = n({ﬁ] — ?)Tcalc
T((6n + 14m) (2] = 2+ 20?4 50) @yB + = — 3 Teate + n(2VB - D[]+ 22 ) reare, (12)
p p 2 P VP P
id 1 13 D n

(TCP;%?HLS.IMGS)f;;us - (Zn2 + Zn)(\/ﬁ — DTstartup + 16nL§J [E]Tcomm

n D 1 9 {2
4 @B~ DI+ 40 + 50) (%] + VB = DTeomm + (30 4 30) G Vi (13)

If weassumehatn > p in caseof a perfectloadbalancewe know from (10) and(12) thatT;,, andT,q,, for
therow-block-ring combinationandthe grid-toruscombinationarecomparable.

As long as.aic, Teomm anNdTgerup have the sameorderof magnitudeandn >> p, the efficiency of the
parallelPCGLSwith IMGS preconditionecanbe very closeto unity.

5 Numerical Experiments

TheParsytecarchitecturecombineghe state-of-the-arRISC processoPownverPC-60landadwancedtransputer
communicatiortechnologyandachierestop-endsupercomputeperformancevith a scalablearchitecturesup-
portingthousandsf processoandoffersaclearfutureupgradepathto PoverPC-604andPowverPC-620micro-
processorsAboutthetestmatriceswe usethematricedrom thesimulationof the ElasticLight Scatteringrom
arbitraryshapednicronsizedbiological particlesby usingthe CoupleDipole methoddescribedn [18, 21]. In
this case,A is symmetric3N by 3N complex matriceswith N ~ 10° andwe generatehe right-handside
vectorconsistentvith a solutionvectorwhosecomponentgareequalto 1.

5.1 Performance mode

In [27], several kinds of parallelismat threelevels supportby Parsytecarchitectures described.Four types
of communicatiorand building sometopologiesare describedaswell. For hardware,the model parameters
Teales Tstartup AN Teomm dependon the hardware,on runtimeernvironmentandon compilers.Direct derivation
of theseparametergrom hardware specificationsalonegivesalwaystoo optimistic values. Thereforereliable
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numericalvaluesof themodelparametersanonly be obtainedby actualmeasuremenisn the parallelcomput-
ers. Thecorrespondingalueshave beendescribedn [27, 28].

We have computedr;,ss asfunctionof p and N. The experimentalresultsgive Tj,,s asafunctionof N,
for p equals32 and 64, both for the row-block-ring and the grid-toruscombinations. For very small N' the
grid-torushasa smallerT;,ss. However, if N grows the Tj,,s of the row-block-ring combinationis always
smallerthanfor the grid-toruscombination.This wasconcludedn the previous sectionandalsoexperimental
results.Dueto thelimited spacen thejournalspacewewill presenthedetailedresultsin somevhereelse.For
realisticproblemsthe row-block decompositionmplementedn aring topologyis the bestchoicefor PCGLS
with IMGS preconditioner

Also it is preferableto choosethe row-block-ring combinationfrom animplementatiorpoint of view be-
causet introducegust onecommunicatiorroutine,namelythe gatheroperation.PCGLSwith IMGS precon-
ditionervia a grid-decompositiorcontainsmore and more complex communicatiorroutines. Furthermorejf
you look atthisissueasa user therow-block-ring combinationis alsofavorabledueto its following important
adwantage.Thering canhave ary numberof processorsandthereforethe maximumnumberof free processors
canalways be usedduring productionruns. Theseabove mentionedconsiderationgrein favor of the row-
block-ringcombination.If thenumberof rows perprocessors large enoughthe efficiency will bevery closeto
unity.

5.2 Performance measurements

We have implementedhe parallelPCGLSwith IMGS preconditionerwith row-block decompositiorof A, ona
ring topology Theseperformanceneasuremenirecomparedvith thetheoreticakxpectationdor thisderived
in the previous section. The preliminaryresultsof the measuremeraf T, (p, N), the time periterationasa
functionof p and N, andcomparisorof theresultswith theory Thedetaileddescriptionwill bepresentedh the
future dueto thelimited spacehere. It doesgivestheresultsfor N equalst4, 250,496,918and1 < p < 64.
Therelative differencebetweertheoryandmeasuremeris almost3.5%.
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