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Abstract

In this paperwe studytheparallelizationof PCGLS,a basiciterative methodwhich main ideais to or-
ganizethecomputationof conjugategradientmethodwith preconditionerappliedto normalequations.Two
importantschemesarediscussed.Whatis thebestpossibledatadistributionandwhich communicationnet-
work topologyis mostsuitablefor solvingleastsquaresproblemson massively paralleldistributedmemory
computers.A theoreticalmodelof datadistribution andcommunicationphasesis presentedwhich allows
us to give a detailexecutiontime complexity analysisandto investigateits usefulness.It is shown that the
implementationof PCGLS,with a row-block decompositionof thecoefficient matrix, on a ring of commu-
nicationstructureis themostefficientchoice.Performancetestsof thedevelopedparallelPCGLSalgorithm
havebeencarriedout on themassively distributedmemorysystemParsytecandexperimentaltiming results
arecomparedwith thetheoreticalexecutiontime complexity analysis.

1 Introduction

Many scientificandengineeringapplicationssuchaslinearprogramming[5], augmentedLagrangianmethods
for CFD [12], the natural factor methodin partial differential equations[3, 14], tomography[30], seismic
modeling[29], control theory[23], mechanicalsystemandsignalanalysis[24], robotics[25], andstructural
analysisgive riseto theleastsquaresproblemswith a largeandsparsecoefficient matrix � . Excellentsurveys
of work in this areaare[4, 11]. Minimizing by solving thenormalequationsis a commonandoftenefficient
approach,because����� is symmetricandpositive definiteandit canbe solved by usingconjugategradient
methodwith preconditionerwhichwasdevelopedin theearly1950’sby HestenesandStiefel[15]. Theresulting
method,PCGLS,is usedasthebasiciterativemethodto solvetheleastsquaresproblems.Althoughthismethod
doesnot explicitly form the normalequations,the rateof convergencestill relies on the spectrumof � � � .
Preconditioningtechniquesthatacceleratetheconvergenceof thesemethodshave receivedextensive attention
in theliterature[1, 22].

In many situations,especiallywhenmatrixoperationsarewell-structured,theseoperationsaresuitablefor
implementationon vectorandsharememoryparallelcomputers[9, 10]. But for paralleldistributedmemory
machinesthepictureis entirelydifferent.In generalthematricesandthevectorsaredistributedover theproces-
sors,sothatevenwhenthematrixoperationscanbeimplementedefficiently by paralleloperations,we cannot
avoid thecommunicationrequiredfor informationexchange.About discussionson how to reducethecommu-
nicationcostson distributedmemorysystems,see[6, 7, 8, 20]. In a word, thesecommunicationcostsbecome�
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relatively moreandmoreimportantwhenthenumberof theparallelprocessorsis increasedandthusthey have
thepotentialto affect thescalabilityof thealgorithmin anegative way [7].

We arealsohighly concernedwith preconditionersfor massively paralleldistributedmemorycomputers
becausethe preconditioningpart is often the mostproblematicpart in a parallelenvironment. The precondi-
tioning techniqueshave beenstudiedby many authors.In our paperwe will focuson theIncompleteModified
Gram-Schmidt(IMGS) preconditioner, a classof incompleteQR factorizationpreconditioners,becausetheir
existencescanbeguaranteed[26].

Here,we presentthefunctionalaspectsof parallelizingthePCGLSmethodfor solvingleastsquaresprob-
lems. Parallelismis realizedby decompositionof the problem. This canbe a taskdecompositionor a data
decomposition[13]. In the first casethe problemis divided into a numberof tasksthat canbe executedin
parallel,andin thesecondcasethedataaredivided into groupsandthework on thesegrainsis performedin
parallel. Theparallelpartsof theproblemareassignedto processingelements.In mostcasetheparallelparts
mustexchangeinformation.This impliesthattheprocessingelementsareconnectedin anetwork. Parallelizing
a problembasicallyimpliesansweringthefollowing questions:what is thebestdecompositionfor problemor
datadistribution andwhichcommunicationschemeis bestsuited.

A suitablemetric is neededto decidewhich datadistribution andcommunicationschemeshouldbe se-
lected. We will follow the definition and the abstractmodel of the parallel computingsystemproposedin
[17, 18]. We alsochoosethe total executiontime of theparallelprogram	�

��� asour metric in [17, 18]. The
totalexecutiontime 	�

��� dependson two variablesandsystemparameters

	�

������	�
����������������
�����! 
"#�%$'&�$(") *�� *&+�-,.�
where� is thenumberof processingelementsand � is thedatasize.

In generalthe communicationis describedby a startuptime /
0213���!154�
 plus a puresendingtime �6/*728:9;9 ,
where � is thenumberof bytesthat is sent,and /*7<8=9>9 the time to sendonebyte. Now we restrictourselves
first that our parallelcomputingsystemis Hoare’s CommunicatingSequentialProcesses[16]. The platform
Parsytec’s communicationmodelsuitsour assumptionwell. Furthermore,we assumethat the actionwithin
the sequentialprocessesmainly consistsof manipulatingfloating point numbers,and that the time needed
to perform one floating point operationcan be describedwith a single parameter/ 7<��?�7 . So basedon above
assumptions,	�

��� canbespecifiedasfollows:

	�

�����@	�

���+����������/ 7<��?�7 ��/
0<13���=154.
���/*7<8=9>9A���=B.�CB�DEBGF'��,.H
Finally it is assumedtheparallelprogramconsistsof asequenceof cycles[2]. Duringacycleall processors

first performsomecomputationsandafter finishing the computationthey all synchronizeandexchangedata.
This programexecutionmodel is valid if parallelismis obtainedthroughdatadecomposition.With the final
assumption,	�

��� canbeexpressedasfollows:

	�

���JI 	602K=L� M 	 7<�.?N7!O PQ
 M 	R728:9;9S�
where

T 	602K=LU�V	602K=LG���@IXW����Y, , theexecutiontime of the sequentialalgorithm,to be the executiontime of the
parallelalgorithmon 1 processor.

T 	 7<��?�7!O PZ
 ��	 7<�.?N7!O PQ
 ����������/ 7<��?�7 ���=B.�CB�DEBGF'�[, , all calculationthatcannotbeperformedcompletelyin parallel.

T 	 7<8=9>9 �\	 7<8=9>9 ���Y������/ 0<13���=154.
 ��/ 7<8=9>9 ���!B.�CB�DEB�F(��, , the total communicationtime of all cyclesof thepar-
allel program.
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In thispaper, wewill focusonhow to minimize 	 
���� asa functionof � and � anddecidethecorresponding
datadistribution and communicationnetwork topology combinationfor PCGLSmethod. Here we assume
throughoutthatno preconditioneris usedto verify theeffectdifferentparallelizationstrategies.

Theleft partof paperwill beorganizedasfollows. In section2, wewill presentshortlyour introductionfor
thePCGLSmethodwith IMGS preconditioner. And anabstractmodelfor datadistribution or decomposition
andcommunicationschemeswill beanalyzedtheoreticallybasedon [17, 18, 28] in section3. Thecomparison
of actualimplementationandtheoreticaltotal executiontime complexity analysiswill be describedbasedon
[17, 18, 27, 28].

2 PCGLS with IMGS Preconditioner

PCGLSwith preconditioner] statesasfollows:

ALGORITHM PCGLS.
Let ^%_ beaninitial approximation,set

&�_JIa`cbd��^%_�� �G_�Ie�C_JIgfih � �E� � &�_�,.�kjl_�Im�n��_-���G_�,.o
for pUIqW���rl�*H*H*H compute

�!stIgfihvuE�Cs+ow sxIg�y�=s(oz stI�jls�{�� w s(� w s-,.o
^%s*| u Ig^Cs M z s��=s(o&GsQ| u I}&Gsyb z s w s'o~ s*| u Ig� � &GsQ| u o�Gs*| u I}f h � ~ s*| u oj�s*| u Im�n��s*| u ����s*| u ,.o� s�I�j�s*| u {�j�s'o�%sQ| u Ia�Gs*| u M � s��%s'o

ThePCGLSalgorithmcontainsthreedistinctcomputationaltasksperiteration

T Fourmatrix vectorproducts,�y�=s , � � &�s*| u , f hvu �Cs and f h � ~ s*| u , where	 9 h[�0:K:L Ia�-�6/ 72��?N7 .
T Two innerproducts,� w s'� w s�, and �n��s*| u ���GsQ| u , , where	�� P-P02K=L Iq�n�-��b�r+,=/ 7<��?�7 .
T Threevectorupdates,̂%s*| u , &GsQ| u and�Cs*| u , where	 �*h 40:K:L Iq�n�-�6��b�r-�Y,=/ 7<�.?N7 .
Let �YP�I��(�����2�(,*� ���I��+� W��\���2�d�#��� andassumethat thematrix � hasfull column. Supposewe are

givena setof index pairs � suchthat ������P and �����2�l,t�d� impliesthat �������2�)�g� . Theset � determines
which elementsof the matrix f will not be retainedin the approximatefactorization,i.e., � is the drop set.
Given theseassumptions,we describethe IncompleteModified Gram-Schmidt(IMGS) preconditioningtech-
niquefully asfollows.

ALGORITHM IncompleteModifiedGram-Schmidt

for p�I�W���rl�*H*H*H���� do
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&�sQstI���$�� s*�s � � ow stIg$�� s*�s {G&�sQs(o
for �iIap M W��*H*H*H���� do

&�sG�  �I
¡ ¢ �����2�(,��£�� w s(��$ � s*�  , otherwise

$ � s*| u �  Ia$ � sQ�  bd&�s�  w s'o
endfor

end

Hereadroptolerancefor elements� in f suggestedby JenningsandAjiz [19] is used,wherethemagnitudeof
eachoff-diagonalelements& �   is comparedagainsta droptolerance/ scaledby thenormof thecorresponding
row norm �>$   � � , i.e., � &Gs��  (�l¤¥/�¦   , where/§I ¢ H ¢ r is recommendedand

��Iq�E$ u ��$ � ��$l¨-�*H*H*H���$(P�, � � ¦ � I��;$   � � H (1)

For thefixedparameterselectingpattern,besidesthegeneralcomputationwhichweneed u� ���6� M�© �Y, inner
productsatmost,herewealsoneedto compute� innerproductsfor thedroptoleranceparameter¦   I��;$   � � ,andif �����2�l,��d� we evendo not needto computethe innerproducts.Socombiningwith theabove situations,
we usethe averagenumberof themasthe estimatednumberof the inner productsin IMGS preconditioning
procedure.It alsoshows clearlythat thechoiceof � , not surprisingly, canbecrucialnot only to thequality of
thepreconditionerbut alsoto thecombinedefficiency of theparallelimplementation.

The IMGS preconditioningprocedurerequiresapproximately uª ��� � M�© �Y, inner products,and u� ��� � M�Y, vectorupdates,and � matrix-vectormultiplications. And a single iterationof PCGLSrequirestwo inner
products,and threevector updatesand four matrix-vector multiplications. So, the total executiontime per
iterationis 	 0:K:L ���Y,«Iq�!WQ¬�� ¨ M �+­r � � M

©�®
r �£bd¬(,=/ 7<��?�7 � (2)

wherewe ignorethe two divisions z s and
� s andthe time for initialization if thenumberof iterationis large

enough.

3 Data Distribution and Communication Schemes

Basedon [27, 28], threedifferentdatadecompositionsof thematrix will bediscussed:row-block decomposi-
tion, column-blockdecompositionandgrid decomposition.Wewill demonstratein thepaperthat,theoretically
andpractically, therow-block decompositionis muchmoreefficient thenthecolumnandgrid decompositions.

First wewill presentthebasicparallelvectoroperationsandtheirexecutiontimecomplexity mainlybased
on [17, 18].

3.1 Vector update operations

Theparallelvectorupdateoperationscanbeperformedin parallel. Thecomputingtime for theparallelvector
updateoperations[17, 18, 27, 28]:

	y�*h 4

��� �������Y,�I 	 �*h 40:K:L ���Y,� M ���
¯ ��y° b �� ,=/ 7<��?�7 � (3)
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where ¯±^ ° is theceiling functionof ^ . It doesnot have to communicatedata,so 	 7<8=9>9 I ¢
. And non-parallel

partis apureloadbalancingeffect. From(3), we canknow that:

	 �*h 4PZ
�O 72��?N7 �������Y,�I����
¯ �� ° b �� ,=/ 7<�.?N7 � (4)

if thelengthof thevectoris not divisible by thenumberof processor� , thensomeprocessorsreceive piecesof
thevectorwith size ¯ P
 ° , andsomewith size ¯ P
 ° b¥W . This will leadto a loadimbalance,of which theeffect is
presentedby (4). In general,for largegrainsize, �Y{��[	 PZ
�O 72��?N7 is very smallcomparedwith 	602K=LZ{�� .

3.2 Inner product operations

Thetotal computingtime for theparallelinnerproductionoperationsis [17, 18, 27, 28]:

	 � P-P

��� �������Y,>I 	 � PGP0:K=L ���Y,� M ��� � P-P7<�*O 7<�.?N7 b�r��!Wyb W� ,=/ 7<��?�7 , M ���
¯ �� ° b �� ,=/ 72��?N7 M �=7<�+�
where�!7<� is thetime for acomplex accumulate,thetotal communicationtime to sendthecomplex partialinner
productsresidenton eachprocessorto all processors.The �!7<�*O PQ
 is a computingtime introducedby summing
thepartialinnerproductsafteror duringthescalaraccumulation.It is quiteeasyto know that:

	 � P-P7<8=9>9 �������Y,«I}�!7<��� 	 � PGP7<�.?N7!O PQ
 Iq��� � P-P7<�*O 7<�.?N7 b�r��!W�b W� ,=/ 7<�.?N7 , M ���
¯ �� ° b �� ,=/ 7<��?�7 H
Therearetwo termsincludedin this part. Thefirst termdescribesthesummationsin theparallelvectorinner
productthatcannotbeperformedcompletelyin parallelandThesecondtermis theloadimbalanceterm.

3.3 Matrix vector multiplication operations

The executiontimes for vector updatesand inner productsare independentof the decompositionof the co-
efficient matrix. But the matrix vector multiplication operationsare the only matrix dependentpartsof the
algorithm. So in next subsection,we will examinetheseoperationsin thesethreedifferentdecompositions
mainlybasedon [17, 18].

3.4 Decomposition models

FromPCGLSalgorithm,we canseeclearlythatit consistsof thefollowing threetypesof data:scalars,vectors
andmatrices. All operationsareperformedon vectorsandscalars. Thereforeit is quite naturalto definea
staticdecompositionof the matrices.This preventsthat large piecesof the matriceshave to be sentover the
network. We will presentthematrix vectorproductfor the following threesituationsbasedon theanalysison
[17, 18, 27, 28]: row-block decomposition,column-blockdecompositionandgrid decomposition.

3.4.1 The row-block decomposition

Therow-block decompositionis achievedby dividing � into blocksof rows,with every block containing ¯Q² 
 °
or ¯Q² 
 ° b}W consecutive rows, andassigningoneblock to every processingelement.The total executiontime
for thisoperationis [17, 18, 27, 28]:

	 9 h[�
h �!8=³
���� �������Y,�I 	 9 h[�02K=L� ���Y, M �n�-�)ber+,Q�
¯ �� ° b �� ,=/ 7<�.?N7 M � �*h[´ �
where � �*h[´ the time neededfor thevectorgatheroperation.Thenon-paralleltime 	 PZ
 only consistsof a load
balancingterm,andtheonly contribution to 	v7<8=9>9 is thevectorgatheroperation.
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3.4.2 The column-block decomposition

The column-blockdecompositionis achieved by grouping ¯Q² 
 ° or ¯Q² 
 ° b\W consecutive columnsof � into
blocksanddistributing theseblocksamongtheprocessingelements.Thetotalexecutiontimefor thisoperation
is [17, 18, 27, 28]:

	 9 h[�*h 7<8!?

��� I 	 9 h[�0:K:L ���Y,� M ��� � �
O 7<��?�7 b�r-�>�!WJb W� / 7<��?�7 ,�, M �-�>�
¯ �� ° b �� ,=/ 7<�.?N7 M � � �'�
where � � � is thetime to accumulateandscattertheresultingvector, and � � �
O 7<��?�7 thetime to evaluatethepartial
sums.Herethenon-parallelpartconsistsof a loadbalancingtermanda termfor thesummationsin thepartial
vectorgatheroperation.	v7<8=9>9 is thecommunicationtime for thepartialvectoraccumulateoperation.

3.4.3 The grid decomposition

Thematrix is decomposedin � blocks,which aredistributedamongtheprocessingelements.Thematrix ���
alsois decomposedasa grid. Thetotal executiontime for this parallelmatrix vectorproductcanbeexpressed
asfollows [17, 18, 27, 28]:

	 9 h[�*h[´ � �5µ

��� I 	 9 h[�02K=L� ���Y, M ��� 
 � �
O 7<��?�7 b¶r-�>�
¯ �· � ° W� b W� ,=/ 7<��?�7 , M ���
¯ �· � ° � b � �� ,=/ 72��?N7 M ��
 h[´ M �E
 � �'�
where ��
 h[´ is the time for thepartial vectorgatheroperation,�E
 � � the time for the partial vectoraccumulate,
and � 
 � �
O 7<��?�7 thetime to evaluatethepartialsumsafteror duringthevectoraccumulation.Thenon-parallelpart
consistsof a loadbalancingtermandfloat-pointoperationsthatarenot performedcompletelyin parallel,and	 7<8=9;9 is thetimeneededin thecommunicationof thepre-andpostprocessingsteps.

Thecompletecomparisonof theexecutiontimefor thesethreedifferentmatrixdecompositionsis presented
fully in [27, 28]. Beforewe presentthetheoreticalresults,we shoulddefinethis term 	 ?�8�0:0 ������¸¹, asfollows:

	 ?N8�0:0 ������¸d,«Ie�º�±	 7<��?�7!O PQ
 ���Y��¸¹, M 	R7<8=9;9A������¸d,�,.H (5)

Fromthetheoreticalexpressions,it is easyto know thatif communicationtimescanbeneglectedtherow-
block decompositionhasthesmallest	 ?N8�0=0 . The term 	 ?N8�0=0 is only introducedby evaluatingthepartial scalar
sumdecompositionsof theinnerproducts.Thegrid andcolumndecompositionsalsogive riseto vectorpartial
sumdecompositionsin theparallelmatrix vectorproducts.Thisevaluationaddsup to 	 ?�8�0:0 .

It alsocanbeshown that 	 ?N8�0=0 of thecolumn-blockdecompositionis alwaysbiggerthanthatof the row-
block decomposition.For every interconnectionschemeof theprocessingelementsthevectoraccumulateplus
scatteroperationof the columnblock decomposition[17, 18] involvesmessagesthat arebigger in sizethan,
at leastequalto themessagesin thevectorgatheroperationof therow-block decomposition.So,asproved in
[17, 18, 27, 28], we cangetthefollowing relations:

	 728=?N4
9>P7<8=9>9 » 	 ��8=³7<8=9>9 � 	 7<8!?¼4�9>P72��?N7�O 8 � K2��½
K=� µt¾ 	 �!8=³7<�.?N7!O 8 � K:��½
K:� µ �
sothatweconcludethat

	 7<8!?¼4
9;P?�8!0=0 ¾ 	 �!8=³?N8�0=0 H (6)

Similar comparisonfor matrix vectormultiplication,we canconcludethattherow-block decompositionis
muchmoreefficient thanthecolumnandgrid decompositionsof � for any parallelcomputers.
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4 Theoretical Time Complexity Analysis

We will presenttheexecutiontime complexity analysisof therow-block decompositionon a ring [17, 18,27,
28]. We alsowill describetherow-block decompositionon a binary treeanda torusbasedon [27] which give
a fully theoreticalanalysis. The total executiontime on the torus is higher thanon the ring andbinary tree
topologies.Thelasttwo arecomparable.Furthermoreourpresentationwill focuson thegrid decompositionon
a torustopology.

4.1 The row-block decomposition on ring topology

If we assumethatpoint to pointcommunicationof � floatingpointstakesa time

�E

8 � P-1 h 138 h 

8 � PG1YIg/
0213���!154�
 M �6/*7<8=9>9¿� (7)

then � �*h[´ ���Y��¸¹, , thetimeneededfor thevectorgatheroperation,canbeexpressedasfollows [17, 18, 27, 28]:

� � � P ´�
h[´ ������¸¹,>I�À � rRÁ /
0213���!154�
 M À � rvÁ W
Â�¸� /*728:9;9¿H
Onring topology, Theexpressionsfor �!7<� and �!7<�*O PQ
 in innerproductoperationcanbedescribedasfollows

[17, 18, 27, 28]:

� � � P ´7<� IÃÀ � rRÁ �E/
0<13���!154�
 M W
Â�/*7<8=9;9t,.� � � � P ´7<�
O 7<��?�7 Iar����§b¥W�,=/ 7<�.?N7 H
4.2 The grid decomposition on a torus topology

Fromthetheoreticalanalysisin [27, 28], theexecutiontime of thepartialvectorgatheroperation� 138=�!4G0
 h[´ on the
torustopologyis [17, 18, 27, 28]:

� 138:�!4G0
 h[´ Iq� · �§b@W�,Q�E/
0<13���=154.
 M W
Â6À �� Á /*7<8=9;9�,.H
Theexecutiontimeof thevectoraccumulateoperation� 138:�!4G0
 � � is [17, 18, 27, 28]:

� 138=�=4-0
 � � I�À · �r Á �E/
0<13���=154.
 M W
Â6¯ �· �;° /*7<8=9>9�, M � · �§b¥W�,Q�E/
0213���!154�
 M W
Â6¯ ���° /*7<8=9>9t,.�
and � 138:�!4G0
 � �*O 72��?N7 , the time to evaluatethepartial sumsafteror during thevectoraccumulationcanbeexpressedas
follows [17, 18, 27, 28]:

� 138:�!4G0
 � �*O 72��?N7 Iar�� · �§b¥W�,�¯ �· � ° / 7<�.?N7 H
On torustopology, thecomplex accumulate� 138:�!4G07<� is quitesimplelike [17, 18, 27, 28]:

� 138=�!4G07<� I�À · �r Á �E/
0<13���!154�
 M W
Â�/*7<8=9;9�, M � · �§b¥W�,Q�E/
0213���!154�
 M W
Â�/*728:9;9�,.� � 138=�!4G07<�
O 7<��?�7 I}¬�� · �§b@W�,=/ 7<��?�7 H
The derivation of the expressionfor the communicationand non-parallelroutines,as a function of the

systemparameters,allows usto compare	 

��� of thePCGLSwith IMGS preconditionerfor two differentparal-
lelizationstrategies.
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Herewe will compare	 PZ
 and 	 7<8=9>9 of both parallelizationstrategies in somelimited cases.From the
previousparts,we know that

Ä;Å[Æ�ÇCÈ'É-Ê Ë�ÌxÇCÉÍZÎ Ï�ÐÑºÒ3Ó[Ô�Õ×Ö*Ó�Ø Ä>Ù Í�ÍÍQÎ Õ ÐÚ Ò3Ó[ÔºÕÛÓ�Ø Ä>ÜZÝlÞÍQÎ Õ£Ó Ä>ß;ÝlÜÍZÎ à (8)

and

Ä>Å[Æ�ÇCÈ'É-Ê Ë�ÌxÇCÉánâ ß�ß Ï ÐÑºÒ3Ó[Ô�Õ�Ö*Ó�Ø Ä>Ù Í�Íánâ ß�ß Õ ÐÚ Ò3Ó[ÔYÕ£Ó�Ø Ä;ÜZÝlÞánâ ß�ß ÕÛÓ Ä>ß;Ý�Üánâ ßºß�ã (9)

Combiningtheexpressionof theprevioussectionwith (8) and(9), we get

Ò Ä>Å[Æ�ÇCÈ'É-Ê Ë�ÌxÇCÉÍQÎ Ø2ä â:å Ý�æ±ç â=ánèä Ù Í*é Ï Ò:Ò Ð Ñ Ó[Ô�Õ Ð Ú Ó�Ø�Ò.ê Óë�ì«í Óë Ø�Õ ÐÚ Ò3Ó[ÔYÕ�Ö*Ó�Ø�Ò ë Õ ÐëÛí Ú Ø2Ø<î ánï ç á à (10)

Ò Ä>Å[ÆCÇ�È'É�Ê Ë!ÌxÇ%Éánâ ß�ß Ø<ä â2å Ý�æ±ç â:ánèä Ù Í
é Ï Ò ÐÑ�Ó[ÔYÕ@ðÑ[Ó�ØGñ ë Ú�ò î.óEô ï ä ô Þ Î Õ Ð.õ ñ
ë Úlò Ò3Ó>ê Óë�ì Õ ÐÑ[Ó[ÔYÕ ÖÑ[Ó�Ø<î ánâ ß�ß à (11)

and

Ò Ä Å[Æ�ÇCÈ'É-Ê Ë�ÌxÇCÉÍZÎ Ø é ä Ù÷öô â ä Þ ó Ï Ó6Ò.ê
Óø ë ì Ô í Ó Ôë Ø<î ánï ç á

Õ Ò2Ò õ Ó[Ô�Õ Ð Ñ Ó�Ø�Ò.ê Óë�ì>í Óë Ø�Õ ÐÚ ÒùÓ[Ô�Õ)Ö
Ó�Ø�Ò Ú ø ë Õ ÐëÛíûú Ø:Ønî ánï ç á Õ£Ó6Ò2Ò Ú ø ë í Ñ Ø�ê Óø ë6ì Õ Ú Óë Ønî ánï ç á à (12)

Ò Ä>Å[ÆCÇ�È'É�Ê Ë!ÌxÇ%Éánâ ß�ß Ø é ä Ùüöô â ä Þ ó Ï Ò ÐÑ Ó[Ô�Õ Ð úÑ Ó�Ø�Ò
ø ë í Ð Ø<î óEô ï ä ô Þ Î Õ Ð.õ Ó>ñ

ø ëÚ ò ê Óë ì î ánâ ßºß
Õ Ò ú Ú Ó6Ò ø ë í Ð Ø�ê Óë ì Õ Ñ Ò3Ó[Ô�Õ�Ö*Ó�Ø�Ò.ñ

ø ëÚ ò Õ ø ë í Ð Ø2Ø<î ánâ ßºß Õ¶Ò:Ò ÐÑ Ó[Ô�Õ¥ðÑ Ó�Ø�ñ
ø ëÚ ò Ønî óEô ï ä ô Þ Î ã (13)

If weassumethat ��ýþ� in caseof aperfectloadbalance,weknow from (10)and(12) that 	%PQ
 and 	R728:9;9 for
therow-block-ringcombinationandthegrid-toruscombinationarecomparable.

As long as / 7<�.?N7 ��/*7<8=9;9 and /
0213���!154�
 have thesameorderof magnitude,and ��ýÿ� , theefficiency of the
parallelPCGLSwith IMGS preconditionercanbevery closeto unity.

5 Numerical Experiments

TheParsytecarchitecturecombinesthestate-of-the-artRISCprocessorPowerPC-601andadvancedtransputer
communicationtechnologyandachievestop-endsupercomputerperformancewith a scalablearchitecturesup-
portingthousandsof processorandoffersaclearfutureupgradepathto PowerPC-604andPowerPC-620micro-
processors.Aboutthetestmatrices,weusethematricesfrom thesimulationof theElasticLight Scatteringfrom
arbitraryshapedmicronsizedbiologicalparticlesby usingtheCoupleDipole methoddescribedin [18, 21]. In
this case,� is symmetric ��¸ by ��¸ complex matriceswith ¸ � W ¢�� andwe generatethe right-handside
vectorconsistentwith asolutionvectorwhosecomponentsareequalto 1.

5.1 Performance model

In [27], several kinds of parallelismat threelevels supportby Parsytecarchitectureis described.Four types
of communicationandbuilding sometopologiesaredescribedaswell. For hardware, the modelparameters/ 7<��?�7 ��/ 0213���!154�
 and / 728:9;9 dependon thehardware,on runtimeenvironmentandon compilers.Direct derivation
of theseparametersfrom hardwarespecificationsalonegivesalwaystoo optimisticvalues.Thereforereliable
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numericalvaluesof themodelparameterscanonly beobtainedby actualmeasurementsontheparallelcomput-
ers.Thecorrespondingvalueshave beendescribedin [27, 28].

We have computed	 ?N8�0=0 asfunctionof � and ¸ . Theexperimentalresultsgive 	 ?N8�0:0 asa functionof ¸ ,
for � equals32 and64, both for the row-block-ring and the grid-toruscombinations.For very small ¸ the
grid-torushasa smaller 	 ?N8�0=0 . However, if ¸ grows the 	 ?�8!0=0 of the row-block-ring combinationis always
smallerthanfor thegrid-toruscombination.This wasconcludedin theprevioussectionandalsoexperimental
results.Dueto thelimited spacein thejournalspace,wewill presentthedetailedresultsin somewhereelse.For
realisticproblemstherow-block decompositionimplementedon a ring topologyis thebestchoicefor PCGLS
with IMGS preconditioner.

Also it is preferableto choosethe row-block-ringcombinationfrom animplementationpoint of view be-
causeit introducesjust onecommunicationroutine,namelythegatheroperation.PCGLSwith IMGS precon-
ditioner via a grid-decompositioncontainsmoreandmorecomplex communicationroutines.Furthermore,if
you look at this issueasa user, therow-block-ringcombinationis alsofavorabledueto its following important
advantage.Thering canhaveany numberof processors,andthereforethemaximumnumberof freeprocessors
canalwaysbe usedduring productionruns. Theseabove mentionedconsiderationsare in favor of the row-
block-ringcombination.If thenumberof rowsperprocessoris largeenoughtheefficiency will beverycloseto
unity.

5.2 Performance measurements

Wehave implementedtheparallelPCGLSwith IMGS preconditioner, with row-blockdecompositionof � , ona
ring topology. Theseperformancemeasurementsarecomparedwith thetheoreticalexpectationsfor thisderived
in theprevious section.Thepreliminaryresultsof themeasurementof 	�
�����������¸¹, , the time per iterationasa
functionof � and ¸ , andcomparisonof theresultswith theory. Thedetaileddescriptionwill bepresentedin the
futuredueto the limited spacehere.It doesgivestheresultsfor ¸ equals64, 250,496,918and WU� �e��Â-¬ .
Therelative differencebetweentheoryandmeasurementis almost3.5%.
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