Lecture 13. Differential forms

In the last few lectures we have seen how a connection can be used to dif-
ferentiate tensors, and how the introduction of a Riemannian metric gives a
canonical choice of connection. Before exploring the properties of Rieman-
nian spaces more thoroughly, we will first look at a special class of tensors
for which there is a notion of differentiation that makes sense even without
a connection or a metric. These are called differential forms, and they play
an extremely important role in differential geometry.

13.1 Alternating tensors

We will first look a little more at the linear algebra of tensors at a point.
We will consider a natural subspace of the space of k-tensors, namely the
alternating tensors.

Definition 13.1.1 A k-tensor w € ®*T M is alternating if it is antisym-
metric under interchange of any two of its arguments. Equivalently, for any

k vectors vy,...,vx € T, M, and any permutation o € S,

WV (1)5 -+ > Vo(k)) = 8gNOW(VL, . . ., Vk),
where sgno = 1 if ¢ is an even permutation, sgnoc = —1 is ¢ is an odd
permutation.

The space of alternating k-tensors at z is denoted A*T*M. Note that
AYT*M = T} M, so alternating 1-tensors are just covectors.
There is a natural projection A : @*T* M — AFT? M defined as follows:

1
AT(’Ul, cee ,’Uk-) = H Z sgnaT(vU(l), e 7Ua(k))-
T oeSy

Then T is alternating if and only if AT =T.

Example 13.1.1 The geometric meaning of this definition is probably not clear
at this stage. An illustrative example is the following: Choose an orthonormal
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basis {¢!,...,¢"} for T M. Then we can define an alternating n-tensor A
by taking _
A(v,. .., v,) = det[@(v;)].

This is antisymmetric since the determinant is antisymmetric under inter-
change of any pair of columns. Geometrically, the result A(vy,...,v,) is the
(signed) n-dimensional volume of the parallellopiped generated by vy, ..., vy.

Given a basis {01,...,0,} for T, M, we can define a natural basis for
AFT* M: For each k-tuple iy, ..., iz, we define

dz™ Adz? AL da = KA (darsi1 Q... dxik) .

Note that this is zero if the k-tuple is not distinct, and that if we change the
order of the k-tuple then the result merely changes sign (depending whether
the k-tuple is rearranged by an even or an odd permutation).

The factor k! is included in our definition for the following reason: If we
apply the alternating k-tensor dz®* A ... Adz' (where iy, ..., i are distinct)
to the k vectors 0;,,...,0;,, the result is 1. If we apply it to the same k
vectors in a different order (say, rearranged by some permutation o), then
the result is just the sign of o. Any other k vectors yield zero.

These ‘elementary alternating k-tensors’ have a geometric interpretation
similar to that in Example 13.1.1: The value of dz’(vy, ..., v) is the determi-
nant of the matrix with (m,n) coefficient dz*= (v,,), and this gives the signed
k-dimensional volume of the projection of the parallelopiped generated by
v1,...,U, onto the subspace generated by 0;,,...,0;,. This relationship be-
tween alternating forms and volumes will be central in the next lecture when
we define integration of differential forms and prove Stokes’ theorem.

Proposition 13.1.1

(1). dz' A.. Nda' =3 g sgno de'o0®. . .Qdr'h = kLA(dz"®. . .@de'™).
(2). For each k, {dx® A...ANdz® : 1 <y < ...< i <mn} isa basis for
ART*M. In particular the space of alternating k-tensors at x has dimension

n n!
(%)= E(n—k)! -

Proof. (1) is immediate, since the value on any k-tuple of coordinate basis
vectors agrees. To prove (2), we note that by Proposition 12.2.2, any alter-
nating tensor can be written as a linear combination of the basis elements
dr" @ ...® dz'*. Invariance under A shows that this is the same as a linear
combination of k-forms of the form A(dz"* @ ...® dx'™), and these are all of
the form given. It remains to show the supposed basis is linearly independent,
but this is also immediate since if I = (i1, ...,ix) then dz!(;,,...,dir) = 1,
but dx’(9;,,...,0i;) = 0 for any increasing k-tuple J # I. |

It follows that any alternating k-tensor T' can be written in the form
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1<i1<...<ip<n

for some coefficients T;, . ;.. Some caution is required here, because T' can
also be written in the form

1 . .
T = E Z Tilmikdx“ A A\ dxtF
T,y
where the coefficients are the same as above for increasing k-tuples, and to
be given from these by antisymmetry in other cases. Thus the coefficients in
this expression differ by a factor k! from those given in the expression after

Proposition 12.2.2.

13.2 The wedge product

The projection A immediately gives us a notion of product on alternating
tensors, which we have already implicity built into our notation for the basis
elements for A*T* M:

Definition 13.2.1 Let S € A*T*M and T € AT} M be alternating tensors.
Then the wedge product S AT of S and T is the alternating k + [-tensor
given by

(k+ D!

A(S & T).

This may not seem the obvious definition, because of the factor on the
right. This is chosen to make our notation consistent with that in our def-
inition of the basis elements: Take an increasing k-tuple iy,...,7; and an
increasing [-tuple ji,...,J;, and assume for simplicity that i < j7;. Then
we can form the alternating tensors dz’ A ... A dx'*, dx/* A ... A dx’t and
dadt A Adxt AdzTt AL A dadt, and we would like to know that the third
of these is the wedge product of the first two.

Proposition 13.2.1

The wedge product is characterized by the following properties:

(i).  Associativity: f AN(gANh) = (f Ng) Ah;

(ii).  Homogeneity: (cf)Ng=c(f Ng)=f N (cg);

(iii).  Distributivity: If f and g are in AFT M then
(f+g)Nh=(FNh)+(gAh);

(iv).  Anticommutativity: If f € A¥T M and g € AVTF M, then

gAf=(DMfAg;
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(v).  In any chart,

(dz™ A Adz YA (da?* AL AdaT) = da™ AL Ada'E Adat AL A da

Proof. We start by proving (v). Choose a chart about z. Then

(dz™ A ... Adz™) A (dat AL A dat)

k+1)! , . . )
Iy le') A((dz™ AL Adz™) @ (da?t AL A dah))

k+1)! . . . .
:( k—:_l' )A Z sgno sgntTdr' M. ..Qdx""® Qdr’"MQ. . .Qdr!™®

oSk, TES,

1 . . . .

- 1o (1) 1o (k) Jr(1) Jr(l)

Il E sgno sgntdx A...Ndx A dx A...Ndx
ocESK, TES]

=dz"" A ANdx™ AdIt AL A dat.

The homogeneity and distributivity properties of the wedge product are im-
mediate from the definition. From this we can deduce the following expression
for the wedge product in local coordinates: For S = S;, . ;, dx™* A.. . Adx® and
T = lemjldle A A dzd (summing over increasing k-tuples and I-tuples
respectively)

1 A A , ,

S/\T:W Z Silmiijl___jldl’“/\.../\dl’zk/\dfﬂ]l/\.../\dSUJl.
R PR TR ST

The associativity property can now be checked straightforwardly. Finally, we

derive the anticommutativity property (iv): If g = g;, s, dz™ A...Adz" and

f=fi jdx Ao Adp?t, then

1 . . . .
gNf= ATl Z gil__.ikfjl_“jldx“ Ao NAdxtt Ada?t AL LA datt

LA RTIRR 7% I |

e

k! > G figda? Adat AL Adx A da?? A LA et

A UPR 7 R 11

—1)k ) ) ) )
- : k!l)! Z Giroig fin A2 Ao NdZT Nda" AN dat

(SRR T S PRI )

=(-D"f g
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13.3 Differential forms

Definition 13.3.1 A k-form w on a differentiable manifold M is a smooth
section of the bundle of alternating k-tensors on M. Equivalently, w associates
to each x € M an alternating k-tensor w,, in such a way that in any chart
for M, the coeflicients w;, . ;, are smooth functions. The space of k-forms on
M is denoted 2%(M).

ik

In particular, a 1-form is a covector field. We will also interpret a O-form
as being a smooth function on M, so 2°(M) = C>®(M).

By using the local definition in section 13.2, we can make sense of the
wedge product as an operator which takes a k-form and an I-form to a k +
[-form, which is associative, C'*°-linear in each argument, distributive and
anticommutative.

13.4 The exterior derivative

Now we will define a differential operator on differential k-forms.

Proposition 13.4.1 There exists a unique linear operator d : 2F(M) —

QFFY(M) such that

(i). If f € 2°%(M) = C®°(M), then df agrees with the differential of f
(Definition 4.2.1);

(ii). Ifw € 2¥(M) and n € Q'(M), then

d(w An) = (dw) A+ (=1)*w A (dn);
(iii). d2 =0.

Proof. Choose a chart ¢ : U — V with coordinate tangent vector fields
O1y...,0n.

We will first produce the operator d acting on differential forms on U C M.
On this region we have the smooth functions !, ..., z™ given by the compo-
nents of the map . The differentials of these are the one-forms dz!,. .., dz",
and in agreement with condition (iii) we assume that d(dz?) = 0 for each i.

By induction and condition (ii), we deduce that d(dz® A ... A dz%) =0
for any k-tuple iy, ..., 4.

Now let f = % Zil ,,,,, i filv_.ikdxil A...Adz* . The linearity of d, together

with condition (ii) and condition (i), imply

df = k! Z ' Oig fir.ipdx™ Ndx™ N ... Ndx'.

10,8150 05Tk
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One can easily check that this formula defines an operator which satisfies
the required conditions. In particular we can compute d? to check that it
vanishes:

d? (wilmikd:ﬂ“ VAN dmik)
=d (&iwil,_ikdxi Adz AL A dmik)
= ajaiwilmikdxj Adxt Adz AL A dat
1(32%1‘..@, OPwi, i

eth 1tk ) god Adat Adatt A LA da
PTG 8x18x3> ' Ndx ANax™t N...Nax

T2
= 0.

To extend this definition to all of M we need to check that it does not
depend on the choice of coordinate chart. Let n be any other chart, with
components y',...,y". On the common domain of n and ¢, we have z! =
Fi(y), where F = pon~1, and

_oF

dxt = By dy’.

This implies that

dz™ A ... A dx™ =

oFh OF™ . .
i1yesindtreendn D Y
Now we can check that if we define the operator d in the y coordinates, then
d(dz™ A...Adz') =0

d (dz™ A...Adz™) :Zd(%zyn dyjl/\.../\dy“>
1,J

k

Q2Fim o OF |
ZZajajo LAy N Ay
I,J,50 m=1 Y Y pF#EM

k . .
1 > Fim D*Fim

1,J,j0 m=1

OF - ;
H(?j dy’® A ..o A dy'*
pFEM 4

=0
It follows (by linearity and distributivity) that the differential operators de-

fined in the two charts agree. O

The differential operator may seem somewhat mysterious. The following
example may help:
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Example 13.4.1 (The exterior derivative on R®) The exterior derivative in
R3 captures the differential operators which are normally defined as part of
vector calculus: First, the differential operator of a 0-form (i.e. a function f)
is just the differential of the function, which we can identify with the gradient
vector field V f.

Next, consider d applied to a 1-form: For purposes of visualisation, we
can identify a 1-form with a vector field by duality: The 1-form w = widz' A
wadx? + wadz? is identified with the vector field (w1, w2,ws). Applying d to
w, we obtain

dw = d(wdz?)
= 8jwidxj A dzt
= (81w2 — 82w1)dx1 A dz? + (82(4)3 - 83d.’L‘2)d.’1?2 A da?
+ (O3w1 — Oyws)da® A dat.
The result is a 2-form. We identify 2-forms with vector fields again, by sending
adz A da? + bdz? A da® + cdz® A dxt to the vector field (b, c,a). With this
identification, the exterior derivative on 1-forms is equivalent to the curl
operator on vector fields.
Finally, consider d applied to a 2-form (which we again associate to a
vector field V = (V1, Va, V3)). We find
d (Vada! A da® + Vida? A da® + Vada® A da')
= (83‘/3 + Vi + 5'2V2)d:cl A\ da? A\ d{ts)
= (divV) dzt A da® A da®.
Thus the exterior derivative acting on 2-forms is equivalent to the divergence
operator acting on vector fields. The familiar identities from vector calculus

that the curl of a gradient is zero and that the divergence of a curl is zero
are therefore special cases of the identity d? = 0.

13.5 Pull-back invariance

Now we will prove a remarkable result which really makes the theory of
differential forms work:

Proposition 13.5.1 Suppose M and N are differentiable manifolds, and
F: M — N is a smooth map. Then for any w € 2F(N) and n € 2'(N),

F.(wAn)=F.(w)AFun

and
d(Fiw) = Fi(dw).
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Proof. The proof of the first statement is immediate from the definition. The
second statement is proved by an argument identical to that used to prove
that the definition of the exterior derivative does not depend on the chart in
Proposition 13.4.1, except that the map F' may be a smooth map between
Euclidean spaces of different dimension. O

13.6 Differential forms and orientability

There is a useful relationship between orientability of a differentiable manifold
M™ and the space of n-forms 2" (M):

Proposition 13.6.1 A differentiable manifold M is orientable if and only if
there exists an n-form w € 2™(M) which is nowhere vanishing on M.

Proof. Suppose there exists such an n-form w. Let A be the set of charts
¢ : U — V for M for which w(9y,...,8,) > 0. Then A is an atlas for M,
since any chart for M is either in A or has its composition with a reflection
in A — in particular charts in A cover M. Furthermore A is an oriented
atlas: For any pair of charts ¢ and 7 in A with non-trivial common domain
of definition in M, we have

o = (Do) 07,
and therefore by linearity and antisymmetry of w,
w@™, ... 0M) =det D(no w(@®, ... 0.

By assumption, w(8§"), R 67(177)) and w((?{gp), ... ,(’“),(f)) are positive and non-
zero. It follows that det D(no¢~1) > 0.

Conversely, suppose M has an oriented atlas A = {p, : Uy — Vataca.
Let {pg}pes be a partition of unity subordinate to the cover {U,: a €I},
so that for each 3 € J there exists a(3) € Z such that supppg C Uy g).
Define

— 1 n
w= Z ppdry, N Ndrg

Beg
Then w is everywhere non-zero, since dm}o Gy N A dxz, ) is a positive
a(P1 alP1
multiple of dz! n for . O
ultiple o da:%wz) A A dac%(ﬁ?) or 81 # [a

We can interpret this in a slightly different way: For each =z € M, let
Or, M be the set of equivalence classes of non-zero alternating n-tensors at
x, where w ~ 7 if w is a positive multiple of . Or, M has exactly two elements
for each z € M. Then we take OrM = U, Or, M, which is the orientation
bundle of M. On any chart ¢ : U — V for M, the restriction of this bundle
to U is diffeomorphic to U x Zsg, but this is not necessarily true globally.
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A slight modification of the proof of Proposition 13.6.1 gives the result
that M is orientable if and only if the orientation bundle of M is trivial (that
is, diffeomorphic to M x Zs).

13.7 Frobenius’ Theorem revisited

Differential forms allow an alternative formulation of the Theorem of Frobe-
nius that we proved in Lecture 7 (Proposition 7.3.5). In order to formulate
this, let D be a k-dimensional distribution on M. We relate this distribution
to differential forms by considering the subspace £2y(D) of £2(M) consisting
of differential forms which yield zero when applied to vectors in the distri-
bution D. This subspace is closed under C'*° scalar multiplication and under
wedge products.

Proposition 13.7.1 The distribution D is integrable if and only if the sub-
space £20(D) is closed under exterior differentiation.

Proof. First suppose D is integrable. Then locally we can choose charts ¢ :
U — V C R* x R"* where the first k directions are tangent to D.
In such a chart, forms in 2)(D) have the form

Wiy o dTt A LA da

where w;, . ;, = 0 whenever 4, ...,4; < k. This implies that Op,w;,. ;, =0 for
i1,...,4 < k and arbitrary m. Applying the exterior derivative, we find

dw = Opwiy .. i dz™ N dz™ A ... A dzt*

which is clearly in 207(D).

Next suppose D is not integrable. Then by Frobenius’s theorem we can
find vector fields X and Y in X (D) such that [X,Y] ¢ X (D), say in particular
[X,Y], ¢ D, for some x € M. Choose a 1-form w € §2}(D) such that
wz([X,Y]s) # 0 (How would you construct such a 1-form?)

Then we compute:

dw(X,Y) = XY (9iw; — Ow;)
= X'0;(Yw;) — Y70;(X'w;) — X'(8;Y;)wj + Y (0; X )wi
= Xw(Y) - Yw(X) - w([X,Y])
#0 atx,

since w(Y) = 0 and w(X) = 0 everywhere, and w([X,Y]) # 0 at = by
assumption. Therefore £2y(D) is not closed under exterior differentiation. [
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Exercise 13.7.1 The identity dw(X,Y) = Xw(Y) — Yw(X) — w([X,Y]) for
the exterior derivative of a one-form generalises to an expression for exterior
derivatives of k-forms: If w € 2%(M), then

k
dw(Xo, ..., Xp) = Z(— ' Xw(Xo,..., Xs, ..., Xp)
+ ) (D)X, X) Xoy - X X X,
0<i<j<k

Prove this identity.





