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Abstract

We present a simple, Clifford algebra based approach to several key
results in the theory of Maxwell’s equations in non-smooth subdomains
of R™. Among other things, we give new proofs to the boundary energy
estimates of Rellich type for Maxwell’s equations in Lipschitz domains
from [20] and [10], discuss radiation conditions and the case of variable
wave number.

1 Introduction.

It has been long recognized that there are fundamental connections between
electromagnetism and Clifford algebras. Indeed, understanding Maxwell’s
equations was part of Clifford’s original motivation.

A more recent trend concerns the treatment of such PDI’s in domains
with irregular boundaries. See [11] for an excellent survey of the state of
the art in this field up to early 1990’s and [13], [18] for the role of Clifford
algebras in this context.

Following work in the context of smooth domains ([24], [2], [4], [23]), the
three-dimensional Maxwell system

curl B — ikH = 0 in R®\ Q,
(M3) { curl H+ikE =0in R\ Q,
nx E=f¢eL*d0),
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(plus appropriate radiation conditions at infinity) in the complement of a
bounded Lipschitz domain 2 C R has been solved in [20], while the higher
dimensional version (involving differential forms)

dE —ikH = 0in R™\ Q,
(M,,) ¢ SH+ikE=0in R\ Q,
nAE=felL*09),

(plus suitable radiation conditions) for arbitrary Lipschitz domains Q C R™,
has been solved in [10] (precise definitions will be given shortly). See also
[19], [16] for related developments.

One of the key ingredients of the approach in [20], [10] was establishing
estimates to the effect that the so-called voltage-to-current map, taking nx F
into n x H and n A F into n V H, respectively, is an isomorphism between
appropriate boundary spaces. Ultimately, this comes down to proving norm
equivalences of the following form

(1) ln X Ellzzan) + 1(ns H)llr200) = In < Hl1200) + {0y E)[l12000)
in R® and, more generally,
(2)  In A Ellr2en) + In A Hllrzoa) = InV Ellp2pa) + [0V H 1200

in R™. As shown in [20, Theorem 4.1] (for Imk > 0) and [10, Theorem
8.5] (for arbitrary k # 0), the above estimates lead to the invertibility of
certain magnetostatic (and electrostatic) boundary integral operators which,
in turn, are used to solve (M,,), m > 3.

The aim of this paper is to shed new light on the basic estimates (1), (2)
and to present an alternative, natural approach to proving such boundary
energy estimates, developed in the framework of Clifford algebras. This is
an extension of work in [18] where such an approach has first been used
for certain PDE’s in Lipschitz domains. Besides its intrinsic merit, the
relevance of this work should be most apparent for the numerical treatment
of electro-magnetic scattering problems in non-smooth domains. For the
smooth context and different techniques see [8].

The departure point for us (which in fact goes back to Maxwell himself;
it has also been reinvented by M. Riesz) is to write the Maxwell system
as a single equation which, in fact, expresses the Clifford analyticity of a
certain Clifford algebra-valued function. Specifically, if I and H are the



electric and magnetic components of an electro-magnetic wave in R?, then
the entire Maxwell system is equivalent to the Maxwell-Dirac equation

Here E and H are regarded as Clifford algebra-valued functions in R®, and
D + ke, is a perturbed Dirac operator.

This is both mathematically convenient and physically relevant. In
fact, the same idea has been extensively used by physicists who employ
the Lorentz metric in the four dimensional (flat Minkowskian) space-time
domains in order to write the 3D Maxwell system for £/ = (£};);=1,2,3 and
H = (H;)i=123 solely in terms of the electromagnetic field-strength tensor.
Due to its skew symmetry, the latter defines the exterior differential form
(sometimes referred to as a Faraday bi-vector field)

W = (E1d$1 + E2d$2 + E3d$3) dt
—|—H1d$2d$3 + H2d$3d$1 + H3d$1d$2

(typically, electrical forces are vectorial while magnetic ones are 2-tensors).
See, e.g., the monographs [5], [31], [9], and [28].

The radiation conditions for £ and H can also be naturally rephrased
in terms of w. Parenthetically, let us note that it is also possible to work
with the non-homogeneous form F + H and write Maxwell’s equations in
the form (D + ik)(E + H) = 0 (cf. [23], [10]) but this setup appears to be
less physically relevant.

However, the most attractive aspect of this algebraic context is that it
preserves many of the key features of the classical complex function the-
ory. For us, Hardy spaces of monogenic functions in Lipschitz domains and
Cauchy vanishing formulas will play a basic role in the sequel. Based on
these, if Q C R? is the complement of a bounded Lipschitz domain and if
n = nie1 + noes + nzes denotes the outward unit normal to J€2, we shall
show that for any solution w = H + iFe4 of (3) there holds

Inw £+ wnllr20) = [|@llrz60)

modulo residual terms. The Rellich type estimate (1) follows from this. In
fact, a similar argument applies in the higher dimensional case.

Before commencing the major developments we shall introduce here some
notation. Call a bounded domain €2 Lipschitz if its boundary is locally given
by graphs of Lipschitz functions in appropriate rectangular coordinates. We



let do denote the surface measure on 02 and set n for the outward unit
normal to 9. For a (possibly algebra-valued) function u defined in €2, the
nontangential mazimal function u* is given by v*(X) := sup {|u(Y)|; V €
Q, | X —Y| <2dist (Y,09)}. Also, the nontangential boundary trace on 92
of a function u defined in €2 is taken as the pointwise nontangential limit
almost everywhere with respect to the surface measure on the boundary.
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2 Clifford algebra rudiments.

Recall that the (complex) Clifford algebra associated with R” endowed with
the usual Euclidean metric is the minimal enlargement of R™ to a unitary
complex algebra A,,, which is not generated (as an algebra) by any proper
subspace of R™ and such that 2% = —|z|?, for any # € R™. This identity
readily implies that, if {ej}}n:l is the standard orthonormal basis in R™,
then

2

€= —1 and ejep = —epe; for any j 7£ k.

In particular, we identify the canonical basis {e;} from R” with the algebraic
basis of A,,. Thus, any element u € A,, can be uniquely represented in the
form

m
!
(4) U:Z urer, ur € C,
=0 |I|=l
where e; stands for the product e; e, ...¢e; if I = (i1,72,...,%) (we make

the convention that ey := 1). For this multi-index I we call [ the length of I
and denote it by |I|. We shall adopt the convention that 3"’ indicates that
the sum is performed only over strictly increasing multi-indices I.

The Clifford conjugation on A, is defined as the unique complex-linear
involution on A,, for which ére;r = eré;y = 1 for any multi-index I. In
particular, if u =3 ;ure; € A,,, then uw = > ;us€é;. Note that

(5) u = (—l)wg_ll%



for any u € Al. For the complex conjugation on A, we set

(6) u = (ZU}@[) ::Zdjej.
I I

We define the scalar part of uw = 3", ure; € Ay, as ug := ug, and endow
A, with the natural Euclidean metric (u,u€) = |u|® := (ut®) = (@°u)o.
Note that (uv)o = (vu)o = (u,v), for any w,v € A,,. Another useful
observation is that
7) @l = [ual = Julla

for any u € A, and a € R™. We also define
(8) uy = 1 {utu}

for each u € A,,.

With u as in (4), define Il;u := ZTH:I urer and denote by Al the range of
; : A, = A,,. Elements in A! will be referred to as I-vectors or differential
forms of degree [. The exterior and interior product of forms are defined for
o € AN, u € A, respectively, by

(9) aAu:=11(ou) and aVu:= -1l (ou).

By linearity, these operations extend to arbitrary v € A,,.
Two identities which are going to be of importance in the sequel are

(10) o =aANu—aoViu,
and
(11) o = (=) (@ Au+a V),

valid for arbitrary o € A' and u € Al )
We shall work with the Dirac operator D := 77, ej%. Then D =
> e éj% = —D, and D? = — A\, the negative of the Laplacian in R™. For
J
reasons which will become more apparent shortly, we shall find it useful to
embed everything into a larger Clifford algebra, say R™ C A, C A,4q. If

for & € C we now set
(12) DDy := D+ keyyqy

then —ID? = A + k2. Furthermore,

(13) i:D-I-l%em.H:D,; and ﬂjk:—D—kemH:—Dk.



If uis a A, 41-valued function defined in a region 2 of R™, set
T Ju
Dy = E —— + ke,
B 2 €; iz, Em41 U

and
T Qu

ulDy, 1= Z ——e€; + kuep4q.
i=1 dz;

Call u left (right, two-sided) k-monogenic if IDyu (ulDy, or both IDyu and
ulDy) = 0 in Q. Note that each component of a k-monogenic function is
annihilated by the Helmholtz operator A + k2. A function theory for the
perturbed Dirac operator ID; which is relevant for us here has been worked
out in [21] and [22].

The exterior derivative operator d acts on a A'-valued function u by
du := Ilj41(Du). It extends by linearity to arbitrary .A,,-valued functions.
Its formal transpose, &, is given by du := I1;_; (Du) if u is Al-valued. Once
again, ¢ extends by linearity to arbitrary A,,-valued functions. Since D =
d + 4, it follows that d*> = 0, §? = 0 and —(dé + §d) = A, as is well known.
More detailed accounts on these matters can be found in [1], [7], [12], [18].
Further references can be found in [14].

3 A distinguished fundamental solution.

The aim is to construct a convenient, explicit fundamental solution for the
Dirac operator IDg. The departure point is deriving an explicit expression
for a fundamental solution of the Helmholtz operator A + k% in R™. If
k = ¢, this can be taken to be minus the kernel of the Bessel potential
Jo = (=A + I)=2/% corresponding to o = 2. This kernel is known (cf. [27],
p.131) to have the form

1 o0 | X2\ dt
14 P X)= ——— —t—— | —.
(14) ()=~ ), oo ( ~ ) e
For general k € iRy we simply re-scale the expression of ¢ to obtain that
1 o0 | X2\ dt
1 Op(X)i=——— | il B
( 5) k( ) (47T)m/2/0 exp( At ) tm/2

is a fundamental solution for the operator A + k? in R™. Clearly this also
continues to hold true for all ¥ € C with Imk > |Rek| and, in fact, the



above expression can be continued analytically to the open upper-half plane
Im k& > 0 with the property that ®;(X) = O(exp{—|X|Imk}) as | X| — oc.
For instance, when Im k > 0 and m > 2, one may take
1 (—ik)ym=2 foo . m—
®p(X) = ——L/ eFIXIE (2 1) T g, X e R™\ 0,

wm (m=2)! 4

where w,, is the area of the unit sphere in R™. It is worth pointing out that
the above definition can be further extended to {k € C\ 0; Imk > 0} by
setting, for X € R™\ 0,

m=1
1 8Y T (L ik
27r Or 2tk
m—2

(-ma) T (50 0n)

where Hél) is the usual zero-order Hankel function of the first kind. We
shall continue to denote this extension by ®. For this and a more detailed
discussion see the excellent treatment in [6], pp. 59-74.

It is now clear that

x|’ if m is odd,
(16)  p(X) =

, if m is even,
r=|X|

" 0Dy,
17 Fr, i =—-D Y, = -, 1D, = — —
(17) 2 R w Dy ;8%

e; — kemp1Py
is a (two-sided) fundamental solution for IDj. When k = 0 then I}, reduces
to the usual radial fundamental solution for the Laplace operator. If Im &k >

0 then F) decays exponentially at infinity. Furthermore, if (X)) is so that
Er(X) = Fp(X)e* X1 then

(18) Fi(X) =0 (|X|7) , as |X| = 0,

This follows from the definition of ®; plus a straightforward computation.

In the case when m is even, the classical asymptotic expansion (in the sense
of Poincaré; cf., e.g., [26, (9.13.1), p. 166])

1/2
(1) ~ i tz—im /4 o1 -2 1-9 ~31 +9-25
iy (2) (ﬂ'z) ¢ {1 T, TV g T gies T

as |z| — o0, is also used.
A more delicate analysis is required when & € R\ 0 because in this case
there are two canonical decaying fundamental solutions. Specifically, for

k€ R\ 0, we define



(19) Ef = —IDy®yy, = — 04, DDy

In passing let us note that E,j' = Fi. Now, if the functions F,;t are so that
EE(X) = FE(X)et* X1 then, along similar lines as before,

1 X m—1

Fi(X):cka(j:——iem_H)—l—o X772 ), as | X| — oo,
g x5\ IX ( )

(20)

where ¢, € C\ 0, and

m—1
(21) VEE(X) = o (IX[7%5), as [X] = .

In the physically relevant case when m = 3 and Im k& > 0,

1 .
2 By(X) = L (X
(22) {X) = R ©

so that, for k € R\ 0,

1 (X kX her) 4
9 EE(xX)= - — [ = £ 2 DT kX
(23) P = <|X|3 TIXpe |X|) ‘

In particular, (20)-(21) are trivially checked.

4 Function theory for perturbed Dirac operators.

Let 2 be a bounded Lipschitz domain in R™ and let n stand for the outward
unit normal to Q. As in [18], [22], [7], we introduce the Hardy type space
Hi ¢ (Q, k) of left k-monogenic functions in Q by

%?eft(Q, k) :={u:Q = Anpy1; uis left k—monogenic in Q, u* € L?(09Q)}.

2

7ight (2, k), the Hardy space of right k-monogenic func-

Similarly, we define H
tions in €2 by

HE (k) = {v: Q = A,pq; v is right k—monogenic in Q, v* € L?(09Q)}.

right

We endow these spaces with the natural norms HuHHf (@) = 1w 7200
and HUHH?ight(ka) i= [|[v*(| 12 (a0, respectively.



Equivalent norms are obtained by taking the L? norms of the boundary
trace; see [12] and the theory of monogenic Hardy spaces developed in [18].
Also, note that leeft(Q, k) N Hfight(Q, k) consists precisely of two-sided k-
monogenic functions in Q which have a square-integrable non-tangential
maximal function.

Proposition 4.1 Let Q be a bounded Lipschitz domain in ™, k € C, and

assume that w € HZ (k) v € Hi ;(Q, —k). Then w and v have (non-

tangential) boundary limits at almost every point on 9Q and

(24) / unvdo = 0.
oQ
Also, if we ME; ) (Q, k) NH]((Q,k) and § € CH(R™, Apy1), then
(25) / unufdo = // uw([D, 0lu® — 2(Re k) e,,11u0)
oQ Q

where [D, 0] is the commutator between D, acting from the left, and multi-
plication by 0 to the right.

Formula (24) can be considered as the Clifford analogue of the classical
Cauchy’s vanishing theorem in complex analysis. The second identity, (25),
is a perturbation of this result. We state it here since we shall need it
shortly. In both cases, the integrands must be interpreted in the sense of
multiplication in the Clifford algebra.

Proof.

The existence of the boundary trace for u and v is proved in the usual way.
As for the vanishing formula, suppose first that w and v are smooth up to
and including the boundary of €2. Consequently, Gauss’s formula gives

(26) /QQunvdU://Q(uD)v—l—u(Dv)://Q(uﬂ)k)v—l—u(ﬂ)_kv).

In this case, (24) follows based on the monogenicity assumptions. The gen-
eral case is then seen from this and a standard limiting argument (see, e.g.,
[30] for details in similar circumstances).

The proof of (25) is once again based on (26). This time, however,

D_k(uCO) [D_k,O]uc—|- (D_kuc)e
(27) = [D,0]u —2(Rek) epqpqul.



The proof is complete. a
We shall also need the following Clifford algebra version of Cauchy’s
reproducing formula.

Proposition 4.2 Let Q) be a bounded Lipschitz domain in R™ and k € C.
Then every function u € %?eft(Q, k) has (nontangential) boundary limits at
almost every point on 02 and

(28) w(X) = /8Q (X = Y)n(Y)u(Y)do(Y), XeQ.

A similar statement is valid for functions in Hfight(Q, k).

Proof.
In a smoother context, the proof goes along well known lines; cf., e.g., [1]
for the case when k = 0. Note, however, that we utilize here the fact that
Ex( X -Y)D_1y = —Ep(X —Y)IDp x =0 for X # Y. Then, as before,
passing to domains with Lipschitz boundaries is done via a routine limiting
argument. a
In the second part of this section we shall discuss the exterior domain
version of Proposition 4.2. The novelty is that u should satisfy a (necessary)
decay condition at infinity. In the case when Im k > 0, based on (18), it is
not too difficult to see that

(29) w(X) e IR = (| X755, as |X| - oo,

is a (necessary and) sufficient condition to prove the exterior domain version
of (28). In turn, the latter implies that actually w decays exponentially at
infinity. Parenthetically, let us also note that, e.g., u(X) = O(1) at infinity
always entails (29).

The behavior at infinity requires a more elaborate analysis when & € R\0
in which situation (29) is no longer the appropriate decay condition. In fact,
the whole case when k£ € C\ 0 has Im & > 0 can be covered by insisting that
u satisfies a decay condition of radiation type. Specifically, we shall ask that

(30) (1= iemi1 X) u(X) = o|[X[75), as |X| = o,

where we set X := |§—|7 X e R™\0.
When k € R\ 0, the opposite choice of sign in (30) will also do. Thus,
in this case, (30) may be replaced by

10



(31) (1F iemir X) u(X) = o|[X[75), as |X| = oo,

The source of (31) is the expression (20). As expected, for real non-zero
k, the functions Ei satisfy (31) because

(32) (1Fiens1 X) (£X —iepg) = 0= (1 £ien1 X) (1Fienpi X).

Since 1:Fiem_|_1f( are, as (32) shows, zero-divisors, one cannot deduce a decay
condition of the same order for u itself based solely on (31) and algebraic ma-
nipulations. In fact, owing to the classical Rellich’s lemma (cf. Appendix),
any solution u of the Helmholtz equation (A + k*)u = 0 for non-zero real k
which satisfies u(X) = 0(|X|_mT_l) in a (connected) neighborhood of infinity
in R™ must vanish identically. Hence, generally speaking, for (31) to hold
when k& € R\ 0, certain internal cancellations must occur when multiplying
u with (1F ie,41X). Nonetheless, we do have the following.

Proposition 4.3 Let Q be a bounded Lipschitz domain in B™ and let k €
C\ 0 have Imk > 0. Assume that v € C1(R™ \ Q, A, 41) has u* € L?(09Q)
and satisfies (30) or, if k is real, either condition in (31). Also, suppose
that Dyu =0 in R™\ Q. Then we have the integral representation formula

(33)  u(X)= /8Q EXX —Y)n(Y)u(Y)do(Y), X e R"\Q,

where the choice of the sign depends on the form of the radiation condition.
In particular, the function u decays exponentially if Im k > 0 while, for
non-zero real k,

1
(34) u(X):(’)(mimT_l) , as | X|— oo.

Similar results are valid for functions annihilated by the right-handed ac-
tion of IDy, (with the radiation conditions appropriately adjusted; see below).

Proof.
First we shall prove a seemingly weaker decay condition for u, namely

(35) / lu|* do = O(1), as R — oc.
| X|=R

11



To this end, we note that

(1 F iemer X)ul* = Re[(1F ieqpr X)ua(1F iemHX)}o
= Re {(1 F iemH)A()zuﬂc}o
= Re {(2 F 2iem+1f()uﬂc} .
= 2ul*F2Im (ﬂchm+1u)0.
Hence,

/ (1T iepyr X)udo = 2 \u|? do
|X[=R |X|=R

(36) F21Im (/ X et da)
| X|=R

We use Gauss’s formula (26) to further transform the last integral above.
To this effect, for 0 < Ry < R < oo with Rg sufficiently large and fixed, we
write

0

/ W Xepmsrudo = / / (@ D) (ersr ) + 7DD g (e y110)]
|X[=R Ro<|X[<R
(37) + / X ey 1udo.

|X[=Ro
Next, observe that ID_g(e,,111) = —€p,q1 Dpu = 0 and that Dy, = — D"+
2i(Imk)eyq1. The latter identity implies (u®Dy)(em1n) = —2i(Im k)u‘u

so that the solid integral in (37) becomes —2i(Im k) [fp . x|<r uu. Utiliz-
ing this back in (36) and invoking the radiation condition gives

limsup|R|_>oo/ lu?do = =+Im (/ X ey da)
| X|=R | X|=Ro

(38) +2 (Im k) //|X|>RO |,

The last term above is zero when k£ € R and negative when Im & > 0. Thus,
in any event, (35) is proved.

0

12



With (35) at hand, it is an easy matter to tackle (33). Specifically,
working on the bounded Lipschitz domain {X € R™ \ ©; |X| < R} and
invoking Proposition 4.2, matters are readily reduced to showing that

/ IEE(X — Y)Y u(Y)|do = / IFE(X = V) XYY ()| do
YI=R [V|=R
(39) = o(l), as R — oo,

uniformly for X in compact subsets of R™. To this end, when Im k& > 0,
this follows trivially (for the “plus” choice of the sign) from (29), (35) and
Schwarz’s inequality. On the other hand, when k& € R\ 0, (39) becomes,
thanks to (35) and (20)-(21), a simple exercise which we omit.

Finally, the decay of u at infinity is easily established from (33) and the
decay of E,;t a

Let us remark that, as inspection of the above proof shows, (31) can be
weakened to

/ |(1 T depmy1 X)u|? do = o(1), as R — oo.
| X|=R

In passing, let us also point out that any Clifford-Cauchy type integral of the
form [, EE(X —=Y)f(Y)do(Y), corresponding to an absolutely integrable
Apq1-valued function f on 99, radiates at infinity. This follows from (20)-
(21) and elementary estimates.

In the light of the above results, it seems natural to consider the exterior
Hardy space

Hi (R \NQE) = {u:R™\ Q= A,q1; Dyu=0in R™\ Q,
u* € L?(09) and u satisfies (30)}
for any k£ € C\ 0 with Imk > 0. As alluded to before, when Im#k > 0,
replacing (30) by (29) or, say, u = O(1) at infinity, yields the same space.

However, if & € R\ 0, then there are two disjoint types of exterior Hardy
spaces. Concretely, we set

%?é?t(Rm \Q,k) = {u:R™\Q— Anyr; Dyu=0in R™\ Q,
u* € L*(09) and u satisfies (31)}.

13



In this setting, Proposition 4.3 becomes the natural exterior domain ana-
logue of Proposition 4.2. Of course, similar considerations apply to the space

%Mght(Rm \Q,k), k€ R\ 0, provided (31) is replaced by

(40) w(X) (1 £ienX) =o|X[75), as |X| = o.

We conclude this section by discussing the exterior domain version of
Cauchy’s vanishing formula (24). Concretely, we have the following.

Proposition 4.4 Let Q be a bounded Lipschitz domain in R™ and k € R\0.
Then, for any u € H>F (R™\Q, —k), v € %?é;t(Rm \ Q, k) there holds

right

(41) / unvdo = 0.
oQ

A similar conclusion is valid for any function u € %Mght(Rm \ Q, k),

v e HIT(R™\ Q, k).

Proof.
Making use of the Proposition 4.1 in the context of the bounded Lipschitz
domain {X € R™; |[X| < R, X ¢ Q} gives

/QQU(X)n(X)v(X)dU:/ (X)X o(X) do
|X|=R

1
(12) =1

3 [0(X) (X £iensr) o(X) +u(X) (X Fiepsr) (X)) do.

Next, from the radiation conditions (31) (40) and the decay conditions
u(X) O(X|- (m—1) /2) v(X) = O(|X]|~ (m—1) /2) at infinity we obtain

w(X) [(X Fiemsr) v(X)] = o(|X[7"D), as |X| = o0

and

[0(X) (X Fieny)] v(X) = o | X[T"7), as | X] = oo
These, in turn, prove that the last integral in (42) is o(1) as R — oo. The
desired conclusion now follows easily. a
Remark. The definition of the spaces leeﬁ(Rm \ Q, k) can be naturally

extended for +Imk > 0, whereas that of nght(Rm \ Q, k) extends for
+Imk < 0. In particular, Proposition 4.4 continues to hold true for all
Imk > 0.

14



5 Rellich type identities for Clifford k-monogenic
functions.
In this section we present several Rellich-type identities which, in turn, will

be used later to prove boundary L?-energy estimates. The starting point is
the following theorem.

Theorem 5.1 Let Q be a bounded Lipschitz domain in R™, k € C and
u € %%eft(Q,k) NHE (k). Then, for any Cl-vector field 0 with real

right
components, also identified with a A,,-valued function, we have the identi-

ties:

%/ |u|*(n,0)de = =+Re (/ 0u(nu)ida)
oQ oQ 0

(43) FRe ( /Q tu ([D,6]u) — (Rek)uepqy ul 0)0

Furthermore, the surface integral in the right side of ({3) can be replaced by

Re (/QQ(un)ciUHda)o = Re (/QQ(OU)inudU)O = Re (/agun(UH)jE da)o.

Proof.
We write (n,6) = (76 + 6n) and |u|? = (uu®)o so that

1
lu|? (n,0) = (wutnb)o+ 5 (wu9n)

1
(uwu®nb), + 3 (Ruu),

1
= —(uu‘nb),+ 3 (u®unb),

= Re(uunb),.

NN =N =

At this point, using the perturbed Cauchy vanishing formula (25) we may
continue with

/89|u|2<n,0>d0 = Re(/QQuucnOdU)ozRe(/QQu(j:nuc—l—ucn)Oda)o
FRe (//Qu ([D,0lu’) — 2 (Rek)u epyq uf 0)0.

15



Now, since

Re (/ u(:l:nuc—l—ucn)Oda) = +2Re (/ u(nu)i@da)
o9 0 o0 0

= =£2Re (/ 6 u(nu)g da) )
oQ 0
the identity (43) follows.

The proof of the claim in the second part of the theorem is based on
purely algebraic manipulations (as discussed in §2) and is left as an exercise
to the reader. a

The previous theorem has several important consequences. To be able to
state them, we shall write A & B mod C' if there exists a positive constant
M, independent of the relevant parameters, so that A < M (B + C) and
B<M(A+ Q).

Corollary 5.2 Assume that Q is a bounded Lipschitz domain in R™, k € C,
and u € %?eft(Q, k)ﬂ?—lzight(ﬁ, k). Then, for any real C'-vector field 6 which
is transversal to 0, we have

HUHL2(8§Z) ~ H(nu)ﬂ:HL2(8§2) ~ H(Un)iHB(aQ)
H(Ue)iHB(aQ) ~ H(eu)ﬂ:HL2(89) modulo HUHL2(Q)-

Q

In particular, if u is A -valued for some 0 <1< m, then

InAullrzaq) = [InV ullr2ea) = 10 A ullz2 o)

o~
~

16V ullz2(a0) = |lullz2(a0) modulo [Jul|zz(q).-

An analogous statement is valid in the case when € is replaced by the
complement of a bounded Lipschitz domain. More specifically, in this case,
we take B to be compactly supported and the corresponding equivalences are
valid modulo ||u|| 12 (rsupp6) -

Proof.
The first set of equivalences is a simple consequence of the previous theorem
and the Cauchy-Schwarz inequality since, by assumption, (n,8) > ¢ > 0 a.e.
on 0. The fact that [D, ] is a zero-order operator is also used here.

The second set of equivalences follows from the first one and the identities

nAuwu, if w;’—ll is odd,
(44) (nu)y =

—nVu, if 1(131) is even,
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e L(I41) .
nAuwu, if (-lz_)lseven7

(45) (nu)- =
—nVu, if ﬂl;-_ll is odd.
To see this, let us show, for instance, that if @ is odd then (nu); = nAu.

To this effect, recall that
(nu) 4 = $(nu+mu) = L(nu + an).

(141)(1+2)
Now, since u € A, n € A', we have that @ = (—1)" 2w and n = —n.

Also, nu = nAu—nVuand un = (=1)FD[nAu+nVaul, by (10) and (11).
From this and the fact that $(/+1)({+2) + ({4 1) 4+ 1 has the same parity
as £1(I+ 1)+ 1 (mod2) the conclusion easily follows.

The case when €2 is replaced by the complement of a bounded Lipschitz
domain is virtually identical. Note that, in this case, only the restriction of
u to supp @ plays a role and, hence, the behavior of u at infinity is not an
issue. a

The interested reader may also consult the Rellich type estimates from

[15].

6 A priori estimates and integral representation
formulas for solutions of Maxwell’s equations.

Here we indicate how our results from § 3 can be utilized in connection with

Maxwell’s equations in Lipschitz domains. Our main interest is to derive a

priori boundary estimates as well as integral representation formulae.
First, we derive an integral representation formula.

Lemma 6.1 Let Q2 be a bounded Lipschitz domain in R™ and consider k €
C. Then for any u € %%eft(Q, k) we have

W(X) = /QQEk(X—Y)(n/\u)(Y)dU(Y)
—/QQEk(X—Y)(an)(Y)da(Y), Xeq.

A similar statement is valid for functions in leeft(Rm \ Q, k) provided k €
C\ 0 has Imk > 0 and functions in er’ﬁ(Rm \Q, k) if k€ R\O.

Moreover, an analogous result holds for functions annihilated by the right
handed version of IDy,.
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Proof.

This follows from the Cauchy-Clifford reproducing formulas (28), (33) and

the fact that nu =nAu—nV u. a
In order to proceed, we make the following key observation. Let ', H be

two smooth differential forms of degrees [ and [ 4 1, respectively, 0 <1 < m,

defined in some open subset of R™. To these, we associate an A,,11-valued

function u by setting

(46) wi=H —iepy B =H+i(—1) Eepyy.
For instance, if m = 3 and [ = 1, the above reduces to u = H + 1 Fey.

Proposition 6.1 With the above notation, u is (left or right) k-monogenic
if and only if E/, H satisfy the Maxwell system

dE — ikH = 0,
§E =0,

M)\ 65 4 ikE = 0,
dH = 0.

Moreover, u satisfies the radiation condition (30) if and only if £, H
satisfy the Silver-Miiller type radiation conditions

XAE—H=o(X|""7), as |X| — oo,
(47)

XVH-E=o(X|""7), as |X| — .
Proof.
A straightforward calculation shows that

Dyu=i(—1)" Y (dE + 6F — ikH)eppy + (dH + §H + ikE).

The claim in the first part of the proposition follows from this based on
simple degree considerations.

Similarly, (1 — i€y X)u = (H — XFE) = iepy1 (XH — E) so that the
claim in the second part of the proposition is seen from (30) and (10). O
Remark. The radiation conditions (31) for w translate into the Silver-
Miiller type radiation conditions for £, H

XAEFH=o(X|""7), as | X| — oo,
(48)
XVHFE=o(X|""7), as |X| = .

18



Remark. If k is nonzero then, because d?> = 0 and §% = 0, the equations
0F =0, dH = 0 become superfluous. Nonetheless, as for k = 0 Maxwell’s
equations decouple (i.e. F and H become unrelated), it is precisely this case
for which these two equations are relevant. Also, when m = 3, =1 (and
k #0), the formulae (M,,) reduce to the more familiar system of equations

V x FE—ikH =0,
M“){VXH+MEZQ

while (47) becomes the classical Silver-Miiller radiation condition for vector
fields; see, e.g., [20] and the references therein.

We are now ready to present the estimates and the integral representa-
tion formulas alluded to earlier. They have been first proved in [10] with a
different approach (a real variable argument).

Theorem 6.2 Let Q be a bounded Lipschitz domain in R™ and assume that
k € C\0. Also, suppose that the forms 2 € C*®(Q,AY, H € C>(Q, A1)
solve the Mazwell system (M,,) and have E*, H* € L*(9Q). Then, for any
real C'-vector field @ which is transversal to 9 we have

1 El|z200) + 1H 1200 = [In A Ellr2a0) + [In A Hl 22 (00)

InV Ellr20) + InV H|| 1200

10 A Ellrza0) + 18 A Hll12(00)

10V Ellrza0) + 18V Hl1200)
modulo [|El|r2(q) + [[H || r2(q)-

Q

Q

Q

Furthermore, for X € Q,

MX):-%(&PMX—HWVEM@MOD

+5<AQ¢MXT—YﬂnAEﬂYﬁwOﬁ)

(49) ik [ @ =) v YY) do(V),
and

HY) = =ik [ @(X =Y)(u A E)(Y)da(y)
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+5 (/QQ BL(X — Y)(n A H)(Y) da(Y))
(50) _d (/QQ By(X = Y)(nV H)(Y) da(Y)).

Finally, a similar set of conclusions is valid with € replaced by the com-
plement of a bounded Lipschitz domain. In this latter case, as far as (49)-
(50) are concerned, we assume that Imk > 0 and, in addition, that £, H
satisfy the (generalized) Silver-Miiller radiation condition (47).

Proof.
If we set u := H + i(—1)"*'Fe,, 1, then everything follows by straight-
forward calculations from Proposition 6.1, Corollary 5.2, and Lemma 6.1.
O

Let us now pause and explain how these estimates relate to, for instance,
the study of boundary value problems for the Maxwell system in R>, the
Laplace operator and the Helmholtz operator. First, if € is a Lipschitz
domain in R* and (E, H) solve the Maxwell system (M3) in €, then the
above theorem yields

In % Ellr20) + [IKns H)llr200) =~ lIn X H[z20) + (7 E)|12050)
modulo [|E|r2q) + [[H||12(q)

This has been first proved by real variable methods in [20] and the impor-
tance of this estimate is discussed there in detail.

Furthermore, taking this time & := 0, IV := 0 and H := du, where u is a
function harmonic in the Lipschitz domain € C R™, we obtain

Ou
HvtanuHL2(89) ~ ‘ on

modulo [|[Vul|z2(q)
L2(8%)
See, e.g., [30], [11] for the relevance of this estimate in connection with
boundary value problems for the Laplacian.
Finally, if the complex-valued function U satisfies (A + k?)U = 0 in
Q C R™, then for any transversal vector § € R™ to 02 one has

H L2(59) H L2(59)
~ ||VeanUll2(00) + (IUl 2200
modulo [[VU[|12(q)

Q

1UN|z2(a0) + IVUl 220
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where Viu, stands for the tangential gradient on JQ. This is immedi-
ately seen by applying the second part of Corollary 5.2 to the two-sided
k-monogenic function u := IDyU in €. In fact, one can easily check that
u satisfies (30) if and only if U satisfies the higher dimensional analogue of
the classical Sommerfeld radiation condition, i.e.

(VU(X),X) —ikU(X) = o|X|75F),  as [X]— .

We omit the straightforward details. See also [22], [29] for a fuller treatment
of the Helmholtz equation.

7 More general wave numbers.

Consider first the propagation of an electromagnetic wave in an isotropic,
inhomogeneous medium. In this case, the Maxwell system reads

dE — ik H =0,
(51) { 0H + tko F = 0,

where ki, ko € C?*(R™,C) are variable parameters. As before, F, H are
smooth differential forms of degree [ and [ + 1, respectively.

The general idea is that much of our previous analysis carries over to
this context even though the various identities and estimates are going to be
valid only modulo certain residual terms. Qur aim is to prove the following.

Theorem 7.1 Let Q@ C R™ be an arbitrary, bounded Lipschitz domain and
let ky, ko € CYH(R™) be complex-valued, non-vanishing functions. Then the
map assigning (n A E,n AN H) € L*(0Q) & L*(9) to each pair (E, H) which
solves (51) in Q and also has E*, H* € L*(99), has a closed range and a
finite dimensional kernel. In particular, it is semi-Fredholm between appro-
priate spaces.

Proof.

The idea is to show that the mapping in the statement of the theorem is
bounded from below modulo compact operators. To this end, assume for a
moment that the estimate

1E l200) + 1H l200) < Clin A Ell200) + Clln A H 22 (00)
(52) +C||Ellz2e) + CllH |20
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holds uniformly in (£, H) as in the statement of the theorem. Then, since
F and H (separately) satisfy a strongly elliptic, second order, variable co-
efficient PDE with a formally self-adjoint principal part, it follows (cf. the
results in § 3 of [17]) that

(53)  NENwirz@ + 1Hlwirzg) < CIE™ | 200) + ClIH || L2 (o0

Now, the desired conclusion follows from the compactness of the embedding
W'22(Q) < L*(Q). Therefore, it remains to prove the a priori estimate
(52).

To this effect, fix (¥, H) as before and once again consider the homoge-
neous form w := H — ie,,41 F/. Since, this time,

(54) dH = - A H and §E=-%2 Vv E in Q,
1 2
it follows that

(55) ‘Dk]u‘ + ‘uDk]‘ < Clu| pointwise in Q, j=1,2.

In particular, a natural adaptation of the Cauchy reproducing formula from
§ 4 yields in this case

(56) lw™(lz200) < Cllullr2a) + Cllullr2q)-

Next, we turn attention to the Rellich type identities of §5. The first ob-
servation is that, as is well known, it is possible to choose a compactly
supported, C'l-variable vector field # with real components in R™ and so
that (n,6) > ¢ > 0 almost everywhere on 0€2. Using this, invoking (55) and
paralleling the proofs of Theorem 5.1 and Corollary 5.2, we arrive at

(57) lullF200) < Cllullzealln A ullzzoa) + Cllullizg)-

Using the usual trick to the effect that ab < ca? + (4¢)71b? for any € > 0,
we finally get

(58) lullzz(a0) < Clln Aullzza0) + Cllullz2(9)-
Now, the estimate (52) follows by combining (56) and (58). This completes
the proof of the theorem. a

Our next result deals with the case when (51) is equipped with a pair of
boundary conditions involving an arbitrary (Lipschitz) transversal field in
place of the exterior unit normal.
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Theorem 7.2 Let ) and kq, ko be as before and assume that 0 is a Lipschitz
vector field in R™ which is transversal to 0€). Then the operator assigning
(@ANE6AH) e L200) & L2(9Q) to each pair (E, H) which solves (51)
in Q and also satisfies E*, H* € L*(0Q), has a closed range and a finite
dimensional kernel. In particular, this operator is also semi-Fredholm.

Proof.
Essentially the same pattern of reasoning as in the previous theorem applies.
One notable exception is that the role of (58) is now played by

(59) lullr200) < CNO A ullr20q) + Cllullz2 ()

which, in turn, follows by paralleling the corresponding argument in Corol-
lary 5.2. a

Finally, let us point out that analogous results are valid in the case of
anisotropic, inhomogeneous media, in which case ki, ky in (51) are matrix-
valued functions. For example, when m = 3, the problem becomes

curl /' —iwpl = 0in Q,
curl H + weF = 0 in €,

where w € C plays the role of the frequency, while p = (pi;), € = (€i;)
are complex invertible matrices corresponding to the permeability and the

dielectricity of the medium, respectively. We leave the details of this matter
to the motivated reader.

8 Appendix.

Here, for the convenience of the reader, we recall a short proof of the fol-
lowing.

Lemma 8.1 (Rellich’s lemma [25]) Assume that a complex-valued func-

tion u, defined in the complement of some ball in R™, satisfies (A+k*)u =0
for some non-zero real k as well as

(60) / lu|? do = o(1), as R — oo.
| X|=R

Then u must vanish identically.
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Proof.
Let w(X) = >3- 3 a,,, (| X]) Y5, (X) be the expansion of w in spherical har-
monics, where

(61) Ay (1) == /5m_1 u(rw) Yy, (w) dw.

Since the Laplacian in R™ is related to the Laplacian on the unit sphere

Sm=1 C R™ by

9? —10 1
m —-I—r—zAsm—l7

ARm - W—I_T@r

it follows from (A 4 k?)u = 0, Agn1Y,, = —n(n+m — 2)Y,,, (61) and
integration by parts that each a, , satisfies the second order, linear ODE

Pan, m—10da,, 9

ar? roOr + -
As is well known (cf. [3, (20)-(23),p. 96]), for each fixed n, the solutions of
(62) are linear combinations of r'=™/2Jy, (kr), where u := [(m/2 — 1)® +
n(n+m—2)]'/? and J, is the Bessel function. In particular, the coefficients
an, have the asymptotic behavior

n(n 4+ m — 2)
2

(62)

Jan,, = 0.

. i 1
(63) U (7) = Chmon ik 15 {1 + (’)(—)} . as r — oo.
r

On the other hand, Parseval’s identity gives

(64) PSS a, ()2 = /m:r u(X)[2 do,

so that, by (60), 7™ !|a,,(r)]* = o(1) as r — oco. Utilizing this back in (63)
finally yields a,, = 0 for each n,v. Thus, v = 0 as desired. a
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