Lecture 14. Stokes’ Theorem

In this section we will define what is meant by integration of differential forms
on manifolds, and prove Stokes’ theorem, which relates this to the exterior
differential operator.

14.1 Manifolds with boundary

In defining integration of differential forms, it will be convenient to introduce
a slightly more general notion of manifold, allowing for the possibility of a
boundary.

Definition 14.1.1 A boundary chart ¢ : U — V for a topological space M
about a point z € M is a continuous map from an open set U C M to a
(relatively) open subset V of R} = {(z',...,2") : 2" > 0 with p(z) €
R™1 x {0}.

Here the open subsets of R} are the sets of the form W N R’ where
W C R"” is open.

Definition 14.1.2 A smooth boundary atlas A for a topological space M
is a collection of maps ¢, : U, — V4 each of which is either a chart or a
boundary chart for M, such that UU, = M and such that ¢, o cpgl is a
smooth map between open sets of R} for each a and £.

Definition 14.1.3 A smooth manifold with boundary is a topological space
M equipped with an equivalence class of smooth boundary atlases, where
two boundary atlases are equivalent if their union is again a boundary atlas.

If M is a manifold with boundary, then the boundary OM of M is the
subset of M consisting of all those points z € M for which there is a boundary
chart about x.

Proposition 14.1.1 If M is a smooth manifold with boundary of dimension
n, then OM is a smooth manifold of dimension n— 1, with atlas given by the
restriction to OM of all boundary charts for M.
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Proof. Let ¢ : U — V and n : W — Z be boundary charts for M, and let
Up = ¢ HR"x{0}NV) and Wy = n~H(R" x {0} N Z). Assume that UyNW is
non-empty. Then the associated charts for OM are pg = |y, and 1o = n|w,-
The transition map 1y o @y !is given by the restriction of the smooth map
no@~! to R" x {0}, and is therefore smooth. O

14.2 Induced orientation on the boundary

Suppose M™ is an oriented manifold with boundary — that is, M is equipped
with a smooth boundary atlas A such that ¢, o gogl is an orientation-
preserving map for all @ and S.

Proposition 14.2.1 OM is an orientable manifold of dimension n — 1.

Proof. Let A be an oriented boundary atlas for M. Then the correspond-
ing atlas for M is automatically oriented: Any pair of overlapping oriented
boundary charts for M map RIs"+ to R”}, and the derivative of a transition
map on the boundary must have the form

1
D(770S071): D(UOSSDO) :

where a = (D(no ¢~ ") (ent1),ent1) > 0. Therefore 1 o ¢y * is orientation-
preserving, and the atlas is oriented. O

Note that the orientation can be understood geometrically as follows: An
n-tuple of linearly independent vectors ui,...,u, tangent to OM is called
positively oriented if the (n + 1)-tuple uq, ..., u,, Op11 is oriented in M for
any boundary chart.

The orientation constructed on M in the proof is called the induced
orientation on OM from the orientation on M (this is a matter of convention
— we could just as well have chosen the opposite orientation).

In the proof of the Proposition above we ignored the case n = 1 — the
boundary of a 1-dimensional manifold is a 0-dimensional manifold (i.e. a
collection of points). What does it mean to define an orientation on a zero-
dimensional manifold? Our original definition clearly makes no sense in that
case. However the equivalent definition in Proposition 13.6.1 does make sense:
We will say a 0-manifold NV is oriented if it is equipped with a function (i.e.
a O-form) from N to Zs = {—1,1} (this corresponds to the remarks after the
proof of Proposition 13.6.1: The orientation bundle in this case is just N X Z.
In this case we also have to allow boundary charts for 1-manifolds which map
to (—o0,0] as well as [0,00) (in higher dimensions we can always transform
charts into any half-plane via an orientation-preserving map to map into the
upper half-plane, but not if n = 1).
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14.3 More on partitions of unity

Now we want to extend our results on partitions of unity on manifolds to the
slightly more general setting of manifolds with boundary.

Proposition 14.3.1 Let M be a differentiable manifold with boundary. Then
there exists a partition of unity on M subordinate to any boundary atlas for

M.

The proof of this result is identical to our result on existence of partitions
of unity on differentiable manifolds, except that we have to include functions
with support B(0) x [0, 7). These can be constructed easily from the smooth
compactly supported functions we already know.

14.4 Integration of forms on oriented manifolds

Now we can give some further meaning to differential forms by defining what
is meant by integration of differential forms on oriented manifolds. A key
point to keep in mind here is that none of our definitions depend on us having
a metric on the manifold, so we do not in general have any notion of volume
of surface area or length. Nevertheless the structure of differential forms is
exactly what is required to produce a well-defined notion of integration.

Let M™ be a compact, oriented differentiable manifold with boundary,
and let w € 2" (M). Then we define the integral of w over M, denoted [, w,
as follows: Let {po : « € I} be a partition of unity subordinate to an
oriented boundary atlas for M, so that for each « there exists an oriented
chart (either a regular chart or a boundary chart) ¢, : Uy, — V,, for M, such
that suppp, C U,.-

Define
=%

aEl

/ (621)e(pat)) (e1y- vy en) da? .. da™
Va

To put this into words: We write w as a sum ) pow of forms which are
supported in charts. Each of these can be integrated over the chart by inte-
grating the smooth function obtained by plugging in the coordinate tangent
vectors for that chart. Then we add the resulting numbers together to get
the integral of w.

We need to check that this does not depend on the choice of partition
of unity. Suppose {¢3 : § € J} is any other partition of unity for M, with
corresponding oriented coordinate charts ng : Wz — Zz. Then we have
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= Z/ (e elpadpw)) (e1,... en)dz" ... dz™.
a,3 Qaa(UocmWB)

Fix a and 3. Then by definition of the pull-back, we have for any form o

((9a):0) (er,- o sen) = (05 1)e0) (D 0 93 )(er)s -, Dl © 25" (en).
We apply the following useful Lemma:

Lemma 14.4.1 Let w be an alternating n-tensor, and L a linear map. Then

w(Ley,...,Ley) = (det L)w(eq, ..., ep).

Proof. We can assume that w is non-zero. Consider the map from GL(n) to
R defined by
w(Ley,...,Ley)
w(er,...,en)

The denominator is non-zero by assumption. ~

The multilinearity and antisymmetry of w imply det is linear in each row,
is unchanged by adding one row to another, and has the value 1 if L = I.
These are the axioms that define the determinant, so det = det. O

det: L —

It follows that
((92)+0) (e1, s en) = det(D(ng 0 931)) ((051)0) (er, - €n).

We also know, since the charts are oriented, that the determinant on the
right-hand side is positive. The change of variables formula therefore gives

/ (02 )ulpatsw)) (€1, - - en) dat ... da"
Pa(UanWs)

-/ [aet(D(ns o 2 | ((5):0) (01, en)di’ ...da"
‘Pa(UamWB)

:/ ((77[;1)*0> (61,...,6n)dx1...d:c”.
np(UanNWp)

Consequently

Z/V (((p;l)*(paw)) (e1,...,€n) det ... da”

= ;/ZB ((ngl)*(qﬁgw)) (e1,...,en)dat ... da",

so the integral of w is well-defined.
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14.5 Stokes’ theorem

Now we are in a position to prove the fundamental result concerning integra-
tion of forms on manifolds, namely Stokes’ theorem. This will also give us a
geometric interpretation of the exterior derivative.

Proposition 14.5.1 Let M™ be a compact differentiable manifold with
boundary, and let w € 2"~ (M). Then

/dwz/ w
M oM

where the integral on the right-hand side is taken using the induced orientation
on 082, integrating the restriction of w to OM (i.e. the pull-back of w by the
inclusion map).

In particular, if M is a compact manifold without boundary, then the
integral of the exterior derivative of any (n — 1)-form is zero.

Proof. Let {p,} be a partition of unity on M, with each p, supported in a
chart ¢, : U, — V. We can write

/M o= za:/M dpor)
_ za: /‘/a((wgl)*(d(paw)))(el, L en)dat .. da"

zz/v A (92 (paw)) (e1s- - ) da' .. dz™

For each « there are two possibilities: The chart ¢, is either a regular chart
or a boundary chart.

In the first case, V, is an open set in R™. Write w in components in the
chart 4 :

n
w = ijdxl AdzI A...ANdz".
j=1

Then the integrand in the corresponding integral becomes

i: a(pawj)
Oxi

Jj=1

Applying Fubini’s theorem and the fundamental theorem of calculus, and
noting that p, = 0 on the boundary of our domain, we find that the resulting
integral is zero.

In the second case the value of the corresponding integral is
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« 8 « n —
E / pwj dzt ... dz" / / Malar:"d:lcl...dm" 1
OxJ R*=1x{0} /-0 oz

= / pawndzt .. dz" !
R7—1x {0}

= / Paw.
oM

Note that verifying the last line here involves checking that the orientation
on OM is correct. Summing over o and noting that > p, = 1, we obtain
the result. g

Turning the result of Stokes’ theorem around, we can interpret the exterior
derivative in the following way: Let w be a k-form in a manifold M. Fix
linearly independent vectors v, ...,vg41 in T, M, and choose any chart ¢
about x. Write v; = vé-al in this chart. For r small we can define smooth
maps z, from the k-dimensional sphere S* into M, by

z,.(2%¢;) = o Hp(x) + rzlvkek)

Using Stokes’ theorem, we can deduce

dw(vy, ..., vp41) = hm SR pEe] (mr)*w
where |B¥*1| is the volume of the unit ball in R¥*!. In this sense the exterior
derivative measures the ‘boundary integral per unit volume’ of a form (where
‘volume’ is measured in comparison to that of the parallelepiped generated
by v1,...,Vk+1, N0t using any notion of measure or metric on the manifold).
This is easy to understand in the case of a 0-form (i.e. a function). Then
the ‘boundary integral’ becomes ‘difference in values at the endpoints’, while
‘per unit volume’ means ‘per unit time along a curve with velocity v;’. So this
just recaptures the usual notion of the directional derivative of a function in
terms of difference quotients.

Ezample 14.5.2 (The case of 1-manifolds)

Let f be a O-form on a compact 1-manifold M. Note that M is a union of
circles { S} and closed intervals I; with endpoints z;” and z° . An orientation
on M amounts to choosing a direction (‘left’ or ‘right’) on each component
of M, and the induced orientation on M (i.e. the endpoints xli) is given by
assigning an endpoint the value 1 if the orientation direction of M points out
of M there, —1 if it points inwards. Each of the closed interval components I;
of M therefore has one endpoint with orientation +1 (say x;") and the other
with orientation —1. Stokes’ theorem becomes

= x) — flx).
/Mdfz;f(z) F(@)
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Example 14.5.3 (Regions in R?)

Let V be a vector field on an bounded open set U in R? with smooth
boundary curves. We can write V = V?e;. There is a corresponding 1-form
w defined by

w(v) = (V,v)
for all vectors v. Explicitly, this means w = w;dz® where w; = w(e;) =
(V,e;) = V. The exterior derivative is then

do — oV’ 8_V2 B 8V1)
v oz ozl Ox?

which we recognize as the curl of the vector field V times dz' A dx?. The
integral of dw over U is then

/dwz/ curlVda'da?
U U

and the integral of w around the boundary is

o Lo

where T is the unit tangent vector to OU, taken to run anticlockwise on those
parts of the boundary that lie on the ‘outside’ of U, and clockwise on parts
that are ‘inside’ U. Stokes’ theorem tells us that these two are equal. This
recaptures the classical Stokes’ theorem in the plane.

dad A da' = ( dzt A da?,

Ezample 14.5.4 (Vector fields in space).

The same argument as above applies if V is a vector field in R? and M
is a two-dimensional submanifold with boundary: There is a corresponding
1-form w defined as above, and this can be restricted (i.e. pulled back by the
inclusion map) to M. The exterior derivative of the resulting form is the curl
of V' in the normal direction to M, times the volume form on M. So applying
out general Stokes’ theorem in this case gives that the flux of the curl of the
vectgor field V' through the surface M is equal to the circulation of V' around
the boundary of M, which is the classical Stokes’ theorem.

There is another way to associate the vector field V' with a form: If V =
Vie; is a vector field, then we can take w to be a 2-form defined by

wij = €ijrV"
where ¢ is the alternating tensor, defined by

1if (4,7, k) is an even permutation of (1,2,3),
gijk = § —11if (4,7, k) is an odd permutation of (1,2,3),

0 otherwise.

Explicitly this gives
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w=V3dz' Ada? — V2dat A dad + Vida? A daP.

Taking the exterior derivative gives

> oV
_ 1 2 3
dw—z axidx Adx® Adx”.
=1

This is just the divergence of the vector field V' times the volume form.
Stokes’ theorem then says that the integral of dw over a region U (i.e. the
integral of the divergence of V over U) is equal to the integral of the 2-form
w over QU. The latter is equal to the integral of (V,n) over U, where n
is the outward-pointing unit normal vector. This is just the classical Gauss
theorem (or divergence theorem).





