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Abstract

The primary focus of this thesis is to consider Kato square root problems for vari-
ous divergence-form operators on manifolds. This is the study of perturbations of
second-order differential operators by bounded, complex, measurable coefficients. In
general, such operators are not self-adjoint but uniformly elliptic. The Kato square
root problem is then to understand when the square root of such an operator, which

exists due to uniform ellipticity, is comparable to its unperturbed counterpart.

A remarkably adaptable operator-theoretic framework due to Axelsson, Keith and
McIntosh sits in the background of this work. This framework allows us to take a
powerful first-order perspective of the problems which we consider in a geometric
setting. Through a well established procedure, we reduce these problems to the

study of quadratic estimates.

Under a set of natural conditions, we prove quadratic estimates for a class of op-
erators on vector bundles over complete measure metric spaces. The first kind of
estimates we prove are global, and we establish them on trivial vector bundles when
the underlying measure grows at most polynomially. The second kind are local, and
there, we allow the vector bundle to be non-trivial but bounded in an appropriate

sense. Here, the measure is allowed to grow exponentially.

An important consequence of obtaining quadratic estimates on measure metric
spaces is that it allows us to consider subelliptic operators on Lie groups. The
first-order perspective allows us to reduce the subelliptic problem to a fully ellip-
tic one on a sub-bundle. As a consequence, we are able to solve a homogeneous
Kato square root problem for perturbations of subelliptic operators on nilpotent Lie

groups. For general Lie groups we solve a similar inhomogeneous problem.

In the situation of complete Riemannian manifolds, we consider uniformly elliptic

divergence-form operators arising from connections on vector bundles. Under a set



of assumptions, we show that the Kato square root problem can be solved for such
operators. As a consequence, we solve this problem on functions under the condition
that the Ricci curvature and injectivity radius are bounded. Assuming an additional
lower bound for the curvature endomorphism on forms, we solve a similar problem
for perturbations of inhomogeneous Hodge-Dirac operators. A theorem for tensors is

obtained by additionally assuming boundedness of a second-order Riesz transform.

Motivated by the study of these Kato problems, where for technical reasons it is
useful to know the density of compactly supported functions in the domains of op-
erators, we study connections and their divergence on a vector bundle. Through a
first-order formulation, we show that this density property holds for the domains
of these operators if the metric and connection are compatible and the underlying
manifold is complete. We also show that compactly supported functions are dense
in the second-order Sobolev space on complete manifolds under the sole assump-
tion that the Ricci curvature is bounded below, improving a result that previously

required an additional lower bound on the injectivity radius.
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Introduction

In the 1960’s, Kato studied abstract evolution equations of the form
Ou(t) + A(t)u(t) = f(t), u(0)=wug € H (E)

where t € [0, 7] on a Hilbert space .7 and A(t) are closed, densely-defined operators
with domains D(A(t)). They are also assumed to be mazimally accretive, by which
we mean Re (A(t)u,u) > 0. Under these conditions, fractional powers A(¢)* exist as
closed, densely-defined operators, and if for some a € (0, 1], D(A(¢)*) is constant,
then under certain smoothness conditions on A(t) and f(t), the abstract evolution

equation admits a unique, strict (continuously differentiable) solution.

The operators A(t) typically arise naturally, associated to a family of sesquilinear
forms (or complex energies) J; : W x W — C (where W C ). Namely, the
operators A(t) are defined as the operators with largest domains D(A(t)) satisfying:
Je[u,v] = (A(t)u,v) for all u € D(A(t)) and v € W.

For an w € [0,7/2), such a form is said to be w-sectorial if W is dense in JZ,
Jelu,u] € Suyr = {C e C: |arg(| < w} U {0} (the closed sector of angle w in the
right half complex plane), and W is complete with respect to the norm ||lu|,y =
|u|* + Re Ji[u, u]. Similarly, we can say that an operator T : D(T) C S — H is
w-accretive if T is densely-defined and closed, (T'u,u) € S+, and o(T) C Sy If

w = 0 then T non-negative self-adjoint.

If A(t) is the associated operator to J; as defined above, and J; is w-sectorial, then the
Lax-Milgram Theorem guarantees that A(t) is w-accretive. If w = 0, this theorem
asserts that A(?) is self-adjoint, D(y/A(t)) = W (so that in particular, it is constant

in t) and for all u,v € W, Jiju,v] = <\/A(t)u, \/A(t)v>. In the 1961 paper [39],



2 INTRODUCTION

Kato demonstrates that for every a < 1/2,
D(A(t)*) = D(A(t)™) = Do and  [[A(t) || = [|A() " u]. (Ka)

Counterexamples were known to say (I, ) is in general false when « > 1/2. In the
same paper, Kato asks two questions (as Remarks 1 and 2 on page 268) about the

critical case a = 1/2. We paraphrase these questions in our notation:

(K1) Is D(\/A()) = D(VAR)) = W?

(K2) For the case w = 0, the Lax-Milgram Theorem tells us that (K1) is true, but
is [0/ A)u|| < |lu|lw for uw e W?

A year later, Lions demonstrated in [11] that (K1) is in general invalid for maximal
accretive operators. In his 1972 paper [12], McIntosh constructed an w-accretive
operator A (with w < 7/2) such that D(v/A) # D(v/A*), providing a counterexam-
ple to (K1) for regularly accretive operators. Ten years later, in [13], McIntosh used

similar techniques to construct a counterexample for (K2).

While Kato studied fractional powers of accretive operators motivated by abstract
evolution equations of the form (E), the study of such equations were themselves
motivated by hyperbolic equations on Euclidean space. Thus, attention became

focused on the problem of determining:

D(v/—adiv AV) = WH(R") and ||/ —adiv AVul|| ~ ||Vul, (Kato)

where a, A are L*> pointwise multiplication operators. The accretivity of the op-
erator follows from assuming an ellipticity condition of the form Re (AVu, Vu) >
k1||Vu|?, for k; > 0. This was the reincarnation of the abstract problem (K1),
which in fact implies (K2) as a consequence of allowing for complex coefficients. It

is this problem which became popularly known as the Kato square root problem.

The Kato square root problem on R™ was finally settled in 2002 by Auscher, Hof-
mann, Lacey, McIntosh and Tchamitchian in [5]. Indeed, much development towards
the resolution of this problem happened between the years of 1982 and 2002, par-
ticularly in terms of T'(b) theorems in harmonic analysis. The book [(] by Auscher
and Tchamitchian and the paper [35] by Hofmann are a good source of information
on the history of the problem. The survey paper [30] by Hofmann and McIntosh

illustrates the development and importance of 7'(b) theorems.



A very significant development for our purposes occurred in 2005 with the paper
[8] by Axelsson (Rosén), Keith and McIntosh. There, the authors developed a first-
order perspective of the Kato square root problem and rephrased it in terms of
the perturbation of Dirac type operators. In this paper, they were able to use this
Azelsson-Keith-McIntosh (AKM) framework to consolidate many of the previous
results in harmonic analysis, and in addition, solve similar problems for systems,
differential forms on R”, and such problems on compact manifolds. This framework

is further adapted in [7] to solve inhomogeneous problems on Lipschitz domains

Q cC R™.

We remark that, while [¢] proves a Kato square root problem on compact manifolds,
the significant advancement in the manifold setting is due to the work of Morris in
[16]. There, Morris solves a Kato square root problem on submanifolds of Euclidean

space whose second fundamental form is uniformly bounded.

The power of the AKM framework lies in the fact that the operator theory and
functional calculi are written out at the level of an abstract Hilbert space, and
quadratic estimates, which imply solutions to the Kato square root problem, are
obtained under a further set of more concrete hypotheses. More explicitly, the
authors consider closed, densely-defined, nilpotent operators I' on a Hilbert space
A€, and bounded operators By, By. Defining IIg = I' + B[ B,, they show that
D(v/115%) = D(I1p) = D(I)ND(I*By) and ||/l ~ [[Tpull = ||Tul| + | * Byul|
under a set of hypotheses (H1)-(HS).

In this thesis, we are primarily concerned with formulating and solving Kato
square root problems on manifolds. Similar to the case of boundary value prob-
lems, we expect the formulation of such problems to be inhomogeneous (due to
geometry). Let M be a manifold with metric g, S = (I,V) : WH3(M) —
L2(M) @ L*(T*M) and write Ly = aS*AS, where A = (A;;) is a matrix of
L pointwise multiplication operators and a € L*(M). Explicitly, the operator
Lau = —adiv(A;;Vu) —adiv(Ajgu) + aAgy Vu+ aAgu, which can be seen as an L>
perturbation of the Bochner Laplacian Agp = —divV with lower-order terms. We
require L4 to be uniformly elliptic in order to talk about its square roots. The Kato
square root problem on manifolds is then to determine conditions on the geometry

for which we can obtain:

D(VI2) = W2(M) and  [|V/Eaul = ullwie = llu] + [Vul.  (Katon)
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In the setting of a Lie group, which has more structure than an abstract manifold, we
can ask questions about perturbations of subelliptic operators. These questions are
the natural sort to generalise the homogeneous problem (Kato). Let G be a Lie group
and a an algebraic basis for the Lie algebra g. We can consider the right translation
and span of these vectors to yield global vector fields. Associated with these vector
fields is a natural sub-Riemannian distance as well as a sub-connection V (which
lands in the span of the co-vector fields obtained from a rather than the whole co-
tangent space). Letting W?(G)’" denote the domain of V, the homogeneous Kato
square root problem for subelliptic operators on Lie groups is then to determine

when:

D(v/—adivAV) = WY(G) and |\/—adiv AVul| ~ ||Vul, (Katog)

where a, A € L* are multiplication operators and the operator —div AV is uni-
formly subelliptic. In fact, this particular problem has been asked by ter Elst since

the resolution of the Kato square root problem on R"™ in 2002.

For the purposes of the research we present in this thesis, the profound resolution of
the Kato square problem in 2002 is where we begin. We propose the term geometric
Kato square root problem to describe the geometric problems of the form (Kato )
and (Katog). The material we present in this thesis advances the understanding of
the problem by providing some natural geometric conditions under which (Kato,)

and (Katog) can be solved in the affirmative.

The way in which we attack these problems is to make modifications to the AKM
framework and list a set of mild, operator theoretic hypotheses (H1)-(H6) in §1.8.
Quadratic estimates, the fundamental objects which allow us to prove Kato square
root type estimates, are obtained under two additional hypotheses. We label these

hypotheses geometric and outline them in Chapter 3.

A first advancement to the theory we provide is to show that the quadratic estimates
can be obtained on measure metric spaces. There are a few difficulties in general-
ising the proofs in [¢] to the metric space setting, but the primary one is the lack
of a differentiable structure. We compensate for this by rephrasing the argument
in terms of Lipschitz functions and controlling such functions using the pointwise
Lipschitz constant. Our first theorem is then the following, which allows us to obtain

homogeneous Kato square root estimates (Katog), directly generalising (Kato).

Theorem 1 (Theorem 3.1.1). Let (X,d,n) be a complete measure metric space
which is at most polynomial in growth and (I', By, B2) satisfy (H1)-(H6) (§1.8) ,



(H7-H) and (H8-H) (§3.1). Then, llg satisfies the quadratic estimate

dt
— 2 [lul?

AR PR
0

for alluw € R(Ilg) C L2(X,CY)

We are predominantly interested in obtaining solutions to (Kato,,) for manifolds
under intrinsic geometric conditions. It is worth mentioning here that, at least
from our perspective, the quadratic estimates see the geometry because we need to
analyse a first-order formulation of the problem on the space L*(M) & L*(T*M).
In [16], Morris obtains quadratic estimates on L?(C”") and uses bounds on extrinsic

curvature (second fundamental form) to move from analysis on L?(T* M) to L2(C").

Motivated by the existence of harmonic coordinates which provides us with the right
kind of uniform intrinsic control on the geometry, we formulate a notion called gen-
eralised bounded geometry for a vector bundle V on a measure metric space X (§1.4).
This notion captures a uniform locally Euclidean structure on the bundle. We allow
for this very general situation of vector bundles because from our perspective, they
capture the notion of systems in the presence of geometry. The quadratic estimates
used to solve inhomogeneous problems of the form (Kato,,) is then guaranteed by

the following theorem.

Theorem 2 (Theorem 3.2.4). Suppose that (X,d, i) is a complete measure metric
space that is at most exponential in growth, V satisfies the generalised bounded ge-
ometry criterion (§1.4), and that (T, By, Bs) satisfy (H1)-(H6) (§1.8), (H7-1) and
(HS8-1) (§3.2). Then, llp satisfies the quadratic estimate

dt

— = |Julf?

/ ||tHB(I+t2H32)_1u||2t
0

for alluw € R(Ilg) C LA(V).

We acknowledge that the harmonic analytic technology which Morris develops in
[10] assists a great deal in proving this theorem. However, this theorem is by no
means an immediate consequence. A crucial difficulty is that, in the harmonic
analysis, we use techniques such as integral averaging in our proofs. This is not, in
general, well defined on a vector bundle. Hence, we are forced to define notions of
integration and averaging after fixing a set of coordinates seen through an abstract

dyadic decomposition that is valid up to a certain scale. These coordinates may
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indeed jump at the boundaries of the cubes, but our techniques allow us to absorb
such jumps. This construction permits us to import the Euclidean tools to this

vector bundle setting.

As aforementioned, the point of these quadratic estimates is that they allow us
to solve Kato square root problems. The following theorem is obtained through
analysis on Lie groups and due to our first-order perspective of the problem. We
also mention that obtaining the quadratic estimates on measure metric spaces is of
paramount importance in proving the following theorem as we need to depart from

any Riemannian structure of the Lie group to a sub-Riemannian setting.

Theorem 3 (Theorem 4.3.1). Let (G,d, u) be a connected, nilpotent Lie group with a
an algebraic basis, d the associated subelliptic distance, and u the left Haar measure.

Suppose that a, A € L>° and that there exist k1, ko > 0 satisfying
Re (au,u) > ki|lul|> and Re{AVv,Vv) > k|| Vol?,

for every u € L2(G) and v € WH2(G)'. Then, (Katog) holds.

Through the use of the quadratic estimates in Theorem 2, we are able to solve the
following inhomogeneous problem on general Lie groups. In the following theorem,
the operator S = (I, V) where V is the sub-connection associated to the algebraic

basis a.

Theorem 4 (Theorem 4.4.1). Let (G, d, i) be a connected Lie group, a an algebraic
basis, d the associated subelliptic distance, and p the left Haar measure. Let a, A €
L*° such that

Re (au, u) > /<1||u|]2 and Re(ASv, Sv) > FLQH'UH%\]LQ/,

for all u € L*G) and v € WY(G). Then, D(VaS*AS) = WY(G) with
|VaS*ASu|| ~ ||u|lwiz = |lul| + [[Vu|. That is, we solve (Kator,) with ¥V be-

ing a sub-connection, which is the inhomogeneous version of (Katog).

Since Lie groups have trivial tangent bundles, Theorem 2 is actually a much stronger
result than necessary to prove Theorem 4. A relatively easy adaptation of the proof

in [16] can be used instead.

As we have previously mentioned, the real strength of our quadratic estimates in

Theorem 2 is that they allow us to tackle problems on manifolds with non-trivial



tangent bundles. We present the following highlight theorem solving the Kato prob-
lem on manifolds for functions. The notation Ric stands for the Ricci curvature of

M and inj its injectivity radius.

Theorem 5 (Theorem 5.3.3). Let (M,g) be a smooth, complete Riemannian man-
ifold with |Ric|] < C and inj(M) > k > 0. Let a,A € L™ and suppose that the
following ellipticity condition holds: there exist k1, ke > 0 such that

Re (au,u) > ki|lul|* and Re(ASv, Sv) > kol|v|3yre

for all uw € L2 (M) and v € WH2(M). Then the problem (Katon,) is solved in the

positive.

This theorem is obtained as a consequence of a more general theorem on tensors,
which is obtained through an even more general theorem on vector bundles satisfying
generalised bounded geometry. We refrain from listing these more general results
here because they require additional technical assumptions which are arduous to

define. These results are presented in detail in Chapter 5.

Let us remark that Theorems 3, 4, 5 provide solutions to Kato’s question (K1).
However, these theorems also have an accompanying stability theorem of the
type (K2). More explicitly, these theorems assert that the (non-linear) opera-
tor (a,A) — L = VaS*AS (or in the case of nilpotent Lie groups the operator
(a, A) — /—adiv AV), satisfies Lipschitz bounds. Since we allow the coefficients
a and A to be complex, we are able to obtain solutions to (K2) immediately from
(K1). These results are listed in detail in §4.5 and §5.4.

The fundamental objects of the AKM setup are Dirac type operators, and indeed,
the authors of [8] obtain a version of the Kato square root problem for differential
forms. We are able to consider a similar, inhomogeneous problem in our case. We
emphasise again that the following theorem is possible because we obtain quadratic
estimates on non-trivial bundles. In this theorem, €2(M) denotes the space of
differential forms on M, R the curvature endomorphism (§6.3) (which can be seen

to generalise Ricci curvature to forms), and Dy = d+A~'d*A for an invertible

A e L®(L(QM))).

Theorem 6 (Theorem 6.4.3). Let (M,g) be a smooth, complete Riemannian man-
ifold and let 5 € C\ {0}. Suppose there exist n,x > 0 such that |Ric|] < n and
inj(M) > k. Furthermore, suppose there exists ( € R satisfying g(Rw,w) > C\W\Q
for w e Q. (M) and all x € M, and that A € L>°(L(Q(M))) such that there exists
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k1 > 0 satisfying
Re (Au, u) > sy ]2

for all u € L2(Q(M)). Then, D(1/D%{+|B|*) = D(D4) = D(d) N D(d*A) and

/D4 + 1Bl ull = [ Daul| + [lul.

The proofs of the Kato square root theorems we have presented here rely upon the
analysis of canonical differential operators such as V and div = —V”* to obtain
estimates such as cancellations with respect to these operators or the control of the
Hessian via the Laplacian. To obtain such results, and more generally in PDE,
it is useful to know that smooth compactly supported functions are dense in the
domains of such operators. While a slight departure from geometric Kato square
problems, but very much motivated by it, we study these density problems. The
first theorem we present is the following very general result on vector bundles, and
it is made possible by taking a first-order perspective, very much motivated by the
AKM framework. We note that to say V and a metric h on a vector bundle are

compatible means that V satisfies a product rule with respect to h.

Theorem 7 (Theorem 2.2.6). Let M be a smooth, complete Riemannian manifold
with smooth metric g and let V be a smooth vector bundle over M with smooth
metric h and connection V. Suppose that h and V are compatible. Then, C°(V)
is dense in D(V) = WH2(V) and C*(T*M ®@ V) is dense in D(div). Furthermore,
C2(V) is dense in D(—div V) (Bochner Laplacian) and CP(T*M & V) is dense in
D(—V div) (co-Laplacian).

In the book [33], Hebey states that the best known conditions for determining that
compactly supported functions are dense in the second-order Sobolev space W??2(M)
(associated to the Hessian) is under both Ricci curvature bounds and injectivity
radius bounds. To the best of our knowledge, no improvement has been made to
this result since the writing of this book in 2001. We make the following improvement

by dispensing the injectivity radius bounds.

Theorem 8 (Theorem 2.4.1). Let M be a smooth, complete Riemannian manifold

with metric g and Levi-Cevita connection V. If there exists n € R such that Ric >
ng, then C°(M) is dense in W»*(M).

We conclude this thesis by listing a set of open problems in Chapter 7, whose
solutions we expect would advance our understanding of geometric Kato square

root problems.



Preliminaries

In this chapter, we provide a background for the material we present in this thesis.
We give a brief exposition of the ideas that will be of use to us from measure
theory, metric spaces, Riemannian manifolds, Lie groups and operator theory. More
importantly, the solutions to the Kato problems we present are all based on an
important framework first presented by Axelsson (Rosén), Keith, and McIntosh.
We present a refinement and adaptation of this framework suited to the class of

problems we study.

Before we proceed, we remark that throughout this thesis, unless stated otherwise,
we assume Finstein summation convention. That is, whenever a raised index appears
multiplicatively against a lowered index, we sum over that index. Furthermore, for
the convenience of the reader, we provide a list of notation towards the end of this

thesis.

1.1 Measure theory

The notion of a measure is fundamental to the material that we present in this thesis.
Although we only require a theory of measures for metric spaces in application, we
outline this theory on topological spaces since the basic ideas we require are most
clearly expressed in this generality. We refer the reader to the book [51] by Simon,
[11] by de Barra, and [32] by Halmos as excellent guides to a more detailed exposition

of measure theory. For a comprehensive account of the subject, the two volume book
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[15] by Bogachev is an excellent resource.

Let T be a topological space. A measure pon T is a set function p : Z(T) — [0, <]

satisfying
(i) p(@) =0,
(i) w(U) <322, w(U;) whenever U C U;U;. (Sub-additivity)

We take a moment here to remark that this notion of measure in the popular lit-
erature is called an outer measure. For us, the terms outer measure and measure
are synonymous since this is a more geometric philosophy of measure theory. For

instance, see [51].

We call a set M C T measurable if for all sets S C T,
u(S) = p(M N S) + u(M\S).

The geometric intuition of this criterion is that a measurable set should “cut” up
an arbitrary set in a sensible (additive) way. Let us remark that there exist non-

measurable sets, with perhaps the most simplest being the Vitali construction. See
Theorem D in §16 of [32].

Recall that a o-algebra is a nonempty collection of sets closed under countable
intersections and countable unions. The set of all measurable sets denoted by .#

forms a o-algebra. One can check that on .#, the following additivity property
p(UiA) =Y ()
is satisfied whenever {4;} C .# is a mutually disjoint collection.

Let us remark here that, traditionally, measure theory has been introduced as an
additive set function v on a g-algebra .. As a consequence, it is easy to check that
. C . in the notation that we have just introduced.

Another important o-algebra is called the Borel o-algebra denoted by . This is
defined as the smallest o-algebra that contains the topology of 7. If for a measure
i we have that Z C ., then we say that u is a Borel measure. If further for each
S C T, there exists S' € & such that S C 5" and u(S) = p(S’), then the measure
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is said to be Borel-reqular. If p is Borel-regular and 7 = U2, U; with each U; open
and p(U;) < oo, then we have that

pu(A) =inf {u(U) : U open, A C U} and pu(B) = sup{u(C) : C closed, C C A}

for every A C T and for every measurable B C T. See Theorem 1.3 in [51].
A measure is Radon if it is Borel-regular and finite on compact sets.

Specifying a measure with a o-algebra becomes useful when considering product
measures. Given measures p; on 77 over a o-algebra & and uy on Ty over a o-
algebra Sy, we can define the measure j1; X 9 on the o-algebra §; ®Ss. Of particular
importance is when S; = Z(7T;), the Borel o-algebra over T;. It is easy to see that in

this case, each y; is a Borel measure, but it is not immediate that p; X po is Borel,

and in general, it is not. However, Lemma 6.4.2 in [15] shows that if 7y, 7, are
Hausdorff, and 73 has a countable basis, then B(T; x T3) = B(T1) @ B(Tz), which
particularly implies that py X pg is a Borel measure. Theorem 7.14.1 in [15] gives

conditions under which gy X py can be extended to a Borel measure, but such an

extension may not be unique.

Let f: T — R be a function. We say that f is a u-measurable function (or simply
measurable function when the measure is clear from context) if f~![a;, 00) € A for
all @ < co. A function f: T — R is called simple if f(z) =, _, axXa,(x) where
Ay are measurable sets. Then, the integral with respect to the measure p is defined
as .
| 1@ duto) = 3 auntan).

T i=1

For each non-negative measurable function f : 7 — R, there exists a sequence of

simple functions s,, such that s, < f and s, — f pointwise. Thus, we extend the

/fdu:sup/sndu.
T n JT

For an arbitrary f : T — R, we split f = fT — f~ where f* = max{f,0} and
f~ =max{—f,0}. Then, we set

/deuz/Tﬁdu—/Tf‘du

provided that [~ f* du or [ f~ du is finite. If both are finite, then we say that f

is summable. In the wider literature, this is sometimes called integrable.

definition of integral by
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When g is Borel and f : 7 — 7', where 7" is another topological space, we call f
p-measurable if f71(U) is a measurable set for each open set U C T". If f~1(U) is
a Borel set, then f is said to be Borel.

1.2 Metric spaces

From this point onwards, our discussion will almost always be limited to the more
specific situation of metric spaces. Throughout this thesis, we let (X, d) denote a
metric space, where X is the underlying set and d : X x X — R, is a metric. Recall

that the metric d is a function satisfying:

(i) d(xz,y) >0 for all x,y € X,
(i) d(z,y) = d(y,z) for all z,y € X, (Symmetry)
(iii) d(z,y) =0 if and only if z = y, and

(iv) d(z,2z) < d(z,y) + d(y, 2). (Triangle inequality)

The topology of a metric space is then the topology generated by by the sub-basis
B(z,r) ={y € X :d(z,y) <r} for x € X and r > 0. The set B(x,r) is called an

open ball centred at x and of radius 7.

An important property of a metric space is the notion of completeness. Recall that
a sequence (z,) C X is called Cauchy if d(x,,x,,) — 0 as n,m — oo. If for each
such sequence, there exists an z € X’ such that d(z,,z) — 0, then we say that X is

complete.

On a metric space, we can define an important type of function called a Lipschitz
function. Let X, X3 be two metric spaces with metrics d; and ds respectively. Then,
a function f : A} — A% is called Lipschitz if there exists a C' > 0 such that for all
x,y € A&,

da(f (), fy)) < Cdi(z,y).

The smallest constant C' for which this inequality is satisfied is called the Lipschitz
constant of f, which we denote by by Lip f. The first observation is the following
simple lemma, which shows that we can use Lipschitz functions to separate sets

of positive distance with control on the Lipschitz constant. Certainly, this result
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was well known to the authors of [3], and in fact, they cite it in the proof of their
Proposition 5.2. Note that in the following lemma, the distance between two sets
E,F C X is defined as

d(E,F)= inf d(z,vy).

zebyekl

Lemma 1.2.1 (Lipschitz separation lemma). Suppose E, F C X satisfy d(E, F) >
0. Then, there exists a Lipschitz function n : X — [0,1], and a set E > E with
d(E,F) >0 such that

Ne=1 nlxng=0 and Lipn<4/d(E,F).
Proof. Define E = {z € X : d(z, E) < 1/4d(E, F)}. By construction, E C E and
from the triangle inequality for d and taking infima,

d(E, F) +supd(z, E) > d(E, F),

zeE

and since sup, z d(z, E) < 1/4d(E, F), it follows that d(E, F) > 3/4d(E, F) > 0.

Now, define:
4d(z,E) [
n(z) = 11— awmr L€ E'
0 ¢ E
We consider the three possible cases.
(i) First, suppose that =,y & E. Then,
4d(z, y)

(ii) Now, suppose that z,y € E. By the triangle inequality, we have d(z,z) <
d(z,y)+d(y, z) and by taking an infima over z € E and invoking the symmetry
of distance, |d(x, ') — d(y, E)| < d(z,y). Therefore,

1 —4d(x, E) 4d(y, E)
n(z) —n(y)l = —aE R taE
4
v |d(z, E) — d(y, E)| < mcﬂw)-

(iif) Lastly, suppose that z € F and y ¢ E. Then n(y) = 0 and since d(z, E) <
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d(E, F),

1
4

(o) = )] = o) = nfe) = 1 = ) = AR

But we also have the triangle inequality d(F,z) + d(z,y) > d(y, E) and by
the choice of y we have that d(y, E) > 1/4d(E,F). Therefore, d(z,y) >
d(y, E) — d(z, E) > 3d(E, F) — d(z, E) which implies that

4d(z,y)

Yy d(E,F)—d(z, F)
d(E, F)

AET) = |n(x) —n(y)|.

>

As a conclusion to this section, we introduce a tool which provides finer control of
Lipschitz maps than the Lipschitz constant. We follow the notation of Cheeger in

[10] in the following definition.

Definition 1.2.2 (Lipschitz pointwise constant). Let f : X — A" denote a Lipschitz

map into the normed space A with norm |-|. Then, define
, : |f(z) = f(w)]
Lip f(x) = limsup ———————
( ) Yy—x d<$7y)

when x is not an isolated point and Lip f(x) = 0 otherwise.

If in the previous Lemma 1.2.1 the set E was chosen to be open, then we can see that
Lipn(z) = 0 on E. Thus, the Lipschitz pointwise constant has support properties
similar to that of differentiation and the class of quantities to which Lip f belongs

are called upper gradients. We will exploit this feature in the proofs of Chapter 3.

1.3 Measure metric spaces

We say that X' is a measure metric space if in addition to it being a metric space,
it is equipped with a measure p. The measures we deal with are at the very least
Borel-regular and thus, we shall make this assumption from this point onwards. We

sometimes denote the measure metric space by the triple (X, d, u).
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An arbitrary measure can behave wildly, so we will impose certain growth assump-
tions on the measure. The following is one of two growth conditions with which we

shall be concerned with in this thesis.

Definition 1.3.1 (Polynomial growth). Suppose that there exist C > 0 and p > 0
such that
0 < p(B(z,tr)) < CtPu(B(z,r)) < 00 (Pol)

for everyr >0 and t > 1. Then, we say that u exhibits polynomial growth or that

1t 18 a doubling measure.

An alternative definition of a doubling measure is to ask that there exists a C' > 0
so that
0 < u(B(z,2r)) < Cu(B(z,r)) < 0.

This condition is, in fact, equivalent to condition that the measure exhibits polyno-

mial growth. Also, note that such a measure is Radon.

There are many examples of spaces of polynomial growth. For instance, R™ with the
usual Lebesque measure £ is a space of polynomial growth. A more exotic example
is a nilpotent Lie group with the Haar measure (see [21]). Also, the canonical volume
measure of a complete Riemannian manifold whose Ricci curvature is non-negative

is also such a space by the Bishop-Gromov comparison theorem. See, for instance,

[17].

Measure metric spaces that exhibit polynomial growth admit the following important

dyadic decomposition of the underlying space.

Theorem 1.3.2 (The existence of Christ cubes). There exists a countable collection
of open subsets {QF C X 1k € Z,a € I} with each zE € QF (called the centre of
QY ) where I, are index sets (possibly finite), and constants 6 € (0,1), ag > 0, n > 0
and Ch,Cy < 0o satisfying:

(i) For allk € Z, n(X \ U,Q%) = 0,

(ii) If 1 > k, either Qg C QF or QIZB NQk =,
(iii) For each (k,a) and each | < k there exists a unique 3 such that QF C Q},
(iv) diam QF < C,6%,

(’U) B(z§7a05k> C Q’ccw
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(vi) For all k,a and for allt >0, p{z € QF : d(z, X \ QF) <té*} < Cot"u(QF).

This important construction was proved by Christ as Theorem 11 in [20]. The sets
QF are sometimes called Christ cubes. It is a primary tool that we use to perform
harmonic analysis on such spaces. We remark that this theorem holds in greater

generality, when the underlying space is equipped with only a quasi-metric.

Next, we introduce the following weaker growth condition.

Definition 1.3.3 (Exponential volume growth). Suppose there existsc > 1, kK, A > 0
such that
0 < p(B(z,tr)) < ct"eM u(B(z, 7)) < oo (Exp)

forallt > 1, r > 0 and x € X. Then we say that p is exponentially locally
doubling.

Harmonic analytic consequences about such measures are detailed by Morris in [10],
and this nomenclature is attributed to him. Note again that such a measure is

automatically Radon.

Every measure with polynomial growth is also an exponential one. Moreover, so
is the induced volume measure of a Riemannian manifold whose Ricci curvature is
uniformly bounded below by a real number. This is again a consequence of the

Bishop-Gromov comparison theorem.

As in the polynomial case, these manifolds admit a certain dyadic decomposition as
outlined in the following theorem. Note, however, that this decomposition is only

valid “below” a certain fixed scale.

Theorem 1.3.4 (Existence of a truncated dyadic structure). There exists a count-
able collection of open subsets {Qi CM:acl, ke Z+}, 2k e QF (called the

(67

centre of Q% ), index sets I, (possibly finite), and constants 6 € (0,1), ag > 0, n >0
and Ch,Cy < 0o satisfying:

(i) for allk € Ty, p(M\ UaQk) = 0,
(i) if | > k, then either Q% C QF or Q5N QL = @,
(iii) for each (k,a) and each | < k there exists a unique 3 such that Q% C Qlﬁ,

(iv) diam Q¥ < C,6%,
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(v) B(zF agd*) C QF,

(vi) for all k, o and for allt > 0, p {x €Qrdlx, M\ QF) < t5k} < Cot"u(QF).

This theorem was proved by Morris and can be found as Proposition 4.2 in [10].
Note that in comparison to Theorem 1.3.2, the index here is over Z, rather than Z.

This is why this structure is said to be truncated.

It is easy to see that every measure with polynomial growth exhibits exponentially
locally doubling growth. In what is to follow, we will see that under the polynomial
growth condition, we are able to obtain certain homogeneous estimates and under
the exponential growth condition, similar estimates that are inhomogeneous. These
homogeneous estimates are stronger in the sense that they imply the inhomogeneous
kind. This is partly due to the fact that for a space of exponential growth, the best
we can do is construct a truncated dyadic decomposition as opposed to the full

decomposition as in the polynomial setting.

1.4 Vector bundles on metric spaces

On Euclidean spaces, functions and systems have been the focus of study for the
kind of problems we consider here. Our situation requires the generality of vector
bundles, as they are a natural extension to the language of functions and systems

that also encode geometry.

Let us begin by recalling the definition of a vector bundle of rank N € N. Let V be
a topological space and 71, : V — X a continuous surjection such that 7, 2} is an
N dimensional vector space. Furthermore, suppose that for each x € X', there exists
an open neighbourhood U, of z and a homeomorphism 1, : U, x CN — 7;,'(U,)

satisfying:

(1) mp.(y,v) =y for all y € U, and v € 7' {y}, and

(ii) v+ . (y,v) is a vector space isomorphism from CV to 7t,' {y}, for all y € U,.

The space V is called a vector bundle of rank N, the set X is called the base space

and 7ty the bundle projection. The maps 1, are called local trivialisations of the
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bundle. We write V, = m,' {z} for z € X which is called the fibre over x. Note

that we can write V = U,cx V.

In our definition, the fibres are complex vector spaces. Real bundles are defined with
RY in place of CV in their definition. When we encounter real vector bundles, we
implicitly identify them under their complexification. That is, if Vg is a real vector
bundle, then we consider Vi to be identified with V = Vg @ 1Vg.

We also note that we can consider the notion of a normed bundle, by which we
mean that each ﬂgl {z} is a normed space .4/, possibly infinite dimensional. Such
an object is defined by requiring the trivialisations to be normed space isomorphisms

in condition (ii).

The vector bundles we consider in this thesis usually have more structure than just
local trivialisability. We say that a continuous map h : X x V xV — C is a
metric if h, = h(z) : V, x V, — C is an inner product. In particular, we shall
always assume that h, is non-degenerate. We remark that the choice of calling h a
metric is unfortunate, since we call d on a metric space also a metric. However, the
distinction will be clear from context. Normed bundles typically come with a norm
||, : Vo x V, = C on each fibre x € X. We often use the notation |- | omitting the
dependence on x. As with the case of a metric, we typically require the norm to be

continuous.

We say that £ : X — V is a section of V if £(x) € V,. Note that this is a natural
generalisation of a vector field. When X is a measure metric space with measure p,
we write I'()) to denote the p-measurable sections of V. This is departing from the

traditional definition of I'(V) which assumes additional smoothness properties.

Since we allow sections to be rough, we define the Lebesgue spaces as follows. First,
we let LL (V) denote the space of all £ € T'(V) such that

loc
[ 1€l dn < oo
K

for all compact sets K C X'. Then, for 1 < p < 0o, we define L”(V) to be £ € T'(V)

such that
[ 1er du < oo
X
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We equip this space with the norm

ety = ([ 17 an)

We will be primarily concerned with the special case of p = 2 and for simplicity, we
often write [|- || = ||-|l2. When p = oo, we define L*(V) to be the £ € T'(V) such
that there exists a C' > 0 so that |[¢| < C for p-almost all z € X. Then, ||{||« is
defined as the smallest such C. We write L?(X) in place of L?(X x C) to keep accord
with tradition. When the vector bundle has a metric h, the norm induced by this
metric is given by |- |, = \/h.(-,-). In this case, L*(V) is a Hilbert space with inner
product

(1, v) = /M h(u, v) dj.

Let us give some examples of vector bundles. First consider ¥V = X x C. This is
readily checked to be a vector bundle of rank 1, and the sections of this bundle are
simply measurable functions over X. Similarly, let ¥V = X x CV¥. Then, this is a
vector bundle of rank N and corresponds to the situation of systems. We note that
both these examples admit global trivialisations. A vector bundle for which there
exists a trivialisation U, = X is called a trivial bundle. Amongst the rank N trivial
bundles, it is easy to see that the only such bundle (up to isomorphism) is X x CV.
We shall see some natural examples of vector bundles that are non-trivial in the

next section.

The metric h is responsible for the geometry of V. By choosing a partition of unity
subordinate to trivialisations and pasting together the usual inner product in CV,
we can see that vector bundles admit many different metrics or geometries. We
define a special class of vector bundles that will be important to us. In the following

definition, I denotes the standard Euclidean inner product.

Definition 1.4.1 (Generalised bounded geometry). Suppose there exists p > 0,
C > 1, such that for each x € X, there exists a trivialisation 1, : B(x,p) x CN —
7, (B(z, p)) satisfying

CM1<h<C(I

in the basis {€' = ,(y,¢e")}, where {&'} is the standard orthonormal basis for CV.
Then, we say that V has generalised bounded geometry or GBG. We call p the
GBG radius.
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The comparison of h and I here are in the sense of bilinear forms. The generalised
bounded geometry criterion captures vector bundles that are uniformly locally Eu-
clidean. We choose to call these generalised since their definition is motivated by
the existence of coordinates systems that allow us to control the geometry of man-
ifolds uniformly under curvature bounds. We shall discuss the existence of such

coordinates in the following section.

1.5 Manifolds and smooth vector bundles

Although we work at the generality of metric spaces to obtain quadratic estimates,
our applications will primarily be on differentiable manifolds. We devote this section

to recall some facts we need about such objects.

Throughout this thesis, when dealing with manifolds, we will be exclusively con-
cerned with smooth manifolds. For us, an n-dimensional manifold M is a second
countable Hausdorff space such that at each point x € M, there exists an open
set U, and a continuous injection v, : U, — R™ homeomorphic to its image. If
oy + U, — R" is some other such map with V' = U, N U, # @, then we require
0e 00yt 0y (V) = @a(V) to be a C* diffeomorphism. The collection of charts
Y, Uy — R™ (keeping track of both the map 1, and open set U, ) defines a differ-

entiable structure on M.

When we consider vector bundles over manifolds, we ask them to have greater regu-
larity than their barren definition over metric spaces. More specifically, the existence
of a differentiable structure on the manifold permits us to demand that the trivial-
isations be smooth. We call such a bundle a smooth bundle. Furthermore, we also

ask the bundle metric to be smooth.

At each x € M, a smooth manifold admits a tangent space which we denote by
T, M. This is an equivalence class of smooth curves vy : (—¢,e) = M with v(0) = =

with the relation that two curves v and o are equivalent if

ot 00 = T (a0 0)(1)

The tangent space at x is denoted by T, M, and the cotangent space at x, the dual
space of T, M, is denoted by T; M. The tangent bundle and cotangent bundle
are then constructed from these fibres and are denoted TM and T* M respectively.
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These bundles are in general non-trivial. Sections of TM are often called wvector
fields and sections of T* M are called covector fields.

The bundle of (0,0)-tensors is denoted by 7Y M = M x R and the (p, q)-tensors
(when either p > 1 or ¢ > 1) is defined as

TEIM = (&8_,T*"M) @ (Bl TM).

These are also sometimes referred to as the tensors of covarient rank p and con-
travarient rank q. The (p, ¢)-tensors are a vector bundle of rank n?*%. The p-forms
are denoted by QP(M) and it is a sub-bundle of 7" (M). Note that we have
QM) = M xR and QY(M) = T*M. The esterior bundle QM) = @)_ QM
is then a rank 2" vector bundle, and it is an algebra with respect to the exterior
product A. For a p-form n and ¢-form w, n Aw is a (p + q)-form, and with respect
to this operation, the exterior bundle is a graded algebra, often called the exterior

algebra.

Since we assume that the vector bundle trivialisations are smooth, we are able to
define C* spaces and differential operators on such bundles. By C*(V) we mean
E: M =V, £(x) €V, such that at each point z € M, there is a trivialisation
Yp + Uy x CV — 7, (U,) which makes ¢;1 o ¢ : U, — U, x C¥ a C¥ map. The
spaces C*(V) are defined to be the set of & € C¥(V) such that the support of &,
spt &, is compact. As we have done previously for the Lebesgue spaces, we write

CH(M) and C¥(M) in place of C*(M x C) and C¥(M x C).

In each coordinate system, we have the notion of a coordinate basis for TM and
T* M (and similarly for 7®9 (M) and ©(M)). For a coordinate system {z'} (giving
a name to the coordinates in 1, near z), we write the coordinate directions as 0,
(or 0; when the context is clear). Then {0;} forms a local basis for TM near
x. These are, in fact, differential operators with 0;f being the partial derivative
of f € C®(M) along the coordinate direction e; in R™ as seen through v,. The
corresponding co-directions for T*M near x are given by {dx'}. For the tensors,
the basis is either given as a tensor product of these objects or in the case of forms,

a wedge product in da’.

We also have global or coordinate independent differential operators on these bun-
dles. On the exterior algebra, the fundamental object is the exterior derivative
d : C®(QP(M)) — C®(QPT(M)). Furthermore, we have the notion of the Lie
derivative of two vector fields X, Y € C*(TM) denoted by [X,Y]. On a smooth
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vector bundle, the fundamental differential operator is called a connection. This is
an R-linear map V : C*(V) — C*(T*M ® V) satistying the Leibniz rule

V(fn)=fVn+dfen

whenever f € C*°(M) and n € C*(V). In general, connections are not canonical
objects, but rather, they are prescribed. Writing {e’} as the basis induced by a
trivialisation for V near z and {0;} for TM near x, the connection coefficients T,
are defined as

We emphasise that the connection coefficients are entirely dependent on the choice

of trivialisation and do not behave tensorially.

For a smooth metric h, we have the notion that the metric and connection are

compatible. This is the requirement that
Xh(Y,Z2)=h(VxY,Z)+h(Y,VxZ)

holds for X € C*(TM) and Y, Z € C®(V). It expresses that V respects the

product rule with respect to h.

If in addition we are given a connection V on TM, we define the Hessian of X &€
C>*(V) by
V2X(Y,Z)=VyVzX —Vy,2X

for Y, Z € C*(TM). The curvature is a property of the connection. It is the lack

of symmetry of the Hessian given by the expression

R(X,Y)Z = VX(2)(X,Y) = V2(Z)(Y, X)
== VXVYZ — VYVXZ — VVXY—VyXZ'

Suppose now that M is equipped with a metric g, by which we mean that g is a
metric on the tangent bundle TM. Then, for T € C®(TPIM @ V), let

tI'ij T

denote the trace of T in the ¢ and j tensor index (for i, j < p+ ¢) with respect to g.
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Then, the connection Laplacian on the vector bundle is given by
AX =tr VX

where X € C*(V) and where by tr, we mean trys.

Let us fix a metric g on the tangent bundle, and assume that at the very least it
is continuous. The metric actually turns the manifold into a metric space. To see

this, take a smooth curve v : [0, 1] — M and define its length as

() = / 50| dt.

where (t) = £~(t). A connected manifold is then a metric space with respect to

dg(z,y) = inf {{(7) : 7(0) =z, (1) = y}.

We say that M is complete if (M,d,) is a complete metric space. In fact, the
metric also induces a volume measure p. Locally, writing g = g;; da’ ® da? near z,

the volume measure p takes the expression

d,u = \/det(gij) dZ.

This expression is easily checked to be coordinate independent.

Since we now view the manifold as a measure metric space which also has a differ-
entiable structure, we are able to formulate Sobolev spaces on it. In fact, we do this
at the generality of a vector bundle. Let us fix a metric and connection on a vector
bundle and let S? be the set of u € C*NLP(V) such that Viu € C*NL2(TEOMEV)
for 1 <i < k. Then, the Sobolev norm is defined as

k
lullwe = lfull, + D IV ull,

i=1
for u € S?. We define the Sobolev space W*?(V) as the completion of S? under
this norm. The Sobolev space Wi (V) is defined as the completion of C2°(V) under
the same norm. As before, when the bundle V is M x C, we write W*?(M) and
WEP(M) in place of WEP(M x C) and WP (M x C) respectively. Although we
define these spaces for arbitrary k& and p, we mainly work with p =2 and £ =1 or

2.
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Equipping a manifold with a metric has an important and far reaching consequence.
The metric provides the manifold with geometry as it determines how distances are
measured. It also provides us with a unique way of differentiating vector fields as

made precise in the following theorem (which can be found as Theorem 3.3.1 in

[35])-

Theorem 1.5.1 (The fundamental theorem of Riemannian geometry). Let g be a
smooth metric. Then, there exists a unique connection V : C*°(TM) — C*(T*M®
M) that is metric compatible and torsion-free (by which we mean VxY — Vy X =
[X,Y] for X, Y € C*(TM)).

The connection guaranteed in this theorem is called the Lewi-Cevita connection.
The connection coefficients in a coordinate chart for the Levi-Cevita connection are
called the Christoffel symbols. The metric on TM induces a canonical metric on
T*M (sometimes called the co-metric), and we write g = g;; da* ® da? for the
metric and g = g 9, ® 9, for the co-metric in coordinate form. For a Levi-Cevita
connection, the Christoffel symbols can be written purely in terms of the metric,
co-metric and their derivatives:

L bm
Ll = 587 (0j8mi + Oim; — Omiy).

Furthermore, the connection V on TM induces a canonical connection on T* M by

requiring V(X (Y)) = VX (V) + X(V(Y)), for X € C®°(T*M) and Y € C>®°(TM).

In coordinates, we have that
Vi, da* = —F?ldxl

where Ffl are the Christoffel symbols. These objects are extended canonically to
T 9 M and 2(M). By convention, we take V = d on Q2°(M) = TCOM = M xR.

With a Levi-Cevita connection, we can define the following natural curvatures. The

most fundamental is the Riemannian curvature given by
Rm(X,Y, Z, W) = g(R(X,Y)Z, W)

where X, Y, Z, W € C®(TM). It is easy to see that Rm € C=(T*0OM). Also, in
coordinates, Rmj,; can be written purely in terms of T'}; and ,I'};,
the curvature of V is determined by the geometry. The Ricci curvature is then
defined as

and therefore,

Ric = tri3 Rm,
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and the scalar curvature is given by
Rs = trRic.

For X, Y € C>®(TM) linearly independent vector fields, the sectional curvature
spanned by X and Y are given by

K(X.Y) = Rm(X,Y,Y, X)
U XPYP - g(XLY)

We say that a smooth curve v : (—¢,¢) — M is parallel if

V:y(t)’ﬁ/(t) = 0.

Locally, parallel curves are geodesics, which are curves realising shortest distances.
That is, given a point z € M and v € T, M, there exists a unique local geodesic
Yo o I — M, where I is a maximal open interval in R containing 0 and satisfying
7(0) = = and 7,(0) = v. The exponential map exp, : V, C T,M — M is then
defined as

exp, (v) = (1),

where 7 is the geodesic starting at  with velocity v. The Hopf-Rinow theorem
(see Theorem 1.7.1 in [38]) asserts that V, = T, M if and only if M is complete.
However, this map is still only guaranteed to be a local diffeomorphism. The largest
radius r > 0 for which exp, : B(z,r) C T,.M — B(z,r) C M is a diffeomorphism
is called the injectivity radius and is denoted by inj(M,z). The injectivity radius
of the entire manifold is defined to be
inj(M) = xlél/a inj(M, z).

By the identification T, M = R", the exponential map affords us with coordinates
called normal or geodesic coordinates at x. By what we have already said, these
coordinates have largest radius inj(M, z). In these coordinates, at its centre x, we
can arrange g;; = 0;; and 0yg;; = 0 (see Theorem 1.4.4 in [38]). These coordinates are
extremely useful in calculations. Furthermore, we have the existence of the following

coordinates called harmonic coordinates, which will later allow us to demonstrate a

generalised bounded geometry structure of the tensor bundle on certain manifolds.

Theorem 1.5.2 (Existence of global harmonic coordinates). Suppose there ezist
kym > 0 such that inj(M) > k and |Ric| < n. Then, for any A > 1 and a € (0,1),



26 1. PRELIMINARIES

there exists ry = ry(n, A, a, k,n) > 0 such that B(xz,rg) corresponds to a coordinate

system satisfying:

(1) A1 < g < Al, and

<A-1

3 01845 (2) — 0185 (y)|
(i) rg sup  |0igi(y)| + Y rysup
2w Pl D ri e T e

A proof sketch of this theorem can be found in the observations following Theorem
1.2 in [33] and a more detailed version can be found in [3]. We end this section with a
historical remark that these coordinates in dimension greater than two were first used
in 1916 by Einstein in [25] on Lorentzian manifolds. Remarkably, it was not until
1976 that these coordinates were developed in the context of Riemannian geometry
by Sabitov and Sefel in [19]. Typically such developments flow from Riemannian to

Lorentzian geometry, with the latter being the more difficult situation.

1.6 Lie groups

The study of subelliptic problems which we undertake in Chapter 4 will be on a class
of manifolds called Lie groups. In this study, we will depart from any Riemannian
structure of this space and instead work in a sub-Riemannian setting. We include
this section to recall some facts and ideas that we shall need later. We refer the
reader to the book [24] by Dungey, ter Elst and Robinson for a treatment of Lie
groups that is better suited to our requirements, the book [55] by Varopoulos, Saloff-
Coste, and Coulhon (particularly Chapter 3) and [31] by Hall for a more general

treatment of Lie groups focused on their structural properties.

Throughout this thesis, by “Lie group G,” we mean a smooth manifold G of dimen-
sion n which is also a group, with the extra requirement that multiplication and
inversion are smooth operations. Let e denote the identity element of G and let the

associated Lie algebra of G, the tangent space T.G, be denoted by g.

The algebra g has an associated Lie bracket, which is a skew-symmetric product

satisfying the Jacobi identity

[[(l, b] 7C] + HC’ CL] >b] + [[bv C] ) CL] =0.
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Let ry : G — G be denoted by ry h = hg, which is simply right multiplication by g.
Given a vector v € g, we can extend it to the whole of G by right translation. More
precisely, we can define v(g) = dr,(v), where dr, is the differential of ry,. A vector
field X is then said to be right-invariant it dry(X)(h) = X(hg). For a function
u:G — V, where V is some other vector space, the left reqular representation of u
is given by (L, u)(h) = u(g~*h).

For every v € g, the existence of a right-invariant vector field v, : R — G extending

it is unique. The exponential map exp : g — G is then defined as exp(v) = 7,(1).
With this notation, it can be shown that for u,v € g,

[, 0] = [y 7] (),

where 7, and ~, are the right-invariant extensions to u,v € g respectively.

We have the following first important proposition about Lie groups.

Proposition 1.6.1. Every Lie group is parallelisable. That is, its tangent bundle is

trivial.

Proof. Let {e;} C g be a basis for g. Then, exp(—te;) is a curve that generates e;.
The map t — exp(—te;)g then is a curve through g, and we define

d
Xl(g) = %t’t:() exp(—tei)g,

and for é; the canonical basis for R", define ®(g,¢;) = X;(g). It is straightforward

that this is a global trivialisation for TG. m

Let a = {a;};~,, with m < n (= dimG). We say that a is an algebraic basis
if a is linearly independent and we can obtain a basis for g through finite multi-
commutation of the elements of a. We remark that typically, the linear independence
is not asserted for an algebraic basis, but we do so here since it has a simplifying
effect on applications later. Next, let A denote the span of the right-translation
of a. Thus, A C TG and by replicating the argument in the proof above, it is a
trivial bundle. We highlight the following well known theorem of Carathéodory-
Chow which we consider to be the fundamental theorem of sub-Riemannian Lie

group theory.
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Theorem 1.6.2 (Carathéodory-Chow). Let G be a connected group, and a an al-
gebraic basis. Then, between any two points g,h € G, there exists an absolutely

continuous curve 7 : [0,1] = G such that ¥(t) € Ayy).

Since this theorem is central to all our Lie group applications, from this point on-
wards (unless stated otherwise), we assume that G is connected. First, we define a
sub-Riemannian distance for G. Let g, h € G and let v be a curve connecting g and
h guaranteed by Theorem 1.6.2. The absolute continuity of the curve means that it

is almost everywhere differentiable in ¢ and therefore, we define the length as

= [ (Z W‘(m?) t,

where v = ~'D; with D; being the right-translated vectorfields of a;. Then, we
define the distance between g and h by

d(g,h) = inf {£(7) : v(0) = g,7(1) = h},

and the balls B(g,r) are defined with respect to d.

We show that (G, d) corresponds to a sub-Riemannian structure given by A. To see

this, let us write
d
Dil, = Ztl,_o exp(—tai)g,

which defines a frame for A. First, let us highlight that by Theorem 1.6.2, we
can consider A as a sub-tangent space and its sections as algebraic vector fields.

Now, consider the metric g given by g(D;, D;) = ;. Then, the distance d is the
canonical distance corresponding to the metric g on A. Furthermore, the following
proposition highlights that, in fact, the topology induced by d is equivalent to the
natural topology of G. For a proof, see Proposition I11.4.1 and the remarks following

this result in [55].

Proposition 1.6.3. The topology of G is equivalent to the topology of (G,d) as a
metric space. Furthermore, (G,d) is a complete metric space and for all g € G and

r >0, the closed balls B(g,r) are compact.

Let us now introduce natural measures on G. First, we say that a Borel measure i on
G is left-invariant if u(gS) = p(S) for all Borel sets S and g € G. The theory of Lie
groups guarantees the existence of a unique (up to constant) left-invariant measure

which is called the Haar measure. If the Haar measure is also right-invariant, by
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which we mean u(Sg) = u(S), then we way that it is bi-invariant and the group G
is unimodular. The following proposition gives us growth estimates on the measure

metric space (G,d, ). For a proof, see the discussion following 11.4.4 in [21].

Proposition 1.6.4. There exists C,C' > 0 and D € N such that C'rP? <
w(B(g,r)) < CrP for all g € G and r € (0,1]. Furthermore, u(B(g,r)) < Ce*
forallr > 1.

This proposition illustrates that every (G, d, u) satisfies (Exp). However, by assum-
ing a little extra structure, we can obtain a class of (G,d, ) for which p grows at
most polynomially. First, let us inductively define the spaces gi by setting g; = g
and gr11 = [g, 9x]. These are a decreasing sequence of ideals in k. If there exists
some K such that gx = 0, then the group G is said to be nilpotent. The smallest
such K is called the rank of nilpotency. A non-trivial example of a nilpotent Lie
group is the Heisenberg group. See Example 11.4.16 and I1.6.1 in [24]. Nilpotent
Lie groups are the typical objects that are suited to homogeneous analysis by the
following proposition. The proof of this proposition is a consequence of Theorem

I1.4.6 coupled with the discussion immediately following Corollary 11.4.12 in [24].

Proposition 1.6.5. If (G, d, ) is nilpotent, then it satisfies (Pol).

Let us now return to the situation of considering an algebraic basis a of g. We
consider D; as a differential operator D; : C*(G) — C>(G) by its action on func-
tions. Let us denote the dual of A by A*, and write D° = D}. By the theorem of
Carathéodory-Chow we can consider A* as a sub-cotangent space. Furthermore, let
us call the sections of A* algebraic covector fields. Let V be any vector bundle on G,
and write V f = D, f D* for f € C*(G), which is a natural exterior sub-differential

associated to A. This leads us to define the following on a vector bundle V over G.

Definition 1.6.6 (Sub-connection). We say that V : C*(V) — C®(A* @ V) is a

sub-connection if it is an R-linear map satisfying the Leibniz rule
V(fX)=Vfe X+ fVX

for all X € C*(V) and f € C>(G).

Remark 1.6.7. Note that V does not target the entire tangent space, only A. This

18 how it differs from a connection and why we call it a sub-connection.

Let us now assume that V is equipped with a metric h. Then, the LP(V) spaces

are defined in the natural way with respect to (G,d, ). As in our development of
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the Sobolev spaces arising from conventional connections on vector bundles, let S;f/
denote the space of all u € C> N LP(V) such that V'u € C* NLA(®_, A* @ V) for

1 <i < k. As in the case of connections, define the Sobolev norm as

k
el = lull + D 11V ull,.

i=1

Then, the sub-Sobolev space W*P (V) is defined as the closure of S;j, with respect
to this norm. The Sobolev space WE?(V) is the closure of C2°(V) under the same
norm. The spaces WE(G)' and W*?(G)’ are the sub-Sobolev spaces on functions
associated with the canonical exterior sub-differential which we defined earlier. We

emphasise that these sub-Sobolev spaces depend on the algebraic basis a.

1.7 Operator theory and functional calculi

In this section, we provide an exposition of some ideas from operator theory that
will of use to us later. We refer the reader to the excellent books [10] by Kato and

[56] by Yosida which provides a more complete description of operator theory.

Let J4, 73 be Hilbert spaces with inner products (-,-) , and (-,-) , respectively.
We say that a linear map T : D(T) C 54 — % is an operator with domain
D(T) C #4. The range of T is denoted by R(T) = {Tu:uw € D(T)} C 5 and
the null space by N(T) = {u e D(T): Tu =0} C J4. If S is an operator such
that D(S) C D(T) and Tu = Su for u € D(S), then we write S C T and say that
T extends S. We emphasise that an operator is characterised by both map and
domain.

An operator T is said to be densely-defined if D(T) = 44 and it is said to be closed
if its graph, 9(T') = {(u,Tu) : w € D(T)}, is a closed subset of .77 x 7. The latter
notion is equivalent to requiring that whenever u,, € D(T) such that u,, — u € J4
and Tu, — v € J4, then u € D(T) and Tu = v. Define the operator norm of T' by
|lullz = |Ju|| + ||Tu|| whenever v € D(T'). Then, an operator T is closed if and only
if (D(T),||-||r) is a Banach space. When we say “X is dense in D(T),” we mean
that X C D(T) is dense in the operator norm of 7. We make a motivational remark
that the notions closed and densely-defined are particularly useful when studying

differential operators.
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By the closed graph theorem (see Theorem 5.20 in [1()]), every closed operator T
with D(T) = J4 is bounded, by which we mean there exists C' > 0 such that
|Tu|| < Cl|u|| for u € 4. Boundedness of an operator is equivalent to it being
continuous. The set of bounded operators which map 74 to .74 is denoted by
L(, 7). When A = 7, = 4, this space is an algebra and we write £(.52).

A notion that is important is that of an operator 7" being closable. By this, we mean
that W is equal to the graph of another operator T called the closure of T. An
operator T is closable if and only if w, € D(T) with u,, — 0 and Tw, — v implies
v =0. It is immediate that 7' C T.

We say that an operator S : 65 — J€ is adjoint to T : 7 — 4 if the adjoint
formula (T'u,v) ,, = (u,Sv) . holds for all u € D(T) and v € D(S). For such
operators, if one is densely-defined, then the other is closable (see Theorem 5.28 in
[10]). This is an important fact that we often use. There can be many operators S
that are adjoint to T. However, if T" is densely-defined, then there exists a unique
maximal operator 1% adjoint to T' called the adjoint of T. By maximal, we mean
that if S is any operator adjoint to 7', then S C T™. We construct 7™ in the following
way. Let v € D(T™) if there exists f € J% such that (Tu,v) ,. = (u, f),, for all
u € D(T') and define T*v = f. The uniqueness of 7™ follows since D(T') is dense in
6. If further T is closable, then T™ is densely-defined and closed, and furthermore,

T** =T (see Theorem 5.29 in [10]).

We restrict ourselves to the situation 7 = 4 = 7% to talk about the spectral
theory of operators. The resolvent set p(T') consists of all ¢ € C such that ({I—1T)
is one-one, onto and has a bounded inverse. The resolvent Ry : p(T') — L() is
defined as Ry (¢) = (¢I — T)~!. The spectrum is then o(T) = C\ p(T). Not every
operator will have a spectral theory, but for closed operators, o(T') is a closed set

and for bounded ones, o(T') is compact.

We say that an operator T' is (hermitian) symmetric if (Tu,v) = (u,Tv), for all
u,v € D(T). The operator T is said to be skew-symmetric if (Tu,v) = (u, —Tv).
A symmetric operator is said to be self-adjoint if T* = T. Explicitly, this means
Tu = T*u for all u € D(T) = D(T*). Note that a self-adjoint operator is necessarily
densely-defined and closed. A densely-defined, closable operator T' is said to be
essentially self-adjoint if T is self-adjoint.
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For 0 < w < 7, define the bisector

Se ={CeC:larg(| <w or |arg(—()| <w or ( =0}.
The open bisector is then defined as

S2 = {C € C: Jarg (| < w or Jarg(—()| < w, ¢ #0}.

An operator T on 7 is called w-bisectorial if it is closed, o(T) C S,, and the
following resolvent bounds hold: for each p € (w,7/2), there exists C,, such that
whenever ¢ € C\ S, the inequality [¢|||(¢I—T)7 Y| < C, holds. Depending on
context, we refer to such operators simply as bisectorial and w is then called the

angle of bisectoriality.

Now fix p € (w,7/2) and let W(S,) denote the space of holomorphic functions
¥+ S;, — C for which there exists a > 0 satisfying

<"

< L
|77Z)(C)| ~ I+ |C|2a'

For such functions, we define a functional calculus similar to the Riesz-Dunford

functional calculus by
_ 1 _ -1
6 = 5 U =T e

where 7 is a contour in 5, enveloping S, parametrised anti-clockwise. The integral
is defined via Riemann sums and converges absolutely as a consequence of the decay
of 1, coupled with the resolvent bounds of T'. The operator ¢(T') is bounded. We
say that T has a bounded holomorphic functional calculus if there exists C' > 0 such
that

[H(T) < Cllv]loo

for all ¢» € W(S;). We say that a family {T'(¢)}.c;; of w-bisectorial operators has
a uniformly bounded holomorphic functional calculus if each operator T'(¢) has a
bounded holomorphic functional calculus on the same sector Sy, U{0} with a bound

which is uniform in ¢ € U.

For an w-bisectorial operator T': D(T') C S — ., we have the splitting 5 =
N(T)@® R(T) (see Theorem 3.8 and following remarks in [22]). We remark that the
direct sum is typically non-orthogonal. An w-bisectorial operator T" has a bounded

holomorphic functional calculus if and only if there exists p € (w,7/2) and ¢ €
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W(S;) satisfying the quadratic estimate

o dt
| Il = ul?
0

for all u € R(T). See [1] for the case when 7' is one-one and [22] for the general

case.

Let Py 1) denote the projection of ¢ onto N(T) which is zero on R(T'). Let
Hol™(S%,) denote the space of all bounded functions f : S5, U {0} — C which are
holomorphic on 5. For such a function f, there exists a uniformly bounded sequence
(¢n) of functions in W(Sp) which converges to f |Sg in the compact-open topology
over S7,. If T" has a bounded holomorphic functional calculus, and u € 7, then the

limit lim,, o ¥, (T)u exists in 5, and we define

F(T)u= F(0) Paryu+ lim ¢y (Tu

This defines a bounded operator independent of the sequence (¢,,), and we have the
bound ||f(T)]| < C||f||« for some C > 0.

In particular the functions x*, x~ and sgn = x™ — x~ belong to Hol™(SY,), where
XT(¢) = 1 when Re(¢) > 0 and 0 otherwise, and x ({) = 1 when Re({) < 0
and 0 otherwise. Therefore, if T" has a bounded functional calculus in .7, then
XE(T) are bounded projections, and 5 = N(T) ® R(x™(T)) ® R(x (T)). The
bounded operator sgn(7") equals 0 on N (T), equals 1 on R(x" (7)), and equals —1
on R(x"(T)).

A fuller treatment of functional calculi for such operators can be found in [1], [22]

and a local version of this theory can be found in [15].

1.8 The Axelsson-Keith-McIntosh framework

In [8], the authors engineer a remarkable framework consisting of a set of eight
hypotheses which guarantee the solution to the Kato square root problem on R”,
while simultaneously providing a unified approach to other important problems in
harmonic analysis. Their efforts culminated in producing a first-order perspective
which was absent in previous work. These authors had applications to compact

manifolds as a consequence, but the applicability of this framework to a non-compact
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geometric setting was first demonstrated by Morris in [16]. In this section, we
describe an adaptation of this framework to suit our purpose and christen it the
Azelsson-Keith-McIntosh framework (or AKM framework for short).

The adaptability and power of this framework cannot be exaggerated. Here, we
present hypotheses (H1)-(H6), with (H4)-(H6) modified to suit our setting. Two
sets of additional geometric hypotheses will be stated in Chapter 3, each reflecting

a different scenario. The hypotheses we present here provides the core framework.

First, we present the hypotheses (H1)-(H3). These are phrased in terms of an
abstract Hilbert space ¢ with inner product (-,-). These hypotheses capture

perturbations of abstract Dirac type operators and are taken in verbatim from [].

(H1) The operator I' : D(I') C  — S is closed, densely-defined and nilpotent,
by which we mean R(T') C D(T') and I'? = 0.

(H2) The operators By, By € L() satisfy

Re (Byu,u) > kq||ul? whenever u € R(I™),
Re (Bou, u) > Kol|ul? whenever u € R(I),

where k1, ko > 0 are constants.

(H3) The operators By, B satisfy By Ba(R(T')) € N (T') and By B (R(I'*)) € N (T'*).

These hypotheses are purely operator theoretic and thus have the following operator

theoretic consequences. First, define
'y =BI"By, llp=I+TIT% and II=0I-+1".

The operator 1I is self-adjoint, Ilg is bisectorial, and thus we define the following

associated bounded operators:

Ry = (I+tlp)~", B = (1+¢13)7",
QF = tIp(1+ *113) 7", OF = Iy(1+ *11%)~".

We write Ry, Py, Q¢, ©; upon setting By = By = I. The full implications of these

assumptions are listed in §4 of [3].
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We will adjourn from presenting further hypotheses to consider a general Kato
square root problem at this level of abstraction. For this, we need to know when
the operator Ilg has a bounded holomorphic functional calculus. A very useful
criterion is to prove the quadratic estimates with respect to the operator QF. This
is possible since Qf = ¢ (tIlp) where ¥(¢) = ¢/(1 4 ¢?) and therefore, ¢» € W(S?)
for some p < /2. In this thesis, we use the following criterion to access methods

from harmonic analysis.

Proposition 1.8.1. Suppose that (I', By, Bs) satisfy (H1)-(H3). Then, the quadratic

estimate - @t
| napur 5 = e (Qest)
0

for all w € R(llg) C S holds if and only if llg admits a bounded holomorphic

functional calculus.

Now, we present some Kato square root type problems for the operator Ilz. This
consists of two parts: the first being Kato square root type estimates, and the second
being holomorphic dependence of the underlying functional calculi. The Kato square

root results we present later in this thesis will be a consequence of these two parts.

The following theorem describes the first part, and it is an immediate consequence
of noting that if the operator Il admits a bounded holomorphic functional calculus,
then the projections x*(IIp) are bounded, as is the operator sgn(Ilp) = x*(Ilg) —
X~ ().

Theorem 1.8.2 (Kato square root type estimate). Suppose that (I', By, By) satisfy
(H1)-(H3) and that I1p admits a bounded holomorphic functional calculus. Then,

(i) there is a spectral decomposition
A =N(lg)® Ef ® Ep
where B = R(x*(I3)) and the direct sum is in general non-orthogonal, and
(ii) D(I) N D(') = D(Ilp) = D(V/T15°) with
Il + IThul = [Mpull ~ |V

for all uw € D(Ilp).
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The second part is described below. It is proved easily by a minor adaptation of the

proof of Theorem 6.4 in [3].

Theorem 1.8.3 (Holomorphic dependence). Let U C C be an open set and
By, By : U — L(S) be holomorphic and suppose that (I', B1((), B2(Q)) satisfy (H1)-
(H3) uniformly for all ¢ € U. Suppose further that Ilpy has a uniformly bounded
holomorphic functional calculus on S5, U{0} for some pu € (w, 5) (where w is the an-
gle of bisectoriality). Let f € Hol™(SS,). Then the map ¢ — f(Ilp()) is holomorphic
onU.

Adapting the construction in [¢], define the following Hilbert space

K = 12((0,00), 7 %),

Then, for ¢ € ¥(S;), t > 0 and almost all x € M, define the operator Sp(¢)(¥) :
A — K by (Sp)(¥)u)(t) = ¢ (tHp(c) Ju.

Lemma 1.8.4. Under the hypotheses of Theorem 1.8.5, whenever i € (w, %) (where
w is the angle of bisectoriality), the map ¢ — Sp) () is holomorphic on U for all

P e V(S

Proof. First, we note that our choice of K is an adequate replacement to K in the
proof of Theorem 6.4 in [3]. Also, for every ¢ € W(S) and t > 0, it is easy to see
that 1:(¢) = ¥ () € ¥(S;,) and [|¢ e = [[¢)[|co- Therefore, the uniformly bounded
holomorphic functional calculus assumption holds uniformly in ¢ > 0 and is again
an adequate substitution where an invocation of their Theorem 4.4 or our Theorem
1.8.3 is required. The only subtlety in the adaptation is where we require uniform
boundedness of |3 |, where the authors of [5] define Sy as above but by setting
¥ to 0 outside the interval 1/n < t < n. We are able to guarantee the existence
of such bounds by Proposition 1.8.1, when invoked with our uniformly bounded
holomorphic functional calculus assumption. With these remarks, we are able to

run the rest of the argument of the proof of Theorem 6.4 in [3]. [

With the aid of this lemma, we obtain the following Lipschitz estimates.

Theorem 1.8.5 (Lipschitz estimates). Let J,1", By, Ba, k1, ko satisfy (H1)-(H3)
and take m; < K;. Set w; € (0,5) by cosw; = w’jﬂﬁ and @ = %(@1 + wq). Let
A; € L>*(L(V)) satisfy
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(1) [[Ailloo < i,
(i) A;AsR(T), BiASR(T), A1 BoR(T) € N(T),
(ZZZ) AQAlR(F*>, BQAlR(F*), AgBlR(F*) C N(F*), and

(iv) (B,4ca,) has a uniformly bounded holomorphic functional calculus for all ¢ €
U={¢eC:[¢ <min{m|Ail, nld2lZ}}-

Letting p € (@, %), we have:

(i) for all f € Hol™(S3),
1F () = f(Hpra)ll S ([Arllee + 1A2llcc) [ flloe,  and

(ii) for all € V(S3),

e dt
/O [ (Ts)u = (i sa)ul®— S (JALS + Al el

whenever u € .
The implicit constants depend on (H1)-(H3) and n;.

Proof. The argument proceeds in a similar way to the proof of Theorem 6.5 in [].
First, we note that conditions (i) and (iii) on A4; guarantee that B;(¢) = (B; + CA;)
satisfies (H3). This is, in fact, a necessary amendment to the original proof of
Theorem 6.5 in [¢] for it to be valid. Furthermore, by the choice of ¢ for which we
assume a uniformly bounded holomorphic functional calculus is the exact set U used
in the proof of Theorem 6.5 in [3]. O

The quadratic estimates presented in Proposition 1.8.1 usually take the form of
global or local estimates. The first proposition, which is essentially the content of
Proposition 4.8 of [3], provides a set of conditions under which global quadratic

estimates exist.

Proposition 1.8.6 (Global quadratic estimates). Suppose that (I', By, Bs) satisfies
the hypotheses (H1)-(H3) and that there exists ¢ > 0 such that

o dt
| 1Rl 5 < clul?

0
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for all w € R(I'), together with three similar estimates obtained by replacing
(T, By, Bg) by (I'*, By, By), (I'*, By*, By*) and (T, B1*, By"). Then, Ilg satisfies

o dt
| napur 5 =
0

for allu € R(Ilg) C . Thus, llg has a bounded holomorphic functional calculus.

In the case of the local theory, we have the following proposition which is an adap-
tation of Proposition 5.2 in [16]. The reason we call such estimates local is because
in the integral appearing in the hypothesis of the proposition, we integrate to some

ty < oo rather than to oo as in the global case described previously.

Proposition 1.8.7 (Local quadratic estimates). Suppose that (I', By, By) satisfies
the hypotheses (H1)-(H3) along with ||ul| < ||Tu|| for v € R(II), and that there
exists ¢ > 0 and ty > 0 such that

fo B 2 dt 2
i 187 Peull” + < clju] QL)

for all w € R(T'), together with three similar estimates obtained by replacing
(', By, Bg) by (I'*, By, By), (I'*, By*, By*) and (I, B1*, By*). Then, I1p satisfies

o dt
| nerur =
0

for alluw € R(Ilg) C . Thus, g has a bounded holomorphic functional calculus.

Proof. The proof is similar to the proof of Proposition 5.2 in [1(]. The assumption
that [|u]] < ||TTu|| allows us to handle the integral from to to co. Then, by invocation

of Proposition 1.8.6, we obtain the conclusion. O

Chapter 3 is dedicated to showing when these propositions are satisfied under a

suitable extra set of assumptions.

We continue to introduce the next set of hypotheses (H4)-(H6). They are essentially
the same as the assumptions made in [3] and [16], but modified for vector bundles

over measure metric spaces.

To formulate (H5), we need the following terminology that allows us to talk about

bounded operators over vector bundles. Let V be a vector bundle over a metric
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space X. We define the following.

Definition 1.8.8. The space L(V) is defined as the vector bundle whose fibres are
L(V,) = L(CV).

It is easy to see that L£(V) is actually an algebra and the following proposition

illustrates some of its properties.

Proposition 1.8.9. The space L(V) is a vector bundle of rank N2. If 1, : U, X
CN — i, (U,) is a trivialisation for V, then ¢, : U, x CN° — ﬂz(lv)(Ux) given by

(,Dx(ZE, (aij)) = aijgpw(l‘a €i)¢x($a ej)*’

where p,(z,e7)" € Vi, and (a;;) € CN*. If further V is equipped with a metric b,

then L(V) is a normed bundle under the norm

|T,|, = sup |T,v],

lv|=1
where T, € ”Z(lv) {z}.
Proof. Fix T' € L(V) and u € V,. Fix a trivialisation ¢, : U, x C¥ — ﬂ;l(UI) at
x, and write u = w;e’ in this trivialisation. Then,
Tou = u;T,et = ui(Txei)jej,

and ((T,e');) € CN°. This shows that £(V) is a rank N? vector bundle and that

0y 2 Uy x CN g WZ(IV)(U;E) as given above is indeed a trivialisation.

Now, fix z € X and let {€’} be an orthonormal basis with respect to h at z. Then,

12
Toul® = Jus* | Toe’|” < Cp, Y fuil® = Co, [ul?,

i
with C7, = max; |T,€'|”. This expression is independent of coordinates and shows

that |T,| is indeed a norm, which makes £()) a normed bundle. O

With this terminology at hand, we list hypotheses (H4)-(H6).

(H4) The Hilbert space # = L*(V), where V is a vector bundle with continuous
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metric h over a complete measure metric space X with a Borel-regular measure

L.
(H5) The operators Bj, By are multiplication operators, i.e. B; € L™(L(V)).

(H6) The operator I' is a weak first-order differential operator. That is, there ex-
ists Cr > 0 such that whenever 7 is a bounded Lipschitz function, we have
that nD(I') € D(I') and M,u(z) = [[',n(z)I] u(z) is a multiplication operator
satisfying

Myu()] < Cr |Lip ()] [u()

for all w € D(I') and p-almost all x € X.

Remark 1.8.10. We note as in [/0] that (H6) implies the same statement as itself
but with I' replaced by either I'* or 11.

The hypothesis (H6) in [¢], [7] and [16] had Vu appearing instead of Lip u since the
authors of these papers had the luxury of a differentiable structure which they could
exploit. The use of the Lipschitz pointwise constant was motivated by the work of
Cheeger in [16] where the author uses Lipschitz maps in measure metric spaces to

talk about differentiability properties.

For first-order operators on smooth manifolds or smooth bundles, the commutator
[, n] for n € C is actually the principal symbol of the operator. See, for instance,
[19]. As do the authors of [8], we use (H6) to characterise that I' is a first-order

differential operator through this condition.

A most important consequence of the hypotheses (H1)-(H6) is that they allow us to

prove off-diagonal or Davies-Gaffney estimates.

Proposition 1.8.11 (Off-diagonal estimates). Let U; be either R, PB QP or ©F
fort € R*. Then, there ezists a Co > 0, which only depends on (H1)-(HG6) and for
every M > 0, there exists Cyy > 0 such that

o\ d(E, F
eUiad < Cor (g s ) o0 (~Ca™ 52 ) el

whenever E, F are Borel, spt u C F.

This proposition appeared in this form in [10], and it is essentially contained in [8].

The former proof is easily adapted to yield a proof for this proposition by employing
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the Lipschitz separation lemma (Lemma 1.2.1) to obtain control on cutoffs due to

the fact that our (H6) is formulated in terms of the Lipschitz pointwise constant.

We conclude this section by spelling out the philosophy of how we use these esti-
mates. As we have stated before, the goal is to obtain quadratic estimates (Qest).
While there could be many different methods to prove such estimates, we will only
focus on techniques from harmonic analysis in this thesis. The off-diagonal estimates
are a crucial tool in this endeavour as they provide us exponential decay which we

then pit against growth of the underlying measure metric space in the analysis.
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PRELIMINARIES



Density problems on manifolds

and vector bundles

In the analysis of differential operators, it is often useful in calculations to know
that the set of smooth, compactly supported functions (or sections) is dense in the

domain of the operator in question. We call this the density problem.

In this chapter, we study the density problem for some canonical differential oper-
ators on vector bundles over smooth, complete Riemannian manifolds. Under very
general assumptions, we show that smooth, compactly supported sections are dense
in the domains of these operators. Furthermore, we show that smooth, compactly
supported functions are dense in the second-order Sobolev space on such manifolds
under the sole additional assumption that the Ricci curvature is uniformly bounded
from below. This improves the current known result which also requires a lower

bound on the injectivity radius.

2.1 Essential self-adjointness and hyperbolic

equations

The perspective that we develop here hinges on the maximal nature of self-
adjointness. Running the risk of labouring the point, we present some lemmata
that are useful to the proofs we present in this chapter. Recall from §1.7 the notion

of self-adjointness and symmetric extension.

43
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Proposition 2.1.1. Let T be self-adjoint, and S a symmetric extension of T'. Then,
S=T.

The following proposition yields the same conclusion as above, but it is more useful

since we only need to verify that the operators are equal on a dense subset.

Proposition 2.1.2. Let T and S be self-adjoint. If D C D(T) ND(S), D is dense
in D(T'), and Tu = Su for allu € D, then T = S.

Proof. Since S is self-adjoint, in particular it is symmetric, and thus, by Proposition
2.1.1, it suffices to show that T' C S.

Let u € D(T'). By the hypotheses, there exists a sequence u; € D such that u; — u
and T'u; — Tu, and further Tw; = Su;. Thus, we have that u; — v and Su; — T'u.
But the self-adjointness of S in particular means that S is closed and hence u € D(S)
and Su = T'u. This shows that T" C S as required. O

The work of Chernoff in [19] is central to proving the results we present in this

paper. Thus, for the convenience of the reader, we recall some ideas from [19].

Our setting is the following. Let M be a smooth, complete Riemannian manifold
with smooth metric g and volume measure p. Further, let V denote a smooth,
complex vector bundle of finite rank over M with smooth metric h. Since V is

complex, we assume that h is hermitian symmetric. We denote the fibre of V over

xr e M by V,.

Next, let L be a first-order differential operator on C*>°(V), and let L, = L with
domain C°(V). We recall the symbol of L from [19]. Let x € M, v € TiM, e €V,
and fix g € C*°(M) and f € C*(V) such that dg(z) = v and f(x) = e. Then, the

symbol of L at x in the direction v acting on e is defined by
o(z,v)e = or(z,v)e = [L, gI] f(z).

We note that this is really the principal symbol of the operator L and emphasise as

in [19] that this definition only applies to first order operators.
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Retaining the nomenclature of [19], we write the speed of propagation at x as

c(x) = cp(x) = sup |o(z,v)]
|v|=1
where |o(x,v)| = sup|._; |0(z,v)e|. Fix zp € M and r > 0. Then, the speed of
propagation of L inside the ball B(zg, ) is given by

c(r)=cp(r)= sup c(z).
z€B(zo,r)
With this notation at hand, we present the following theorem which is an immediate
consequence of Theorem 2.2 in [19]. This result is the central tool that we use in

this chapter.

Theorem 2.1.3. Let V be a smooth vector bundle with smooth metric h over a
smooth, complete Riemannian manifold M. Let I be a first-order differential op-
erator on C*(V) and I1. the same operator as I1 but with domain CX (V). If Il. is
symmetric and there exists C' > 0 such that cyp(x) < C for each x € M, then every

power of 11, is essentially self-adjoint.

2.2 Connections, divergence and Laplacians on

vector bundles

In this section, we further assume that V is equipped with a connection V and that
it is compatible with h. Let V. be the restriction of V to C°(V). Then, we have

the following proposition.

Proposition 2.2.1. Suppose that the connection NV and the metric h are compatible.
IfT € C2(V) and P € L2NC®(T*M @ V) orif T € L>NC>®(V) and P €
C(T*M ®V), then

/ (VT P) dy = / (T, —trVP) dp. %)
M M

Proof. Fix x € M so that we can locally write T = Tje! and P = Pydz* ® ¢'. Next,
define the V “inner product” yielding a 1-form by (T, P),, = T;Pyh(e’, €')dz*.

Now, to make calculations easier, further assume that {z'} are normal coordinates
at x. Then, for any X = X,da*, we have that the divergence at « is div X = 0,X.
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Thus, at z,

div (T, P)y, = > (9T Puh(e’, ') + Y T:Puh(Vo,e' ')
k k

+ ) Ti(OkPra)h(e’, ') + > TiPuh(e', Va,e')
k k
by the compatibility of V and h.

A calculation at z then shows that VT = V (Tie') = 0y Tidz" ® e' + Tyda* @ Vy, €.
Also, tr VP =), O P! + >k P, Ve, since we assumed normal coordinates at x,

making Vdx* = 0. Then, a direct calculation shows that

(VT,P) = (0:Ti)Pub(e',e") + Y T,Puh(Voe' e'), and
k k

(T,trVP) =Y T P)h(e'e)) + > T,Puh(e’, Vo, e).
k k

Thus, at z, div (T, P),, = (VT,P) + (T, tr VP) .

By the compactness of spt T' or of spt P, it is easy to see that spt (T, P),,
spt (T, tr VP) and spt (VT, P) are all compact. Thus, we integrate this equation

over M and apply the divergence theorem to obtain the conclusion. O

This means the operators V. and — tr V. are adjoint to each other and by the density

of C in L2, both these operators are densely-defined and closable.

Define —div = V.*. Clearly, tr V. C div, and moreover, tr V. C div. Furthermore,
let V = (—trV,)*. It is clear that V. C V. In this section we show that under ap-
propriate conditions, V, = V. The following proposition illustrates the connection

of this statement to density problems.

Proposition 2.2.2. Let M be a smooth Riemannian manifold andV a vector bun-
dle with metric h and connection V that are compatible. Then, the following are

equivalent:
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(iv) CX(T*M ® V) is dense in D(div).

Proof. Suppose that tr V, = div. Since V. is closed and densely-defined, (— div)" =
V. = V.. Also, (—div)* =tr V. = (trV,)* = V. Thus (i) implies (ii). By similar
reasoning, (ii) implies (i). Now, we note that V. = V if and only if C2°(V) is dense
in D(V) since V., = V on C2°(V). Thus, (ii) and (iii) are equivalent. By similar

argument, (iv) and (i) are equivalent to each other. This concludes the proof. [J

Remark 2.2.3. Note that we do not assume completeness in this proposition.

We also consider the following self-adjoint operators Ag = — div V. with domain
D(Ag) = {ueL*(V):ueD(V.), Veu e D(div)} C D(V.)
and Ay = —tr V,V with domain

D(An) = {u e L*(V):ue D(V), Vue D(ﬁ)} c D(V).

These are two Laplacians on the vector bundle. Furthermore, by (%), we find that
the connection Laplacian A, = —trV.? with domain C°(V) is densely-defined
and closable. Let Ay denote the closure of A, and denote its domain by D(Ay).
Certainly, it is easy to see that Ay C Ag and Ay C Ap and we have the following

proposition which lists some equivalences.

Proposition 2.2.4. Under the same hypotheses as Proposition 2.2.2, the following

are equivalent:

(i) Ay is self-adjoint,
(ZZ) AO - AB - AA,
(111) C2(V) is dense in D(Ap),

(iv) CX(V) is dense in D(Ay).

Proof. If A is self-adjoint, then since Ay C Ag and Ag C Ax where Ag and Ay
are in particular symmetric, Proposition 2.1.1 allows us to conclude that Ay = Ag
and Ag = Ax. Thus, (i) implies (ii). It is easy to see that (ii) implies (iii) since
Ay = Ag on C(V). Similarly, (ii) implies (iv). If (iv) holds, then Ay = A and Ay
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is self adjoint and so (iv) implies (i). Similarly, (iii) implies (i) and this concludes
the proof. n

We also define the following objects that we call co-Laplacians. First, define > =

—V.div with domain
D) ={ue L) (T"M®YV) :u € D(div), divu € D(V.)} C D(div).

Also, let > = —Vir V. with domain

D) = {u e LX(T*M@ V) ueDIrv,), tVou e D(@)} c D(Irv,).

It is easy to see that both these operators are self-adjoint. The corresponding
connection co-Laplacian is then given by >, with domain C°(T* M ®V). As for the
connection Laplacian, the condition (%) implies that [>. is a densely-defined, closable
operator. Thus, let B>y denote the closure of >, with domain D(B>). It is easy to see
that >y C > and B>y C [>. We have the following list of equivalences whose proof is

similar to that of the analogous proposition we proved for the Laplacians.

Proposition 2.2.5. Under the same hypotheses as Proposition 2.2.2, the following

are equivalent:

(1) L is self-adjoint,
(ii) o = > =D,
(117) CX(T*M ® V) is dense in D(>),

(iv) CE(T*M ® V) is dense in D(>).

We now prove the main result of this section. We remark that as a consequence of
this theorem, each of the statements of Propositions 2.2.2, 2.2.4, and 2.2.5 hold.

Theorem 2.2.6. Let M be a smooth, complete Riemannian manifold with smooth
metric g and let V be a smooth vector bundle over M with smooth metric h and
connection V. Suppose that h and V are compatible. Then, V, = V and Ay and
Do are self-adjoint.

Proof. Let 7 = L*(V) & L*(T*M ® V) and define

0 0 —trV
\Y 0
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with domain D(II) = C>*(V) & C*(T*M ® V). Let II. denote II with domain
D(I1,) = CX(V) & C*(T*M ® V). First, we show that (IL.u,v) = (u,Ilv), for
u,v € D(IL.). Let u = (u,uz),v = (v1,v9) € D(Il.). Then, Il.u = (— tr V ug, Vouy)
and Il.v = (—tr V, vy, V.v1). Therefore,

(eu, v) = (—tr Voug, vr) + (Veug, v2), and
(u, [Tov) = (uy, — tr Vovg) + (ug, Vevr) .

But, by (x),
(—trVeug,vy) = (ug, Vevr)  and  (Veup,ve) = (ug, — tr Veus) .

Therefore, (Il.u,v) = (u, [l.v) .

Next, we compute the symbol of II. Fix z € M and v € TiM and e = (eg,e3) €
Ve ®TIMRV,. Let f € C2(V)BC®(T*M®V) such that f(z) = e, and g € C*(M)
such that Vg = v. Recall the following product rules for V and tr V:

V(gf)=Vg® f+gVf, and trV(gf)=gtrVu+tr(Vg® f)
where by Vg we mean complex conjugation. Write f = (f1, f2). Then,
gif =g(=trV fo,V f1)

and
H(gf)=(—gtrVfo —tr(Vg®@ f2), Vg @ f1 + gV f1).

Thus,

o(z,v)e = H(gf)(x) — (gILf)(z)

= (—tr(Vg(x) ® fo(x),Vg(z) ® fi(z)) = (—tr(t ®e3),v ® e1)

since f(z) = (e1,e2). Therefore,

|o(z,v)el* = [=tr(@® e2)* + [v @ e1|* < o] fea] + v |e|”

= vl (leal” + le]*) = [v]|e]”.
From this, it is easy to see that |o(z,v)| = |v| making c(x) = 1.

These facts demonstrate that the hypotheses of Theorem 2.1.3 are satisfied for II
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and so we conclude that II, is essentially self-adjoint. Letting II; denote the closure
of II.., note that

I, — 0 —rVe) g T = 0 —div)
V. 0 v o0

By the self-adjointness of IIj, we find that II} = H_O* = IIy* = IIy. Thus, V, = \Y,
and tr V. = div.

Also, we have that

H2 o - tr Vc2 0 o Ac O
¢ 0 —V, trV, 0 ./

By Theorem 2.3, I1? is essentially self-adjoint, which implies that A, = Ay and
D>, = [> are also self-adjoint. O]

Remark 2.2.7. WhenV is M xC, i.e. for functions, the self-adjointness of Ag on
L2(M) under the assumption that M is complete is a well known fact. It was stated
in [19] as an application, and the author of this paper points to [30] by Gaffney and
[17] by Roelcke as historical references. Similar results for forms and tensors are
obtained by Strichartz in [5/].

We point out the following immediate consequence of this theorem for the tensor

Laplacian and co-Laplacian.

Corollary 2.2.8. Let M be a smooth, complete Riemannian manifold with metric
g and connection V that are compatible. Then, CX(TPDM) is dense in D(Ap)
and C(T®4+V M) is dense in D(>).

Remark 2.2.9. We emphasise that in the corollary, we do not rule out the possibility
that V has torsion. That is, the relationship VxY — Vy X = [X,Y]| may fail for
some X, Y € C*(TM).

Next, we show some consequences of Theorem 2.2.6 to Sobolev spaces on vector
bundles. Recall the spaces SY from §1.5. Let Vy : S — C* N LY T*M ® V) be
defined by V5 = V. Then, we have the following operator theoretic characterisations
of W12(V) and Wy (V).

Corollary 2.2.10. Under the same hypotheses as Theorem 2.2.6, V4 is a densely-
defined, closeable operator and W“2(V) = D(V3). Furthermore, W3*(V) = D(V,)
and W2(V) = WH2(V).
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Proof. Fix u € S7 and v € C®(T*M @ V). Then, by Proposition 2.2.1, V is
densely-defined and closeable. Furthermore, it shows that Vo, C V, and it is easy
to see that V. C V5. Then by Theorem 2.2.6, we have that V, = V= Vs.

Since Vo = V on S, it is easy to see that WH2(V) = D(V,). We find that

Wy?(V) = D(V,) for a similar reason, and this concludes the proof. O

Remark 2.2.11. In this generality, do not know whether Wi (V) = W*2(V) for
k > 2. In fact, even for the case V = MxC with V being the Levi-Cevita connection,
we use assumptions on curvature to show that Wo*(M) = W?2(M). We deal with
this situation in §2.4. The case for k > 2 is considered in Proposition 3.2 in [75].

In the following result, we provide an alternative proof of the previous propo-
sition which does not rely on Theorem 2.2.6. It shows that ewvery connection
Vy, 1 87 — C®(T*M ® V), not just those on complete manifolds, are densely-
defined and closeable. The proof also highlights more explicitly the way in which

completeness creeps into the picture when proving that C°(V) is dense in W2(V).

Proposition 2.2.12. For every vector bundle V, metric h and connection V over

an arbitrary manifold M,

(i) the operator V, is densely-defined and closed,

(ii) if the manifold M is complete, then C°(V) is dense in W2(V).

Proof. We prove (i). That C*(V) is dense in L*(V) is shown by a mollification
argument after covering the manifold by countably many compact sets corresponding
to coordinate charts. Since C(V) € C* N L?(V), we have that V, is a densely

defined operator.

We show that V, is a closable operator by reduction to the well known fact that
V, = d is closable on scalar-valued functions. Fix u, € 512 such that u,, — 0 and
V,u, — v. For each € M, we can find an open set K, such that K, is compact
and with a bundle chart ¢, : K, x CN — 7t,'(K,). Let {K,} be a collection of such
sets and let {K;} denote a countable subcover. Now, fix K; and let {e'} denote an
orthonormal frame (by a Gram-Schmidt procedure) in K;. Write u,, = (u,);e’ and
note that
Vot = Vo(un); @ € + (uy); Ve



52 2. DENSITY PROBLEMS

and therefore,

Z Vo (tn); — v = [Va(uy)i @ e’ — v|2 < |Voun —vf* + sgp ‘Vgelf |t |?

Since by assumption K; is compact and the basis e is smooth, we have that

sup; }Vgel’2 < ()} for some C; dependent on K;. Thus,
"v2(un>z - Uz‘H%ﬁ(Kj) — 0.

Thus, we have that (u,); — 0 and V,(u,); — v; in L?(Kj), and by the closability of
V5 on functions, we have that v; = 0 almost everywhere in K. Thus, v = 0 almost
everywhere in K and consequently v = 0 almost everywhere in M. This proves

that V, is a closable operator.

Now we prove (ii). Since we assume that M is complete, the Hopf-Rinow theorem
guarantees that closed balls are compact. Fix some centre x € M and consider
closed balls B(x,r). For such balls, we can find 5, € C2(V) such that spt 7, is
compact, 0 <n < 1,7, =1on B(z,r) and sup |Vn,| = 0 as r — oo. Now, for any

u € HY(V), n,u is compactly supported. Also,
V(nu)=Vn @u+nVu
and

IV () = Vul <[V @ ul| + [l Vu = Vul] < sup V| lfull + {17 Vu— Vaul| =0

as 7 — oo. Thus, it suffices to consider u € W2(V) with spt v compact. But
for each such u, an easy mollification argument in each bundle chart will yield a

sequence u, € C°(V) such that |lu, — u||gp — 0. O

Remark 2.2.13. This proof of (ii) is somewhat instructive as to why a simple
argument of this kind cannot be used to prove a similar result for higher order Sobolev
spaces. Let us just consider the case of k = 2. In this situation, we would need to
find n, such that ‘V277T‘ 1s small, and we should expect curvature to serve as an

obstruction.

Let us return back to realising the Sobolev spaces W*2()) as the domains of an
appropriate operator. Define Z : S? — @, C*NLA(TOIM ®@ V) by Zpu =
(Viu)le. The following proposition characterises Sobolev spaces in terms of this

operator.
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Proposition 2.2.14. Under the same hypothesis as Theorem 2.2.6, the operator =
is closeable and W*%(V) = D(Z}).

Proof. We note the case k = 1 is handled in Corollary 2.2.10.

Let u, € S? such that u, — 0 and Zzu, — (v;)¥_,. Then, we have that v; = 0 by
Corollary 2.2.10. Set w,, = Vu, so that w, — v; = 0 and Vw, — vy. Again, by
invoking Corollary 2.2.10, we conclude that vy = 0. Proceeding this way, we find

that v; =0 for all =1, ... k. Thus, = is closeable.

That W2(V) = D(Z;) follows from the fact that ||ullws2 = |Jullz, = |Ju] + ||Zxull
for u € S%. O

We conclude this section with the following regqularity result. We only use this result
in §2.4 by specialising V to M x C. However, we include it in this section since it

is of interest in its own right and holds true at this level of generality.

Proposition 2.2.15. Let M be a smooth, complete Riemannian manifold and V a
smooth vector bundle with metric h and connection ¥V that are compatible. Then,

Wi? € D(Ag) and W*2(V) C D(Ag) continuously.

Proof. First, we show that whenever u € C* N L3(V) and tr V?u € C>® N L2(V),
then v € D(Ag) and Agu = —trV?u. For that, fix v € C®(V) and let w €
C*NL2A(T*M®V) with tr Vw € C*NL*(V). Then, since z — h(v(z), — tr Vw(z))
is compactly supported, we have (—tr Vw,v) = (w,V.v). Furthermore, by an
application of the Cauchy-Schwarz inequality, we find that Vu € C*NL2(T*M&@V).
Thus, upon putting w = Vu, we have that <—trV2u,U> = (Vu,V.v). Again,
since x — g(Vu(z),V.v(x)), is compactly supported, we have that (Vu, V.v) =
<u, —tr VCQU>. In particular, for our choice of v, we have that Agv = — tr Vv and
since Ag is self-adjoint, u € D(Ag) and Agu = — tr V2u.

Now, we show that W*2(V) C D(Ag) continuously. So, fix u € W2%()) and note
that as a consequence of Proposition 2.2.14, there exists u, € C>® N L2(V) such
that u, — w, and Zou,, — =Zou. In particular, (Z2u,,) is Cauchy and therefore,
V2u, — V?u,,|| — 0. Coupling this observation with the fact that |tr Vu,| <
\VQUHI, and since Agu,, = — tr V2u,,, we have that Agu,, — v. But Ag is closed
and hence, v € D(Ag) and v = Agu. The continuity of the embedding follows

easily.



o4 2. DENSITY PROBLEMS

Since Wo?(V) € W22(V) is a continuous embedding, we conclude that We(V) C
D(Ag) continuously. O

2.3 Exterior, interior derivatives and the Dirac

operator

For technical clarity, let us denote the exterior and interior derivatives by d., and
doo With domains D(de) = D(8s) = C°(2(M)). Recall that they satisfy the local
expressions

doow = dz A Vow and S w = —dx' Va,w.

On p-forms, we have that d,, : C®(QP(M)) — C®(QPT(M)) and that 8. :
C®(QP(M)) — C(Qr~1(M)). By d. and b, denote the operators d,, and &,
but with D(d.) = D(8.) = CX(Q2(M)). Recall also that

(dew,n) = (W, d:n)

for w,n € CX(2(M)). Thus, d. and 0. are densely-defined, closable operators. We
denote the closures by dy and 8 respectively. Also, let d = 6 and & = d.. Then,

we have the following theorem.

Theorem 2.3.1. Let M be a smooth, complete Riemannian manifold with smooth
metric g and Levi-Cevita connection V. Then, dg = d and 6y = &. In other words,
Ce(Q2(M)) is dense in D(d) and in D(8). Furthermore, CZ(2(M)) is dense in
D(dd) and in D(5d).

Proof. Define
with D(Ily) = C®(Q2(M)) ®C>(2(M)). Then, let II. to be the operator I, with

D(II) = CZ (M) ® CZ(Q(M)).

First, we show that II. is symmetric. Fix u = (uy,u2),v = (vy,v9) € C®(2(M)),
and note that I.u = (d.us,d.uy), Il.v = (8.v9,d.v1). Then,

<chv 'U> = <6Cu2a U1> + <dc u17U2> - <u27dc Ul> + <U17 6CU1> - <U, HCU> .
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Now, fix v € T*"M and e € Q,(M). Let g € C®°(M) and f € C®(QM)) @
C>®(2(M)) such that dg(x) =v and f = (f1, f2) and f(x) = e = (ey,ez). Then,

o(z,v)e = [ls, g1] f(2) = oo (9f) = glloof = (80(9./2) = 900 f2, dso(9f1) — g o f1)-
Note then that,
doo(9f1) = 9deo f1 = (des g A 1+ 9deo f1) — gdoo f1 = dss g A fr.
Thus, at z, dw g A f1 = v A e;. By a similar calculation,
Boo(9f2) = 90ccfo = (98scfr —das g L fo) = g8cf2=—dx gL f2
so that at x, dew g L fo = v L e5. We combine these two calculations so that
oz, v)el” = [oAer” + v L e < Jof* (lerf* + leal) < Jol” e

Therefore, |o(z,v)| = |v| and thus, ¢(r) = 1. Therefore, by Theorem 2.1.3, we

conclude that II. and powers of II. are essentially self-adjoint. Thus, I} = ﬁz =11,

m= (),
d 0

we conclude that d. = d and 8. = 9.

e 5.d. 0
¢ 0 d.é,

and by similar reasoning as above, we have that §.d. and d. . are self-adjoint. It is
easy to see that 6.d. C dd and d. 6. C d§. Furthermore, 6 d and d & are self-adjoint
and so by Proposition 2.1.1, we conclude that é.d. = 0d and d. &, = d 6. O

and since

Next, note that

Also, recall that the (smooth) Hodge-Dirac operator Do : C®(Q2(M)) —
C*(Q(M)) is given by Dy = deo +000. Let D. = d.+8. with domain D(D,.) =
C(2(M)). An easy calculation shows that

(Dew,m) = (w, Den)

when w,n € C(Q2(M)). Thus, D, is a densely-defined, closable operator. Denote
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its closure by Dy and let D = d +J. The latter operator is the Hodge-Dirac operator
with domain D(D) = D(d) N D(5). As a consequence of Theorem 2.3.1, D is self-
adjoint. The Hodge-Laplacian is then denoted by D?. The following theorem is well
known and it is presented in [19] as an application. However, we include it here for

completeness.

Theorem 2.3.2. Let M be a smooth, complete Riemannian manifold with smooth

metric g endowed with the Levi-Cevita connection V. Then, we have that Dy = D
and D? = D?. In other words, C(Q2(M)) is dense in D(D) and in D(D?).

Proof. 1t is straightforward to check that D, is symmetric. The computation of the
symbol was done in the proof of Theorem 2.3.1. Explicitly

o(z,v)e=vAe—uvLe,

and thus ¢(r) = 1. Thus, by Theorem 2.1.3, we have that Dy is self-adjoint. But
Dy € D and D is self-adjoint so by Proposition 2.1.1, we have that Dy = D. Similarly,
DZ=D?, 0

2.4 Second-order Sobolev spaces on manifolds

In this short section, for smooth complete manifolds endowed with the Levi-Cevita
connection, we show that W7*(M) = W?2(M) whenever Ric > ng for some 7 €
R. This improves the current result recorded by Hebey in [33] which requires the
additional assumption that inj(M) > x > 0. This is the content of Proposition 3.3

in [33]. This theorem is a consequence of the results which we have obtained in §2.2.

Theorem 2.4.1. Let M be a smooth, complete Riemannian manifold with metric
g and Levi-Cevita connection V. If there exists n € R such that Ric > ng, then
Wy (M) = W2(M).

Proof. We note that the hypotheses of this theorem also satisfy those of Theorem
2.2.6 and Proposition 2.2.15 with V as M x C. By the latter result, we have that
Wi (M) C D(Ap) and W>2(M) € D(Ag) continuously.

Next, recall the following Bochner-Lichnerowicz-Weitzenbock identity

VA, Vi) = SA [Vl + [V2u[? + Rie(Vu, Vu
2
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for u € C*(M). By using the bound Ric > ng, we obtain that || V2u|| < ||(14+A)ul|
whenever u € C*(M). Thus, coupled with the fact that Ay = Ap by Theorem
2.2.6, we find the the reverse inclusion D(Ag) € Wi (M) holds and this allows us
to conclude that D(Ag) = W% (M).

Combining these set inclusions, we have that W22(M) C D(Ap) = Wi*(M). But
W2*(M) € W22(M) continuously and so we conclude that W (M) = W22(M).
[l
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The quadratic estimates

In this chapter, we prove quadratic estimates (Qest) in two settings - on measure
metric spaces of polynomial growth and for such spaces with exponential growth.
These estimates depend on the hypotheses (H1)-(H6) which we have already de-

scribed in §1.8 and two additional geometric hypotheses which we present here.

In the case of polynomial growth on trivial bundles, these hypotheses are (H7-H)
and (H8-H). Under these assumptions, we obtain global quadratic estimates. For the
more general exponential case, we are able to permit the bundle to be non-trivial
but bounded. In this setting, we are able to at best prove local quadratic estimates
under two additional hypotheses (H7-I) and (HS8-I).

We acknowledge here the authors of [3] and of [16] whose work provided vital moti-
vation and guidance in obtaining the homogeneous estimates. The material in [10]
is of paramount importance in the inhomogeneous case. In fact, we use much of the
technology from [16] to obtain these latter estimates. We will cite the exact results

from [3] and [16] as we present the proofs of these results throughout this chapter.

3.1 Polynomial growth and trivial bundles

In this section, we obtain global quadratic estimates generalising the quadratic esti-
mates in the paper [3]. It is these estimates that are employed in Chapter 4 to obtain

homogeneous estimates for the Kato square root problem for subelliptic operators

29
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on Lie groups, thus extending the Kato square root problem on R".

While the structure of our proof is based on the proof in [%], our proof here does not
follow immediately from previous work. As we have previously mentioned, we have
divorced the assumptions on the operator I' from requiring the underlying space to
have a differentiable structure. This is a significantly different scenario from the
proof in R™ and requires a more subtle formulation of the framework in which we

work.

The metric and measure in the proof of [3] were strongly related, with the measure
arising as the canonical measure from the Riemannian metric (the Euclidean inner
product) on R™. We have allowed for more general measures and metrics in our proof.
This is of vital importance in the study of subelliptic problems on Lie groups in
Chapter 4 as the sub-Riemannian structure requires this weaker interaction between

the measure and metric.

The proof in [3] relies upon significant ideas from modern harmonic analysis, in-
cluding covering theorems, maximal functions, tent spaces, and Carleson measures.
In order to prove a generalisation of the quadratic estimates in [3], we have had to
formulate and verify such results in our measure metric space setting. While it is
possible that these technical results are not new, we present them in detail in a later

sub-section.

We obtain the global quadratic estimates under the hypothesis that V is trivial, in

addition to assuming the measure grows at most polynomially.
As a consequence of the triviality assumption, throughout this section, we assume
that ¥V = C¥ for some N € N. As we have previously stated, we assume that the

measure (4 is at most polynomial in growth.

Let us now introduce the two geometric hypotheses. The following is the first, and

it is called the cancellation hypothesis.

(H7-H) For each open ball B, we have

/Fud,u:(] and /F*vd,u:O
B B

for all uw € D(I') with spt u C B and for all v € D(I'™*) with spt v C B.
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Next, we have the following Poincaré hypothesis, which contains as a part of it a

coercivity hypothesis.

(H8-H) -1 (Poincaré hypothesis)
There exists C’ > 0, ¢ > 0 and an operator Z : D(Z) C L*(X,CV) —
L?(N) where N is a normed bundle with norm |- |,, such that D(IT) N
R(IT) € D(Z) and

/ lu—ug|® du < 0/7“2/ Zul3, dp
B B

for all balls B = B(xz,r) and u € D(II) N R(II).
-2 (Coercivity hypothesis)
There exists C' > 0 such that for all v € D(IT) N R(II),

=iz < CITull.

Under these hypotheses, the main theorem we prove in this section is the following.

Theorem 3.1.1. Let (X,d, i) be a complete measure metric space which is at most
polynomial in growth, ¥V = CV, and (T, By, Bo) satisfy (H1)-(H6), (H7-H) and (HS-
H). Then, Ilp satisfies the quadratic estimate

o dt
| napur 5 =

0

for allu € R(Ilg) C L2(X,CN)

3.1.1 Consequences of the dyadic decomposition

Recall that as a consequence of the polynomial growth assumption (Pol), the space
X admits a dyadic decomposition as described in Theorem 1.3.2. Here, we prove
some important estimates which are a consequence of the doubling property using
the dyadic decomposition. We recall C1, Cy, ag,d,n, 2%, I;, and Q* from Theorem
1.3.2.

Define 2F = {Q’; T € Ik} to be the level k dyadic cubes and 2 = U, 2% to be the

collection of dyadic cubes. For Q¥ € 2% define the length as £(QF) = 6% and the
k

o’

centre as z
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It is easy to see that each 2% is a mutually disjoint collection. Furthermore, we
have (U2*%) = Uge 2:0Q. These facts coupled with the assumption p(B(z,r)) > 0
implies that X = U2k,

Fix a cube Q € 27 and denote the centre of this cube by 2. We are interested in
counting the number of cubes inside “shells” centred from this cube. We begin with

the following definition.

Definition 3.1.2. Whenever k > 1, define
6. = {Qfx € (k-1)C¥ < d(z,zg) < kCldj} )
Also, let 6, = {Q), € 27 : d(z,2]) < kC167}.
It is easy to see that 2/ = Up>1%;. We compute a bound for card ¢} (where

card S denotes the cardinality of a set S). First, we have the following proposition

describing the distance of points in U%} to z.

Proposition 3.1.3. Let Q) € 6). Then,

(i) 0 <d(z,x) < (k+1)Cy& for all x € QI when k < 2, and

(it) $kC167 < d(z,2) < (k+ 1)C1d7 for all x € QY when k > 3.

Proof. Fix Q) € 6, and fix z € Q?. Then,
d(z,2) < d(x,2)) +d(z), 2) < diam Q7 + kC 67 < (k +1)C16.

Also,
(k— 1018 < d(z,2)) < d(x,2) +d(x,2)) < d(z,2) + C1&.

Combining these two estimates we have

(k—2)C107 < d(z,2) < (k+1)01.
This gives us (i). To obtain (i), note that whenever k > 3 we have 1k <k —2. [0
Next, we compare two balls which are separated by an arbitrary distance. In the

following proposition (and indeed the rest of the section), let us fix p to be the

constant arising in the polynomial growth condition (Pol).
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Proposition 3.1.4. Fiz balls B(z,r), B(y,r) C X. Then, for all e > 0,

o-p <d(x,y) +r+e

r

>_pu(B(’y, ") < u(Bl.r)

< 2° <d(x’y) et E)pM(B(w))-

r

Proof. Fix € > 0 and note that
B(a,r), B(y.r) C Blx,d(z,y) +r + &), Bly, d(x,y) + 7 + ).

Therefore,

Similarly, we have

(B < (B (5 AL ))

o (d(m,y) +r+e
T

IN

) uB)

which establishes the claim.

63

Let us make a parenthetical remark regarding our assumption 0 < u(B(z,r)) < 0o

for all x € X and r > 0. By coupling the previous proposition with the

doubling property, we are able to recover this assumption if we only required

0 < u(B(zo,70)) < 0o to hold for some zy € X and ry > 0. Thus, this assumption

is weaker than it originally appears.

We now return back to the problem of estimating card 6. The reader will observe

that we have been generous in our calculations.

Proposition 3.1.5. We have card €, < Ck? where

C — 4P Cl+2(l0 b 2_6’1 P
N ag ag '

In particular, card 6, < Ck?P.
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Proof. Fix k > 1. Set € = r = qpd’ and then

d(z,20) + 1 +¢e < kC16 + 2a08” < (Cy + 2a0)d”k
when @Y, € %,. By Proposition 3.1.4,

27p <Cl -+ 2(10

o

)_p k(B2 a05)) < p(B(zE, aod?)).

Now, note that by Proposition 3.1.3, we have sup, s d(z, 2) < (k+1)C167 and so
U%: C B(z, (k+1)C167). Then,

(k+1)Cy

w(B(z, (k+1)Cy67)) < 2¢ ( ) p(B(z, apd))

Since u(B(z,a06’)) < oo and by combining the two estimates, and the fact that
B(zF, ag67) € QI for each QJ, € %, we compute

2 P 2 b
card €, < 2P <&) kP 9P <M> kP

Qo Qo
— 4P Cl + 2@0 P 201 P k2p.
Qo Qo

The observation that €, C % completes the proof. O

We have the following important consequences. They are useful in many of the
calculations we perform in §3.1.3. Following the notation in [8], we write (x) =
1+ |z|.

Corollary 3.1.6. Fiz &t <t < ¢ and a cube Q € 27. Then,
dist(R, Q)\ 3\M &K,
il 4 < 1447+ ( = k=
5 (RN o () 5
Re2i k=3

with C' being the constant in the previous proposition.
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Proof. First, we note that

N dist(R, Q) and dist(R, Q) <14 dist(R,Q)'

<1
- t 07 t

Then,

> <M>_M §card%+card<€2+§: > (d(g ))M

Re2i k=3 RE€%)

<C+C27+ ) card %, (
k=3

3\M &
2p—M
§C<1+4p+(5) Zk? )

1

O

Corollary 3.1.7. For each M > 2p + 1, there exists a constant Ay > 0 such that

sup » <M>M < Ay

Q Re9J ¢

3.1.2 Maximal functions and Carleson Measures

In this section, we present some results regarding maximal functions, Carleson mea-
sures and related topics in our measure metric space setting that is crucial to the
proof of the quadratic estimates. A full treatment of the classical theory of maximal
functions and Carleson measures can be found in §4 of [52] by Stein. We do not
claim that the results we present here are new - they are stated and obtained by
straightforward changes to their classical counterparts from this source. We include
this material here to make the proof of the quadratic estimates essentially self con-
tained. We further refer to [34] by Heinonen and [21] by Coifman and Weiss as two

excellent expositions that touch on some of the issues and ideas presented here.

For a measurable subset S with 0 < ;(S) < oo and f € L (X,C"), we define the
average of f on S by fo f=p(S)™" [¢ f. Then, we make the following definition.

Definition 3.1.8 (Maximal function). Let f € Ll _(X,C"). Define the uncentred

loc

mazimal function of f by:

Mf(r) = Sulojf3 |f| du

B>z
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where the supremum is taken over all balls B containing x.

We want to deduce that this M exhibits a weak type (1, 1) estimate and is bounded
in LP(X,CY) for p > 1. The proof of the following theorem is standard via the
Vitali type covering Theorem 1.2 in [21].

Theorem 3.1.9 (Maximal theorem). There ezists a constant C; > 0 such that
whenever f € LYX,CVN), we have

C
e € X Mf(a) > o)) < 2 [ 1] du
Whenever f € LI(X,CN) with ¢ > 1,

[MFllg < Coll fllq

where Cy > 0 is a constant.

In order to set up a theory of Carleson measures, we require an upper half space. We
define this to be Xy = X x Rt where R* = (0,00). The cone over a point z € X
is then defined as I'(z) = {(y,t) € Xy : d(z,y) < t} which leads to the following.

Definition 3.1.10 (Nontangential maximal function). Let f € LL (X, CV). De-

loc
fine

M f(z) = sup |[f(y,?)].

(y,t)el(z)

Like its classical counterpart, this maximal function is measurable, as the following

proposition illustrates.

Proposition 3.1.11. The set {x € X : M*f(x) > a} is open and hence M*f is

measurable.

Proof. Fix © € X with M*f(x) > a. Then, there exists a (y,t) € I'(z) such that
|f(y,t)| > a. Consider the ball B(y,t) and take any z € B(y,t). Note that since
d(z,y) < t we have (y,t) € I'(z) and so M*f(z) > a. Therefore, x € B(y,t) C
{r e X : M*f(z) > a}. O

As a consequence of this proposition, we define the following function space in an

analogous way to the classical theory.
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Definition 3.1.12 (Nontangential function space). Let N denote the space of Borel
measurable functions f : X, — C such that M*f € LY(X). We equip this space
with the norm || fl|x = [|M* fl1.

Now, let B = B(x,r) and define the tent over B as
T(B) ={(y,t) € Xy : d(z,y) <r —1t}.

For an arbitrary open set O C X, we define the tent over O by T(O) = X\

Ugex\ol'(z). The following is an equivalent characterisation of T(O).

Proposition 3.1.13. Whenever (z,t) € T(O) we have that
(z,t) € T(B(z,d(z, X'\ 0)))

and in particular, T(O) = Uzeo T(B(z, d(z, X \ O))).

Proof. First, note that by de Morgen’s law, we can conclude that T(O) =
NyexroXs \ I'(y). Fix (z,t) € T(O). So, (x,t) € X \T'(y) for all y € X\ O.
That is, for all y € O, we have (x,t) ¢ I'(y) which implies d(z,y) > t. Therefore,
d(x,X \ O) > t. Then, by the definition of T(B(z,r)) and setting r = d(z, X' \ O),
we conclude (x,t) € T(B(z,d(z,X \ O))). The converse inclusion is easy since

B(z,d(z, X\ O)) C O. O

Definition 3.1.14 (Carleson function). Let v be any Borel measure on X,. Define

(1B
C(V)(x)—BBI; B

Definition 3.1.15 (Space of Carleson measures). We define C to be the space of
measures v that are Borel on X, and such that C(v) is bounded. Such a measure is

called a Carleson measure and we define
[v[le = sup C(v)(z)
reX

to be the Carleson norm.

Since we have a dyadic structure, we define the Carleson bor over () € 2 by
Rg = Q x (0,4(Q)]. Unlike the classical definition, we are forced to take @ since 2

is only guaranteed to cover X almost everywhere. The importance of this subtlety
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will become apparent in the proof of the following proposition that provides an

alternative characterisation of a Carleson measure.

Proposition 3.1.16. Let v be a Borel measure on X,. Then the statement

T
Sup ———~ < 0 for every ball B
B pu(B)

sup VN(RQ) < 0 for every Q € 2.

Proof. First, fix Q € 27 and let xg be its centre. Then, we have that @Q C
B(zg,C167). Then, certainly, Rg C T(B(zg, (C1 +2)d?)). So,

v(Rq) < V(T(B(xq, (C1 +2)8"))) < |[Vllen(B(zq. (C1 + 2)d)

C P , C P
(S22) IwlentBag. a0 <2 (C22) nllon(@)

< 2P

The converse is harder. Fix B = B(x,r) and let j € Z such that 6T < r < §7. Let
N(B)={Q € 27 : QN B # @}. It is an easy fact that N(B) # @.

(i) First, we claim that B C UQeN(B)G. Suppose y € B but y € UN(B). That
is, y € Q for all Q € 2. Thus, there exists a Q € 27 such that y € 9Q.
That is, for every ¢ > 0, B(y,e) N Q # @. But there exists an € > 0 such that
B(y,e) C B, and so @ N B # @. This means that ) € N(B) and establishes

the claim.

(ii) Fix @ € N(B) as a reference cube and let )’ € N(B) be any other cube. Since
r < &7, we note that d(z,zq),d(z,xq/) < 67 + C167. Therefore, d(zg,zg) <
2(Cy + 1)87. That is, all the centres of cubes Q' € N(B) are inside the ball
B(zg,2(Cy +1)¢7) and hence CK;(CIH). Thus, by Proposition 3.1.5,

card N (B) < card Ga(cy 11y < C2°(Cy + 1),

(iii) Now, suppose that (y,t) € T(B). That is, y € B and We have d(y,t) <
r—t <&, By (i), there exists a cube Q € N(B) such that y € Q. Therefore,
(y,t) € Rg = @ and shows that T(B) C Ugen(n)Ro-
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(iv) Fix Q € N(B) and so d(z,zq) < (Cy + 1)§’. Set e = r = & ! in Proposition
3.1.4 so that

C1+1)67 + 26711 ,
G bt )

< 2((Cy + )57 + 2Pl Bla,1).

(B, 1)) < 20

Now, by combining (i) - (iv),

V(T(B) < Y v(Re)S W B(zq, C1d7))

QeN(B) QEN(B)

(
S Y u(B(xg,8) S card N(B)u(B(x, 7)) S p(Bl, 7))
QEN(B)

which completes the proof. O]

We quote the following covering theorem of Whitney given as Theorem 1.3 in [21].

Theorem 3.1.17 (Whitney Covering Theorem). Let O G X be open. Then, there

ezists a set of balls & = {B; }JEN and a constant ¢; < oo independent of O such that

(i) The balls in & are mutually disjoint,
(it) O =U;en1B;,

This allows us to prove the following theorem which is a generalisation of Carleson’s

Theorem.

Theorem 3.1.18. Let f € N and v € C. Then,

//X [f(z, )] dv(z,t) < I fllvllviie

where the constant depends only on p and the Whitney constant c;.

Proof. (i) We prove {(z,t) € X, : |f(z,t)| > o} C T(E,) where the set E, =
{r e X : M*f(x) > a}. Fix (z,t) € Xy such that |f(z,t)| > . Then, when-
ever y € B(x,t), we also have x € B(y,t) and

M*f(y) =sup sup |f(z,8)] > |f(z,1)] > a.

t>0 zeB(y,t)
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(i)

(iii)
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Therefore, B(z,t) C E, and (z,t) € T(B(x,t)) C T(E,).

Let O & & be an open set, and let & = {B;} . be the Whitney covering

guaranteed by Theorem 3.1.17. We prove that

jeN

T(0) € U;T(9¢, B;).

Fix z € O and let (z,t) € T(B(x,d(z,X \ O))). Then, there exists a ball
B; = Bj(zj,r;) € & such that v € ¢1B;. Let y € B(z,d(x, X \ O)). Since
41BN X\ O, for any z € X'\ O d(y, X \ O) < d(z,z) < 8cr; Then,

d(y, z;) < d(y,z) +d(z,z) < d(x,X \ O) +d(z,z) < 8cirj + cirj = 9err;.

This proves that B(z,d(z,X \ O)) C 9¢;B; and so T(B(z,d(x,X \ O))) C
T(9¢1B;). We apply Proposition 3.1.13 to conclude that T(O) C U,;T(9¢; B;).

Now, we prove that there exists a constant C' > 0 such that for all open sets
OcCaX,
v(T(0)) < Cllvllepn(0).

First assume that O = &X'. If u(X) = oo, then there is nothing to prove. So
suppose otherwise. Now, for any = € X and any ball B, = B(x,r),

v(T(B,)) < Cw)(x) < [lv]le

() =

and therefore, v(T(B,)) < |[|[v|lep(X) for every ball B, of radius r. Now,
Xr(B,) < 1 for each n € N and Xrp(p,) = X1(x) and n — oo pointwise. Then,
by application of Dominated Convergence Theorem,

v(T(X)) :/X lim Xrpp,) dv = lim X1(B,) v < [[v]|cp(X).

n—oo n—oo
+ Xy

Now, consider the case when O & X'. Then, by (ii) and the subadditivity of

the measure,

) < Z T(9¢1B;)) < HV||CZ,M 9¢1B;)

J

< 2(9er)? vl Y u(By) < (18er)?|[v]len(O).

J
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(iv) By (i) and (iii),
v{(z,t) e Xy |f(x,t)] > a} S|v|ep{r € X : M*f(z) > a}

and integrating both sides with respect to a completes the proof.

3.1.3 Harmonic Analysis of IIp

Here, we combine the estimates of the previous sections to prove Proposition 1.8.6.

As a consequence we obtain Theorem 3.1.1.

Let us first describe some machinery required to perform the harmonic analysis in
proving Proposition 1.8.6. Let 2, = 27 for 6t < ¢t < §’. Following the structure
of the proof in [¢], for ¢t € RT, we define the dyadic averaging operator A, : 7 — A

ZXQ ][udu

QeZ:

as

when z € U2, and 0 elsewhere. A straightforward calculation shows that A; €
L() and ||A;|| < 1 uniformly in ¢. Then, the principal part is defined as y;(z)w =
(©Pw)(z) for w € CV and where w(x) = w for all z € X.

Following [3], to prove Proposition 1.8.6, we need to show that
dt
| e pal § 5

for w € R(IT). Thus, we follow the paradigm in [3], [7] and [11] and decompose this

estimate in the following way:

o dt o dt
| 1erral < [ el P - oAl
0 0
> d d
[T vdr =l S+ [ AR R 2402
0 X,

The purpose of the first two terms is to reduce the estimate down to the third term

which is dealt with a Carleson measure estimate.

We first note the following consequences of the off-diagonal estimates.
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Corollary 3.1.19. Let Q € 2, and 0 < s < t with Uy as specified in Proposition
1.8.11. Then,

dist(R, Q) \
o) < € 3 (DY gy
Re2,

whenever u € JE.

In our setting, it is more convenient to deal with the following function space rather
than L2

e as used in [8].

Definition 3.1.20. We define L?@t(X,CN) to be the space of measurable functions
f: X — C» such that on each Q € 2,

/ P dp < oc.
Q

We equip this space with the seminorms || ||i2(q) indeved by 2.

We have the following observations analogous to those on page 478 in [3]. It follows
from Propositions 3.1.3, 3.1.4, 3.1.5 coupled with the off-diagonal estimates and by
choosing M > 22 + 1. We recall that p is the constant arising in (Pol).

Corollary 3.1.21. There ezists a C' > 0 such that for all t > 0, U, extends to a
continuous map Uy : L=(X,CN) — L3, (X, CN) with

|Uull120) < C'm(Q)2 ||u|ree-

Corollary 3.1.22. We have y; € LE%(X,E((CN)) and for all QQ € 2, satisfy

][Q h’t(l’)’i(m) dp(z) < C”

In particular, ||veAd|ze) < C" uniformly for allt > 0. The constant C" is the same

as that of the previous corollary.

Controlling the first term in [3] relies primarily on the weighted Poincaré inequality
as given in Lemma 5.4 in [3]. We pursue a similar strategy and begin by noting the

following simple consequence of (H8-H).

Lemma 3.1.23 (Dyadic Poincaré inequality). Whenever Q € 2; and r > C167!
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we have

[ ) - uol duw) S [ zu)f duta)
B(xzg,rt) B(zq,crt)

for all w € R(II) N D(E).

This yields the following proposition analogous to Lemma 5.4 in [3].

Proposition 3.1.24 (Weighted Poincaré inequality). Whenever Q € 2y and M >
p+ 1, we have

[ ol (DY oy 5 [ iz (SO e

for all w € R(II) N D(IT), where the constant depends on M.

Proof. Observe that for M > 1, we have

(1) 2tz

By evaluating the integral

/x/e: u(z) —ug| dv(r) du(w),

where dv(r) = Mr=~1 dr, and invoking Lemma 3.1.23 along with Fubini’s Theorem
establishes the claim. O

This leads to the following proposition which bounds the first term.

Proposition 3.1.25 (First term inequality). Whenever v € R(II), we have

> dt
| 108 P =yl 5
0

We omit the proof since it is very similar to the proof of Proposition 5.5 in [3]. It
is a simple matter of verification using Corollary 3.1.7 and invoking the weighted

Poincaré inequality along with (H8-H)-2.

We now consider bounding the second term. This relies on a suitable substitution

for Lemma 5.6 in [3]. The crux of the argument is to be able to perform a cutoff
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“close” to the boundary of the dyadic cube in question. First, we define the following

sets.

Definition 3.1.26 (ST,ST). Let Q € 2, and 7 <t Define

sT:{er d(z, X\ Q) > ‘W} g —{er d(:cX\Q)gTT}.

The following proposition renders a suitable Lipschitz substitution to the smooth

cutoff used in Lemma 5.6 in [¢] and Lemma 5.7 in [11].

Proposition 3.1.27. There exists a Lipschitz function £ : Q — [0,1] such that
E=1oné&, spt (Lipé) C &, and
16

Lip¢{ < —.
apgT

Proof. Set
F = {[EGQ dz, X\ Q) < TT}

and note that F C &,. Then,

apT aoT

5 <dist(X\ Q, &) < dist(&, F) + dist(X \ Q, F) < dist(&,, F) +

and so dist(&;, ) > 7. By application of Lemma 1.2.1, we find { = 1on &, £ =0
on @\ F and

Now, fix x € &£.. It is a simple matter to verify that &, is open and nonempty. So

there exists an €9 > 0 such that B(z,g9) C &,. Therefore,

Lip&(x) = hglj;lp |€(Z)($_ yf)(y)‘
=ty { K0y < 60000\ (o) | =
Thus, spt &€ C 57, .

This enables us to prove the following lemma. It is of key importance in bounding
the second term, as well as in the Carleson measure estimate which allows us to

bound the last term.
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Lemma 3.1.28. Let T be I',I'* or I1. Then, whenever (Q € 2,

2 1 g 1—
o < () (fre o)
Q t" \Jq Q

where the constant depends only on Cy, Cy, ag, n and p.

n

M

1 _1
Proof. Let T = (fQ |ul? du>2 (fQ 1Tl du) * . The case of t < 7 is easy. So,
suppose that 7 < ¢t < 67 and let £ be the Lipschitz function guaranteed in Proposition
3.1.27 extended to 0 outside of ). and so write

‘/QTud,u‘g‘/Q(l—g)Tudu'+‘/Q[£,T]udu‘+‘/QT(§u) du‘.

The last term is 0 by (H7) and so we are left with estimating the two remaining

terms. First, noting that spt (1 — &) C &, we compute

'/(1—&)% du‘ <
Q
< (ZOT: g 1(/ |Tul” du)
<cp (%)%(Q)é ( /Q Tl u)

Now, for the second term. We note that spt M C spt Lip§ C &, and compute

’/Q[&T]u = /5 Me(2)u(z) du(z)| <

< Lip¢ u(é)} ( /Q |u\2)2 < 2} (%)ﬁmﬁ ( /Q W)Q

- T | < ( Tuf? d )%( )

where we have used Cauchy-Schwarz inequality to obtain the first inequality, (H6)
in the second, the condition (vi) of Theorem 1.3.2 in the third, and substitution for

% in the last. Combining these estimates, we have

‘/ Tudu‘<D =T é</ T du)
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where
Qo

2

NI

D:C'Q%( )g—i-gCé(%)g and D = C(2°CPay")>.

By Cauchy-Schwartz and multiplying both sides by u(Q)™2, we find

’][ Tu du
Q

The proof is complete by making a substitution for 7. n

2

<op?io 1Tul® dp.
0 a
Q

Proposition 3.1.29 (Second term estimate). For all u € 2, we have

o dt
| A - nul § 5
0

Again, the proof of this proposition is omitted since it resembles the proof of Propo-

sition 5.7 in [3] with minor differences.

3.1.4 Carleson measure estimate

We begin this section with the following proposition which illustrates that the final

term can be dealt with a Carleson measure estimate.

Proposition 3.1.30. For allu € 7, and v € C,

// Asu()]” dv(z,t) S vlelfull®.
Xy

Proof. First, we show that for almost every z € X,
M* Al () S Mu(z)?

where the constant depends only on p, Cy, § and ag. Let f € Ll _(X,,CY). Then,

we note that

M f(x) =sup sup |[f(y,1)].

>0 yeB(x,t)
Fix t such that 6t < ¢ < ¢/ and fix € U2;. Since Au(z) = 0 when z € UZ2;,
take y € UZ; such that d(z,y) < t. Let @ € 2, be the unique cube with y € Q
and let yo € @ such that B(yg,a0d’) C Q@ C B(yg,C1é?). Then, d(yg,r) <
d(yg,y) + d(y,z) < Ct, where C = (C16~ 1 +1).
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Also
1(B(yg. Ct)) < w(B(yq, Cd’)) < 2°CPay” 1u(B(yg, apd’)) < 2°CPay" 1(Q)

and therefore,

Anu(y)| < f | du < 2°CPa;” f ] du
Q B(

yQ,Ct)

2
Au(y) < C (7[ ul du)
B(yQ7Ct)

Moreover,

—2
where C" = 222C*%q, ",

Now, since we have established that x € B(yg, Ct),

2
sup  |Awu(y)]® < C' sup ][ lu| dp | < C'(Mu(z))?.
B(yq(y),Ct)

yEB(z,t) yEB(x,t)

Let X = N;U27 and so u(X\X) = p(U;X\U27) < >, (X \UZ7) = 0. Therefore,
x € X, then 2 € U2, for all t > 0. So, fix x € X. Then,

M |Aul? (z) =sup sup  |Awu(y)]® < ' Mu(x)?

>0 yeB(w.t)

which completes the proof.

Next, let f(z,t) = |[Aw(z)]”. Then, |[flly = [M*flh S [Mul> < oo by the

~J

Maximal Theorem 3.1.9. Invoking Carleson’s Theorem 3.1.18 completes the proof.
]

Thus, to bound the final term, it suffices to prove

Ao [ @l dute)§

t

is a Carleson measure. We follow [¢] and fix o > 0 to be chosen later. Let

)

and let F be a finite set of v € L(CY) with |v| = 1 such that U,c K, = L(CY)\{0}.

I//

KV:{VIEE((CN)\{O}:‘——V

V']
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We note as do the authors of [3] that it is enough to show

dt
J () du@)S < (@)
(z,t)eRQ,YtEKL

for each v € F. A stopping time argument allows us to reduce this to the following.

Proposition 3.1.31. There exists a 5 € (0,1) such that for every dyadic cube
Q€ 2 and v € L(CN) with |v] = 1, there exists a collection {Qr} C 2 of disjoint
subcubes of Q) satisfying p(Eq ) > Bu(Q) and such that

dt
J )l du@) 5 wlQ)
(z,t)EE? " vi(z)EK,

where EQJ, = Q \ Uka and Eaﬂ/ = RQ \ UkRQk

A proof of this hinges on defining a test function similar to the one found on page
484 in [3]. Here, the authors use a smooth cutoff function in their construction.
Again, we rephrase this in terms of a Lipschitz cutoff function whose existence is

guaranteed by the following lemma.

Lemma 3.1.32. Let Q € 2. Then, there exists a Lipschitz function n: X — [0, 1]
such that n =1 on B(zg,7C14(Q)) and n =0 on X \ B(zg,21C1 {(Q)) with

Li < 4 1
PI=26,00)

whenever ™ > 1.

Proof. Fix Q € 27, and we have Q C B(zg,7C167) C B(zg,27C167). Also,

d(B(zg,7C167), X \ B(zq,2rC18")) > (21C) — 7C1)§ = 7016

Now, we invoke Lemma 1.2.1 with F = B(xzq,7C1¢?) and F = X'\ B(zg, 27C18?) to
find a Lipschitzn : X — [0,1] withn = 1 on B(zg, 7C167),n = 0 on X\ B(zq,7C167)
and

4 4 1 4 1

L. < A A < - =
PU= 4(B(wg, 7C107), X\ B(g, 27C169)) — 7Cr i 10y €(Q)

which completes the proof. O
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The test function is now defined as follows. Let Q € 2 and fix v € L(CV) with
lv] = 1. Let ng be the Lipschitz map guaranteed by Lemma 3.1.32 and let w, w € CV

such that v*(w) = w with |w| = |w| = 1. Furthermore, let wg = now and define

fo.=wq —el(Q)I(I + e l(Q)llg) wg
— (14 = Q)T)(1 + = Q)T ) g,

It is then an easy fact that ||wg||?> < (47Chay")Pu(Q) and we obtain the following

lemma analogous to Lemma 5.10 in [3].

Lemma 3.1.33. There exists ¢ > 0 such that for all € > 0, || fg .|| < eu(Q)z,

dt 1 1
[ 10718 " dn(a) " < e55p(Q). and |f, fi. —w] < et

Proof. The proof of the first two estimates are essentially the same as that of Lemma
5.10 in [8]. To prove the last estimate, note that since ng = 1 on @), we have on @
that

fo.—w=wq—el(@Q)(l+ el(Q)llp)  wg — w
= (ng — Dw — e £(Q)1(1 + e £(Q)llg) " wg
= —e Q)1+ l(Q)llp) twg.

Setting u = (1 + e 4(Q)dlp) 'wg and T =T, we apply Lemma 3.1.28

‘]é fQe = w’ = ‘7256(@)1(1 +56(Q)ZHB)—1MQ‘

— Q) | Qi1 + 2 €Qta) g
=
t2

Y

(£ 10+ <t@ma) twe du)

FNE

<]€2 ID(1+ £ 6Q)illp) "wg |’ d#);

_ (Mi@)g (]é (1 + & 6(@Q)TTs) g du)

(][Q | Q)T (1 + £ U(Q)eTlp) wg ) du> 1

NS

The proof is completed by noting ¢ ~ ¢(()) and invoking Proposition 2.5 and Lemma
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4.2 of [8]. O

The proof of Proposition 3.1.31 then follows a procedure similar to that which is

used to prove Lemma 5.12 in [3].

We note that our hypotheses (H1)-(H6), (H7-H) and (H8-H) remain unchanged
upon replacing (I', By, Bs) by (I'*, By, By), (I'*, Bo*, B1*) and (I, B;*, By"). Thus,
the hypothesis of Proposition 1.8.6 is satisfied and Theorem 3.1.1 is proved.

3.2 Exponential growth and GBG bundles

In this section, we obtain quadratic estimates on measure metric spaces on vector

bundles which satisfy the generalised bounded geometry condition as described in
§1.4.

These estimates generalise the quadratic estimates in [16], but our proof here em-
ploys some significantly different tools, even though we rely upon some of the tech-

nical results from this source.

First, we note that the proof here is carried out on a measure metric space where
the measure does not arise from the metric in a canonical way. This is in contrast to
the work in [16] where the estimates were obtained on Riemannian manifolds with
the Riemannian metric and induced volume measure. We remark, however, that an
adaptation of the proof in [16] to this more general setting would only require minor

changes.

The significant difference in our proof is that we have allowed for our vector bundle
to be non-trivial, whereas in [10], estimates were carried out on the bundle CV.
This forces fundamental changes to the argument - the non-triviality of our vector
bundle means that many tools of harmonic analysis, such as the notion of an integral

average, is no longer canonical.

Our assumption of generalised bounded geometry for the vector bundle and the
existence of a truncated dyadic structure are the two vehicles that allow us passage
from Euclidean analysis to our geometric setting. We define our notion of an integral,

and hence the average, only for cubes beneath a fundamental scale, by fixing GBG
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coordinates across the entire bundle. As a consequence, we are forced to formulate
the geometric hypotheses of this section only on cubes beneath this scale. This is
in contrast to the previous situation, both in §3.1 and in [16], [3] and [7] where
the corresponding similar hypotheses were independent of coordinates or dyadic

structure.

The formulation of generalised bounded geometry for arbitrary vector bundles arose
from our analysis of these estimates on manifolds with curvature and injectivity
radius bounds. Through careful analysis, we were able to extract this notion of
generalised bounded geometry on a vector bundle to be the core property which we

need in order to prove quadratic estimates.

The strength of our results here is perhaps best measured through the theorems
which we prove using them. In Chapters 5 and 6, we use these quadratic estimates
to prove Kato square root problems on manifolds in an intrinsic way. Such results
are stronger (and capture) those in [10], where the triviality of the bundle requires

the manifold be embedded in Euclidean space.

The estimates we obtain here are local, and this is forced on us by the fact that we
are, in general, working with a non-trivial bundle and also because we allow for the

measure to exhibit exponential growth.

Let us fix V to be a vector bundle over a measure metric space X satisfying the
GBG criterion. Recall that in this setting, we are able to obtain a truncated dyadic
structure as guaranteed by Theorem 1.3.4. Also recall Cy, Cs, ag, 6,1, 2%, I}, and Q¥

from the same theorem.

Throughout this section we fix J € N such that ;87 < £, where p is the GBG
radius from Definition 1.4.1. For j > J, we write 27 to denote the collection of all
cubes @7, and set 2 = U;>;27. We call tg = 67 the scale. Furthermore, when

t < tg, set 2, = 27 whenever 5! <t < .

The existence of a truncated dyadic structure allows us to formulate the following

system of coordinates on V.

Definition 3.2.1 (GBG coordinates of V). Let xg denote the centre of each ) €

27, Then, we call the system of coordinates

¢ = {1 : B(zg,p) x CV = m, (B(zq,p)) s.t. Q € 2’}
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the GBG coordinates. We call the set
% = {wQ — ¥ Q@ xCY 5 Q) st Q € ,@J}

the dyadic GBG coordinates. For any cube Q € 27, there is a unique cube @ c 2’
satisfying QQ C @ and we call this cube the GBG cube of ). The GBG coordinate
system of Q is then ¢ : B(zg,p) x CV — H;I(B(x@,p).

Remark 3.2.2. Since U2’ is an almost-everywhere covering of X, the GBG co-
ordinate system of V defines an almost-everywhere continuous trivialisation of the

vector bundle.

We emphasise that throughout this section, for any cube Q € 27, we denote its
GBG cube by @

A first and important consequence of having GBG coordinates is that it allows us
to define the notion of a constant section. We emphasise that this is entirely seen in
the eyes of our GBG coordinates. More precisely, given w € CV, we define w(z) = w
whenever z € Q € 27 = 2, in the GBG coordinates associated to Q. Thus, we
call w the GBG constant section associated to w. Note that w € L>°(V), and that
although w corresponds to a constant vector w € CV, w typically has discontinuities
across the boundaries of cubes Q € 27. We remark that this notion is crucial in
later parts of this section. Next, we can define a notion of cube integration in the

following way. Let u € L (V). Then, for any Q € 2, we can write

loc
/udu—(/uidu)ei
Q Q

where u = u;e’ in the GBG coordinates of Q. Note that fQ uw dp is a function from
Q to T'(V).

Pursuing a similar vein of thought, we define a cube average. Given a cube Q € 2
and u € Lj (), define ug € L=(V) by

loc

;f Ud,u WhenyEB(mﬂp)a
ug(y) = 4 M9 ¢ : ’
0 otherwise.

Remark 3.2.3. We remark that in the average of a function over a general mea-
surable set of positive measure, we do not perform a cutoff as we do here. However,

whenever we write ug with QQ being a cube (even for a function), we shall always
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assume this definition.

As before, we define the dyadic averaging operator. For each t € (0, tg], define the
(V) = Lise(V) by

1
loc loc

operator A; : L

1

AtU(Qf) = m

/ u(y) du(y)
Q

whenever z € Q € 2;. We remark that A, : L?(V) — L?(V) is a bounded operator
with norm bounded uniformly for all ¢ < tg by a bound depending on the constant

C' arising in the GBG criterion.

With the language of cube integration at hand, we formulate the following local

cancellation hypothesis.

(H7-I) There exists ¢ > 0 such that for all Q € 2,

' [ du\sCu@)%nun and \ [ du\s(m@ﬁuvn
Q Q

for all w € D(I'), v € D(I'*) satisfying spt u, spt v C Q.

Lastly, we make the following abstract Poincaré and coercivity hypotheses on the
bundle (recalling that 2, = 27 whenever &' < ¢ < 7).

(H8-I) There exist Cp,Cq,c,¢ > 0 and an operator = : D(Z) C L3(V) — L3(A),
where .4 is a normed bundle over X with norm |-| , and D(II) " R(II) C
D(=), satisfying:

-1 (Dyadic Poincaré )
[ ool di < Colt eyt [ (Zully + fuf) d

for all balls B = B(xq,rt) with r > Cy/6 where Q € 2, with ¢t < tg,

and
-2 (Coercivity)

1Zullfe ) + lullf2q) < CollTTullfz -

for all w € D(II) N R(II).
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We remark that we have made a substantial departure from [3] and [10] in our
formulation of (H7-I) and (H8-I). The main difference is that we have used the
dyadic structure, rather than just the metric structure (balls), in their formulation.
This cannot be avoided since we are forced to employ quantities which are defined
through GBG coordinates.

We justify calling this an abstract Poincaré inequality for two reasons. First, the
inequality is for sections on a vector bundle, not just for scalar-valued functions.
Secondly, in the usual Poincaré inequality, the operator = is simply V. We allow
ourselves other possibilities in allowing the operator = here as it may be useful in
applications to situations where the vector bundle is in general non-flat and non-

trivial.

We devote the rest of this section to prove the following.

Theorem 3.2.4. Suppose that (X, d, p) is a complete measure metric space that is

at most exponential in growth, V satisfies the generalised bounded geometry criterion,

and that (I', By, By) satisfy (H1)-(H6), (H7-1) and (HS8-1). Then, g satisfies the

quadratic estimate
o dt
| napur = e
0

for all uw € R(Ilg) C LA(V).

3.2.1 Carleson measure reduction

Similar to the argument in the polynomial case in §3.1, where Theorem 3.1.1 was
obtained by invoking Proposition 1.8.6, we proceed to prove Theorem 3.2.4 by in-
voking Proposition 1.8.7. Our goal is to show that under (H1)-(H6), (H7-I) and
(H8-I), the estimate

fo dt
[ 1@ pal 5 <1l
0

holds for some ¢, € (0,00) and all u € R(II). We call this the main local quadratic

estimate.

The proof proceeds by reducing this main local quadratic estimate to a local Carleson
measure estimate. Thus, we first recall the notion of a local Carleson measure. For
some ty € (0,tg], set Xy, = X x (0,tp] to be the truncated upper half space. We

emphasise that we restrict our considerations to t < t5. The Carleson box over
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Q € 2, is then defined as Rg = Q x (0,4(Q)]. A positive Borel measure v on X, ;,
is called a local Carleson measure if there exists C' > 0 such that v(Rg) < Cu(Q)
for all dyadic cubes @ € 2, for t < ty. The local Carleson norm ||v||c4, is defined
by

v(Rg)
[v[lcto = sup :
0 Qe t<to :U(Q)

Let Cy, denote the set of all local Carleson measures.

Let t; = %’ and define the truncated cone at x to be

Ftl(x) = {(y7t) < X-l—,to Ly e B(l‘,t)}.

For a measurable function f : X, ;; — C, we define the following maximal operator

o0

locf(x) = Sup(y,t)eftl (z) |f(y7 t)| :

First, we have the following lemma.

Lemma 3.2.5. For a Borel function f : X, — R, the set
{z € X : (ME.f)(x) > a} is open and there M{2, is Borel and hence measurable.

loc loc

Proof. The proof of this is contained in the proof of (1) of Theorem 4.3.3 in [14]. O

This allows us to define the following.

Definition 3.2.6 (Local Nirenberg functions). Let f : X, ; — R be Borel. Define
I flive = M fllr. Then, we say that f € Ny, if || fllave < oo and we equip the

loc

space Ny, with the norm ||+ ||x 4, -

Theorem 3.2.7 (Local Carleson’s Theorem). Let f € Ny, and v € C,. Then,

//X |f(2, 1) dv(z,t) S| flivlvlle, -

Proof. The proof of this is essentially contained in the proof of Theorem 4.3.3 in
[11]. The passing from f to \Atu|2 simply needs to be omitted. ]

The reader will find a more elaborate description of Carleson measures in the classical
setting in §I1.2 of [52] by Stein. The local construction described here is a fraction

of a larger theory explored by Morris in [44] and [16].



86 3. THE QUADRATIC ESTIMATES

With a notion of a local Carleson measure at hand, we now illustrate how to reduce
the main local quadratic estimate to a Carleson measure estimate. The key is the

following proposition, which is a special case of Theorem 3.2.7.

Proposition 3.2.8. For all w € S and for all v € Cy,

ﬂ“|&wdm%osmwww
X+,t0

Remark 3.2.9. Note that we integrate all the way to to, not just t;. Carleson’s
Theorem 3.2.7 gives us this inequality up to t1, and the nature of A; allow us to

deduce the same inequality from ty to ty.

Further, recall that whenever w € C¥, the associated GBG constant section is given
by w(z) = w whenever x € @ € 2, in the GBG coordinates associated to (). As
before, we define the principal part as yi(x)w = (0Bw)(x). With the aid of this
notation, and for ¢y € (0, tg] to be chosen later, we split the main quadratic estimate

in the following way:
to B ) dt to 5 ) dt
/ 107 Pl N N / 1©; Pau — vi APl 7
0 0

o o dt
+ [ o= Dl G ()
0

fo du(x) dt
=[] e 2
0 M

As before, let us call the first two terms on the right of (Q..) the principal terms.
Then, Proposition 3.2.8 allows us to reduce estimating the last term to proving that

Awlwmwﬂ@ﬂ@

t

is a local Carleson measure. As before, we call this the Carleson term.

3.2.2 Estimation of principal terms

As the title suggests, in this section, we illustrate how to estimate the two principal
terms of (Qoc). We proceed to do so by coupling the existence of exponential off-
diagonal bounds with our dyadic Poincaré inequality and cancellation hypothesis.
The estimates here are straightforward and are more or less adapted from [¢], [10]
and [1].
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First, let us state and prove the following useful technical lemma.

Lemma 3.2.10. Let r > 0 and suppose that {B; = B(x;,r)} is a disjoint collection
of balls. Then, whenever n > 1,

K 4 enr
E Xpp, S0 e
J

Proof. Fix v € X and let ¢, = {z; € X : x € B(x;,nr)}. It is easy to see that
> Xyp;(w) = card €. That x; € €, is equivalent to saying that d(z,z;) < nr,
and therefore for any y € nB;, d(x,y) < d(z,z;) + d(z;,y) < (n+ 1)r. That is,
B(z,(n + 1)r) D B(zj;,r) and by the disjointness of {B;}, w(B(x,(n + 1)r)) >
S e #(B(5,1)

Next, note that (Exp) implies that u(nB;) < e’ u(B;) and therefore,

> unB;) S0 (B, (n + 1)r).

x]'ECKz

Thus, it is enough to compare p(nB;) to u(B(z,(n + 1)r)). So, take any y €
B(z,(n+ 1)r), and note that d(z,y) < d(z,z;) + d(z;,y) < (2n+ 1)r < 3nr. Thus,

p(B(x, (n+1)r)) < p(B(x;,3nr) < 3% u(B(x;,nr))

and the estimate

=3Xenr < M(nBJ) < pRpAenT
€ S D T D) S

:EjG(fgc

completes the proof. n

In the proof of the following estimate, we depart from adapting the argument in [3] or
[16] and instead modify the argument of Auscher, Axelsson (Rosén) and McIntosh
in [4]. Our argument involves slightly more work since we allow for exponential

growth.

Proposition 3.2.11 (First principal term estimate). For all u € R(II),
2B o dt 2
18P P viApal? 5 <l
0

inde _Co
where to < min {5, 4,\c(1+4a)} .
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Proof. Let v = Pu.

(i) First, we note that

16 Pru = yi APl = > 07 (0 = o) |F(0)
Qe

For each Q € 2, write By = B(zg, ') D Q and Cj(Q) = 277 By \ 2/ By.

Then, for each such cube @),
(Z Xc U —VQ )

| leFw =)l dn= [
Q

< z | leF 0w o dn

: :00 <m>M

oo (MG [y,

2

dp

(ii) Next, note that by (4.1) in [10]

Dt < d(rg, €,(@)) < d(Q.C(Q)) + dinm Q

which implies that

<m>M < =M+,

e
aQ. C5(Q) 2 2/t

Next, for j > 1,
and therefore,

exp (_Cew) < exp <__CZ§1 2j+1> '

For 7 =0,
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Fix ¢ > 0 to be chosen later. Then, for all ¢t < ¢/,

exp (—C’e—d(Q’Cj(Q») < exp ( Coty 2]+1t)

t ~ 4ot

for all 7 > 0.

(iii) Combining the estimates in (i) and (ii),

2 S CeC
/Q}@f(v—vQ)’ du§22 M (j+1) exp( 4%75/12]“1&)/0 v —wol® du.
=0

3 (Q)

Since v = P € D(I1%) = D(IT) N R(IT), we conclude from (H8)-1 that

K 2
/ lv — UQ|2 dp < (1 + (ﬁ) 250+ exp (Accl ZJ“t)) (ﬁ) 92(j+1)
) 0 0 0

e[ () da
&2i+1Bg
Therefore,

E /’@B’U—UQ du
Qe
; CoC
—M(+1) OVl 541
< E g 274U exp( i —2/ )

Qe j=0

2
1+ Cl 2N(j+1) exp )\0012]+1t ﬁ 92(j+1)42
5 ) )
/ (Z0f + [of2) d
&2it+1Bg

< Z 9~ (M—k=2)(j+1)
j=0

{exp( C:ESSI 2J+1t) + ex p( 05 ((is — )\c> 27'*125)}

¢ [ 3 N2+ lof) di

Qe

(iv) Set n=¢2*! and r = £t and invoke Lemma 3.2.10 to conclude that

, A ceCh .
Xeait1By S 270+ exp ( i;c 123+1t> :
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Combining this with (iii), we have

3 /Q 08w — vg)[* dy

QE;

[exp (—% <% — 4)\CE> 2j+1t>

+ exp (—% (% — X — 4>\cé) 2j+1t>]

t (II=ll” + [lv]]*)

(v) Now, we choose t' < £ so that

Cl O@ ~ Cl C@ -
5 ( p 4/\00) O and 5 < p )\C 4)\CC> 0

That is,

Co  _,
(1 + 46)

We can, therefore, set ¢’ = t5 and then,

Z /Q |@f(v . UQ)‘2 du 5 2 ZQ*(MfoifQ)(j+1)HHUH2

QEeZ; Jj=0

by invoking (H8)-2. By choosing M > 2k + 2, and substituting v = Pu, we

have

2 dt 2 dt > dt
| 18P Al 5 [ ptpal § < [ Rl < ),
0 0 0
0

Next, as in [3] and [16], we note the following consequence of (H7-I).

Lemma 3.2.12. Let T =T, T' or Il. Then,

frosd < () ()7 £

for allu € D(Y) and Q € 2; where t < tg.
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The proof of this lemma is the same as that of the proof of Lemma 5.9 in [10]. Thus,

we deduce the following.

Proposition 3.2.13 (Second principal term estimate). For all u € L*(V), we have

s 2 dt 2
| = el S
0

The proof of this proposition is similar to the proof of Proposition 5.10 in [10] with
the principle difference being that we only consider ¢t < tg. This concludes our proofs

of the principal term estimates.

3.2.3 Carleson measure estimate

Due to Propositions 3.2.11 and 3.2.13, the only remaining task is to estimate the
final term of (Q,.). We follow in the footsteps of [5] and [3] remarking that, in
a sense, it is to preserve the main thrust of this Carleson argument that we have
formulated geometric structures and made various geometric assumptions in our
analysis. More precisely, we show that the argument runs as before with some

changes that are possible as a consequence of the our geometric assumptions.

In §5 of [16], Morris illustrates how to prove

mfémmfmm@

t

is a local Carleson measure. At the heart of this proof lies a certain test function.
Here, we illustrate how to use the GBG condition to set up a suitable substitute
test function {7 .. The main complication is to choose a cutoff in a way that we stay

inside GBG coordinates of each cube.

Let 7 > 1 be chosen later. We note that we can find a bounded Lipschitz
function ng : X — [0,1] such that n = 1 on B(zg,7C1¢(Q)) and n = 0 on
X\ B(zg,27C1 {(Q)) and satisfying the “gradient” bound Lipn(z) < ﬁ The
constant here depends on 7.

Let @ be the GBG cube with centre r5. We want to use n to perform a cutoff
inside the ball B(zq, p). That is, we want the ball B(xq,27C, ((Q)) C B(zg,p). A

simple calculation then yields that we need to choose 7 < 3. Thus, for the sake of
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the argument, let us fix 7 = 2.

Next, let v € L(CV) with |v] = 1. Let w,w € C¥ such that || = |w| = 1 and
v*() = w. Let w = nw. Certainly, we have that @ € L2()) since w = 0 outside of
B(zg,p). Now, fix € > 0 and define

{8 =w—1e E(Q)FREZ(Q)UE =(1+ zez(Q)rngg(Q))w

This allows us to prove a lemma similar to that of Lemma 5.12 in [10].

Lemma 3.2.14. There exists ¢ > 0 such that for all Q € 2, with t < tg,

1 dt
151l < en(Q)z, // 078 |* du— < M(gé?) and ‘]éf57a—w du‘ < ced.

The proof of this lemma proceeds exactly as the proof of Lemma 5.12 in [16]. The

last estimate relies upon Lemma 3.2.12.
Setting € = (i)g we obtain the same conclusion as the author of [16] that
R ][ JrAp
e(w =
) 0 Q =9

where we have set f3 = f§ .. Furthermore, a stopping time argument as in Lemma
5.11 in [8] yields the following.

Lemma 3.2.15. Let t3 = min{g7 42?)\}. There exists o, 8 > 0 such that for all

Q) € 2; with t < ts, there exists a collection of subcubes {Qx} C U<, 2y of Q such
that Eq = Q \ UpQy satisfies i(Eq) > Bu(Q) and Efy = Rq \ UpRyq, satisfies

Re<w,][ f5>2a and ][]fg\gl
Q Q «

whenever Q' € Us<, 2y with Q' C Q and Ry NEH = &

/

Let 0 > 0 to be chosen later and let v € £(C") with |v| = 1 and define
K,, = {1/ € L(CM)\ {0}: ‘— —v

% <"}‘

Proposition 3.2.16. Let t3 = min{S, o 3/\} There exists o, 3,c > 0 such that for
all Q € 2; with t < t3, and v € L(CN) with |v| = 1, there exists a collection of




3.3. ALTERNATIVE REDUCTION OF QUADRATIC ESTIMATES 93

subcubes {Qr} C Ui<t,2: of Q such that Eg = Q \ UpQy, satisfies u(Eq) > Bu(Q)
and £ = R \ UrRq, satisfies

dt
J (@) du(x) < en(Q).
(:E,t)eEé s ‘Yt(w)eKU,o'

Then, the argument immediately following Proposition 5.11 in [10] illustrates that
dt
I @F du@F < u@)
Rq
and this is the required Carleson measure estimate.

On choosing ty = min {t9,t3} and applying Proposition 3.2.8, we find that we have
bounded all three terms on the right of (Q..), and hence deduced the estimate

fo dt
| 1eepale G 5 ul?

for all u € R(II).

The invariance of (H1)-(H6), (H7-I) and (H8-I) upon replacing (I', By, B2) by
(I'*, By, By), (I'*, By, By), and (I'*, B}, By) proves Theorem 3.2.4 via Proposition
1.8.7.

3.3 Alternative reduction of the local quadratic

estimate

In §3.2.1, we have followed the paradigm set forth in [%] to reduce estimating
o B 2 dt 2
|18 palS < ful
0

by a three way split as in (Qo.). In particular, the middle term here relies upon the
hypothesis (H7-I). This cancellation assumption as well as the Poincaré assumption
(H8-I) may prove to be difficult to establish on geometries lacking sufficient smooth-
ness. Instead, we propose to replace (H7-I) by an assumption of L? off-diagonal

decay which we believe to be operator theoretic and possibly weaker than (H7-I).
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We remark here that recent work (unpublished and ongoing) by Frey, McIntosh and
Portal may provide a way of also eliminating the Poincaré assumption (H8-1)-1 by

replacing the principal part approximation argument using (H6).

This new reduction we present here requires analysis by a new maximal function
suited to the study of exponential spaces. Thus, the first part of our presentation
deals with establishing some basic facts about this tool. We couple this with local
Carleson-Nirenberg theory to reduce the local quadratic estimate to a two term split

while retaining the main Carleson measure argument.

Our work here is motivated by a calculation of Hytonen privately communicated via

MeclIntosh.

3.3.1 Exponential maximal function

The usual maximal function is well suited for the study of spaces that are at most
polynomial. Exponential growth makes it impossible to establish its boundedness.

Thus, we define the following maximal function that is better suited to this setting.

Definition 3.3.1 (Exponential maximal function). For 5 > 0, define

MP f(z) = sup e_ﬁrad(B)][ |f| du
B

B>z

and for m € RY,

Mf(@)= sup o B ][ £l du
m B

B>z, rad(B)<

whenever f € LL (V).

We remark that the exponential decay term [ typically arises naturally, for instance,
through off-diagonal estimates of an operator. In the following maximal theorem,

we recall that A is the exponential parameter appearing in the growth assumption
(Exp).

Theorem 3.3.2. Whenever 8 > 3\, M? and MP are lower-semicontinuous and
there exists C' > 0 such that whenever & > 0,

C
u{anf>§}§€/ﬁ

M f>€

C
fl dp and p{M°f>¢} < E/Wf>§|f] du.
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Proof. Fix x such that M? f(z) > £. Then, there exists B with rad(B) < m such

that
Sy JVPY:
—_— > C.
M(B) B

It is also easy to see that B C {Mﬁl f>¢ } and so M? f is lower semicontinous.
Similarly for M?.

Next, let {B;} C {By: B, C {M&,f > ¢} } be the disjoint countable subcollection
guaranteed by Proposition 3.18 in [14]. Then,

p{ MG > &5 < pAB;)) < Ad® Yy " B (B))

J J

C C ¢
<Y eSgrad(Bj)e,Brad(Bj)/ fl du < = / fl d <—/ fl d
_§; BjH M_g;ley u_ngnbEH !

where C' = A4".
Now, note that for m <n, {MB f> ¢} c {MEf>¢} c{MPf > ¢} and
[MPf > €} = U IMLF > €} = lim {MOf>¢).

So, by monotone convergence,

: . C
pAMPf > &} = lim p{ M. f > ¢} Sﬂ}ggog/%bg\fl dp
C

- C
< lim — Ifl du=— |f| dp.
m—00 & [ g6 p5e § Jmbfse

]

Corollary 3.3.3. For f € LP(V) where 1 < p < oo, we have that
IMaFI S W Fllp  and [IMEFIS (Il
3.3.2 Oftf-diagonal assumptions in L”

In what is to follow, we need to obtain pointwise control on =z — |A;Pu(z)|. In

order to do this, we introduce the following L” off-diagonal hypothesis.

(H9) (L off-diagonal bounds) Let U; be either R?, PP, QF or ©F for t € RT. There
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exists Cg > 0 and p < 2 such that, for every M > 0 there exists ¢ > 0 with

o\ d(E,F)
eVl < e{ ot ) o (~Co™ 5 ) el

whenever E, F' are Borel, spt u C F'.

For the following proposition and the rest of the section, let a = max {1, L.

Proposition 3.3.4. If (H9) holds, whenever ty < min {’5), %}, and for p coming
from (H9), we have that for all t € (0,ts], |A:Pou(z)]’ < MP(Julf)(y) where x €
Q€ 2 andy € B(zg, %t).

Proof. Fix Q € 2y and x € Q.

(i) We first note that |Au(z)| < fQ |u| dp since

A] = )(72 i d) h Nl‘ (]é ) 5
- <zi:‘][Quidu ) zzi:‘]éuidu‘

%
§Z][ lu;| du :][ (Z |ul|2> du
i Y@ @\
:][ |l d,uzj[ |u| du.
Q Q

(ii) Now, for 1 < p < oo and taking z% + % = 1 we have by Holder’s inequality,

]é 0] dpt = /Q 0(Q)F Jul (@)

<( | ey |u|p)’i ( / uQ™)” =@ sy

(iii) Now, fix a particular p from (H9). Then, again by Holder’s inequality,

Y e

S

_1
Q)7 |ullLe )

1@ Y () e (-0 %) july
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(% () oo (-ct@m))
<@ o2 <m>MGXp (‘C@d@{ R)) ||u||ip(R)> g
() We bound the fist term, First, note that
2 (a@m >Me><p (~c, 1@
M o) o (-t S)

<d(Qt7 . >M_”‘ exp <—c®d(Qt, R) | a}\td(Qt, R)>
<

t )>M"‘ exp (—(C@ - w)@)

by invoking Lemma 4.4 in [10] to the quantity u(Q)u(R)™!.

So, choose M > 2k and t < min {&, i—%\} Thus, ¢t < Co(2a))™! and since

a > 1, we have that At < Cg — aAt. By Lemma 4.5 in [10],

e 2 ZES; <d(Qt, 7 >M_K cxp (—(0@ - am@) P,

(v) We note that as a consequence from 4.1 in [10],

exp <_TC®@> > exp(—2Ce) exp (—ng(Q’R))

t

for all z € R and by similar argument to the one found in the proof of Propo-

sition 5.8 in [16] and

S ) e (o™

w0 % [ () o (-S40 o s

Re2; R

(vi) We consider this expression in dyadic annuli. Let B = B (a:Q, 2%115) D Q.
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Then, for 7 > 1 and x € 271 B\ 2/ B, we have that

2
220 < dwg, ) < d(Q.0) + diam @ < d(Q,x) +

and therefore,

-Ch d(Q, x) 1
—t < — Jtl22
27 5 t <d(Q,z) and —2 %

This yields

" M
<o7Mi < 9~ (M=r)jo—r(j+1)
(a@m)

by writing Mj = (M — k)j — k — k(j + 1) and

Cod(Q, )\ _ Co,;+1Ch
_ 2w/ _Z%9jtl 22
P ( a i ~ &P a 20

Now, for the case of j = 0, we have that

t , ,
<1 < 2 (M=r)jg=r(j+1)
<d(Q,x)> N

and

exp _%—d(Q,x) < exp %ﬁ exp —%Qjﬂﬁ
«a t ) «Q 20

C@ 4
< J+1
~ P < a 25> '

Combining these estimates, for 5 > 0 and x € 27! B\ 2/ B we have

() = (-55)

s oo (S G [ o [ow (52527
(6%

(vii) Next, we use the condition (Exp) to note that

w2 B) = pu (B (xQ,2j+12th)>
<c (21+12_C;1> ()\%aot) w(B(zg, apt))

Qg

< 2
< 27U exp <)\%t> w(B(zg, agt)).
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Thus,

6]

Q) ~ p(27+1B) ~ p(ZHB)

27D exp (~Ca@aitl) _exp (~SGortl 4 Aoty

by choosing t < t5 < min {g, %% )

(viii) Next, note that

—%ﬁzﬁl _Ce Lo 2Ch 261 L= —%—rad(Qj“B).

a 46 8at 0 8a ty

Letting § = (ég’ tl and choosing t5 < min {g, 2(;%}, gives us # > 3. Thus,

by [ {io > e (-1 o dut

o

1 .
o (M=K)j_~ —Brad(2t'B / P4
2 sy OXP(-01ad@B)) [l dy

J=0

S 2~ xp(— Frad (271 B)) ][ ul? du
2i+1B

Jj=0

2/\

2/\

Since the case 7 = 0 is the ball 2B, we have

exp(—ﬁrad@f“B))f ul? dp < MP () (y)

2it1B

for any y € 2B.

Corollary 3.3.5. (z,t) — |APu(x)]> € N,,.

Proof. Fix x € M and let (y,t) € I';, (x) such that y € Q. Let yg be the centre of
this cube. Then,
Cy

Cy
d(z,yg) < d(z,y) +d(y,y0) <t—|—7t < 47

Thus,
sup ]AtPtu\2 < (M’B(\u|p)5.

(y,t)€l'sy ()
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Note then that 2/p > 1 and so by the maximal Theorem 3.3.2,

fBup% ulP)r = ||ul]? < .
[ o) aus [ = e <

Corollary 3.3.6. For every v € Cy,,

// APl du(z,t) < [ul?[V]le,
Mx(0,t0]

Proof. The estimate

// APuf? dv(z,t) S [ul2v]le,
Mx(0,t1]

comes from the application of Carleson’s Theorem 3.2.7 and the Maximal Theorem

3.3.2. Then,
J| il vt < [Pl e,
MX(tl,to]
as noted in the proof of Theorem 4.3 in [16] and we have that || Pul|| < ||u|| uniformly
in t. [l

As a consequence of this corollary, we split the main local quadratic estimate in the

following way:

fo di
| 1erra
0 t

o .~ [* dp(x) dt
< [T1erru—viaral S [ [ Laral e HOE
0 0 M

t 7
with ¢y < oo to be chosen later. Then, obtaining the main local quadratic estimate

from §3.2.1 is still reduced to proving

du(x) dt

A [ o LS

is a local Carleson measure.



Subelliptic problems on Lie groups

In this chapter, we present solutions to Kato square root problems for perturbations
of subelliptic operators on Lie groups. We first obtain homogeneous estimates on
nilpotent Lie groups. The more general theorem solves a similar problem for all Lie

groups, but the best estimates we obtain are inhomogeneous.

We mention that the results presented here are considerably strengthened in [12].
Although we do not provide a detailed account of these results, we list an important
result for elliptic operators on polynomial Lie groups. We omit the proof since it
requires substantial facts from the structure theory of Lie groups. At the heart of
these more general theorems lie the unique role of the first-order perspective which
allows us to reduce subelliptic problems to strongly elliptic ones. Thus, our focus
will be to present the core ideas rather than a detailed account of the most general

theorems.

4.1 Subelliptic operators

Let (G,d, ) be a connected Lie group, with d the sub-Riemannian distance associ-
ated to an algebraic basis a of dimension m < dim G, equipped with the left-invariant
Haar measure p. Recall the frame {D;} which defines A from §1.6. The D; are re-

garded as differential operators by their action on functions.

In the L? theory, let us write A; as the infinitesimal generator of the group t
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Lexp(ta;)- First, we have the following proposition.

Proposition 4.1.1. Whenever u € CX(G), Diu = Au.

Proof. By the definition of D;, we have that

(Dau){g) = 1], yu(exp(~ta)g).

But since C°(G) C L?(G), (A;u)(g) is given by the same expression. O

Furthermore, the following classical result of Stone in [53] illustrates some important

properties of A;.

Proposition 4.1.2. The operators A; are densely-defined, closed and skew-adjoint.

Let us denote N, D(A;) by Wh2(G)” and equip it with the norm |Jul|y1.2r = ||u|| +
S Al Then, C(G) € WH3(G)”. By the closedness of each A;, it is easy to
see that this is a complete space with respect to the WH?(G)” norm and that it is
dense in L?(G). We consider the operator A = — >~ | A? as the sub-Laplacian, and
the following proposition justifies this nomenclature. For a proof, see §3.1 in the

paper [23] by Driver, Gross and Saloff-Coste.

Proposition 4.1.3. The sub-Laplacian is self-adjoint.

The Kato problems we consider are related to L perturbations of this operator.

The first such operator we define is a homogeneous version.

Definition 4.1.4 (Homogeneous perturbed sub-Laplacian). Let a,a;; € L>(G).
Then, we define

LE = —a Z AiaijAj

ij=1

with domain D(LY) = {u € L*(G) : u € W'*(G)", a;;A;u € WH(G)"}.

The homogeneous Kato problem for subelliptic operators is then to determine the

conditions under which

D(VLY) = WH3(g)"

(H)
I LRull = 322, Al we WH(G)".
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An inhomogeneous version of this operator is the following.

Definition 4.1.5 (Inhomogeneous perturbed sub-Laplacian). Let a,a;j, ¢;, ¢}, co €
L>(G). Then,
Li = LE + CL(Z CiAz' + A,LC; + Col).
i=1

with domain D(LY) = {u € WH*(G)" : Lju, A;du € L2(G)}.

The corresponding inhomogeneous Kato square root problem on Lie groups is then

the following.

D(y/Ly) = WH(G)"
I/ Lhull = flull + 3252, A, w e WH(G)".

4.2 Geometric framework

In this section, we rephrase the subelliptic problems that we described in §4.1 in
the language of the vector bundle machinery from §1.6. We will see that this allows
a divergence-form perspective of the operators LY and L1, and more importantly,

allow for a first-order analysis of (H) and (IH).

First, define the sub-connection V : C*(A4) — C*(A* ® A) by

Recall that with respect to the frame D;, the metric on A is one that makes D;
orthonormal. With a slight abuse of notation, we can consider V as a closed,
densely-defined operator by taking the L? closure of the original sub-connection as
an operator with domain C2°(A). The closure exists since by Proposition 4.1.1,
D; = A; on C(G), and by Proposition 4.1.2, D; on C°(G) is skew-symmetric.
We have the following proposition highlighting the connection between this closed,

densely-defined V and the operators A;. It is an easy consequence of Lemma 2.4 in

[20].

Proposition 4.2.1. We have that C°(G) is dense in WH(G)". Hence, W'?(G)' =
Wo2(G)" = WH(G), and Vu = Aga? D', Furthermore, || ||wiar = || w2 Simi-
lar conclusions hold for G replaced with A, and with Vv = A’ D; ® D,
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Let us denote the adjoint of V by —div. Then, by considering the complex form
Ju,v] = (Vu, Vo) with u,v € WH?(G)', we have that A = —div V. Furthermore,
LY = —adiv AV, where a, A = (a;;) € L. For the case a = 1, we obtain the diver-
gence form characterisation of LY as promised by considering the complex energy
Jalu,v] = (AVu, Vo) with u,v € W?(G)'. To realise the operator L in this way,
we write S = (I, V) and consider the form Jp[u,v] = (BSu, Sv), where B is an

appropriate L> matrix containing the coefficients A, ¢;, ¢; and ¢.

Using this language, we point out the following regularity result.

Proposition 4.2.2. We have that D(A) = W22(G)' and that |V?ul| < ||Aul| + ||ul|
for all u € D(A). If further G is nilpotent, then ||V?u|| ~ ||Aul|.

Proof. The proof for the general case is given by Theorem 7.2 in [27] and the estimate

for the nilpotent case is due to Lemma 4.2 in [29]. O

4.3 Homogeneous estimates and nilpotent Lie

groups

Set X = G, and for the remainder of this section, assume that G is nilpotent. Define:
[': D) Cc L3G) ® L2(A*) — L2(G) ® L*(A*) by

()

so that

At this point, since the bundle A is trivial and the metric on it also trivial, we
identify it with its trivialisation after complexification. That is, we write D; as the

complex basis e; by identifying the space A with C™.
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On setting # = L*(G) & L*(C™) = L2(G,C™"!), we obtain a solution to the Kato

square root problem (H).

Theorem 4.3.1. Let (G,d, i) be a connected, nilpotent Lie group and suppose that
A € L™ satisfying: there exists ki, ko > 0 such that

Re (au,u) > ki|lul|> and Re(AVwv, Vv) > k| Vol?

for every u € L2(G) and v € WY2(G)'. Then,

(i) Tlg has a bounded holomorphic functional calculus, and

(ii) D(/L) = WH2(G) and ||\/LYu| ~ ||Vu| for all u € WH?(G)'.

Proof. We show that (H1)-(H6), (H7-H) and (H8-H) are satisfied for (I', By, By) in
order to apply Theorem 3.1.1 and Theorem 1.8.2.

The proof of (H1) is immediate since C°(G) is dense in L*(G) and V is a closed,
densely defined operator The nilpotency of I' is trivial.

For (H2), let u € R(I'*). So, u = (u1,uz) = (—divwy, 0) for some v = (vy,v9) €
D(I'*). Then,

Re (Byu,u) = Re {(adiv vy, divvy) > wy|| divg|® = kyjul]?.

Similarly, let u € R(I"), so that u = (uy,us) = (0, Vo) where v = (vy,v3) € D(T).
Then,

Re (Bou, u) = Re/ (AVv, Vi) du > k|| Vi ||? = kallul?
g

The hypothesis (H3) follows trivially since BoB; = B1Bs = 0 and (H4) and (H5)
are satisfied by definition.

To prove (H6), we let n be a bounded Lipschitz function. Since Lipschitz functions

are almost everywhere differentiable, we have that
[T, nJu=T(nu) —nl'u =V (qu1) = nVur = uy Vi +nVuy — nVu, = u, V.

Thus, |[T',n](z)| < |Vn|(z) and |Vn(z)| < mLipn(x) for almost all .
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We prove (H7-H). Fix u € C(G) with spt u,v C B for some open ball B. Then,

Iu dy = </Au du)e

and fB Aguy dp = 0 by the left invariance of dpu.

Now, pick a function ¢ € C*(G) with ( =1 on B and ¢ = 0 outside 2B. Then,

/F*u du:/—divw d,u:/—divvgg du
B B g

:/Q@Q,vg) d,u:/ (09, V) dpi = 0.

B

The same conclusions hold for v € D(I") or u € D(I'™*) with spt u C B respectively
by invoking Proposition 4.2.1.

Lastly, we show that (H8-H) is satisfied. We note that by the nilpotency of G we

conclude that the following Poincaré inequality holds
[ 18- sa dus e [ 95T d
B B
for f € C>°(B) where B = B(x,r) and r > 0 by (P.1) on p118 of [50].

Next, define Z : C"! — C"t™) by Zu = (Vuy, Vug) for u € C°(G @ A). Let
B = B(xz,r) for r > 0. Then,

[ =l di= [ = sl dt [ Jun = ()al
B B B
<2 / Varl? du+ / SO IV () dp
B B -y

:rz/ 1Zul® du.
B

As before, we obtain C°(G®.A*) is dense in D(II) by Proposition 4.2.1 and therefore,
the above inequality holds for all w € D(II) N R(1I).

Now, let u € R(II) N CX(G & A*). Thus, u = Ilv, for v € CX(G & A*). Writing

u = (uj,uy) and v = (vy,v9), we have that llu = (—divus, Vuy) = (Avy, Vuy).
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Thus, ||TTul|? = ||Avy||* + [|[Vuq||?. Also,
1Zull* = [V ur ] + [ Vua|* = [V |* + [ V20 * = [V |* + [| Avy |

where the last equivalence follows by Proposition 4.2.2. Thus, we have that ||Zu|| <
|ITu|| and this holds for all w € D(II) N R(II) by a density argument.

Theorem 3.1.1 guarantees that Iz has a bounded holomorphic functional calculus.
This proves (i). Then, by Theorem 1.8.2, and by considering (u,0) € D(Ilg) for
u € WH2(G), we conclude (ii). O

Remark 4.3.2. On setting a = {e; : 1 < 1 < n} where each e; is the standard basis
for R", G =R" and p = £, we recover a solution to the classical Kato square root

problem on R™ as a consequence of this theorem.

We end this section by stating the following theorem from [12] concerning strongly
elliptic operators on polynomial Lie groups. The proof of the theorem is omitted as

it goes beyond the scope of this thesis.
Theorem 4.3.3. Let (G, d, ) be a connected Lie group satisfying (Pol) and that the

algebraic basis defining our V is a vector space basis (i.e. m = dim(G)). Suppose
further that A € L™ satisfies: there exists ki, ko > 0 such that

Re (au,u) > ki|lul|> and Re({AVv, Vv) > k| Vo|?
for every u € L2(G) and v € WY2(G)'. Then,

(i) g has a bounded holomorphic functional calculus, and

(ii) D(\/ﬁ) = W'2(G) and ||\/Liul| ~ ||Vu|| for all u € WH2(G)'.

4.4 Inhomogeneous estimates on general Lie

groups

Following [14] or [7], define S : L?(G) — L*(G) & L*(A*) by S = (I, V). Then,
S* =[I —div] and we define I" : D(T") C L*(G) & L*(G) & L*(A*) by

(1)
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F*ZOS and H*ZOS_
0 0 S 0

Now, for ¢;, ¢}, cp, a;; € L>(G), define

so that

12100 = Co, 12110 = (01, cee )Cm)7 Am = (6,17 G )tr, 12111 = (aij>’

rm

and A = (A;;). Then, we can write

0 0 0
B =" and B, = .
0 0 0 A

On setting 7 = L*(G) & L?(G) @ L*(C™) = L*(C™*?), we solve the inhomogeneous
problem (IH).

Theorem 4.4.1. Let (G,d, i) be a connected Lie group, and A € L™ such that there

exists ki, ko > 0 satisfying
Re (au,u) > ki||ul|* and Re (ASv, Sv) > kyl|v|wrer

for all uw € L*(G) and v € WY(G)'. Then,

(i) Mg has a bounded holomorphic functional calculus, and

(it) D(/Ly) = WH(G)" and ||/ Liul| ~ [lullwzr.

Proof. We show that (H1)-(H6), (H7-I) and (H8-I) hold for (I', By, B2) to apply
Theorem 3.2.4 and Theorem 1.8.2.

The proofs of the hypotheses (H1),(H3)-(H6) can be proved in a similar way as in
the proof of these hypotheses in Theorem 4.3.1.

We show that (H2) is satisfied. It is easy to see that Re(Bju,u) > rllul|* for
u € R(T™). Fix u € R(T) so that u = (0, Sv) = (0,vy, Vuy) for some v € WH2(G)'.
Thus,

Re (Bou,u) = Re (ASv, Sv) > ky|Sv||* = ka|ul|?.

Next, we show that (H7-I) holds. Fix B, an open ball and Let u = (uy, us, u3) € D(I)
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and v = (v, v, v3) € D(I') such that spt u,spt v C B. Then,

/Pud,u‘— /uldu‘+ /Vuld,u’.
B B B

The second term is zero for the same reasons as in (H6) in the homogeneous case

and the remaining term is controlled by u(B)z||u/| by Cauchy-Schwartz. Similarly,

/ v d,u‘ = / Vg d,u‘ + / div vz du‘
B B B

1
/B v du’ < u(B)}|lo]

/ Vg — div vs d,u‘ <
B

Lastly, we show that (HS8-I) is satisfied. Define Zu = (Vuy, Vug, Vus). The exis-
tence of a local Poincaré inequality is guaranteed by Proposition 2.4 in [28] and thus
for functions f € C*(B), we have

/!f—fB\2 duSTQ/ V[P dp
B B

for all balls B = B(z,r) with r < 1. Therefore, an easy calculation yields

[ sl du s [ (20l uf?) do
B B
for u € D(II) N R(II) by a density argument.

To prove coercivity, fix u € R(II) N CX(G & G & A). Thus, u = (u1,us,u3) =
v = (vy — divws, vy, Vop) for some v € CX(G & G @ A). We note then that

Mu = (ug — divug, uy, Vuy) = (vy + Avy, ug, Vuy) and therefore,
TTul* = [/ + A)ull* + [Jud | + [V ||
Similarly, we calculate
[l + 1Zull® = [|Vul* + [ Vuel* + [ Vus]|* + [Jud|* + lod|]* + [Vou] .

Trivially, we have that |[Vuy|]* + ||ui||* < |[TTu||*. The positivity of (I + A) gives
o1 |12+ |V ui]|? S [(T+A)v]|?. For the same reason, ||[Vug|| = ||[Vui|| S [[(T4+A)v|].
Lastly,

IVus)|* = [V |* < ([Av ] + onl?) S 1T+ A)wn ||

by Proposition 4.2.2. Thus, [Jul|* + [|Zul|* < ||Tu||? for v € D(IT) N R(II). O
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Remark 4.4.2. Although we prove this theorem by resorting to the quadratic es-
timates obtained through Theorem 3.2.4, the solution to this problem is really a
consequence of the work of Morris in [/0]. His work precedes that of ours, with the
primary difference being that his estimates are restricted to the situation of trivial
bundles on manifolds. With an almost negligible modification of his argument to
make it valid on measure metric spaces, his technology is sufficiently powerful to

prove the above theorem.

4.5 Stability

Let @ and A satisfy the same conditions as a and A as in the set up of either the

homogeneous or inhomogeneous problem. Then, write

i A0 i 0 0
B =" and B, = .
0 0 0 A

By application of Theorem 1.8.5, we obtain the following stability theorem.

Theorem 4.5.1 (Lipschitz estimate). Assume the hypotheses of Theorem 4./.1 are
satisfied. Fiz n; < k; and suppose that B; satisfy HBzHoo <mn; fori=1,2 and set
0<w; <75 bycosw; = ﬁ,ﬁ and @ = %(&)1 +wz). Then, for all o < p < 7,

1f @s) = f(p. )l S (1Billoc + 1 Balloo) 1 flloo

for all f € Hol™(S),), and

>0 dt - -
/0 [(Ts)0 — (g, p)vl*— S (1Bl + Bl Il

for ally € \Il(Sz) and all v € 7. The implicit constants depend in particular on on
B; and n;. The same conclusions hold for the operator Ilg in the setting of Theorem
4.3.1 under the hypothesis of that theorem.

Proof. First, we note that B trivially satisfies conditions (i)-(iii) of Theorem 1.8.5.
Also, the operator Il , .5 satisfies (H1)-(H6), (H7-I) and (H8-I) with constants
ki — n; in place of k;. Thus, we obtain uniform quadratic estimates (Qest) for
Iy, ¢, for the range of ¢ required in (iv) of Theorem 1.8.5. Hence, the conclusion

is obtained by invoking Theorem 1.8.5. [
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These Lipschitz estimates imply the following stability of square root theorems as

an immediate consequence.

Theorem 4.5.2 (Stability of the inhomogenous square root). Assume the hypothe-
ses of Theorem 4.4.1 and fix n; < r;. If ||alloe < M1, || Allce < 12, then

/L w = /L s ull S (lallse + FAllo) el

for all w € WH2(G)'. The implicit constant depends in particular on A, a and ;.

Proof. Let B; be given as in the hypothesis of Theorem 4.5.1, so that || Bi|lec =
@loe < m1 and || Bsllso = ||A]|oc < 72. By Theorem 5.4.1,

Isgn(Tls)v — sen(Ip, 5)vl < (lalls + [[All) 0]

0
for all v € 2, in particular for all v = ( ) with u € W2(G)'. Note that v =

Su
van A )
g ") = Iy, 5 ") so sgn(llp)v = A% ) and sgn(llz, z)v = AtA
0 0 0 0
Thus, on substitution, we obtain the desired result. O

The homogeneous result below is then proved in a similar manner.

Theorem 4.5.3 (Stablity of the homogenous square root). Assume the hypotheses
of Theorem 4.3.1 and fix m; < ri. If |allce < 71, ||Alloe < 72, then

/Lo — /LY, cull S (lalloo + [Alloo) [Vl

for all v € WY2(G)'. The implicit constant depends in particular on A,a and ;.
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Divergence-form operators on

vector bundles and manifolds

In this chapter, we prove the Kato square root problem for divergence-form opera-
tors on vector bundles under an appropriate set of assumptions. We show that under
Ricci curvature bounds and lower bounds on the injectivity radius, these assump-
tions are satisfied for the bundle of functions and hence, obtain a solution to the
Kato square root problem for functions as a highlight theorem. A similar theorem
is obtained on finite rank tensors, under the additional assumption that Hessian (on

the tensors) can be controlled in terms of the Laplacian.

The proof of the theorem on vector bundles proceeds by demonstrating that under
the assumptions we make, the hypotheses (H1)-(H6), (H7-I) and (HS8-I) are satis-
fied. We begin our presentation with a discussion of Poincaré inequalities on vector

bundles with generalised bounded geometry.

5.1 Poincaré Inequalities

In this short section we show that, under appropriate geometric conditions, we can
bootstrap the Poincaré inequality on functions to the dyadic Poincaré inequality on

a vector bundle. As in [10], we define the following.

Definition 5.1.1 (Local Poincaré inequality). We say that M satisfies a local

113
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Poincaré inequality if there exists ¢ > 1 such that for all f € WH2(M),

1 = FBllam) < ¢ rad(B)|[fllwr2s) (Pioc)

for all balls B in M such that rad(B) < 1

Remark 5.1.2. Note that we allow the Sobolev norm ||- |w.2() over the ball on the

right of the inequality, rather than simply ||V-||.

The following proposition illustrates that under appropriate gradient bounds on the
GBG coordinate basis for a vector bundle satisfying GBG, we can obtain a dyadic

Poincaré inequality on the bundle.

Proposition 5.1.3. Suppose that M satisfies both (Exp) and (P,.) and let V be a
vector bundle which has generalised bounded geometry. Furthermore, suppose that
that there exists Cq > 0 such that in each GBG chart with basis denoted by {e'} we
have |Ve'| < Cq for each i. Then, for allu € D(V) = WH2(V), t <ts, Q € 2,

C
and r > =,

/Wu—umZdus<1+e”www{/UVuF+hw>d
B B

where B = B(zq,rt).

Proof. First, consider the case (rt) > £. Then

Ju— UQH%P(B) N ||U||i2(3) + HUQHiz(B).

Recalling that @ is the GBG cube of @,

2
/B\UQ]Q dp = (][ Uu; du) X p( (25, p)ei ;
1(B) 2 Art 2
< ;| d,u) d,ug—/u dp S (1+7r%e™)||u
2;/(f| o [l au s el

Thus, ||u — uQHLQ(B (14 reert)(rt)? HuHiQ(B) since rt > £.

dp = XB(ag.p 1t

u; di
Q

Next, suppose that (rt) < £. It is easy to see that we have B(xzq,rt) C B(zg,p)

5
U; — <][ U d#) XB(:):@,p)
Q

and so,

[ u= ol dn=
B

2
dp
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< ;/B Ju; — (u;) 5| dMJr;/B (ui)p — (]é u; d,u)

For the first term, we invoke (P),.) so that

Z/B’Ui— (ui)pl* dp S (Tt)Q/B <Z’VU2’|2+|U|2> dp.

Now, for the second term,

Z:/B (ui)p — (]é (s dM)

2
dp

i WB) [ e
duégu(Q)/Qh (u)p|* du

S+ T“e’\”)(rt)Q/B <Z ]Vu2-|2 + ]u\2> du

)

Next, we note that Vu = V(u;) ® €' + u; ® Ve' and therefore, by the hypothesis
[Ve'| < Co,

SVl = [Vu @ e” < [Vul® + Jul* | Ve | < [Vul* + Jul.

The proof is complete by combining these estimates. ]

5.2 The Kato square root problem on vector bun-
dles

Let us now present a solution to the Kato square root problem on vector bundles
under an appropriate set of assumptions. First, we describe a setup of operators
which is a generalisation of §1 of [10] (and before that from [7]), making the necessary

changes to facilitate the fact that we are working, in general, on a non-trivial bundle.

Let 2 =12(V) @ L2(V) ® LA(T*M ® V). Let us consider V : WH2(V) C L2(V) —
LA (T*M ® V) as a closed, densely-defined operator. Furthermore, let us denote its
adjoint by —div : D(div) C L2(T*M @ V) — L3(V).

With this notation at hand, let Agg € L*(L(V)), Ao1 € L*(L(T* M&V,V)), Ay €
Le(L(V, T*M®V)), Ay € L®(L(T*M®V)). Then, define A € L*(L(V& (T*M®
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A A
A oo Ao}
A An

Furthermore, let a € L*(L(V)). Set By, By : € — ¢ by

0 0 0
B, = (¢ and B, = .
00 0 A

V))) by

Moreover, set

so that

S*:(I —div),F: 00) aar= (Y 7).
S 0 0 0

and define the following divergence-form operator L, : D(L,) C L2(V) — L3(V) by

Lau = aS*"ASu = —adiv(A;1 Vu) — adiv(Ajpu) + aAp Vu + aAgou.

We apply Theorem 3.2.4 to prove the Kato square root problem on vector bundles.

Theorem 5.2.1 (Kato square root problem for vector bundles). Suppose that M
15 a complete, smooth Riemannian manifold and both V and T* M have generalised

bounded geometry (so that they are equipped with GBG coordinate systems), and that
(i) M satisfies (P,.) and (Exp),

(i1) the connection V and the metric h are compatible,

(iii) there exists C' > 0 such that in each GBG coordinate chart {€’} for V and
{dz'} for T*M, we have that |Vé’|,|Vdx'|,|0xh"|,|0kg"| < C a.e.,

(iv) there exist ki, ko > 0 such that
Re (au,u) > k||ul|® and Re (ASv, Sv) > Kal[v||3y1.

for all uw € L*(V) and v € WH(V), and

(v) we have that D(A) C W*2(V), and there exist C' > 0 such that

IV2ul] < C'I(T+ A)ul
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whenever u € D(A).
Then,

(i) Ilp has a bounded holomorphic functional calculus, and

(1) D(v/La) = D(V) = WH2(V) with ||/Lau| ~ [|[Vu|| + ||u|| = ||ullwi2 for all
u e WH2(V).

Proof. We show that (I', By, By) satisfy (H1)-(H6), (H7-I) and (H8-I) and invoke
Theorem 3.2.4 and Theorem 1.8.2.

Nilpotency of I' is immediate. That I' is densely-defined and closed follows easily
from Proposition 2.2.12. This settles (H1). Also, (H3) is an easy calculation and
(H4)-(H5) are immediate. The fact that (H6) is satisfied is an immediate conse-
quence of the Leibniz property of the connection. The conditions (i) and (ii) allow
us to invoke Proposition 5.1.3; thus proving (H8-I)-1. It remains to demonstrate
(H2), (H7-1), and (H8-I)-2 hold with Z: D(Z) Cc L*(V) @ L2(V) @ L2 (T*M @ V) —
LA(T'M®V) o L2(TM e V) ® LA(TOIM @ V) defined by =Z(up,ug,uz) =
(Vuy, Vug, Vuz). The domain of Z is D(Z) = WH2(V) e WH2(V) e W (T M V).

Fix v € R(I'*). That is, u = (S*v,0) for v € L2(V) & L*(T*M ® V). Thus,
Re (Byu, u) = Re (aS*v, S*v) > k|| S*v||* = k1||ul]*.
Next, let u € R(T). Thus, u = (0, Sv) for v € L*(V). Therefore,
Re (Byu, u) = Re (ASv, Sv) > Kyl|ul|?
which settles (H2).

We verify (H7-I). First, let u = (uy,ug,u3) € D(I') with spt u C @ and v =
(v1,v9,v3) € D(I'*) with spt v C . Then, I'u = (0,Su;) = (0,u1, Vuy), v =
(S*(ve,v3),0) = (vy — div s, 0,0) and we have that

‘/Fudu’:‘/uldu‘—k'/Vuld,u‘

Q Q Q
‘/P*vdu‘:’/vg—divvgdu'g'/vgdu‘—i-‘/divvgdu‘.
Q Q Q Q

and
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By Cauchy-Schwartz,
[ ] < @)l < (@)
and by a similar computation,
[ ] @

To conveniently deal with the two remaining estimates, we omit the indices in u,

and v3 and note that it remains to prove

(a) ’/QVu

for all u € D(V), v € D(div) with spt u, spt v C Q.

< @)z o

<u(@ull and (b) LLde

L.(V) can be written as

f = fie" = h(f, hyeF)e’ in B(x@, p). Here h;; = h(e;, e;), where {e;} is the dual basis
of {€'}, and we use the same notation h to denote the induced inner product on V* by
requiring that h;jhi* = 6¥. We also remark that every function F € L}, (T*M @ V)
can be written as F = Fj; do’ ® ¢/ = g @ h(F, guihy; da® @ €*) da' @ ¢/ in B(zg, p)
where g;; = g(0;,0;) on TM.

Before continuing, we remark that every function f € L

Turning to the proof of (a), let v € W'?(V) with spt u C . Choose 1) € C>°(M)
such that spt ¢ C B(xé,p) and 1 = 1 on @, and extend ¥g,hy; dz® ® €’ to be
zero outside of B(x@p). Then, by the above remark with ' = Vu, we have the
following identity on Q).

/ Vu= / g ® h(Vu, Yg.hy; dz* ® ) dp da' @ €
Q Q
= / g @ h(Vu, Ygyhy, dz @ ) dp dr' @ €
M
— / h(u, — tr V (gehy, dz® @ e?)) du dr' @ ¢’
M
= / h(u, — tr V(guhy, dz® @ €%)) du do' @ e’
Q

= / —h(u, gaihy; tr V(do® @ ) + tr((Veuhy) ® dz® @ e°)) du da' @ e/ .
Q

We have used Proposition 2.2.1 (since gghy; dz® @ €’ are smooth), the product

rule for V, and the linearity of tr. We note that by an easy calculation, we have
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[tr(X)| < | X]| for all x € M whenever X € C*(T*M&T*M®V). Furthermore, the
bound on the metric in each GBG chart implies bounds on |h,;| and |gg|, and the
bounds in (iv) imply bounds on [Oxh,;| and |gs;]. Also, |e?| and |dz?| are bounded
by the GBG hypothesis, |Ve*| and |Vdz'| by (iv), and so we conclude that

|gaihy; tr V (dz® @ €) + tr((Vgaihyy) @ da® @ )| S 1.

~J

On combining these estimates, and applying the Cauchy-Schwartz inequality, we

‘/Vu
Q

conclude that
S Q)2 ]|ull

as required.

To verify (b), let v € D(div) with spt v C @, and apply the above remark with

f = divov to obtain by a similar argument that

/ dive = / h(divv, hy; €) du ' = / g®@h(v,V(hy ) du e
Q Q Q

Reasoning as before, we have that ’V(hki e’“)| is bounded and by the Cauchy-

Schwartz inequality, we conclude that

/ divo
Q

as required. This completes the proof of (H7-1).

< u(Q)z v

To show (H8-I) let =(uy, us, u3) = (Vuy, Vug, Vuz). Upon noting that
|V (da' @ /)| < |Vda'| |e7| + |Vel| |da?] S 1,
we apply Proposition 5.1.3 which proves (H8-I)-1.

It remains to show (H8-I)-2. Fix v = (vq,ve,v3) € R(II) N D(II). Thus, there is
u = (u1,ug,u3) € D(II) such that v = Hu = (uy — divug, uy, Vuy). A calculation
the shows that

ol + 1Z0]* = flua* + 2 Ve | + [V [l + ([Jon* + [V [7) -

Also,
ITT0 ]| = [T+ A)ua|[* + [loa[|* + [ Vo ||
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But note that
I+ A)ug || = (T + Ay, T+ A)uy) = |lua|” + 2|V [|> + || Aw |2

Combining these estimates with (iv), we have that ||v||? + ||Zv||*> < ||Tv|| which

proves (H8-I)-2.

Now, by invoking Theorem 3.2.4, we conclude that IIgz has a bounded holomorphic
functional calculus. By Theorem 1.8.2, we conclude that ||/IIz*v|| =~ ||TIzv]|| for
v € D(Il) = D(VI15%). Fix u € WH2(V). Then v = (u,0,0) € D(Ilz) and

IvLaull = VI = [Tpo[| = [|v]lw:.
which finishes the proof. m

Remark 5.2.2. (i) Instead of taking V to be a connection, we could have consid-
ered a sub-connection, on some sub-bundle E C TM. As described in Chapter
/4, this is related to the study of square roots of subelliptic operators associ-
ated with sub-Laplacians on Lie groups. However, it is not clear whether a

sub-connection is automatically densely-defined and closable.

(ii) If we assume that the dz' arise from coordinate systems on M, then |Vdz'| < 1
is automatic since Vdx'® is written in terms of Christoffel symbols which only

ab

depend on the bounded quantities gqp,, g% and 0.Eqp-

5.3 Manifolds with injectivity and Ricci bounds

In this section, we apply Theorem 5.2.1 to establish the Kato square root estimates
for manifolds which have injectivity radius bounds and Ricci bounds. Our approach
is to use the existence of harmonic coordinates under the assumptions we make which
allow us to control the metric and its derivatives. We then use these coordinates to
show that the bundle of (p, q) tensors satisfy the GBG criterion, as described in the

following proposition.

Proposition 5.3.1 (Existence of GBG coordinates for finite rank tensors). Under
the assumptions that inj(M) > k > 0 and |Ric| < n, there exist GBG coordinates
for T®D M. Furthermore, in each basis {e'} in each GBG coordinate system for
TPD M, we have that |Ve'| < C,,.
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Proof. First, we note that the Ricci bounds imply that there exists n € R such that
that Ric > ng. Thus, as in the proof of Theorem 1.1 in [16], we conclude that M
satisfies (Exp).

Fix A=2and a = % The previous theorem guarantees the existence of harmonic
coordinates for these choices. Thus, this yields GBG coordinates for TM with
271 <g<2.

It is an easy calculation to show that G' ~ I implies G~ ~ I with the same constants
for a positive definite matrix G. Thus, we obtain GBG coordinates for T* M with
271 < g < 2 where we denote the metric on T*M also by g.

Next, if two inner products u,v on vector spaces U,V satisfy ;' < u < O and
Cyt < v < Oy, then (C1Cy) ' <u®v < C1Cy on U ® V. Thus, by induction, we
have that 2777 < g < 274 for the metric g on T®9 M.

For the gradient bounds, first consider TM = TOYM. Since we assume our
connection is Levi-Civita, we can write the Christoffel symbols Ffj purely in terms of
Oape and g?. The Cauchy-Schwartz inequality allows us to bound the g® and the
bounds on 9,8, comes from the theorem. Thus, ‘F fj| < C and so |[Ve;| < C. An
inductive argument then yields the result for 79 M with the constant dependent
on p and q. O

With this result, we can apply the general Theorem 5.2.1 to obtain the following

solution to the Kato square root problem on finite rank tensors.

Theorem 5.3.2 (Kato square root problem on finite rank tensors). Let (M, g) be a
smooth, complete Riemannian manifold. Suppose that |Ric| < C, inj(M) > k > 0,
and the following ellipticity condition holds: there exist ki, ko > 0 such that

Re {au, u) > ki |ul? and Re (ASv, Sv) > kalv[[3y1.

for all w € LA(TPDIM) and v € WY(TPDM). Suppose further that D(A) C
W22(V) and that there exists C' > 0 such that

IVl < C'I(T+ A)ul (R)

whenever u € D(A). Then, D(yLa) = D(V) = WYA(TPIM) and ||v/Lau| ~
|V ul| + ||ul| = [|ul|wiz for all w € WY2(T®DM).
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Proof. We apply Theorem 5.2.1. The Ricci bounds imply that there exists n € R
such that that Ric > ng. This shows condition (i) as in the proof of Theorem 1.1 in
[16]. Conditions (ii) and (iv) are a consequence of Proposition 5.3.1, and (iii) holds

because the connection is Levi-Cevita. O

The Riesz transform condition (R) is satisfied automatically for (0,0) tensors, or in

other words, for scalar-valued functions, as we now show.

Theorem 5.3.3 (Kato square root problem for functions). Let (M, g) be a smooth,
complete Riemannian manifold with |Ric| < C' and inj(M) > x > 0. Suppose that
the following ellipticity condition holds: there exist Ky, ke > 0 such that

Re (au,u) > ki ||ul|? and

Re((AHVU, VU> + <A10U, VU> + <A01VU, 'U> + <A00’U,U>) 2 KZQHUH%VLZ

for all uw € LA(M) and v € WH2(M). Then, D(v/L,) = D(V) = WH(M) and
IVIaull = [[Vull + [lull = [[ullwz for all v € WH(M).

Proof. Recall the Bochner-Lichnerowicz-Weitzenbock identity
1 2 .
(AVS), V) = SANVIP) + [V + Rie(Vf,V f)

for all f € C®°(M). When f € C®(M), we get [|[V2f|| < ||(I+A)f|| by integrating
this identity.

By Theorem 2.2.6 and Theorem 2.4.1 we conclude that C*(M) is dense in both
D(A) and W22(M). Thus, D(A) € W22(M) and ||Vul| < |[(T+ A)ul| for u €
D(A). Hence the hypotheses of Theorem 5.3.2 hold and the theorem is proved. [

5.4 Lipschitz Estimates and Stability

In §1.8, we assert that obtaining a bounded holomorphic functional calculus gives
us holomorphic dependency results for free. The purpose of this short section is to

present the corresponding stability consequences from the quadratic estimates we
establish in §5.2 and §5.3.
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Let @ and A satisfy the same conditions as specified for a and A prior to Theorem

5.2.1, and set
. a 0 ~ 0 0
Bl = “ and BQ = ~ ] .
0 0 0 A

We obtain the following Lipschitz estimates as a consequence of Theorem 1.8.5. The

proof of this theorem is similar to the proof of Theorem 4.5.1.

Theorem 5.4.1 (Lipschitz estimate). Assume the hypotheses of Theorem 5.2.1 and
fix n; < k;. Suppose that B; satisfy ||Bl||OO < fori=1,2and set 0 < w; < 5 by

—— and & = 5(Wy +@2). Then, for all & < p < I,

ke
COS Wi = B [w+m 2

1f (@s) = f(p. )l S (1Billoe + I Balloo) 1 flloo

for all f € Hol™(S;,), and

>0 dt - -
/0 [(Tp)o — (g, p)vl*— S (1Bl + Bl )],

for all ¢ € \II(SZ) and all v € 7. The implicit constants depend in particular on
on B; and ;.

We use the coefficients @ and A to perturb the coefficients @ and A. Then, we
construct the following perturbed operator L,, ; defined similar to L4 given by
L, su=(a+a)S*(A+ A)Su for u € D(L,, ;).

Theorem 5.4.2 (Stability of the square root). Assume the hypotheses of Theorem
5.2.1 and fix m; < ki. If |dlloo < M1, || Allse < 12, then

IWVELaw— /Ly gull S (lalloe + [1Allso) ullwr2

for all w € WH2(V). The implicit constant depends in particular on A, a and ;.

Proof. The proof is essentially the same as that of the proof of Theorem 4.5.2 except

that in place of invoking Theorem 4.5.1, we invoke Theorem 5.4.1. O

We point out that the conclusions of both these theorems hold if, instead of assuming
the hypotheses of Theorem 5.2.1, we assume the hypotheses of Theorem 5.3.2. This
yields Lipschitz estimates and the stability result for (p, ¢) tensors. We conclude this
section by highlighting the stability of the square root for scalar-valued functions as

a corollary.
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Corollary 5.4.3 (Stability of the square root for functions). Let (M, g) be a smooth,
complete Riemannian manifold. Suppose that |Ric| < C, inj(M) > k > 0 and the

following ellipticity condition holds: there exist Ky, ks > 0 such that
Re (au,u) > ki ||ul|® and Re (ASv, Sv) > Kal[v||31.
for all u € L2(M) and v € WY2(M). Fizn; < ki If ||dlloe <01, [|Allco < 12, then

IWVLaw— /Ly iull S (lalloe + [1Allso) llwr2

for all u € WH2(M). The implicit constant depends on C, K, ki, A, a and n;.



Inhomogeneous Hodge-Dirac

operators on manifolds

In this chapter, we prove the Kato square root problem for perturbations of inho-
mogeneous Hodge-Dirac operators on manifolds under a set of natural curvature
assumptions. We first introduce a kind of “twisted” inhomogeneity on spacetime
manifolds M x S' and M x R. In the last section, we consider a more standard
inhomogeneous setup. We begin our presentation by establishing some facts we need

about product manifolds.

6.1 Products of manifolds

Let (M, g™, VM) and (W, gV, vV ) be two Riemannian manifolds, where the triple

represents the manifold, the metric and Levi-Cevita connection respectively.

Define P = M x N. We define the product metric g on P by writing g(x,y) =
gM(z) + gV (y) after extending g™ to TP by letting it vanish on on TA and gV to
TP by letting vanish on TM. This ensures that TP = TM &+ TN.

Let (z,y) in P and U x V. C M x N = P be a coordinate system near (x,y).
Let span{0,:} = TU and span{ayj} = TV. We extend V™ and VV to TP in
the following way. First, let Vg 05 = Vg 0, = 0. For XYV € C>(TP), we
note that the metric induces the splitting X = Xy + Xy and Y = Yy + Yy

125
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where Xy, Yy € C®(TM) and Xy, Yy € C°(TN). We shall use this notation
throughout this section. Next, define

VY = VA Y+ X0, (Y0, and VY = VY Y + X730, (Vi) 0.

Indeed, these are readily checked to be connections on P since 0,: is independent of
y and 0y is independent of z, even though the coefficients of these vectorfields are

dependent on both x and y. Finally, we define

VxY = VY + VY.

We have the following important proposition about our setup.

Proposition 6.1.1. We have that (P,g,V) is a smooth Riemannian manifold and

V s the Levi-Cevita connection with respect to g.

Proof. The smoothness of P is easy: at each (z,y) € P, the coordinate charts are
of the form U x V with U being coordinates for M at x and V coordinates for N’
at y. Also, it is easy to see that the metric g is smooth since each g™ and gV is

smooth.

We show that V is Levi-Cevita with respect to g. Fix (x,y) € P and let U x V be
a coordinate chart. Now, Vg 0, = Vé\fliaxj, Vayi(?yj = Vé‘/ﬁyj, and V0,5 = 0.
This shows that in each case, the Christoffel symbols of Fﬁ ; = V5,0;0, are symmetric

in 7, 7, which is equivalent to the statement that V is torsion-free.

To prove metric compatibility, we note that Vg(z,y) = VgM(z) + VgV(y). Com-
puting this locally,

VM = V(gi/}/l dr' @ da?)
=d" @ Vo, (g} dr' @ d2’) + dy' @ Vg (g7 da' ® da?)
= VMM + dy' @ (Oygl)! do' @ da?) + dy' @ (g Vo, (da' @ da?).

By the metric compatibility of VM and g™, we have the first term is zero. The
second term vanishes since g{}/‘ is only dependent on x. The last term also vanishes

since

(Vayl dl‘i)(amj) = 8yz(d:ci(8zj) — dxi(Vayl 811) =0.
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Thus, since the Levi-Cevita connection is the unique connection satisfying the prop-
erties torsion-free and metric compatible, we have that V is the Levi-Cevita con-

nection of g. O

Let the induced Riemannian volume measures of M and A be denoted by p and v
and the induced Riemannian volume measure of P be denoted by . The product of
the measures p and v are then denoted by u v(A x B) = u(A)v(B). The following

proposition describes o in terms of p and v

Proposition 6.1.2. The volume measure is given by o = pu v.

Proof. As previously, assume local coordinates at (z,y) and write g as a matrix.

Then, by orthogonality of T*M and T*N, we can write g as the block matrix

_ (&7 0
g 0 V)
Thus, det g = det g™ det gV which establishes the claim. O

Let RM and RV denote the curvature of VM and VV respectively and R the
curvature of V. We denote the Riemann curvature tensor by Rm™, Rm" and Rm

respectively. Similarly, let the Ricci curvatures be denoted by Ric™, RicV and Ric.

Proposition 6.1.3. Let X,Y,Z, W € C®(TP). Then,
R(X,Y)Z = RM( X, Yad) Zog + RN (X, Vi) Zr.
Moreover,
Rm(X,Y, Z,W) = Rm™ (X i, Vi, Zot, Wan) + RV (X, Yo, Zne, W),
and

Ric(X,Y) = Ric™M (X, Ya) + RicY (X, Yiv).

Proof. For local coordinates near (z,y), we have
R(Oyi, Opi)Opr = Vo, (Vo ,0.+)Vo (Vayi Ogr) =0,

and similarly, R(0,i,0yi)0pr = R(0yi, 045)0yx = 0. Also, R is function linear and
50, R(Xa, YN)Z = R(Xm, Y)Zy = R(X,Y\m)Zx = 0. Moreover, this equation
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is invariant under interchanging M and A. This proves the first claim. For the
second claim, a contraction through the metric keeping in mind that T*M @+
T*N establishes the claim. The last claim then follows immediately, by tracing the

curvature tensor. O

6.2 Spacetime manifolds and inhomogeneous op-

erators

In this section, we fix A to be a connected 1-manifold. By the classification of
connected 1-manifolds, the only non-compact 1-manifold is R and the only compact
one is S'. We use the notation My = M x N to denote the spacetime manifold.
That is, we interpret the coordinates of N as time. We emphasise that, despite
referring to Mg as a spacetime manifold, the metric on My is Riemannian, not

Lorentzian.

Let ©7(My;) be the space of forms which can be written locally as w;, . ; (x,t) dz"-"
and QF (M) as the space of forms locally expressed as wy,.;,_, (¢, t) dsAdz""»=1. An
immediate consequence of the orthogonality of the product space is the orthogonal
splitting QP(My) = Q5 (M) &+ Q5( M) and Q(My) = Q;(My) B Qy(My).
By Pq,(a.,), let us denote the projection (M) to ©,(My;) and by Pg_(a4,,), the
projection from 2(My;) to 2y(Mq).

In addition to the fact that R and S' are complete and connected, they are also
Lie groups. Since they are 1-dimensional, T*A orients A and we can find a unique
(up to orientation) T € C*°(T*N) such that |t| = 1. We use the same notation to
denote the embedding of T into Q(My). We call T the timekeeper, and emphasise

that it is constant in the direction of M.

The following coordinates which we define near some ¢t € A is often useful in calcu-

lations to follow.

Definition 6.2.1 (Neighbourhood normal coordinates). Let t € N. We define
coordinates {s} near t in a neighbourhood Uyr. That such a neighbourhood exists is
an easy fact. If N =R, then we let s be the usual coordinates, given by s — s+t for
s € R. These coordinates are, in fact, global (so that Uz = R). For the case of N =
S' € R?, we writet = (sint’,cost’) and so we we let these coordinates be s — (sin(s+
t'),cos(s +t')) for s € (0,2m). Then, Us: = {(sin(s +t'),cos(s +t')) : s € (0,27)}.
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Proposition 6.2.2. The neighbourhood normal coordinates are normal coordinates

n Uy, and in particular at t. Furthermore, T = ds or T = —ds inside Uy .

Proof. Since both R (under addition) and S' are Lie groups, we restrict computa-
tions to the identity. First, it is easy to see that these coordinates are given by
exponentiation. For the case of R this is trivial, and for the case of S!, this is best
seen by considering the coordinates under the map ® : S' — {z € C: |z| = 1} given
by ®(t1,ts) = t1 + 1t5. For the same reason, we are able to restrict our attention to

a single point on R and S! since we can obtain general points via translation.

In these coordinates, note that |ds| = 1. Writing T = T ds near t, and then applying

this second fact, we find that |T| = 1. We obtain the conclusion since T is smooth. [

We now define the following inhomogeneous spacetime Dirac operators.

Definition 6.2.3 (Inhomogenous interior, exterior differential and Dirac operator).
Let « > 0 and w € QP(My). Then, define dy : QP(Mg) — QP My) and
8o WP (M) — QP H( M) by

dyw=dw+atAw and dyw = 0w+ &T L w.

The inhomogeneous Hodge-Dirac operator Dy : (M) — Q(My) is then defined
as Dy = dy +04.

We emphasise the fact that in this definition, the exterior derivative acts in both
space and time. That is, locally, dw = Qjw(x,t) da’ + dw(x,t) ds for w € C®(My).

It is this fact that makes these operators non-trivial.

In the L2 theory, it is not difficult to see that d, and 8, are adjoints of each other, and
the operator Dy is self-adjoint. Furthermore, since these operators are respectively
d and & with a lower order term, we have the following density result. It is an easy

consequence of Theorems 2.3.1 and 2.3.2.

Proposition 6.2.4. We have that C*(Q2(Ms)) is dense in D(d,), D(8a), D(Dy)
and D(D?).

This density result is useful in many of the calculations we carry out in this section.

We end this section with the following propositions.
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Proposition 6.2.5. The operators dy and 84 are nilpotent.

Proof. Let w € C°(Q(Myg)). Then,

P w=de(dw+atAw)=d(dw+ T Aw) + ot A (dw + ot A w)
=dwt+adTAw)+atAdw+ oETATAW.

The nilpotency of d and the properties of A means that d*w0 and TATAw = 0. By
the properties of d, we have that d(T Aw) + TAdw = (dT) Aw. But, dt = d¥ 1,
where dVV is the exterior derivative of A/ , since T is constant in the direction of M.
Since N is a 1-manifold, " t = 0. This proves that d? = 0. That 62 = 0 can be
obtained by duality. O

Proposition 6.2.6. D2 = D* +«I.
Proof. Let w € C°(My), and note that by the nilpotency of dy and &4, we have
Diw = dy dqw + 0y dyw. Then,
de s = do(Sw + ot L w) = ddw + ad(T L w) + aTAdw + aPTAT L w,
and similarly,

Sadew =8p(dw+ atAw) =8dw+ &d(TAw) + &t L dw + &*T L TAw.

Now, fix (z,t) € My, and let {z'} be normal coordinates for M at z and s neigh-
bourhood normal coordinates at ¢. In light of Proposition 6.2.2, in order to make
future calculations easier and without the loss of generality, we assume that near ¢,

T = ds. Furthermore, in these coordinates, let
Po, (Mo w = Wiy, dzx  and sz(Mst) W =W, dS N dx'ti=1,
First, we show that T L TAw +TAT L w = w. Since T = ds and by or-

thogonality of T*M and T*N, we have that T A w = w;, ,;, ds A dz"" and

TLw="“w. i, dz"'»=1. Thus,

TATLW="Wy..i,_, ds A dx--1 = Pa,m.,)w, and

TLTAW = Wiy..ip N dﬁ?il"'ip = Pﬂl(Mst) w.
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Thus, TLTAWHTATL w=w.

At this point, we point out that
D2w=D*w+cw+aldtLw)+TLdw+d(TAW) +TAW].

Thus, it remains to show that the term in the square bracket is zero.

At (z,t),

d(t L w) = 8Ikwi1mipdxk N axkcwz‘l...i,,,ld$k A e

+ 05wy iy ds N dziv,

Now,

dw = Opew;, i dz® A dz™" + Oyw;, .+ ds A dz'r-r
1.--0p L onip
+ amkcwilmz’pildl’k Ads N\ dxilwip.

Thus,

_ i1 c k 1eip_1
TL dw = 0w, i, dx" " — 0wy, i, dx” N\ dx" "7,

and therefore,

d(T L CL)) +TLdw= 8swil,,.ipdxi1'“ip + 83Cwl-1mip71ds A dl’il"'ip_l.

Similarly,
d(tAw) = —@ckwil,_,ipda:k L ds A dxitr — Gswil,,,ipda:““""’,

and

dw = —0prwi,. i da® L dz™ " — 90wy, da® L ds A da

— l’kcwil..-ipfldl‘k L ds A dxi-ie=1
Therefore,
’ et ¢ i eerip
TA W = —aggkuh‘l-..ipds Adx® L dxttr — 85 wil__.ip71d3 A dptte-1

Since we are working in normal coordinates at (z,t), and since dz* # ds, ds A
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dx® L dar = —dx* L ds A dx'. Therefore,
6(T A CL)) +TAd = —8swi1...ipdx“"'ip — 83Cwl-1mip71ds A dl’il"'ip.

Combining these estimates show that d(tT L w) + T dw+8(TAW)+TAdw =0
and this completes the proof. O

6.3 Square roots of perturbed inhomogeneous op-

erators on spacetime manifolds

In this section, we define perturbed versions of the inhomogeneous Dirac operator
and present the main results pertaining to a version of the Kato square root problem
for such operators. First, we introduce a notion of curvature for forms as defined by

Rosenberg on page 70 in [18].

Definition 6.3.1 (Curvature endomorphism on forms). Let {0’} represent a local

orthonormal frame for QY(M). Then, the curvature endomorphism is given by
Rw = —Rmyjp 0" A (67 L (68 A (0" L w))),

where Rmyj; 1s the components of the Riemannian curvature operator in this frame.

It is easy to check that the expression for R is independent of frame. A more
interesting fact is the relationship of this operator to Ricci curvature as captured
in the following proposition. Note that b : T*M — TM is the flat isomorphism
through the metric, given by 7> = (5, -) for n € T'(T*M).

Proposition 6.3.2. Forn, ¢ € QY(M), we have that (Rn,¢) = Ric(n’, (*).

Proof. Fix x € M and let #® = dx', the orthonormal frame induced by normal

coordinates at . Then,

—Rn = Rmyj da’ A (da? L (da® A (dat L nyda™)))
= Rmyjp; do’ A (da? L (da® A npd'™)) = Rz dz’ A (da? o D™ dx®)
= Rmyj dx' A nmdlmdjk = Rm;j1 nmélméjk dx’.



6.3. SQUARE ROOTS OF PERTURBED SPACETIME OPERATORS 133

By the symmetries of Rm, we have that Ric; = Rm;jk 6% and hence, Rn =
Ricy 00" da?. Therefore,

(R7,¢) = (Ricy nyd™da’, ( da®) = Ricy nmCa6™ 5"

The proof is complete on noting that 7° = 7,69, and ¢* = (,6°0; and by the

symmetry of the Ricci tensor. O

This proposition allows us to view R as a generalisation of Ricci curvature to the

exterior algebra.

Let us now return to considering perturbations of our inhomogeneous Dirac opera-
tors. Let B € L>®(L(£2(My))) and suppose that B~! exists. For a > 0, define the
operator Dp with domain D(Dp) C L?*(2(My)) by

Dpu = (dg +B~'8,B)u.

With this and on noting that Ricys and Ry denote the Ricci and curvature endo-

morphisms of M, we obtain the following Kato square root theorem.

Theorem 6.3.3 (Kato square root problem on spacetime manifolds). Let (M, g)
be a smooth, complete Riemannian manifold, and suppose there exists n, k > 0 such
that |Ricpm| < n and inj(M) > k. Further suppose that there exists ( € R such that
gRyw,w) > C|wl forw e Q,(Mgy) and all z € M, and that B € L®(L(Q(My)))
satisfies the following ellipticity bound: there exists k' > 0

Re <BCL), w>L2(ﬂ(Mst)) Z "il”w”i2(ﬂ(Mst))

for allw € L2(2(My)). Then, for a >0, D = D(1/D%) = D(Dp) = D(d) ND(8B)
(where D = d+B~'6B) and

I/ Dawlliz @ = D5 Wiz = | dawlliz@m) + [18aBwlliz@ma)

for all w € D.

Proof. We proceed to prove this theorem by showing that (H1)-(H6), (H7-I) and
HS8-I) are satisfied in order to invoke Theorem 3.2.4 and Theorem 1.8.2.
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We define I' = dy. Then (H1) is immediate from Proposition 6.2.5. Set By = B and
note that the ellipticity bound on B implies that B! exists and satisfies a similar
bound. Thus, we can write B; = B~!. Then, (H2) is immediate, and coupling the
fact that By By = BBy = I with the nilpotency of d, and 84, gives (H3).

We prove (H4). First, we show that My, possesses a uniform bound on its Ricci
curvature and a uniform lower bound on its injectivity radius. For the curvature
bounds, we note that by Proposition 6.1.3, |[Rmpy,, |* = [Rmay|* 4 [Rmy|* . Since N
< 1. Therefore, Mg satisfies (Exp).

is a 1-manifold, Rmy = 0 and so |Ricp,

Next, the injectivity radius of both R and S! are uniformly bounded below, and
therefore, it is easy to see that there exists a ' > 0 (namely taking the minimum of
 and the injectivity radius of A') so that inj(My) > £’. Thus, we are able to assert
the existence of GBG coordinates for tensors through Proposition 5.3.1. Since we
can isometrically embed Q(My) into &7 TP (My), we conclude that (M)
satisfies the GBG condition and furthermore, admits GBG coordinates. Thus, M
satisfies (H4).

We note that (H5) is immediate from the assumptions so we prove (H6). Fix u €
D(I") and £ a bounded Lipschitz function. It is an easy fact that £D(I') € D(I).
Then, [T, ¢l u = T'(§u) — {T'u. We compute

['(u) = do(§u) = d(u) + TA (§u) = (du+ Edu+ ETAu = déu + T u.

Thus, combining these estimates show that [T, £I]u = (d§)u and thus, and (H6) is

proved.

To prove (H7-I), we proceed as in the proof of Theorem 5.2.1. Fix u € D(I") with

Sl/du /T/\u
Q Q

spt u C ) and so we have that

‘/Fu
Q

An easy calculation yields that

'/Q’c/\u

For the remaining inequality, let dz! = dz® % and da® = da?*J» be p-forms with

+

— < 3
< /Q TAul < /Q 7] Ju /Q ] < Jlull (@)}

multi-indices I and K for notational simplicity. Similarly, let 9; and Jx denote

the corresponding dual p-vectors. Furthermore, we note that without the loss of
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generality, we can assume that u is a p-form. Then, arguing as in the proof of (H7-I)

in Theorem 5.2.1,

/du:/ (du,grrda™) da' :/ (u,8(gxrdz™)) da',
Q Q @

where gr; = g(0k, dr). Thus,

[0 <3| [ o stamtr | [ 113 otee)

Also,
6(gK]dZL‘K) = dl’l L vl(gK[dIK) = 8l(gK[)dIl L d$K + gK]dl‘l L Vlde
The bounds on dg;; guaranteed to us by Proposition 5.3.1 imply similar bounds on

Oigxr = 0; det((g(da’, dx?*))). Thus, we have that Y, |8(gxsdz™)| < 1. Combining
these estimates, we have that
’/ ['u
Q

Next, fix v € D(I'*) with spt v C Q. First, we deal with the lower order term:

‘/Qmw

Then, as before, we compute

dv < /vdg dx™| .
/ 5

We have that d(ggrda®) = Ogxrda! A da® which is bounded. Thus,

‘/51}
Q

On combining these estimates,
< ‘ / dv
Q

‘/F*v:‘/éav
Q Q

and this concludes the proof of (H7-I).

< Jlull (@)

1
<« /Q 7] o] < odflull(@)?.

= '/ <6U,gK]d(L’K> dlL‘I
Q

= ’/Q@,d(gmdx[(» da’

< @)z

< Jlull(@)2

+‘/0€TI_U
Q
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To prove (H8-I), set = = V. We note that since |Rica,,| < 7, the hypothesis of
Proposition 5.1.3 is satisfied and hence, we obtain the Poincaré inequality that for
all u € WH2(Q(M)) C D(D), t < tg, @ € 2, and r > &L,

[ u ol du s (02 [ (Va4 ) dp
B B
Thus, (H8-1)-1 is proved.

To prove (H8-1)-2, fix u € C>°(M). By Theorem 2.38 in [158], we have that D*u =

Au + Ru, where A = —tr V? is the usual connection Laplacian. Then,

IVul? = / (Vu, V) dy = / (A, u) dy
M M

:/ ((D*u,u) — (Ru,u)) du
M

While we assume lower bounds on (R w,w) for w € (M), we need to show that
these bounds hold for R. Note as before, that Rm = Rm, and that w € QP (M)
can be orthogonally decomposed into w = w' +w? where w'(2,t) = w/, ; (x,t) 6"+

$1...0
and w?(z,t) = w? ;  (v,t) ds A9t Fix t € N, and note that Rw'(z,t) €

O (M) and Rw?(z,t) = ds AR(W],_; (w,t) 0""r-1) € Q5( M), where the second
equality follows from the fact that {#?, ds} is an orthonormal frame. Let w? (z,t) =
w? i1 for each t, w? (z,t) € QP(M). Thus,

il...ip_1

(Ruw(z,t),w(z,t)) = (Rw'(z,1),w (z,1)) + <ds ARw? (z,t),ds AN w? (z, t)>

> (| (2,8)] + [ds| ¢ | (2,8)] = ¢z, 1)
by the fact that |ds| = 1.
Thus, we have that | Vu||* < || Dul|* — ¢||u||*. Furthermore,
\|Dau|]2:/ (Do u, Dy u) du:/ (D2 u,u) dp
M M
= [ (0P rotuu) du= Dl + oul?
M

by Proposition 6.2.6. It is easy to see that if ( > 0, then it is immediate that
|Vul|?+ [Ju|| < || Dql|?. For the case that ¢ < 0, fix C > 1 to be chosen later so that

IVl + flull* < [ Dull? + (1 = O)lfull®
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< ClIDul* + (1 = Qllul* = Cl Daul* + (1 = ¢ = Ca[ul*

Then, we choose C' > 1 so that 1 — ( — C'a < 0. That is,

C’>max{1,1;}.
x

Then, for any ¢ € R, we have that
IVl + [lul® < C|| Do ul* = C|[TTulf?
which proves (H8-I)-2.

Since we have demonstrated (H1)-(H6), (H7-I) and (H8-I) are satisfied for our op-
erators (I, By, Bs) = (du, By, Bs), we obtain quadratic estimates (Qest) for our
operator Il via Theorem 3.2.4. Therefore, we invoke Theorem 1.8.2 to conclude
that D(T) N D(T) = D(I1s) = D(y/T) and [Tul + [Tl = sl = |/ Tul.
But note that I' = dy, Iy = B7'8,B, Il = Dp and so D(T') = D(dy) = D(d),
D(I%) = D(B™164B) = D(84B) = D(8B). Furthermore, the ellipticity of B im-
plies that ||B7'u|| < |lul|, and therefore, |B~'8,Bu|| ~ ||8,Bul||. This completes
the proof of the theorem. O

We say that a manifold M has a straight line if there exists a smooth curve v : R —
M such that d(y(s),v(t)) = |s — t| for t,s € R. The Splitting Theorem of Cheeger
and Gromoll in [18] then asserts that for manifolds that contain a straight line and
satisfy Ric > 0, there exists a submanifold S with Rics > 0 such that M =8 xR
isometrically. Thus, for such manifolds, there is an internal timekeeper and yields

the following theorem.

Theorem 6.3.4 (Kato square root problem for spacetime manifolds with a straight
line). Let (M,g) be a smooth complete Riemannian manifold that has a line and
suppose there exists n, k > 0 such that Ric > 0, |Ric| <n, and inj(M) > k. Further
suppose that there exists ¢ € R such that g(Rw,w) > Clw|)? forw e Q. (M) and all
r € M, and that B € L®(L(2(M))) satisfies the ellipticity condition: there exists
k' >0 such that

Re <Bw7w>L2(Q(M)) > KIHWH%P(Q(M))

for all w € L2(Q(M)). Then, D = D(y/D%) = D(Dg) = D(d) N D(8B) and

1/ Diwlirz@m) = || Dewliz@my) = || dewlrz@m) + [18aBwllL2@my)
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for all w € D.

Proof. By the Splitting Theorem, let M = § x R. We put S in place of M in
Theorem 6.3.3, but we make the following alteration to the proof that Q(My)
satisfies GBG. Instead of using curvature bounds on & to get curvature bounds
on M = &, we have the necessary curvature bounds on M by assumption. The

conclusion is then immediate. O

6.4 Square roots of perturbed inhomogeneous

Hodge-Laplacians

In this section, we consider a more standard problem for perturbations of inhomo-
geneous Hodge-Laplacians. The setup we present here is due to a suggestion by
MclIntosh.

Fix B € C\ {0}. Let dg : Q(M) & Q(M) = Q(M) & Q(M) be defined on L? by

d 0
dﬁ_<ﬁ _d>.
_ (5 B
5(5—(0 _5>,

and we define the inhomogeneous Hodge-Dirac by Dg = dg +85.

Then,

Let us first make the following note about these operators.

Proposition 6.4.1. The operators dg and dg are nilpotent. Moreover,
,  (D*+[B 0
0 D* +|B|

Proof. We note that
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Similarly, 6% = 0. Next, note that

and therefore,

b2 _ (D*+IBIF BD-DB) _ (D*+[B]" 0
B 2 2| 2 2 |-
BD—-DpB [B"+D 0 D +[B]

Let A € L>°(L(Q2(M))) and suppose that A~! exists. Then, define D4 = d+A"18A.

On letting
A= A0 :
0 A

define the perturbed inhomogeneous Hodge-Dirac operator D4 g : Q(M)BQ(M) —
Q(M) D Q(M) by DA,ﬁ = d[g +A/_155A/.

The following proposition is a simple calculation similar to that of the proof of

Proposition 6.4.1.

Proposition 6.4.2. The operator
Di B Di+IBF 0
DAJ_J, = D s and Dil,ﬁ = D2 9 | -
8 A 0 2+ Bl

In the following main theorem of this section, we obtain the following solution to

the Kato square root problem for the operator Dy.

Theorem 6.4.3. Let (M,g) be a smooth, complete Riemannian manifold and let
g € C\ {0}. Suppose there exist n,k > 0 such that |Ric| < n and inj(M) > k.
Furthermore, suppose there exists ¢ € R satisfying g(Rw,w) > ¢ |w|* forw € Q,(M)
and all x € M, and that A € L*(L(2(M))) such that there ezists k1 > 0 satisfying

Re (Au,u) > /@1||u||2

for all u € L2(Q(M)). Then, for f € C\ {0}, D(y/D*% +|B>) = D(D4) = D(d) N
D(8A) and ||\/D% + B[ ull ~ | Dau| + [[u].
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Proof. On putting V = QM) @& Q(M), I' = dg, and By = A’, we show that
(H1)-(H6), (H7-I) and (HS8-I) are satisfied and invoke Theorem 3.2.4 and Theorem
1.8.2.

That (H1) is true is immediate from Proposition 6.4.1. By the ellipticity assumption
in the hypothesis, we have that A~! exists and hence that A’~! exists. Furthermore,
by an invocation of the spectral mapping theorem for the bounded operator A, we
obtain (H2) with k3 = 1/k;. We assert (H3) holds simply because B; = B, ' and
by the nilpotency of dg and 8. The hypotheses (H4) and (H5) are satisfied by

assumption.
To prove (H6), fix 7 a bounded Lipschitz map. It is an easy fact that nD(d) C D(d)

and it is also easy to see that D(dg) = D(d) @ D(d). Therefore, nD(dp) C D(dp).

Next, note that at almost every z, and for u = (u1,ug) € CZ(V),
d dn A d
d[3 (nu) _ (Uul) _ nAu+ndug
Bryur — d(nus) Brur —dn A uy —ndug

dn Awuy ndu, dn A
= + . —ndpu.
—dnAwuy Bru; —ndus —dnAwuy

B d o [ dnAw
o))

which is a pointwise multiplication operator, and

Thus,

[dp,nll* = [dn A wl” + |dn Auel® < |dnl” ful.

But we have that |[dn| < Lipn for almost all x and hence, by a density argument,
(H6) is proved.

Let us now prove (H7-I). First, note that the cube integral appears as follows:

B [, duy
/Qdﬁu_ (fQ Bu?— deuQ> ’

for u € D(dg) with spt w C Q. Therefore,

'/dﬁu ,S‘/dul +‘/du2
Q Q Q

e
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By the same argument as found in the proof of (H7-I) in Theorem 6.3.3, we have

that
‘/ duy 5/ |u1|, and ’/ dug S/ |ug].
Q Q Q Q

The passage from this inequality to

‘/Qdﬁu

is then immediate. Similarly, we can reason that

'/Qaﬁv

for v € D(8p) with spt v C Q.

< Q)% |l

< @)z o]

We now prove (H8-I). Let us first set =(uq, u3) = (Vuy, Vuy) and note that by our
assumptions, we can apply Proposition 5.1.3 to deduce (H8-I)-1.

Next, fix u = (u1,uz) € CX(V) and note that

IDgull* = [| Duy + Buso|® + || Bus — Dug?
= [ Dy || + |B[* [uall® + B (Dus, uz) + B (us, D uy)
+ I Dug|l + B [Jua]l* — B (Dug,ur) — B (ur, Dug).

But since D is a self-adjoint operator, || Dg u||? = || D uy||> + || D ug||>+ |B]* ||u]|. Let
as recall from the proof of Theorem 6.3.3 that D? u; = Au; + Ru,. Then, as before,
we can deduce that [|[Vu||*> = || Dug|* — ¢||uw||*. As in the proof of Theorem 6.3.3,
we choose C' > max {1, (1 — () |B|"*} to obtain |[Vu|? + ||ul[? < C||Dgu/|>. This
proof of (H8-1)-2 is then completed by the density of C°(2(M)) in Wh2(Q(M)).

By the invocation of Theorem 1.8.2 we obtain equality of the domains. The estimate
then follows on setting v = (u,0) for u € D(D,4) and computing the estimate given
by Theorem 1.8.2. O]



142 6. INHOMOGENEOUS HODGE-DIRAC OPERATORS ON MANIFOLDS



Further research

In this concluding chapter, we take the time to describe some open problems and
interesting questions which we believe will further advance the understanding of the

geometric Kato square root problem.

7.1 Counterexample for the density of smooth
compactly supported functions in second-

order Sobolev spaces

The recent work [2] by Ambrosio, Gigli and Savare may provide us with a method to
construct a counterexample to the density of smooth compactly supported functions
in second order Sobolev spaces. These authors study heat flow and Laplacians on

measure metric spaces (X, d, p) that satisfy the following growth condition:

/ e V@ dp < o0,
X
where V' : X — R is a Borel function.

We are interested in specialising to the situation of X = M, a Riemannian manifold,
with volume measure p and V(z) = d(zo, x), where xy € M is fixed. It is plausible

that this growth condition allows the measure p to be at most inverse Gaussian, by

143
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which we mean
0 < uw(B(z,tr)) < Ct*e™)" u(B(z, 1)) < oo

fort > 1 and r > 0 and o < 2. The situation @ = 1 is the exponentially locally
doubling situation which is satisfied by hyperbolic manifolds.

Of particular interest is their Laplacian A, ,, which by construction satisfies the
regularity condition D(Ag,,) = D(|V~ Ch,|). Here, V™ is the negative slope and
Ch, is the (modified) Cheeger functional. We expect that Ay, = A, where the latter
object is the Bochner Laplacian, and D(|V~ Ch, |) = W*?(M). This would imply
that Wo (M) € W23(M) = D(A). Thus, to show Wg*(M) & W22(M) would
reduce the problem to demonstrating that Wz?*(M) S D(A), which may be an
easier problem via the Bochner-Lichnerowicz-Weitzenbock identity. We conjecture

the following.

Conjecture 1. There exists a smooth, complete Riemannian manifold (M, g) such
that Ric > ng is false for alln € R and W*(M) G W»3(M).

7.2 Poincaré inequalities beyond functions

The prototypical Poincaré inequalities we consider on manifolds M are of the form

If = FBllem) < Crad(B)[V fllus),

for f € C®(M), where B is a ball, rad(B) is the radius of B and C' is a constant
(which typically depends on p and n). Without complicating issues too much by
considering general p, let us just state the problem for p = 2. Also, we are interested
in such Poincaré inequalities for small balls, i.e., rad(B) < 1. Such estimates are

valid under the bound Ric > ng, where n € R and g is the metric on M.

The main question is then to ask what are the “correct” analogues of such inequal-
ities on vector bundles. Such a question is primarily motivated by attempting to
weaken the geometric assumptions necessary to prove Kato square type results. In
particular, it would be desirable to dispense the injectivity radius assumption and
only assume a Ricci bound from below. The hope is that a weaker Poincaré inequal-
ity more natural to the vector bundle setting would provide us a method with which
to do this.
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In [9], Badr and Bernicot prove that
I =75 o) < Crad B ey

In fact, they prove this in I”. They actually prove this “weaker” version by using
the classical Poincaré inequality, presumably because they are interested in demon-
strating Calderon-Zygmund decompositions under this weaker estimate, and because

they are not necessarily concerned with a study of such estimates for its own sake.

This inequality is suggestive. Certainly, given a vector bundle V with connection V
and metric h, we can certainly define the heat operator e ** where now, A = V*V
(with V considered as an operator on L?). Thus, this may be the right way to
proceed in proving Poincaré inequalities on vector bundles. A proof of this weaker
Poincaré inequality for even just functions avoiding the use of a classical Poincaré in-

equality could be instructive.

7.3 Geometric counterexample to the Kato

square root problem

Recall that Kato asked two questions: the first was about the comparability of a
square root and its adjoint, and the second was about the holomorphic dependency

of the square root of an operator defined via a holomorphic form.

MclIntosh obtained counterexamples to each of these questions; for the first in [12]
and for the second in [13]. Both these counterexamples are in an abstract setting
and it is desirable to be able to obtain a counterexample to the Kato square root

problem on manifolds under natural geometric conditions.

Perhaps a direction which this can go is the following. It is easy to see that the
Davies-Gaffney estimates are always satisfied for the operator Il if we begin with
I' constructed out of V and B, constructed out of A € L*°. These decay estimates
are exponential. Thus, there is hope that if the growth of the underlying manifold
is faster than the decay provided by the Davies-Gafiney estimates, the Kato square

root problem may fail.

If the coefficients A are real symmetric, then Lax-Milgram implies a solution to the
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Kato square root problem. Thus, the lack of symmetry of A may play an important
role in the construction of a geometric counterexample. Also, for a complete man-
ifold, we always have that C°(M) is dense in WH2(M). Thus, if the Kato square
root estimates are valid, then we would also have that C3°(M) is dense in D(y/L,).
Thus, a way to produce a counterexample may be to show that C°(M) is not dense
in the D(y/L4) for a manifold that lacks Ric > ng and when A is non-symmetric.

In fact, we make the following conjecture.

Conjecture 2. There ezists (M, g), a complete, smooth Riemannian manifold such
that no n € R exists satisfying Ric > ng and for which the Kato square root problem

on manifolds has a negative answer.

7.4 Stability of inhomogeneous Hodge-Dirac op-

erators

In the paper [3], the authors show that the Hodge-Dirac operator is stable under
small perturbations of the metric on a compact manifold. This is obtained as a direct
generalisation of the holomorphic dependency of the functional calculus, which they
list in §6 of [8]. Let us describe this result. Let D, = d 40, with respect to the

metric g, the stability result stated as Theorem 7.3 in [3] is as follows.

Theorem 7.4.1 (Theorem 7.3 in [3]). Let M be a compact Riemannian manifold
with metric g and let g+ h be a measurable perturbation of g with ||g||s < 1/4, and
let 0 < u < 7/2 be given by p = arccos(1/4). Then we have

1f (Dgin = D) I S 1f ool Moo

for every bounded f : S}, U {0} — C holomorphic on Sy The constant above depends
only on M.

This is obtained by results which demonstrate the holomorphic dependency of the
functional calculus. In §5.4 we prove similar results. However, the main consequence
used to prove Theorem 7.3 in [3] is their Theorem 6.5. The generalisation of this is
Theorem 1.8.5. The proof of Theorem 6.5 in [3] has a slight oversight, and the extra
condition (ii) and (iii) were included in Theorem 1.8.5 to make this proof work. This
oversight is repaired in the paper [37] of Hyténen, McIntosh and Portal, but this

technology seems to be particular to the setting of R™. It is these extra conditions
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imposed in Theorem 1.8.5 which prevent us from proving a statement similar to
Theorem 7.3 in [3]. Thus, our work falls short of accessing a stability result for
the inhomogeneous Dirac operators we consider. We expect, however, that further

study should render such a result possible.
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Notation

(X,d) Metric space X with metric d.

(X,d, ) Space X with metric d and Borel-regular measure p.
r+ Adjoint of the fundamental AKM operator I'.

[';  Perturbation of the operator I'*.

T Adjoint of the operator T'.

A, Dyadic averaging operator.

L(V) The vector bundle of bounded maps 7T, : V, — V,.
L(#¢) Bounded operators on 2.

L(s4, 75) Bounded operators which map J#4 to 4.

Ap  Bochner Laplacian.

B The Borel o-algebra of a topological space.

p The GBG radius.

A Sub-bundle associated with algebraic basis a

card S Cardinality of a set S.

C Space of Carleson measures.

Ct, Space of local Carleson measures.

Rg  Carleson box over cube Q.

Er Dyadic cutoff interior portion.

C(v) Carleson function of upper half space Borel measure v.
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g Lie group.

xT  Projection to the right side of the imaginary axis in C.
X Projection to the left side of the imaginary axis in C.
I, Connection coefficients or Christoffel symbols.

C¥(M) The compactly supported C*¥ functions over M.
CF(M) The C* functions over M.

C*¥(V) The space of k differentiable sections on a vector bundle V.

NOTATION

C*¥(V) The space of compactly supported k differentiable sections on a vector bundle

V.

|

Closure of a closeable operator T
Mg The spacetime manifold M x S' or M x R.
e Co-Laplacian on L2

. Connection co-Laplacian.

[X,Y] Commutator of X and Y or Lie derivative when X and Y are vector fields.

I'(z) Cone over point z.

V.  Restriction of connection V to C°.

T*M Cotangent bundle of M.

T: M Cotangent space of M at z.

cr(r) Speed of propagation of operator L in a ball of radius 7.
cr(z) Speed of propagation of L at x.

V Vector bundle.

Ve Fibre of the vector bundle V over z.

dij The direct delta function on the indices ¢ and j.
D Hodge-Dirac operator in L2

D? Hodge-Laplace operator.

D,  Smooth Hodge-Dirac operator.
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Dg  The inhomogeneous Hodge-Dirac operator on (M) @& Q(M).
D4  The perturbed Hodge-Dirac operator d +A~15A.

D. Hodge-Dirac operator on compactly supported smooth forms.
L%  The disjoint union over the collection %.

div  Divergence, the adjoint of V..

D(T) Domain of the operator 7.

4(t)  The derivative with respect to t of .

2 Dyadic cubes of all levels.

2% Level k dyadic cubes.

2,  Level t dyadic cubes.

e Identity element of a Lie group

exp Exponential map of Lie group

exp, Exponential map at x.

d Exterior derivative.

do,  Exterior derivative as an operator on smooth forms.

dg The inhomogeneous exterior derivative on (M) & Q(M).
d. Exterior derivative on compactly supported smooth forms.

a Algebraic basis of a Lie algebra.

g The Lie algebra of a Lie group.

o] Inductively defined ideals g1 = [g, grt1]-

fs f Average of a function on the set S (possibly through GBG coordinates).

b The canonical isomorphism from the cotangent space to the tangent space

through the metric.
Q(M) Exterior algebra of M.

QP(M) Bundle of p forms.
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r

NOTATION

The fundamental closed, densely-defined, nilpotent operator in the AKM

framework.

Iy, (x) Local truncated cone I'y, (x) at point x.

¢(T) Graph of the operator T'.

H

Hilbert space.

Hol™(S7) Bounded functions f : S, U0 — C holomorphic on S;.

L
I
Ly
Z
Z,

Xs

Perturbed homogeneous sub-Laplacian with coefficients A.

Identity operator or Euclidean inner product.
Inhomogeneous perturbed sub-Laplacian.
The integers.

The non-negative integers.

Indicator function of S.

inj(M) Injectivity radius of the manifold M.

inj(M, x) Injectivity radius at x.

Inner product on a Hilbert space.
Inner product.
L+ [x].

Interior derivative as an operator on smooth forms.

The inhomogeneous interior derivative on (M) & Q(M).

Interior derivative on compactly supported smooth forms.
Scale below GBG radius, 0167 < p/5.

Connection Laplacian.

The Lebesgue measure.

Length of a curve ~

Length of the curve 7.

2(Q%) Length of cube QF.
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Lip f Lipschitz constant of f.
Lip f Lipschitz pointwise constant.
L%, (X) Functions f : X — CV that are in L*(Q) for each Q € 2,.

Ll

loc

(V) The locally integrable sections of V.

L?(V) The L? space over the bundle V.

LP(X) The L? space over the bundle X x C.

Mf  Maximal function (uncentred) of f.

max S maximum of S.

M* f(x) Non-tangential maximal function of f at point z.

M?P f(z) Exponential maximal function of f at z with growth 3 > 0.

o0

o f(x) Local non-tangential maximal function.

A The (largest) measure o-algebra.

d Metric on the metric space X.

d(E, F) Distance between sets £ and F' induced by d.
h Metric on the vector bundle V.

||, Norm on a vector bundle on the fibre at z.

N The natural numbers or positive integers {1,2,...}.

VM Levi-Cevita connection on (M,g) or extension of such a connection to a

product manifold.
N Space of non-tangential functions.
N;,  Local Nirenberg function space.
|-l The L? norm.
|-l The L? norm.
|- llc.t, Local Carleson measure norm.
|-]lc Carleson norm.

|- [l Non-tangential function space norm.
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|- [lwe» The k, p Sobolev norm.

|u|lz Operator norm of T'.

N(T) Null space of the operator T.

w A n Exterior product between the forms w and 7.
@ Parent cube of () at top level.

II The operator I' + I'*.

IIz;  The operator I' +I'}.

v:(z) Principal part operator at x.

P,  Projection operator onto the subspace A.

P(T) Powerset of T.

V(S;) Rapidly decaying holomorphic functions on the open p-sector.

Q" Christ cube with index o and of level k.
R*  The positive real numbers (0, c0).
R™  Euclidean space of n dimensions.

R,  The non-negative real numbers [0, 00).

R(T) Range of the operator T.

R(-,-) The curvature operator (3-tensor) associated to a connection.

R+  Resolvent of T

Ric  Ricci curvature.

Rm  Riemann curvature tensor.

Rs Scalar curvature.

p(T) Resolvent set of T

Right multiplication (by g) operator.
ts Dyadic scale.

K(X,Y) Sectional curvature spanned by the vector fields X and Y.

NOTATION
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SO Open bi-sector of angle w.

I'(V) The measurable sections of the vector bundle V.
Se Closed bi-sector of angle w.

sgn  The signum operator ™ — x~.

W’g”’ The k, p Sobolev space as the completion of compactly supported sections of

V.

ng’p The k, p Sobolev space as the completion of compactly supported smooth

functions on M.

WEP(G)' The k-th order sub-Sobolev space in L? defined as the completion of com-

pactly supported sections.

WP(V) The k-th order sub-Sobolev space in L? defined as the completion of com-

pactly supported sections.
WFP(G)" The k-th order sub-Sobolev space in LP.
WEP(M) The k, p Sobolev space over functions on M.
WHP(V) The k, p Sobolev space on V.
WHFP(V) The k-th order sub-Sobolev space in L?.
X Metric space.
X,  Upper half space X x RT.
X, 4, Truncated upper half space.
o(T) Spectrum of T.
Sp(¢)(¥) Operator (g ))-
or(x,v) Principal symbol of operator L, at x in direction v.
TM Tangent bundle of M.
T, M Tangent space to M at x.
T P9 A The bundle of tensors of contravarient rank p and covarient rank q.
T(O) Tent over open set O.

©;  The bounded operator tI'*(T 4 t*I1%)~1.
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©F  The bounded operator tI"(I + ¢211%) 7.

E, Dyadic cutoff boundary portion.

trT trio 7.

tr;; T' Trace of the tensor T' of the indices ¢ and j with respect to the metric.

A; Differential operators defined by left regular representation as the infinitesi-

mal generator.
B(z,r) Open ball of centre z and radius 7.
dr, Differential of the map ry.
D; right-translated vector field of a;.
f6.  Test function for T(b) argument.
P, The bounded operator (I + ¢2I1?)~*,
PP The bounded operator (I + t*11%)!.
Q;  The bounded operator tIT(I + t*I1?) L.
QF  The bounded operator tIIp(I + t211%) L.
R, The bounded operator (I + ¢IT)~'.
RE  The bounded operator (I + tIIg)~".
SP Set of u € C®(V) NLP(V) such that Viu € C*(V)NIA(TEOM @ V).
uQ Cube average of u on Q).
(Exp) Exponential measure.
(Pol) Polynomial measure.

(Qest) The main quadratic estimate.
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o-algebra, 10

Poincaré hypothesis, 61

Poincaré inequality, 113
local, 113, 114

AKM framework, 33
bounded operators, 34
algebraic basis, 27
algebraic co-vector field, 29
algebraic vector field, 28
angle of bisectoriality, 32

base space, 17
Bochner Laplacian, 47
regularity, 53
Bochner-Lichnerowicz- Weitzenbock
identity, 56, 122
Borel
o-algebra, 10
function, 12

bundle projection, 17

cancellation hypothesis, 60
local, 83
cardinality, 62
Carleson
Function, 67
Carleson box, 67, 85
Carleson measure, 65
estimate, 71, 76
local, 84
local space, 85
space, 67

Carleson norm

local, 85

Carleson’s Theorem, 85
Christ cubes, 16
Christoffel symbols, 24

metric, 24

co-Laplacian, 48

connection, 48

coercivity hypothesis, 61

compatible, 22

complexification, 18

cone

truncated, 85

cone over a point, 66

connection co-Laplacian, 48

connection coefficients, 22

connection Laplacian, 23, 47

constant section, 82

GBG, 82

coordinate basis, 21

coordinates

] =
geodesic, 25

normal, 25

Covector field, 21

cube average, 82

cube integration, 82

Curvature

Ricci, 24

curvature, 22
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endomorphism on forms, 132
operator on forms, 132
Riemannian, 24

scalar, 25

sectional, 25
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Davies-Gaffney  estimates,  see
diagonal estimates

density problem, 43

differentiable structure, 20

divergence-form, 103

Dyadic Poincaré , 83

dyadic averaging operator, 71, 83

dyadic cube

length, 61
dyadic decomposition, 15

truncated, 16

Finstein summation convention, 9

essentially self-adjoint, 31, 43, 45

existence of global harmonic coordinates,
25

Exponential growth, 16

exponential growth, 80

exponential map, 25

exterior algebra, 21

Exterior derivative, 21

exterior product, 21

exterior sub-differential, 29

first-order differential operator, 40
flat isomorphism, 132
Forms, 21
function
average, 65
functional calculus, 32
bounded holomorphic, 32
of bounded holomorphic function, 33
Riesz-Dunford, 32

uniformly bounded holomorphic, 32

GBG, see Generalised bounded geometry
GBG bundle, 80

GBG constant section, 82

GBG coordinates

existence, 120

INDEX

GBG radius, 19
generalised bounded geometry, 19
Coordinates, 81
dyadic coordinates, 81
Generalised Carleson’s Theorem, 69
Geodesic, 25
global estimate, 37
global trivialisation, 19

graded algebra, 21

harmonic coordinates, 120
Heisenberg group, 29

hermitian symmetric, 31
Hessian, 22

Hodge-Dirac operator, 55
holomorphic dependence, 35, 36
homogeneous estimates, 17

hyperbolic equations, 43

infinitesimal generator, 101
inhomogeneous estimates, 17
injectivity radius, 25
Integral, 11

integrable, 11

simple function, 11

summable, 11
Jacobi identity, 26

Kato square root
holomorphic dependence, 35
type estimate, 35
Kato square root problem
homogeneous estimates, 101
homogeneous problem for subelliptic
operators, 102
inhomogeneous estimates, 101
inhomogeneous problem for subellip-
tic operators, 103
solution Lie

inhomogeneous on

groups, 108



INDEX

Lie groups, 101
solution for finite rank tensors on
manifolds, 121
solution for spacetime manifolds with
a straight line, 137
solution on manifolds, 122
solution on nilpotent Lie group, 105
solution on spacetime manifolds, 133
solution on vector bundles, 116
stability, 123
functions on manifolds, 124
homogeneous, 111
inhomogeneous, 111

Kato square root type estimate, 35

Laplacian
Bochner, 47
connection, 47
left regular representation, 27
left-invariant, 28
Leibniz rule, 22
Levi-Cevita connection, 24
Lie algebra, 26
Lie derivative, 21
Lie group, 26
algebraic basis, 27
algebraic co-vector field, 29
algebraic vector field, 28
exponential map, 27
exterior sub-differential, 29
Haar measure, 28
left regular representation, 27
left-invariant measure, 28
nilpotent, 29, 104
rank, 29
right multiplication operator, 27
right translation, 27
right-invariant vector field, 27

sub-Laplacian, 102

165

perturbed homogeneous, 102
perturbed,inhomogeneous, 103
sub-Riemannian distance, 28
sub-Riemannian structure, 28
sub-tangent space, 28
unimodular, 29
Lipschitz estimate, 110, 123
Lipschitz estimates, 36, 122
Lipschitz function, 12
Lipschitz pointwise constant, 14
Lipschitz separation lemma, 13
local Poincaré inequality, 114
local estimate, 37, 38

local trivialisation, 17

Manifold
differentiable structure, 20
Lie group, see Lie group
tangent space, 20
volume measure, 23
maximal function, 65
exponential, 94
non-tangential, 66
maximal theorem, 66
measurable, 10
measurable function, 11
Measure, 10
additive, 10
Borel, 10
Borel-regular, 11
doubling, 15
measure o-algebra, 10
Outer, 10
polynomial growth, 15
Radon, 11
Measure metric space, 14
Metric space, 12
ball, 12
Cauchy sequence, 12
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complete, 12
Metric, 12

nilpotent, 29, 34, 104
non-measurable, 10

non-tangential function space, 67
Normed bundle, 18

off-diagonal estimates, 40
LP 95

operator, 30
adjoint, 31
bisectorial, 32
bounded, 31
closeable, 31
closed, 30
continuous, 31
densely-defined, 30
domain, 30
dyadic averaging, 71, 83
extension, 30
first-order differential, 40
nilpotent, 34
norm, 30
null space, 30
range, 30
resolvent, 31
resolvent set, 31
self-adjoint, 31

essentially, 31

skew-symmetric, 31
spectrum, 31
symmetric, 31
the adjoint, 31

Outer measure, see Measure

Parallel curve, 25
parallelisable, 27
Polynomial growth, 15
polynomial growth, 60

INDEX

principal part, 71, 86
principal symbol, 40, 44

product metric, 125

quadratic estimate, 33, 59
global, 59
local, 81
main local, 84

two way split, 100

rank of nilpotency, 29
resolvent bounds, 32
Ricci curvature, 24
Riemannian curvature, 24
right multiplication, 27
right translation, 27
right-invariant, 27, 28

scalar curvature, 25
scale, 81

sectional curvature, 25
simple function, 11
smooth bundle, 20
Sobolev space, 23
spacetime manifold, 128
spectral theory, 31
speed of propagation, 45
stability, 110, 122
straight line, 137
sub-cotangent space, 29
sub-tangent space, 28
subelliptic, 26

symbol, 44

Tensors, 21
contravarient, 21
covarient, 21

tent, 67

test function, 79, 91

timekeeper, 128
internal, 137
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torsion, 50
torsion-free, 24
Trace, 22

Trivial bundle, 19

unimodular, 29

Upper gradient, 14

upper half space, 66
truncated, 84

Vector bundle, 17
complexification, 18
connection, 22
coeflicients, 22
compatible, 22
curvature, 22

fibre, 18

generalised bounded geometry, 19

local trivialisation, 17

metric, 18

normed bundle, 18

projection, 17

rank, 17

smooth, 20

trivial, 19

Vector field, 21

Vitali construction, 10

wedge product, 21
Whitney Covering Theorem, 69
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