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ABSTRACT. We introduce differential characters of Drinfeld modules. These
are function-field analogues of Buium’s p-adic differential characters of elliptic
curves and of Manin’s differential characters of elliptic curves in differential
algebra, both of which have had notable Diophantine applications. We de-
termine the structure of the group of differential characters. This shows the
existence of a family of interesting differential modular functions on the moduli
of Drinfeld modules. It also leads to a canonical F-crystal equipped with a
map to the de Rham cohomology of the Drinfeld module. This F-crystal is of
a differential-algebraic nature, and the relation to the classical cohomological
realizations is presently not clear.

1. INTRODUCTION

The theory of arithmetic jet spaces developed by Buium draws inspiration from
the theory of differential algebra over a function field. In differential algebra, given
a scheme F defined over a function field K with a derivation 9 on it, one can define
the jet spaces J"E for all n € N with respect to (K,0) and they form an inverse
system of schemes satisfying a universal property with respect to derivations lifting
0. The ring of global functions O(J"E) can be thought of as the ring of n-th order
differential functions on E. In the case when F is an elliptic curve and its structure
sheaf O does not have a derivation lifting O (if it does, then it is the isotrivial case
and E will descend to the subfield K?=C of constants), there exists a differential
function © € O(J2E) which is a homomorphism of group schemes from J2E to the
additive group G,. Such a O is an example of a differential character of order 2
for E and is known as a Manin character. Explicitly, if ' is given by the Legendre
equation y* = z(z — 1)(z — t) over K = C(t) with derivation d = £ then

P Y d ' Y
O(z,y,a',y 2", y") = a0 di [Qt(t 1) y} +2t(t — Dz el
The existence of such a © is a consequence of the Picard-Fuchs equation. Using
the derivation 9 on K, we can lift any K-rational point P € E(K) canonically to
J?E(K), and this defines a homomorphism V : E(K) — J2E(K). We emphasize
that V is merely a map on K-rational points and does not come from a map of
schemes. The composition O oV : E(K) — G,(K) is then a group homomorphism
of K-points. Note that the torsion points of E(K) are contained in the kernel of
O since G,(K) is torsion free. Such a © was used by Manin to give a proof of the
Lang—Mordell conjecture for abelian varieties over function fields [M]. Later Buium
gave a different proof, using other methods, but still using the Manin map [Buil].
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The theory of arithmetic jet spaces, as developed by Buium, proceeds similarly.
Derivations 9 are replaced by what are known as w-derivations 6. They naturally
arise from the theory of m-typical Witt vectors. For instance, when our base ring R
is an unramified extension of the ring of p-adic integers Z,, for a fixed prime m = p,

the Fermat quotient operator dx = W

is the unique p-derivation, where the
endomorphism ¢: R — R is the lift of the p-th power Frobenius endomorphism of
R/pR. In analogy with differential algebra, one can define the n-th order jet space
J"E of an elliptic curve FE over R to be the (m-adic) formal scheme over R with

functor of points
(J"E)(C) = Hompg(Spec W,,(C), E),

where W,,(C) is the ring of m-typical Witt vectors of length n + 1, which we view
as the arithmetic analogue of C[t]/(t"*1). The jet space J"E is also known as the
Greenberg transform. As with the differential jet space, it has relative dimension
n + 1 over the base, in this case Spf R.

Then one can define X,,(F) to be the R-module of all group-scheme homomor-
phisms from J"E to the m-adic formal scheme G,. Let X (E) be the direct limit of
the X,,(E). Now the usual Frobenius operator on Witt vectors induces a canonical
Frobenius morphism ¢ : J"*'E — J"E lying over the endomorphism ¢ of Spf R.
Hence pulling back morphisms via ¢ as © — ¢*0, endows X, (F) with an action
of ¢* and hence makes X, (F) into a left module over the twisted polynomial ring
R{¢*} with commutation law ¢* - r = ¢(r) - ¢*. In [Bui2], Buium studied the
structure of X (F). Putting K = R[Il)], he showed that X, (F) @ K is freely
generated by a single element as a K {¢*}-module. This element is of order 2 unless
F is a canonical lift, in which case it is of order 1. It is the arithmetic analogue of
the Manin character.

In this paper, we study the function-field analogue of Buium’s theory. We empha-
size that we take the function-field analogue in every possible sense. So instead of
looking at characters J"E — G, of Z-module schemes over Z,, where the Z-module
scheme E is an elliptic curve over Z, and J"E is its p-typical arithmetic jet space
defined above, we will look at, for example, characters J"E — G, of F,[t]-module
schemes over F[[t]], where E is a Drinfeld F,[¢t]-module over F,[[t]] and J"E is its
function-field arithmetic jet space—in other words, the Greenberg transform but
with “t-typical” Witt vectors. The most important result in this paper is the con-
struction of a canonical F-crystal H(E) which comes with a Hodge-type filtration
and a morphism H(F) — Hgr(F) to the usual de Rham cohomology preserving
the filtration. As a consequence of the methods that go into the construction of
H(E), we also establish a stronger integral version of Buium’s result that X, (E)
itself is freely generated by a single element as an R{¢*}-module. Here, we would
like to emphasize that all the fundamental principles that go into our approach also
work for p-adic elliptic curves.

Before we describe our main results in detail, we wish to fix a few notations. Let
F, be the finite field with ¢ elements and A is the coordinate ring of X\{oo}, where
X is a projective, geometrically connected, smooth curve over F,; and oo a F,-point
on it. Let p be a fixed maximal ideal of A, and let m be an element of p \ p2. Let
R be an A-algebra which is a complete discrete valuation ring with maximal ideal
7R and which has a lift ¢ : R — R of the ¢§-power Frobenius from R/mR, where
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G = |A/p|. Then one can consider the operator on R given by dz = M It is
called the w-derivation associated to ¢.

Then as in the mixed-characteristic case above, one can define the t-typical Witt
vectors and hence the ¢-typical arithmetic jet space functor. For any (formal) A-
module scheme E over R, the jet space also J"E has a natural (formal) A-module-
scheme structure. However, we would like to remark here that for all n > 1, the
J"E are not Anderson modules. Then we let X, (E) denote the set of A-linear
differential characters of order n, that is, the set of homomorphisms J"E — Ga
of (formal) A-module schemes over R. Finally, we form their direct limit X, (E),
which is naturally an R{¢*}-module, as above.

We say E splits at m if X,,,(E) # {0} but X;(E) = {0} for all 0 < i < m — 1.
Then we show that m satisfies 1 < m < r, where r is the rank of E, and that X,,,(E)
is a free R-module with a canonical basis element 0, € X,,(F), depending only
on our chosen coordinate on F. In the case when the rank r is 2, we have m = 2
unless F admits a lift of Frobenius compatible with the A-module structure on E,
in which case m = 1. Then our first main theorem is a strengthened version of
Buium’s result in [Bui2].

Theorem 1.1. Let E be a Drinfeld module that splits at m. Then the R-module
X (E) is free of rank 1, and it freely generates Xoo(E) as an R{¢*}-module in the
sense that the canonical map R{¢*} @r X (F) = X (E) is an isomorphism.

Let us now proceed to our second result. Let u : J"E — FE be the usual
projection map and put N" = keru. Since u is A-linear, N" is a formal A-module
scheme of relative dimension n over Spf R. For each n > 1, we show in proposition
7.2 that there is a lift of Frobenius f : N"™* — N™ making the system {N"} into
a prolongation sequence with respect the obvious projection map u : N*+1 — N7,
We call f the lateral Frobenius. However, f is not compatible with i and ¢ : J**1E —
J"E in the obvious way, that is, it is not true that ¢ oi = i o f holds. In fact, we
can not expect it to be true because that would induce an A-linear lift of Frobenius
on E which is not the case to start with. Instead we have

p?o0i=¢oiof.

In section 9, we construct a canonical F-crystal attached to E. The F-crystal,
denoted H(F), is an R-module which has a semi-linear operator {* (induced from
f) on it and is of rank m, which we emphasize can be strictly smaller than r. The
module H(E) also has a Hodge-type filtration and canonically maps to the de Rham
cohomology of E, with its Hodge filtration.

Theorem 1.2. There is a canonical map between exact sequences
0 —— X, (E) ——H(E) I(E) 0

Ti l

0 — Lie(E)* — Hgr(F) — Ext(E,G,) — 0

Moreover, the operator f* on H(FE) descends to its image under .

There is a close connection between these two theorems—in fact, our proof of
theorem 1.1 goes by way of theorem 1.2.
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Finally, we conclude the paper with some explicit computations of the structure
constants of the F-crystal H(E), which are new differential modular forms.

To a Drinfeld module E, the crystalline theory also attaches an F-crystal He,ys(E).

It appears that our H(E) has subtle connections with He,ys(E), but it also appears
that any such connection would be indirect. This is because H(E), unlike He,ys(E),
has a fundamentally differential-algebraic nature in that it lies not over a point of
the moduli space of Drinfeld modules but over a point of the jet space of the moduli
space. For instance, the computations in section 10 show the structure constants of
H(E) do involve the higher m-derivatives of the structure constants of the Drinfeld
module. It would be interesting to understand the exact nature of the relationship
between H(E) and the crystalline cohomology groups, as well as the étale coho-
mology groups and the other constructions in w-adic Hodge theory. This is all the
more true because, as we remarked before, the techniques developed in this paper
have analogues for p-adic elliptic curves, and as a result, we do obtain an analogous
construction of the F-crystral H(E) for elliptic curves.

2. NOTATION

Let us fix some notation which will hold throughout the paper. Let ¢ = p/ where
p is a prime and A > 1. Let X be a projective, geometrically connected, smooth
curve over F,. Fix an F,-rational point co on X. Let A denote the Dedekind
domain O(X \ {co}). Let p be a maximal ideal of A, and let A denote the p-adic
completion of A. Let ¢ be an element of p \ p2, and let 7 denote its image in A.
Then 7 generates the maximal ideal p of A. Let k denote the residue field Alp,
and let ¢ denote its cardinality. Note that the quotient map A = k has a unique
section. Thus A is not just an [Fg-algebra but also canonically a k-algebra.

Now let R be an fl—algebra which is p-adically complete and flat, or equivalently
m-torsion free. Thus the composition § : A — A — R is injective (assuming
R # {0}) and hence one says that 6 is of generic characteristic. Let us also fix an
A—algebra endomorphism ¢ : R — R which lifts the g-power Frobenius modulo pR:

¢(z) = 2% mod pR.

Do note that the identity map on A does indeed lift the g-power Frobenius on A /.

Also note that not all rings R admit such a Frobenius lift; so the existence
of ¢ does place a restriction on R. For our main results, R will in the end be a
discrete valuation ring, most importantly the completion of the maximal unramified
extension of A. So the reader may assume this from the start. But some form of
our results should hold in general, and with essentially the same proofs. This is of
some interest, for instance when R is the coordinate ring of the moduli space of
Drinfeld modules of a given rank. With an eye to the future, we have not assumed
that R is a discrete valuation ring where it is easily avoided, in sections 3-7.

Let K denote R[1/7], and for any R-module M write Mg = K @ M. Finally,
let S denote Spf R.
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3. FUNCTION-FIELD WITT VECTORS

Witt vectors over Dedekind domains with finite residue fields were introduced
in [Bol]. We will only work over A, which is the ring of integers of a local field of
characteristic p, and here they were introduced earlier in [D76]. The basic results
can be developed exactly as in any of the usual developments of the p-typical Witt
vectors. The only difference is that in all formulas any p in a coefficient is replaced
with a 7 and any p in an exponent is replaced with a ¢.

3.1. Frobenius lifts and w-derivations. Let B be an R-algebra, and let C be
a B-algebra with structure map v : B — C. In this paper, a ring homomorphism
¥ : B — C will be called a lift of Frobenius (relative to ) if it satisfies the following:

(1) The reduction mod 7 of 9 is the g-power Frobenius relative to u, that is,
¥(r) = u(r)? mod 7C.
(2) The restriction of ¢ to R coincides with the fixed ¢ on R, that is, the
following diagram commutes
C
R

A 7m-derivation § from B to C' means a set-theoretic map § : B — C satisfying the
following for all z,y € B

P
_—

& —W

°

6(z+y) = 6(x)+6y)
S(xy) = u(@)6(y) + 6(z)uly)? + w6(2)é(y)
such that for all » € R, we have
5(r) = L)ﬁ’ -~

When C = B and wu is the identity map, we will call this simply a w-derivation on
B.

It follows that the map ¢ : B — C defined as
o(2) = u(x)? + 7o)

is a lift of Frobenius in the sense above. On the other hand, for any flat R-algebra

b(x)—af

B with a lift of Frobenius ¢, one can define the m-derivation §(z) = for all

T € B.

Note that this definition depends on the choice of uniformizer 7, but in a trans-
parent way: if 7’ is another uniformizer, then §(x)n /7’ is a n’-derivation. This cor-
respondence induces a bijection between m-derivations B — C and n’-derivations
B—C.

3.2. Witt vectors. We will present three different points of view on function-field
Witt vectors, all parallel to the mixed characteristic case. But there is perhaps
one unfamiliar element below, which is that we will work relative to our general
base R, and it already has a lift of Frobenius. The consequence is that we need to
pay attention to certain twists of the scalars by Frobenius, which are invisible over
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the absolute base R = A. However this unfamiliar element has nothing to do with
the difference between mixed and equal characteristic and only with the difference
between the relative and the absolute setting.

Let B be an R-algebra with structure map v : R — B.

(1) The ring W(B) of m-typical Witt vectors can be defined as the unique (up
to unique isomorphism) R-algebra W (B) with a m-derivtion 6 on W(B) and an
R-algebra homomorphism W (B) — B such that, given any R-algebra C with a 7-
derivation § on it and an R-algebra map f : C — B, there exists a unique R-algebra
homomorphism ¢ : C' — W(B) such that the diagram

LN

B<~—C(C

commutes and go d = § o g. Thus W is the right adjoint of the forgetful functor
from R-algebras with m-derivation to R-algebras. For details, see section 1 of [Bol].
This approach follows that of [Jo] to the usual p-typical Witt vectors.

(2) If we restrict to flat R-algebras B, then we can ignore the concept of -
derivation and define W (B) simply by expressing the universal property above in
terms of Frobenius lifts, as follows. Given a flat R-algebra B, the ring W (B) is the
unique (up to unique isomorphism) flat R-algebra W (B) with a lift of Frobenius (in
the sense above) F': W(B) — W (B) and an R-algbebra homomorphism W (B) —
B such that for any flat R-algebra C with a lift of Frobenius ¢ on it and an R-algebra
map f : C — B, there exists a unique R-algebra homomorphism g : C — W (B)

such that the diagram
)
X
f

~—C

W(B

;

(3) Finally, one can also define Witt vectors in terms of the Witt polynomials. For

each n > 0 let us define B®" to be the R-algebra with structure map R ﬂ R4 B
and define the ghost rings to be the product R-algebras 3B = B x B%x...x B®"

and H;;OB = B x B? x ---. Then for all n > 1 there exists a restriction, or

commutes and go ¢ = F o g.

truncation, map Ty, : 11} B — Hgle given by T, (wo, -+ ,wp) = (wo, -+ ,Wp—_1).
We also have the left shift Frobenius operators Fy, : II[fB — Hgle given by
Fy(wp,...,w,) = (w1,...,w,). Note that T, is an R-algebra morphism, but F,
lies over the Frobenius endomorphism ¢ of R.

Now as sets define
(3.1) W,.(B) = B"*",
and define the set map w : W,,(B) — Iy B by w(wo, ..., zn) = (wo, ..., w,) where

(3.2) w; = wgl + wm‘lii + ol

are the Witt polynomials. The map w is known as the ghost map. (Do note
that under the traditional indexing our W, would be denoted W,1+1.) We can
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then define the ring W,,(B), the ring of truncated m-typical Witt vectors, by the
following theorem as in the p-typical case [HO5]:

Theorem 3.1. For each n > 0, there exists a unique functorial R-algebra structure
on W, (B) such that w becomes a natural transformation of functors of R-algebras.

Note that, unlike with the usual Witt vectors in mixed characteristic, addition for
function-field Witt vectors is performed componentwise. This is because the Witt
polynomials (3.2) are additive. This might appear to defeat the whole point of
Witt vectors and arithmetic jet spaces. But this is not so. The reason is that while
the additive structure is the componentwise one, the A-module structure is not.
So the difference is only that, unlike in mixed characteristic where A = Z, a group
structure is weaker than A-module structure. In fact, because the Witt polynomials
are k-linear, the k-vector space structure on W,,(B) is the componentwise one. This
is just like with the p-typical Witt vectors, where multiplication by roots of 2P — x
can be performed componentwise.

3.3. Operations on Witt vectors. Now we recall some important operators on
the Witt vectors. There are the restriction, or truncation, maps T : W, (B) —
Wp—1(B) given by T'(zo, . .., xs) = (€0, .., Tn_1). Note that W(B) = lim, W, (B).
There is also the Frobenius ring homomorphism F : W,,(B) — W,,_1(B), which can
be described in terms of the ghost map. It is the unique map which is functorial in
B and makes the following diagram commutative

(3.3) Wa(B) —%—1IB

Fl |

W, 1(B) —— 11, 7' B"

As with the ghost components, T is an R-algebra map but F lies over the Frobenius
endomorphism ¢ of R.

Next we have the Verschiebung V : W,,_1(B) — W, (B) given by
V(zg,. . @n-1) = (0,20,...,Tn_1).
Let V, : Hgle — II} B be the additive map given by
Vi (wo, .oy wn—1) = (0, 7w, . .., Twp_1).

Then the Verschiebung V' makes the following diagram commute:

(3.4) W, _1(B) ——1I;"'B
W, (B) ——1I1B

For all n > 0 the Frobenius and the Verschiebung satisfy the identity
(3.5) FV(x) = mx.
The Verschiebung is not a ring homomorphism, but it is k-linear.

Finally, we have the multiplicative Teichmiiller map [ ] : B — W,,(B) given by
x> [z] = (2,0,0,...). Here in the function-field setting, [ ] is additive and even a
homomorphism of k-algebras.
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3.4. Computing the universal map to Witt vectors. Given an R-algebra C'
with a w-derivation § and an R-algebra map f : C — B, we will now describe the
universal lift g : C — W(B). The explicit description of g leads us to proposition
3.2 which is used in section 10 in computations for Drinfeld modules of rank 2. The
reader may skip this subsection without breaking continuity till then.

It is enough to work in the case where both B and C' are flat over R. Then the
ghost map w : W(B) — II5° B is injective. Consider the map [¢] : C' — II3°C given
by z +— (z,¢(x), *(z),...). Then we have the following commutative diagram:

g C

9
f

W(B) —“>¥B < FC
iF iFw iFw
W(B) —“>TI¥B < 1zC
Thus the map f o [¢] : €' — I B factors through W(B) as our universal map
g:C — W(B).
Let us now give an inductive description of the map g. Write

9(x) = (xo,x1,---) € W(B).

Then from the above diagram w o g = f o [¢]. Therefore the vector (zg,x1,...) is
the unique solution to the system of equations

~n ~n—1
(3.6) o +mel T e e, = f(6(2),

for n > 0. For example, we have xg = f(z) and z1 = f(6(z)).

Now consider the case where B itself has a w-derivation, C'= B, and f = 1. For
any € B, let us write (™) := §"(z), or simply 2’ = §(x), 2" = 6%(z) and so on.
Proposition 3.2. We have zg =z, 1 = 2’ and x5 = 2’ + 7972 (2)4.

Proof. As stated above, equalities zg = x and x1 = 2’ follow immediately from (3.6).
For n = 2, we have

x82 + erli +mlry = ¢*(z)
= ¢(z? +7a)
= ¢(a)! +mg(a’)
= 27 4 79(@) 4+ n((@)T + 72
And therefore we have x5 = 2 + 7972(2')4. O

4. A-MODULE SCHEMES, JET SPACES AND PRELIMINERIES

An A-module scheme over S = Spf R is by definition a pair (E, ¢g), where F is
a commutative group object in the category of S-schemes and ¢ : A — End(E/S)
is a ring map. (Here and below, by a scheme over the formal scheme S, we mean
a formal scheme formed from a compatible family of schemes over the schemes
Spec R/p™R.) Then the tangent space ToE at the identity has two A-modules
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structures: one coming by restriction of the usual R-module structure to A, and
the other coming from differentiating ¢ . We will say that (E, ¢g) is strict if these
two A-module structures coincide, and admissible if it is both strict and isomorphic
to the additive group G = Ga /s as a group scheme. We will denote this induced
map to tangent space as 6 : A — R. (Note that it is best practice to require only
the isomorphism with G to exist locally on S. So below, our Drinfeld modules
would more properly be called coordinatized Drinfeld modules.)

A Drinfeld module (E, pg) of rank r is an admissible A-module scheme over S

such that for each non-zero a € A, the group scheme ker(¢g(a)) is finite of degree
la|” = g~ 7ord=(@) over S.

Proposition 4.1. If f is an endomorphism of the F,-module scheme Ga/S over S,
then it is of the form

o0

i=0

where f is a restricted power series, meaning a; — 0 w-adically as i — oco.

Proof. Let f € Hom(G,,G,) be an additive endomorphism of G,. Then f is given
a restricted power series b;z® such that b; — 0 as i — oo. Since f is additive,
we have b; = 0 unless ¢ is a power of p. Second, because f is Fy-linear, we have
Sibyi(cz)? =X, byia? forallc € F,. Considering the case where c is a generator
of Fy, we see this implies b, = 0 unless p’ is a power of q. O

Let R{7}" be the subring of R{{7}} consisting of (twisted) restricted power
series. Then by proposition 4.1, the [F-linear morphisms between two admissible
A-module schemes F; and Es over Spf R are given in coordinates by elements in
R{7}" where 7 acts as 7(z) = 2%

(4.1) Homg, (Ey, By) = R{7}".

4.1. Prolongation sequences and jet spaces. Let X and Y be schemes over

S = Spf R. We say a pair (u, ) is a prolongation, and write Y’ () X,ifu:Y = X

is a map of schemes over S and § : Ox — u,Oy is a m-derivation making the
following diagram commute:
R—— 1,0y

5T T&
R—— 0Ox
Following [Bui3], a prolongation sequence is a sequence of prolongations

u,0 u,0 u,0
Spt R0 o 8y wd

where each T™ is a scheme over S. We will often use the notation T or {7}, },>0.
Note that if the T™ are flat over Spf R then having a m-derivation § is equivalent
to having lifts of Frobenius ¢ : 77t — T™,

Prolongation sequences form a category Cg«, where a morphism f : T* — U*
is a family of morphisms f™ : T"™ — U™ commuting with both the v and ¢, in the
evident sense. This category has a final object S* given by S™ = Spf R for all n,
where each w is the identity and each 4 is the given m-derivation on R.
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For any scheme Y over S, for all n > 0 we define the n-th jet space J"X (relative

to S) as
J"X(Y) := Homg(W;(Y), X)

where W} (Y) is defined as in [Bo2]. We will not define W;*(Y") in full generality
here. Instead, we will define Homg(W;¥(Y), X) in the affine case, and that will
be sufficient for the purposes of this paper. Write X = Spf A and Y = Spf B.
Then W} (Y) = Spf W,,(B) and Homg(W; Y, X) is Hompg(A, W, (B)), the set of
R-algebra homomorphisms A — W, (B).

Then J*X := {J"X},,>0 forms a prolongation sequence and is called the canon-
ical prolongation sequence [Bui3]. By [Bui3], [Bo2], J*X satisfies the following
universal property—for any T* € Cg- and X a scheme over S°, we have

Hom(7°, X) = Home,. (T*, J*X)

Let X be a scheme over S = Spf R. Define X¢" by X®"(B) := X(B?") for any
R-algebra B. In other words, X?" is X x s,¢n S, the pull-back of X under the map
o™+ S — 5. Next define

X =X x5 X% xg+ xg X9

Then for any R-algebra B we have X(II}B) = X(B) xg -+ Xg X?"(B). Thus the
ghost map w in theorem 3.1 defines a map of S-schemes
w:J"X = IIEX.
Note that w is injective when evaluated on points with coordinates in any flat
R-algebra.
The operators F and F, in (3.3) induce maps ¢ and ¢, as follows

(4.2) JX —Y T X

% Jo

JIX —— T X
where ¢,, is the left-shift operator given by
¢w(w07 s 7wn) = (¢S(w1), ceey ¢)S(wn))a

and where ¢g : X ¢ X9 is the composition given in the following diagram:

~

(4.3) X e X g S — X

T

—_— 5.

¢

Now let E be an A-module scheme over S with action map A ¥ Endg(F). Then
the functor it represents takes values in A-modules, and hence so does the functor
B +— E(W,(B)). In this way, for each n > 0, the S-scheme J"E comes with an
A-module structure. We denote it by g : A — Endg(J"E). Similarly, ¢g
induces an A-linear structure @ psn on each E®". In this case, it is easy to describe
explicitly. It is the componentwise one:

@HgE(wm cee 7wn) = (@E(w0)7 sy PR (wn))
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The ghost map w : J"E — HgE and the truncation map v : J*E — J"1FE
homomorphisms of A-module schemes over S. This is because they are given by
applying the A-module scheme E to the R-algebra maps w : W, (B) — 1B and
T : W,,(B) = W,_1(B). On the other hand, the Frobenius map ¢ : J"E — J""'E
is a homomorphisms of A-module schemes lying over the Frobenius endomorphism
¢ of S. In other words, the induced map J"E — (J""1E)? is a homomorphism of
A-module schemes over S.

4.2. Coordinates on jet spaces. Given an isomorphism of S-schemes E — Ga,
we can identify (J"E)(B) with W, (B) and hence, using (3.1), with B"*1. In
particular, given a coordinate x on an admissible A-module scheme F, this identi-
fication provides a canonical system of coordinates (zo,...,z,) on J"E. We will
use these Witt coordinates without further comment. We emphasize once again
that there are other canonical systems of coordinates on J"FE, for instance the
Buium—Joyal coordinates denoted x,z’,2”,.... They are related by the formulas
of proposition 3.2. Each has their own advantages.

4.3. Character groups. Given a prolongation sequence T* we can define its shift
T*+" by (T*T")7 := T™*J for all j [Buid].

Spf R & g (L) prtt

We define a §-morphism of order n from X toY to be a morphism J* "X — J*Y of

prolongation sequences. We define a character of ordern, © : (E,pg) — (Ga, @Ga)
to be a §-morphism of order n from E to G, which is also a homomorphism of
A-module objects. By the universal property of jet schemes [Bui3], an order n
character is equivalent to a homomorphism © : J"F — G, of A-module schemes
over S. We denote the group of characters of order n by X,,(E). So we have

X, (E) = Homs(J"E, G,),

which one could take as an alternative definition. Note that X, (E) comes with

an R-module structure since (@a is an R-module scheme over S. Also the inverse
system J"T'E % J"E defines a directed system

*

X, (E)% X1 (B) S - -

via pull back. Each morphism u* is injective because each u has a section (typically
not A-linear). We then define X, (E) to be the direct limit lim,, X,,(E).
Similarly, pre-composing with the Frobenius map ¢ : J**'E — J"E induces a
Frobenius operator ¢ : X"(E) — X"t(E). However since ¢ : J"T'E — J"E is
not a morphism over Spf R but instead lies over the Frobenius endomorphism ¢ of
Spf R, some care is required. Consider the relative Frobenius morphism ¢g, defined
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to be the unique morphism making the following diagram commute:

JHE

N
J'E X(Spf R),¢ Spr — J"F

l

Spf R

Spf R

Then ¢p is a morphism of A-module formal schemes over Spf R. Now given a
d-character © : J"E — G,, define ¢*O to be the composition

(44)  JELS VE X(spt ry.o SPFR 23 G X (st 1y SPER—2 G,

where ¢ is the isomorphism of A-module schemes over S coming from the fact that
G, descends to A as an A-module scheme. For any R-algebra B, the induced
morphism on B-points is

C")(b
EWoir(B)) 5 B(W,(B)?) 25 B 24 .
Note that this composition E(W,,4+1(B)) — B is indeed a morphism of A-modules
because identity map B? — B is A-linear, which is true because ¢ restricted to A
is the identity.

Thus we have an additive map X, (E) — X,,1+1(F) given by © — ¢*0. Note
that this map is not R-linear. However, the map

¢ X (E) — X, 1(E)?, 0 ¢"0

is R-linear, where X,,;1(FE)? denotes the abelian group X,,1(E) with R-module
structure defined by the law r - © := ¢(r)©. Taking direct limits in n, we obtain
an R-linear map

Xoo(E) — Xoo(E)?, ©— ¢*0.
In this way, X (E) is a left module over the twisted polynomial ring R{¢*} with
commutation law ¢*r = ¢(r)d*.

5. KERNEL OF u: J'E — E

Let (E,¢g) be an admissible A-module scheme over S = Spf R. By equa-
tion (4.1), we can write

(5.1) ep(t) =Y ar'

with a; € R, a; — 0, and a9 = w. Let N™ denote the kernel of the projection
u:J"E — E. Thus we have a short exact sequence of A-module schemes over S:

03NS J'"ESE—=0

We will show in this section that, when g > 3, there is an isomorphism (N1, ppn1) —

(Ga, @@a) of A-module schemes, where G, denotes the tautological A-module with

the A-action is given by the usual multiplication of scalars: cp(@a(a) = arC.
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Proposition 5.1. Any A-linear morphism f : E — G between admissible A-
modules is determined by the induced morphism on tangent spaces. More precisely,
if we write pp(t) = 770 + dois1 a; 77, pa(t) =710 + dois1 ¢, and f =3, bt
then we have

—

r—
i i

by = (m— 79 ) S (bial_, —cpib? ).
0

i=

Proof. Because f is B-linear, we have
( Z biTi) (777'0 + Z (lej) = (7TTO + Z chj) ( Z biTi).
i>0 j>1 j>1 i>0

Comparing the coefficients of 7", we have
0 r—1 r r
boal + - +b_1al  + b1 =7b+ bl |+ + b

Therefore we have
r—1

be(r—7?) =Y (bial_, — coibl ).
i=0
Since R is m-torsion free and 1 — 7¢ ~1 is invertible for r > 1, this determines each

b, uniquely in terms of by, ..., b._1. Therefore by determines each b,.. (Il

Corollary 5.2. The R-module map R — Hom4(Ga,G,) defined by b— b0 is an
isomorphism.

Now consider the subset ST C R{7}" defined by
(5.2) ST={> bir" € R{r}" [ v(b;) > i, for all i and by € R*}.
i>0
Here, and below, we write v(b) > i to mean simply b € p'R.

Proposition 5.3. ST is a group under composition.

Proof. The fact that St is a submonoid of R{r}" under composition follows im-
mediately from the law br? o ¢7/ = be? 797 and linearity. Indeed if v(b) > i and
v(c) > j, then v(bcqi) > i+ 7.

Now let us show that any element f = > ;7" € ST has an inverse under
composition. Let g = ZZOZO cnT", where ¢g = by 1 and we define inductively
Cpn = —bgqn (cobp,+c1bE_ +-- -+cn,1b§n71). Then it is easy to check that go f = 1.
Take n > 1 and assume v(c;) > i for all i = 0,...,n — 1. Then it is enough to show
v(cn) > n. We have v(cy,) > min{v(cibf:ii) |i=0,...,n—1}. Now

o(edl_) = v(ei)+ qo(ba-i)
i+ q'(n — 1)
> i+ (n—1i)=n.

Therefore the left inverse g of f lies in ST.
Now consider ¢’ = >.°° ( d,7" € R{{7}}, where dy = b;" and we inductively

define d,, = *bo_l(bldfll,l + de?:,Q + - +b,dd"). Then as above, one can casily
check that f o g’ =1 and hence it is a right inverse of f in R{{7}}. But using the
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associativity property of R{{7}} we get ¢’ = (go f)og' = go(fog’) = g and hence
g is both a left and right inverse of f in ST. (]

Proposition 5.4. Let B denote the subring Fy[t] C A. Let f : E — G be a B-linear
homomorphism of admissible A-module schemes over Spf R. Then f is A-linear.

Proof. Given any element a € A, we will show pg(a)o f = fopg(a). Both sides
are B-linear homomorphisms F — G indeed, f is B-linear by assumption, and
both pg(a) and pg(a) are B-linear because A is commutative. Furthermore, on
tangent spaces, o (a)o f is multiplication by af’(0), and fopg(a) is multiplication
by f/(0)a; this is because the A-module schemes are admissible. Thus the two
morphisms agree on tangent spaces and therefore they agree, by proposition 5.1. [

In other words, the forgetful functor from admissible A-modules schemes over R
to admissible B-module schemes over R is fully faithful. This remains true if we
allow B to be not just Fy[¢] but any sub-F,-algebra of A strictly containing F,.

Lemma 5.5. If ¢ >3, thenq¢' —¢" 7 —j—1>0forallj=1,...,i

Proof. Consider f(z) = ¢ —¢"® —2 — 1, for 1 < 2 < 4. Then f(1) > 0 since
q>3. Now f'(z) = ¢""®Ing— 1. Since Ing > 1 for ¢ > 3, we have f'(x) > 0 for all
1 <z <iand hence f(z) >0 for all 1 <z < i and we are done. O

Theorem 5.6. Suppose ¢ > 3 and v(a;) > ¢' — 1, for all i > 1. Then there
exists a unique A-linear homomorphism f : E — Ga, written f = Z?io bt in
coordinates, such that v(b;) > i and by = 1. Moreover, f is an isomorphism of
A-module schemes over S.

Proof. Let f =32 b;7", b; € R, where by = 1 and

(5.3) b =n (1 — 79 sz jal

Indeed, this is the only possible choice for f, by proposition 5.2. Conversely, it is
easy to see that f satisfies ¢(t) o f = f o (t), which implies ¢(b) o f = f o ¢(b) for
all be B.

Let us now show v(b;) > i. For i = 0, it is clear. For ¢ > 1, we may assume

by induction that v(b;) > j for all j = 1,...,i — 1. By (5.3), we have v(b;) >

min{v(b;_ Ja;f )—1]j=1,...,i}. Now
ﬁwﬁ > w(big) +v(al ) -1

v(bi—jal ]

J

> i jag (¢ —1)—1
= i—j+q¢—q77 -1
> 4, by lemma 5.5.

Therefore we have v(b;) > .

Therefore f is a restricted power series and hence defines a map between 7-formal
schemes f : E — G, which is A-linear.

Let usAshow that f is an isomorphism. By proposition 5.3, there exists a linear
map g : G, — E such that fog = go f = 1. Then ¢ is also A-linear for formal
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reasons. Indeed, for any a € A, we have f(g(¢(a)x)) = ¢(a)x = f(p(a)g(z)). Since
f is injective, we must have g(p(a)z) = p(a)g(x) which shows the A-linearity g
and we are done. ]

We conclude this section with a useful observation which will not however be used
here. Letting G denote the formal completion of Ga along the identity section
Spf R — G,. Thus we have G = Spf R[[z]], where R[[z]] has the (r,z)-adic
topology. We want to extend the A-action on G to an action of A:

(5.4) A — Endr, (GP/9).

Recall that Endg, (G) agrees with the non-commutative power-series ring R{{7}},
with commutation law 76 = b7 for b € R. Therefore for any a € A, we can write

pla) = Zaﬂj

where o; € R. Each o; can be thought of as a function of a € A. To construct
(5.4) it is enough to prove that these functions are p-adically continuous, which
also implies that such an extension to a continuous A-action is unique. This is a
consequence of the following result.

Proposition 5.7. Ifa € p", then o € p" 7 R.
Proof. Clearly, it is true for n = 0. Now assume it is true for some given n. Suppose

a € p"*! and write a = 7b, where b € p™. Let ¢(b) = > B0 and p(m) = >, WTh.
Then we have

Yoyl = p(a) = p(m)p(b) = Y > BT =Yl Ik
J k J

k,j
, X '
and hence o = 375 _ V8] So to show a; € p" T/ R, it suffices to show
q* ntl—j .
B €p"TTIR, for 0<k <j<n+1.

By induction we have 8;_j € p"~ U=k R and hence %B?ik € p(”_(j_k))qk R. Since

we have (n — (j — k))¢® > n— j + 1 for k > 1, we then have vkb’ik € pnItR.
For £k = 0, because ¢ is a strict module structure, we have 7y = 7 and hence
Y03j € Tp" IR = ptnTIR. O

6. CHARACTERS OF N™—UPPER BOUNDS

We continue to let E denote the admissible A-module scheme over S of (5.1).
Lemma 6.1. For all n > 0, ¢"(x) = 7™ + O(n — 1), where O(n — 1) are

elements of order less than equal to n — 1.

Proof. For n =0, it is clear. For n > 1, we have by induction
¢"(z) = (x" 12"V + O(n - 2))
="'z V) + O0(n—1)
= 7" 178 (z™) + (2" D)+ O(n — 1)
7"z™ 4+ O(n — 1).
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d

Theorem 6.2. Assume q > 3. For any n > 0, let H™ denote the kernel of
the projection u : J'"T'E — J"E. Then there is a unique A-linear isomorphism
Ot H* — G, of the form 9, (x) = x + bia? + ngq2 + -+ in coordinates such that
v(b;) > i for alli > 1. Further, the R-module Hom(H™, G,) is freely generated by
19n

Proof. First observe that we have

er(t)¢" (x) = 0" (pe(t))
= ¢"(m)¢" () + ¢"(a1)" (@) + - + ¢" (a,) 9" ()" .

(n—1)

Second, the subscheme H™ is defined by setting the z,z’, ..., x coordinates to

0. Combining these two observations and lemma 6.1, we obtain
T op(t)a™ = T2 4+ 67 () (@ ™) 4 4 ¢ (a,) (7))
and hence

pu(t)a™ = o™ 4 " (ay)r" @D @) 4 4 ¢ (@) r" @D M),

But then by theorem 5.6, there is a unique isomorphism (H", ¢p») — (Ga, pg_) of
the kind desired.

Finally it follows from corollary 5.2 that Hom4(H™, Ga) is freely generated as
an R-module by 9,,. O

We emphasize that for ¢ = 2, it is not generally true that H"” is isomorphic to
Ga. We do however have an argument along similar lines that Homa (H",G,) is
free of rank 1 over R, but to keep the exposition short, we have not included it
here.

Now consider the exact sequence
0—H" > N"—N"1 50
and the corresponding long exact sequence
0— HomA(N"_l,Ga) — HomA(N”,@a) — HomA(H",@a) — .

By the theorem above, the image of the map Hom4(N™, G,) — Hom4(H",G,) can
be regarded as a sub-R-module of R. Therefore we have a filtration of R-modules

Hom 4 (N"™,G,) 2 Homu (N 1,G,) 2 -+~ 2 Homa(N°,G,) =0,

and each associated graded module is canonically a submodule of R.

In particular, we have the following:

Proposition 6.3. If R is a discrete valuation ring, then HomA(N",Ga) is a free
R-module of rank at most n.
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7. THE LATERAL FROBENIUS AND CHARACTERS OF N"

Now we will construct a family of important operators which we call the lateral
Frobenius operators. That is, for all n, we will construct maps f : N*t1 — N7
which are lifts of Frobenius relative to the projections v : N**! — N™ and hence
make the system {N"}>2 ; into a prolongation sequence. Do note that a priori the
A-modules N™ do not form a prolongation sequence to start with.

Let N> denote the inverse limit the projection maps u : N*t' — N™. Then the
maps f induce a lift of Frobenius on N*°. Similarly on J*°FE = lim,, J*FE, the maps
¢ induce a lift of Frobenius. Now for all n > 1, the inclusion N™ — J"E is a closed
immersion and hence induces a closed immersion of schemes N*° — J*E. But | is
not obtained by restricting ¢ to N°°. In fact, ¢ does not even preserve N°°. So § is
an interesting operator which is distinct from ¢, although it does satisfy a certain
relation with ¢ which we will explain below.

Here we would also like to remark that the lateral Frobenius can also be con-
structed in the mixed-characteristic setting of p-jet spaces of arbitrary schemes. But
it is much more involved than for Drinfeld modules, and the authors will present
that theory in a subsequent note.

Let FF : W,, - W, and V : W,,_; — W,, denote the Frobenius and Ver-
schiebung maps of 3.3. Let us arrange them in the following diagram, although it
does not commute.

Wi~ Wi
Fl lF
W,y ——> W,
iF
W1
Rather the following is true

(7.1) FFV =FVF.

Indeed, the operator F'V is multiplication by 7 = 6(t), and F' is a morphism of
A-algebras.

We can re-express this in terms of jet spaces using the natural identifications
J"E ~ W, and N" ~ W,,_;. For jet spaces, let us switch to the notation i := V,
¢ := F for the right column, and f := F' for the left column. Then the diagram
above becomes the following:

Nn+1 i S Jn+1E
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Note again that it is not commutative. However rewriting (7.1) in the above nota-
tion, we do have

(7.2) ¢°2o0i=¢poiof.

We emphasize that when we use the notation N, the A-module structure will
always be understood to be the one that makes i an A-linear morphism. It should
not be confused with the A-module structure coming by transport of structure from
the isomorphism N™ ~ W, _; = J"~1E of group schemes.

We also emphasize that while ¢ is a morphism of S-schemes, the vertical arrows
¢ and f in the diagram above lie over the Frobenius endomorphism ¢ of S, rather
than the identity morphism.

Lemma 7.1. For any torsion-free R-algebra B, the map FV : W,,(B) — W, (B)
1s injective.

Proof. Since B is torsion free, the ghost map W,,(B) — B x --- X B is injective, and
hence W, (B) is torsion free. The result then follows because FV is multiplication
by 7. O

Proposition 7.2. The morphism §: N* — N"~1 is A-linear.

Proof. Since both ¢ and i are A-linear morphisms, so are ¢i and ¢2i. Therefore for
all a € A, we have

¢i(f(az)) = ¢*i(ax) = ag’i(x) = asi(f(z)) = i(af(x))

Thus the two morphisms N"*! — N given by = +— af(z) and by z +— f(ax),
become equal after application of ¢i. We can interpret the morphisms as two
elements of N"(B), where B is the algebra representing the functor N"*!, which
become equal after applying ¢i. But since B is torsion free, lemma 7.1 implies these
two elements must be equal. [l

For 0 < i < k — 1, let us abusively write f°* for the following composition
i-times
o1 nfo"'of n—i Y n—k
7PN - 'N — N"%,
Then for all 1 < ¢ < n, we define ¥; € HomA(N”,Ga) as
(7.3) U, =9 o foit

where v is as in theorem 6.2. Clearly, the maps ¥; are A-linear since each one of
the maps above is. Finally, given a character ¥ € Hom4(N" "1, G,), we will write
U = U of.

The points of J"E contained in N™ are those with Witt coordinates of the form

(0,21,22,...,2,). We will use the abbreviated coordinates (xi,...,2,) on N"
instead.
Lemma 7.3. Forq>3 and allt=1,...,n, we have

i—1

Ui(21,...,2p) =27  mod .
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Proof. Since f is identified with the Frobenius map F : W, — W, _1, it reduces
modulo 7 to the ¢-th power of the projection map. Therefore, we have

‘ - o(i=1) =9, (28
Ui(x1,..., ) =01 0f (x1,...,2p) =1 (z{ ) modm,

~1—1
and hence is equivalent to 7 ~ modulo 7, by the defining property of ¥; in theo-
rem 6.2. (Il

Proposition 7.4. If R is a discrete valuation ring, then the elements Uq,..., ¥,
form an R-basis for Homy(N™,G,).

Proof. (For ¢ > 3.) By proposition 6.3, the R-module HomA(N”,@a) is free of
rank at most n. So to show the elements W,,..., ¥, form a basis, it is enough
by Nakayama’s lemma to show they are linearly independent modulo w. But for
q > 3, by lemma 7.3, we have ¥; = x‘liz ' mod 7, and so the ¥; map to linearly
independent elements of R/mR ®r O(N™). Thus they are linearly independent in
R/mR ®p Homy (N, G,). O

8. Xoo(E)

We now assume further that R is a discrete valuation ring and E is a Drinfeld
module over Spf R. Let r denote the rank of E. We continue to write pg(t) =
apt® + a1 + - -+ + a,7", where ag = 7, a; € R for all i, and a, € R*.

Given such a Drinfeld module, one of the important d-arithmetic objects that
one can attach to it is the group of all §-characters of F to Ga, denoted X (E).
In the case of elliptic curves, Buium has shown that this group contains important
arithmetic data as analogues of Manin maps in differential algebra and has found
diophantine applications on Heegner points on modular curves [BP2].

In this section and the next, we will determine the structure of X (FE). In the
case of elliptic curves, it falls in two distinct cases as to when the elliptic curve
admits a canonical lift and when not. A similar story happens in our case when
E is a Drinfeld module of rank 2, which one might consider the closest analogue
of an elliptic curve. However, when the rank exceeds 2, the behavior of X, (E)
offers much more interesting cases which leads us to introduce the concept of the
splitting order m of a Drinfeld module E. This natural number is always less than
or equal to the rank of £ and when the rank equals 2, the notion coincides with
the canonical lift property of Drinfeld modules.

We would like to point out here that our structure result for X (F) is is an
integral version of that of [Bui2]. Buium shows that X, (F) ® g K is generated by
a single element as a K{¢*}-module where K = R[I%]. But here we show that the
module X, (E) itself is generated by a single element as a R{¢*}-module. Although
our result is for Drinfeld modules over function rings in positive characteristic, our
methods work in the elliptic curves over p-adic rings setting and hence this stronger

result can be achieved in that case too.

The following theorem should be viewed as an analogue of the fact that an elliptic
curve has no non-zero homomorphism of Z-module schemes to G,. In our case,
we show that no Drinfeld module admits a non-zero homomorphism of A-module
schemes to @a.
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Theorem 8.1. We have Xo(E) = {0}.

Proof. Any character f =3%".., bt € Xo(FE) satisfies the following chain of equal-
ities: B

pe,(t)of = foeg(t)
0(t)7° o Z bt = Z bit' o Z a;r
i>0 i>0 J
Ze(t)bﬂ'i = Z (Zbi,jagi_j)Ti
>0 i>0 =0

Comparing the coefficients of 7¢ for i > r, we have

(8.1) bi(1— 0T "10(t) = a? "bi_y +al | big1 - +al b
Suppose f is nonzero. There there exists an N such that by_, # 0 and v(by_,) <
v(b;) for all i > N — r + 1. Then the valuation of the right-hand side of equation
(8.1) for i = N becomes v(a?H‘bN_,.) = v(bny—), since v(a,) = 0. But then taking
the valuation of both sides of (8.1), we have

'U(bN) = v(bN_r) -1< U(bN_T)

and N > N —r + 1, which is a contradiction to the hypothesis above. Therefore f
must be 0. ([

As a consequence the short exact sequence of A-module schemes over S
(8.2) 0= N"5 J'E— E—0,

induces an exact sequence
(8.3) 0= X, (E) 5 Homa(N", Ga) 3 Exta(E, Gy),
which we will use repeatedly.

The following result is the analogue of Buium’s in the mixed-characteristic set-
ting.

Theorem 8.2. Let (E,¢g) be a Drinfeld module of rank r.

(1) X,.(E) is nonzero.
(2) We have

| R, if E has a lift of Frobenius,
X1(E) _{ {0}, otherwise.

Proof. (1): Consider the exact sequence (8.3). By proposition 7.4, the R-module
Hom(N™, G,) is free of rank n. But also Ext(F,G,) is free of rank r — 1, by
[Gel]. Therefore when n = r, the kernel X,,(E) is nonzero.

(2) Now consider X;(E). It is contained in Hom (N, G,), which is free of rank
1, and the quotient is contained in Ext 4 (E,Ga), which is torsion free. Therefore
X, (E) is either {0} or all of Hom4 (N, G,) ~
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Let 1 denote the identity map in Homa(G,,G,). Then its image d(1) in
Exta(E,G,) is the class of the extension (8.2). Therefore we have the equiva-
lences X1 (F) ~ R <= 4* is an isomorphism <= 9J(1) =0 <= (8.2) is split
<= F has a lift of Frobenius. O

Define the splitting order of the Drinfeld module E to be the integer m such that
Xm(E) # {0} and X,,,—1(F) = {0}. We also say that E splits at order m. By the
theorems above, we have 1 < m < r and additionally m = 1 if and only if E is a
canonical lift.

8.1. Splitting of J"(E). The exact sequence (8.3) is split by the Teichmiiller
section v : E — J"E, as defined in section 3. We emphasize that v is only a
morphism of Fj-modules schemes and is not a morphism of A-module schemes.
Nevertheless, it induces an isomorphism

JYE)"5E x N"

of F,-module schemes. Therefore for any character © € X, (F), we can write
O=gdVor

(8.4) O(xzg,...,xn) = g(xo) + V(x1,...,20),

where ¥ = *O € HomA(N",Ga) and g = v*0O. Note that because v is only F,-
linear, g is also only F4-linear. But it can still be expressed as an additive restricted
power series.

Lemma 8.3. For any R-algebra B, consider the exact sequence for alln > 1
0= Wn1(B) S Wo(B) S B0
Then there exists a map g : B — W, (B) such that

W (B) ——
FVVF\L /
9
W,.(B)
commutes. It is of the form g(x) = (7w, ¢y, Cquz, ...), for some elements c; € R.

Proof. For any y € W, _1(B), we have
(FV -VE)Vy)=FVVy—-VFVy=nVy—V(ry) =0.
So such a function g exists.

To conclude that g(z) is of the given form, we use a homogeneity argument.
Let (zo, 21,...) denote the ghost components of (xo,x1,...). If interpret each z;
as an indeterminate of degree ¢’, then each z; is a homogenous polynomial in the

T, ..., x; of degree ¢’ and with coefficients in A: z; = xg +mx1, and so on. Solving
for z; in terms of zp,...,%;, we see that z; is a homogenous polynomial in the
20, . .. ,2; with coefficients in A[1/7].

Now let (yo,y1,...) denote (FV — VF)(zg,x1,...), where y; € Rxo,...,z;].
Then the ghost components of (yo,y1,...) are (720,0,0,...) = (720,0,0,...). It
follows that yo = mxo. Further, by the above, y; is an element of R[zo,...,z;] but
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also a homogeneous polynomial in 7zg of degree ¢’ and with coefficients in A[1/7].

Therefore it is of the form cjxg] for some ¢; € R. O

Proposition 8.4. Let O be a character in X,,(E).

(1) We have
i'¢"O =§7(i"0) + ¥,
where v = wg’'(0) and ¢'(xo) denotes the usual derivative of the polynomial

g(zo) € R[xg] of equation (8.4).
(2) Forn > 1, we have

*(¢7")0 = (") ¢ e.
Proof. (1): By lemma 8.3, we have

. 2
(poi—iof)(z1,...,2n11) = (21,127, c0n ,...),

where ¢; € R. Therefore we have

((i*p" —§4")O) (21, ..., Tpt1) = O(maq, clx‘lj, c)

8.5 1
( ) :g(ﬂ'ﬂfl)‘F\I’(clx?a"')’

where g and ¥ are as in equation (8.4). In particular, the character (i*¢* — f*i*)©
depends only on x1. Therefore it is of the form W, for some v € R. Further since
by theorem 6.2 we have U} (0) = 1, the coefficient v is simply the linear coefficient
of (i*¢* — §*i*)O, which by (8.5) is w¢'(0).
(2): This is another way of expressing ¢°" oi = ¢poio (=1 which follows from
(7.2) by induction. O

8.2. Frobenius and the filtration by order. We would like to fix a notational
convention here. Let u : J"E — J™ E denote the canonical projection map for any
n' < n, given in Witt coordinates by u(zo, ..., z,) = (zo,...,Tn/)-

Consider the following morphism of exact sequences of A-modules

0 N — ' S JE 0

T

0— =Nl ‘o n-lp % . p_ .

Since Xo(E) = {0} by theorem 8.1, applying Hom 4 (—, Ga) to the above, we obtain
the following morphism of exact sequences of R-modules

00— X, (E) Homu (N", G,) —2— Ext (B, G,)

g

00— X, 1(E) ——> Homu(N""!,G,) -2 ExtA(E, G,)
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Proposition 8.5. For any n > 0, the diagram

Xou(B)/Xn1(E)C a X,+1(E) /X, (E)

Homa(N", G.)/Homa(N" 1, ) ——> Homa(N™+, G,)/Homa(N", G.)

is commutative. The morphisms i* and ¢* are injective, and §* is bijective.

In fact, we will show in corollary 9.9 that all the morphisms in the diagram of
proposition 8.5 are isomorphisms.

Proof. For n > 1, commutativity of the diagram follows from proposition 8.4; for
n = 0, it follows from theorem 8.1.

The maps i* are injective because the projections J"E — J"'E and N" —
N"~! have the same kernel, and f* is an isomorphism by proposition 7.4. It follows
that ¢* is an injection. |

8.3. The character O,,. Recall the exact sequence (8.3)
0= X, (E) 5 Homa(N", G,) 2 Extu(E, G,)
Let m denote the splitting order of E. Then for all n < m, the map
d:Homa(N"™,G,) — Ext(E,G,)

is injective since X, (F) = {0}. But at n = m, we have X,,(F) # {0}, and
so there is a nonzero character ¥ € Hom4(N™,G,) in the kernel of 0. Write

U=\, U, — S\m,lllim,l — = 5\1\111, where \; € R for all i = 0,...,m—1. Then
we necessarily have A, # 0 since X,,_; = {0}. Therefore we have
(8.6) OV = A 10U, 1 + -+ X100, € Exta(E,G.)k
where \; = S\l/j\m forall i =1,...,m — 1. This implies that the character
Uy =AMV — o = A1 ¥

is in ker(9) and hence by the main exact sequence (8.3), there exists a unique
O € X, (E) i such that

(87) Z.*@m = \Ijm - /\m—llpm—l - >\1\Ijl

It then follows immediately that ©,, is a K-linear basis for X,,,(F) g, say by propo-
sitions 7.4 and 8.5. (We will show in corollary 9.9 that ©,, actually lies in the group
X, (F) of integral characters, and is in fact an integral basis for it.)

Proposition 8.6. Let m denote the splitting order of E. Then for any j > 0,
the character i*(¢*)?©,, agrees with U,,4; modulo rational characters of lower

order, and the elements ©,,, #*O,,, -+ ,¢" ™" O,, are a basis of the K -vector space
X (E) k.

Proof. By 8.5, each element ¢*" ©,, lies in Xm+i(E) but not in X, 41 (F). There-
fore such elements are linearly independent. At the same time, by the diagram
above, each X;,+i(E)/Xm+i—1(E) has rank at most 1. Thus the rank of X,,(F) is
at most n — m + 1, and so the elements in question form a spanning set. (Il
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Do note that this result will be improved to an integral version in theorem 9.10.

9. EXT GROUPS AND DE RHAM COHOMOLOGY

We will prove theorem 1.1 in this section. We continue with the notation from
the previous section. In particular, R is a discrete valuation ring.

We will briefly describe our strategy in the next few lines. Recall from (8.7) the
equality

Z*@m = \Ilm — /\m—llpm—l — = )\1\111
where \; € K. A priori, the elements A\; need not belong to R, but we prove in
theorem 9.8 that they actually do. This will imply that i*©,, lies in Hom 4 (N™, G,)
and ker(9), and hence by the exact sequence (8.3), we have ©,,, € X,,,(E)—that is,
the character O, is integral. From there, it is an easy consequence that X,,(E) is
generated by ©,,,...,0¢ " as an R-module.

So the key result to prove is theorem 9.8. But it will require some prepara-
tion before we can present the proof. For all n > 1, we will define maps from
Homy (N™,G,) to Ext?(E,G,) which is also interpreted as the de Rham coho-
mology from associated to the Drinfeld module E. These maps are obtained by
push-outs of J"E by ¥ € Homy4(N™, (Ga) To give an idea, do note that, for every
n > 1, there are canonical elements Ej, € Ext(F, Ga) where the Ey is a push-out
of J"E by ¥ as follows

0 AN ) B 0
0 G. E3, E 0

as B}, € Exta(E, G.). Tt leads to a very interesting theory of d-modular forms over
the moduli space of Drinfeld modules and will be studied in a subsequent paper.
And similar to previous cases, the main principles carry over to the case of elliptic
curves or abelian schemes as well.

Now we introduce the theory of extensions of A-module group schemes. Given
an extension ¢ € Ext(G,T) and f : T — T’ where G, T and T are A-modules and
f is an A-linear map we have the following diagram of the push-forward extension

1+C.

0 T C G 0
|
0 T’ f+C G 0

The class of f.C is obtained as follows—the class of ¢ is represented by a linear
(not necessarily A-linear) function nc : G — T. Then 7y, ¢ is represented by the
class ny.c = [f onc] € Ext(E,T"). In terms of the action of t € A, pc(t) is given
by ( ea(t) 0

ne or(t

ea(t) 0
(9-1) < fne) o1 (t) )

) ) where ¢ : G — T. Then ¢y, ¢(t) is given by
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Now consider the exact sequence
(9.2) 0 N" 5 J"ES E—0
Given a ¥ € Hom4(N™,G,) consider the push out

0 Nt ‘s np-“ s | 0
0 G —— E, E 0

where E}, = % and T'(N") = {(i(2),-¥(2))] z € N*} C J"E x N™ and
gu(x) = [z,0] € E}.
The Teichmiiller section v : E — J"(E) is an F,-linear splitting of the sequence
(9.2). The induced retraction
p=1—vou:J"(E)— N"

is given in coordinates simply by p : (zo,...,Zn) — (z1,...,2,). Let us denote by
switt the morphism on Lie algebras induced by p. Thus we have the following split
exact sequence of R-modules

0 — Lie N —2%> Lie J*"E —2% Lie(E) — 0
—

SWitt

Let sy denote the induced splitting of the push out extension

0 Lie G, Lie(E}) — Lie(E) —=0

Sw
It is given explicitly by sy : Lie J”E x Lie G, — LieG,
Sw(z,y) == D¥(swite(2)) +y

and

Lie J"E x Lie G, .o
sy : Lie(Ey) = i (V™) — Lie G,

This induces the following morphism of exact sequences

(9.3) 0 —— X, (E) —— Homy(N",G,) — Ext(E, G,)

| o)

0 — Lie(E)* Ext!(E,G,) — Ext(E,G,) — 0

Proposition 9.1. Let © be a character in X,,(E), and put ¥ = i*© € Hom 4 (N™,G,)
and g =v*0 : E — G,, as in equation (8.4).
(1) The map X,(E) — Lie(E)* of (9.3) sends © to —Dg.
(2) Let © = ¢*O, and put ¥ = i*© and g = v*©. Then we have j(z) = g(x7)
and W(y) = W(p((i(y)))) + g(my1)-

Proof. (1): Let us recall in explicit terms how the map is given. For the split
extension E x G,, the retractions Lie(F) x LieG, = Lie(E x G,) — LieG, are
in bijection with maps Lie(EF) — LieG,, a retraction s corresponding to map
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x + s(x,0). Therefore to determine the image of O, we need to identify E}, with
a split extension and then apply this map to sy.

A trivialization of the extension EY, is given by the map
JE x G,

T(N™)
defined by [a,b] — (u(a),O(a) + b). The inverse isomorphism H is then given by

the expression
H(z,y) = [v(z),y — O(v(2))],

= E;, 5 ExG,

and so the composition £ — E X Ga — £y — G, is simply —0 o v = —g, which
induces the map —Dg on the Lie algebras.
(2): We have
O(z)=©

B())

= T(p(4(t))) + g(ad + m1)

= (T(p(6(t)) + g(mz1)) + g(ad).
W(

In other words, we have ¥(p(z)) = ¥(p(¢(z)) + g(mz1) and §(zo) = g(xo) Setting
x = i(y), we obtain the desired result. O

Proposition 9.2. If U € i*¢*(X,,(E)), then the class (E%,sy) € Ext*(E,G,) is
zero.

Proof. We know from diagram (9.3) that E}, is a trivial extension since ¥ lies in
i*Xp41(E). Now as in part (2) of proposition 9.1, we have, in the notation of
that proposition, g(xz) = g(mo) and hence Dg = 0. Therefore by part (1) of that
proposition, the class in Ext?(E,G,) is zero. O

9.1. The crystal H(E). The ¢-linear map ¢* : X,,_1(EF) — X, (F) induces a
linear map X,,_1(E)? — X,,(E), which we will abusively also denote ¢*. We then
define .
Homy (N™,G,)
Z*¢*(X’n71(E)¢)
Then u : N*t1 — N” induces v* : Homa(N",G,) — Homu(N"*! G,). And
since u*i*¢" (X (E)) = i"u"¢"(Xn(E)) = i"¢"u"(Xn(E)) C "¢ (Xny1(E)), it
also induces a map u* : H,,(E) — H,,41(E). Define H(E) = lim_, H,,(E).

Similarly, f : N**! — N induces f* : Homu(N",G,) — Hom, (N1 G,),
which descends to a ¢-linear morphism of R-modules

f*:H,(FE) - Hy,11(E)

because we have {*i*¢*(X,_1(F)) = i*¢*¢*(Xp_1(E) C i*¢*X,(F). This then
induces a ¢-linear endomorphism §* : H(E) — H(FE). Finally, let I,(E) denote
the image of 0 : Hom(N"™,G,) — Exts(E,G,). So Hom(N™,G,)/X,(F) ~ I,(E).
Then « induces maps u* : I,(E) — I,41(E), and we put I(EF) = lim_, I,(E).

H,(E) =

Proposition 9.3. The morphism
v H,(EY® K > H,1(F)®K

is injective. For n > m, it is an isomorphism.
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Proof. Consider the following diagram of exact sequences:

The cokernels of the two maps u* are of the displayed form by propositions 7.4
and 8.6. If n < m, the expression K(qﬁo(”’m)*@) is understood to be zero. The
map i*¢* : K(¢°"=™)"0)® — K (W, 1) is injective, by proposition 8.5. Therefore
the map u* : H,(E)x — H,11(E)k is also injective. It is an isomorphism if
n > m, because K(d)o(”*m)*@) is 1-dimensional and hence the map

6" K (°" ™ 0)? = K(Wp41)

is an isomorphism. O

Corollary 9.4. We have

K(Uy,...,0,), ifn<m
H,(E) @ K =~ { K(Uy,...,0,), ifn>m
Do note that we will promote this to an integral result in (9.7). But before we
get there, we will need some preparation.

Proposition 9.5. We have

K(Uq,...,0,), ifn<m-—1

I"(E)®KN{ KWy, ..., U t), ifn>m—1

Proof. The case n < m — 1 is clear. So suppose n > m — 1. Then Hom 4 (N7, Gd) ®
K has basis Uy,...,¥;, and X,,(E) ® K has basis ©,,,...,(¢""")*0,,. Since
each (¢7)*0,, equals ¥,,; plus lower order terms, K(VUy,...,¥,, 1) is a com-
plement to the subspace X, (E) of Hom4(N™, G,). Therefore the map & from
K(¥y,...,9,,_1) to the quotient I,,(F) is an isomorphism. O
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Finally the morphism Homy (N™, G,) — Ext*(E,G,) of diagram (9.3) vanishes
on ¢*(X,—1(F)), by proposition 9.2, and hence induces a morphism of exact se-
quences

Xn
(94) 0 R H,,(E) L,(E)

| o

0 — Lie(E)* —— Ext*(E,G,) — Ext(E,G,) —=0

0

where as in the introduction, I,(E) denotes the image of & : Hom(N",G,) —
Exta(E,G,).

Proposition 9.6. The map ® : H,(E) ® K — Ext*(E,G,) ® K is injective if and
only if v # 0.

Proof. Tt is enough to show that T is injective if and only if v # 0. By proposi-
tion 8.6, the class of ©,, is a K-linear basis for W;nf%)@ ® K, and so it is enough
to show ® is injective if and only if T(©,,) # 0. As in (8.4), write ©,, = ¥ + g.

Then by proposition 9.1, it is enough to show ¢’(0) # 0 if and only if v # 0. But

this holds because by proposition 8.4, we have v = mg’(0). ([l
Lemma 9.7. Consider the ¢-linear endomorphism F of K™ with matriz

0 0 ... 0 pm

1 0 0 Hm—1

0 1 0 fm—2

0 0 1 M1

for some given p1,..., pum € K. If K™ admits an R-lattice which is stable under
F, then we have py,. ..,y € R.

Proof. We use Dieudonné-Manin theory. Without loss of generality, we may
assume that R/mR is algebraically closed. Let P denote the polynomial F™ —
prF™=t —. .. — 4, in the twisted polynomial ring K{F}. Then by (B.1.5) of [Lau]
(page 257), there exists an integer 7 > 1 and elements i, ..., 3, € K(7'/") such
that we have
P=(F—3)(F - Bu)

in the ring K (7'/7){F} with commutation law Fr'/" = 7'/"F. (Note that the
results of [Lau] are stated under the assumption that the residue field of R is
an algebraic closure of ), but they hold if it is any algebraically closed field
of characteristic p.) Since R = K N R[x'/"], it is enough to show u; € R[x/"].
Therefore, by replacing R[7r1/ "] with R, it is enough to assume that P factors as
above where in addition all 5; lie in K.

Now fix 4, and let us show 3; € R. Assume (; # 0, the case §; = 0 being
immediate. Because the (left) K{F}-module K™ has an F-stable integral lattice
M, every quotient of K™ also has a F-stable integral lattice, namely the image of
M. By (B.1.9) of [Lau] (page 260), for each 7, the K{F}-module K™ has a quotient
(in fact, a summand) isomorphic to N = K{F}/K{F}(F — x*3)). Therefore N
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also has a F-stable integral lattice. But this can happen only if v(5;) > 0, because
F sends the basis element 1 € N to 7v(%) ¢ N. O

Theorem 9.8. If E splits at m, then we have A1 ..., A\p—1 € R.

Proof. We will prove the cases when v = 0 and ~ # 0 separately.
Case v =0 When v = 0 we have {*i* = i*¢*, and hence for all n > 1, this
induces a ¢-linear map f* : I,,_1(E) — I,,(E) as follows

00— X, (E) ——— Homu(N",G,) — 2> 1,(E) —=0

) I I

*

0—> X, 1(E) ——= Homa(N"!,Gp) —2> 1, 1(E) —=0

Let I(E) = lim_, I,(E) C Ext(E,G,). Then by proposition 9.5, the vector space
I(E)k has a K-basis 0Vy,...,0V,,_1, and with respect to this basis, the ¢-linear
endomorphism §* has matrix

0o 0 ... 0 M

1 0 0 Ao

0 1 0 A3
Iy = L

0 0 1 A1

Since I(E) is contained in Ext(E,G,), it is a finitely generated free R-module and
hence an integral lattice in I(E) k. But then lemma 9.7 implies A1,..., A\p—1 € R.

Case v # 0 Let H(E) = lim_, H,(E). Let us consider the matrix I' of the ¢-
linear endomorphism § of H(E) k¢ with respect to the K-basis ¥y, ..., ¥,, given by
corollary 9.4. Let v € R be as in proposition 8.4. Then we have

G O = Fi* O + U,
= (U — A1 U1 — - — N 0q) + 90,
= (Um) = 0(Am=1)¥p — -+ — (A1) U + 775,

Therefore we have

F(Um) = ¢Am—1) W + -+ + (A1) Wy — 7¥; mod i*¢*(XJ,)

and hence
0 0 0 —v
1 0 ¢(A\1)
0 1 0 ¢(A2)
I'= .
0 0 d(Am—2)

(aw]
o
—
©-
—
S
3
L
N~—
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We will now apply lemma 9.7 to the operator * on H(E) g, but to do this we need
to produce an integral lattice M. Consider the commutative square

H(E) —2 > Ext!(E,G,)

| lj

H(E)x —%> Ext!(E, Ga) .

Let M denote the image of H(E) in H(E) k. It is clearly stable under f*. But also
the maps ®x and j are injective, by proposition 9.6 and because Extﬁ(E, Ga) ~
R"; so M agrees with the image of H(E) in Ext*(E,G,) and is therefore finitely
generated.

We can then apply lemma 9.7 and deduce ¢(Ay—1),--.,¢(A1) € R. This implies
Am—1,---,A1 € R, since R/mR is a field and hence the Frobenius map on it is
injective. ([

Corollary 9.9. (1) The element ©,, € X, (E) g lies in X (E).
(2) Forn >m, all the maps in the diagram

X, (E)/Xp1(E) -

| |-

Hom 4 (N™, Ga)/HomA(N"_l,Ga) . Hom 4 (N"+1, Ga)/HomA(N"7Ga)

are isomorphisms.

Proof. (1): By theorem 9.8, the element i*©,, of Hom(N™, G,)x actually lies in
Homy (N™, G,), and therefore by the exact sequence (8.3) we have ©,, € X,,,(E).

(2): By proposition 8.5, we know f* is an isomorphism.

By proposition 8.5, the maps ¢* are injective for all n > m. So to show they are
isomorphisms, it is enough to show they are surjective. The R-linear generator V¥,
of Hom(N™,G,)/Homa (N1, G,) is the image of ©,,, which by part (1), lies in
X, (E). Therefore i* is surjective for n = m. Then because f* is an isomorphism,
it follows by induction that ¢* is surjective for all n > m.

Finally, ¢* is an isomorphism because all the other morphisms in the diagram
are. U

We knew before that i*(¢7)*©,, agrees with W,,;; plus lower order rational
characters, but the corollary above implies that these lower order characters are in
fact integral.

Theorem 9.10. Let E be a Drinfeld module that splits at m.
(1) For any n > m, the composition
(9.5) X, (E) — Homa(N",G,) — Homa(N",G,)/Homa(N™ 1, G,)

is an isomorphism of R-modules.
(2) X, (E) is freely generated as an R-module by ©,,, ..., (¢*)"""O,,.
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Proof. (i): By corollary 9.9, the induced morphism on each graded piece is an
isomorphism. It follows that the map in question is also an isomorphism.

(ii): This follows formally from (i) and the fact, which follows from 9.9, that the
map (9.5) sends any (¢*)70,, to U,,; plus lower order terms. O

9.2. H(E) and de Rham cohomology. Collecting the results above, we can now
prove theorem 1.2. We have isomorphisms

R(Uy,...,¥,_1) = Homuy (N™ 1, G,) ~51,(E)
R(¥y,...,¥,,) = Homus (N™,G,) —>H

for n > m, and hence in the limit

(9.6) R(Uy,..., 0, 1) S1(E)

(9.7) R(Wy,...,0,,) =5 H(E)

And so the K-linear bases of K ®I(E) and K @ H(E)—the ones respect to which the
action of f* is described by the matrices I'g and I" in the proof of theorem 9.8—are
in fact R-linear bases of I(F) and H(E).

We also have isomorphisms for n > m
R<9m> = Xm(E) %XH(E)/d)*(anl(E)qs)

Combining these, we have the following map between exact sequences of R-modules,
as in (9.4):

0— > X, (E) —> H(E) 1(E) 0
| | |
0 — Lie(E)* — Ext*(E,G,) — BExt(E,G,) — 0

where T sends ©,, to v/7 (in coordinates). It follows that ® is injective if and only
if y#0.

10. COMPUTATION OF A1 AND 7y IN THE RANK 2 CASE

Theorem 10.1. Let A = Fyv] with ¢ > 3, let t € A be an irreducible polynomial
of degree f, and let E be a Drinfeld module over R of the form
(10.1) wp(t)(z) =+ a1ax? + asz? .

Then we have
F=1(,f _ _ f
a (g7 =1) f—1 f—1 fygf —1
M= (D)oo (T—dw?  +ahw? T mod T,

where w = ajay *, and

7TA1/0/1, quA#q
v mod 2 =< 0, if f>30ra; 20 modmw
—7mA1/ag, ifa; =0 modw and f =2
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Observe that when ¢p(t)(x) is of the form 72 + az? + 7, which is always true
after changing the coordinate z (perhaps passing to a cover of S), we have the
simplified forms

WS =1(af
(10.2) A= (—1) g

(10.3) v =mA/a mod 7.

(1- a’aqffl)qf_1 mod T,

Proof. Let 91 : Nt — Ga be the isomorphism defined in theorem 5.6. Then ¥, =
70 mod 7. Also 9 induces the isomorphism (9,), : Ext(E, N') = Ext(E,G,). In
order to determine the action of A on J'E and J?E we need to determine how ¢
acts on the coordinates z’ and z”. Now we note that J"E ~ W,, can be endowed

with the d-coordinates (denoted [z,2’,2”,...]) or the Witt coordinates (denoted
(20,21, 22,...)) and they are related by the following in J2E by proposition 3.2
(10.4) [2,2/,2"] = (2,2, 2" + 7772(2")9)

Taking m-derivatives of both sides of equation (10.1) using the formula

i

§(az”) = d'2%" + ¢la)r? ()7,

we obtain
(10.5) o(t)(z') = 7'zl + a\ 299 + aha?d
+ 72+ ¢(ar)7 (') + Blag)w ! (af)”
and
A 4> " qq? "o g2
(10.6) o(t)(2") = 7"2T + al29T + aljx

+ {terms with 2’ and 2"}

Then the A-action @15 : A — End(J!E) is given in Witt coordinates by the 2 x 2

matrix
_( ¢Ee) 0
eaplt) = < nne N () )

where ny1p = w29 + a2 + ala??. And by (10.6) and (10.4), the A-action
A — End(J?E) is given by the (1 + 2) x (1 + 2) block matrix

ep(t) 0
t =
wren(t) < nre  en2(t)
where (using 10.4) 7 2 is the column vector
2l + af 219 + aéquq
Nre = 52 -2 2.2
A(m)z? + A(ar)z99 + Aag)z? 1
and where A(y) = y" + 79=2(y")4.
Now we will consider two cases—
(1): Consider 0y, (j1p) € Ext(E,G,) which is the image of ¥; under the con-

necting morphism Hom (Ga, Ga) 2 Ext(E,G,) and ¥, : N' — G, is the iso-
morphism defined in theorem 5.6 and satisfies ¥; = ¥ o foo = 79 mod 7 where
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f°0 =1.
0 N! J'E E 0

o

0——>Gy— fo(J'E) —=E ——>0

where 11 = [z + a} x99 + alz?"9) € Ext(E, N') Hence

N, (e =m'2? + ajz?? + aéxqg‘j] € Ext(E,G,)

(W) =[z? + d} 299 + afz? 9] mod .

(2): Now consider g, (s2p) € Ext(E, G.) obtained as

0 N? J’E E 0

]

0——>Gy—> fL(J?E) —>E——>0

Now we have

Nyep = € Ext(E, N?)

72l + af 299 + alyad’d
A(m)z? + Ala)299 + A(as)z? T

Let Z(y) = ()9 + 7A(y). Then applying Ws = 9, o f and f(z1, 22) = 27 + 722, we
have

(W2) = N, (12p) = [V1(E(7 ) @ 4 2(a))29% + Z(a)2? )] € Ext(E, G,)
0(s) = [E(m > +E(a1)z + Z(a2)27 "] mod 7
= (7 ) (all)%qu + (alg)’jz‘f‘f] mod 7
[ ~2

+ ()29 + (a})i29° 7] mod 7.

Recall that the map R{r} — Ext(E,G,) given by 1 — [n] is surjective and the

kernel consists of the inner derivations, which is to say all i of the form
o — ao pg(t),
for some o € R{T}A. Let us now work out these relations explicitly for a = 7%, 71, 72.
If @« =77, with j > 0, we get the relation
77 = 3 (710 + a1t + apr?)
7It2 = a2_qj [(m— 7qu)7'j — a(llj it

7It2 = —(alagl)quj"’l mod 7
and hence we have by induction the relations

(10.7) it = (1) =7 mod 7

where w = alagl, for all i > 0.
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Therefore writing ¢ = ¢/, we have

(W) = 29 + d} 299 + ahx? 4

s s o2
=29 +aj2?  + ahat

™ +a I 4 ar ST

= (=) Pttt T (1 = gt 4 bt )7

and
O(Wa) = + (ay) 2" + (ah) T "

= 720 4 (a))? T (ay)? 722
= (CDP T (L () o () )
= (—1 T (L e et

and hence

M= ggi; - (71)quf_l+m+q2f_2(1 - aﬁwqf_l + a/gwqf_“rqf)qL1 mod T
- (_1)quf*1(1+...+qf—1) (1- a’lwqfi1 + cnlgilj‘lfﬂJr‘lf)qf_1 mod 7

F-1f = _ _ f

a (g7 —1) f-1 f=1, f —1

-1 fw q—1 l—a’wq +a’wq a1 mod 7
1 2

Now we determine . Write g = ", a;7*. Then from proposition 8.4, we know
v = map. Now we will compute «g. Let (20,21, 22) := @ j25(t)(z,0,0). Then

O2(¢r2p(t)(2,0,0) = Wa(z1,22) — MWi(21) + g(20)
= 191(2? + 7TZQ) — )\1’[91(21) + g(Zo)

= z‘lj — A121 + g(20) mod 7

where 2o = mx + a1x? + agmq2 and 2, = 'z + af x4 + aéqu‘i. On the other hand
from the A-linearity of ©®5 we have

O2(pr2p(t)(x,0,0)) = %a(t)(%(m, 0,0) = m05(x,0,0) = 0 mod 7
and hence z‘li — 121 + g(20) = 0 mod 7. Substituting zo and z; in, we obtain
0= (28 + a\ 29 + aha? D) — Ay (7’29 + a\ 2% + ahz® D) + g(rz + @127 + axz?)
= (29 + d} 299 + aha® )T — X\ (27 + d} 299 + aba? ) + gla;2z? + axz?)
Now substitute g(z) = 3,5, ajxqj into this and consider the coefficient of 4. If
G = g, we obtain A\; = aa1 and hence
v = map = ™A /a; mod 72,

If ¢ # ¢, we obtain aga; = 0 and hence v = Omod 72 if a; # 0 mod 7. If
ap =0 mod 7, we consider the coefficient of 27 which is apas + A1 if f = 2 and
apae otherwise. In the case when f = 2 we have ag = \1/as mod 7 since as is
invertible and hence v = —7A;/as mod m2. When f > 3 we have o9 =0 mod 7
and hence the result follows. [l



DIFFERENTIAL CHARACTERS OF DRINFELD MODULES 35

REFERENCES

[Bol] J. Borger: The basic geometry of Witt vectors, I: The affine case, Algebra and Number
Theory 5 (2011), no. 2, pp 231-285.

[Bo2] J. Borger: The basic geometry of Witt vectors, II: Spaces, Mathematische Annalen 351
(2011), no. 4, pp 877-933.

[Buil] A. Buium: Intersections in jet spaces and a conjecture of S.Lang, Annals of Math. 136
(1992), 583-593.

[Bui2] A. Buium: Differential characters of abelian varieties over p-adic fields, Invent. Math., 122,
2, (1995), 309-340.

[Bui3] A. Buium: Differential Modular Forms, Crelle J., 520 (2000), 95-167.
[BP1] A. Buium, B. Poonen: Independence of points on elliptic curves arising from special points
on modular and Shimura curves, I: global results, Duke Math. J., 147, 1 (2009), 181-191.
[BP2] A. Buium, B. Poonen: Independence of points on elliptic curves arising from special points
on modular and Shimura curves, II: local results, Compositio Math., 145 (2009), 566-602
[D76] V.G. Drinfeld, Coverings of p-adic symmetric domains, Funkcional. Anal. i Prilozen,
10(2):29-40, 1976.

[Gel] E. -U. Gekeler: de Rham cohomology for Drinfeld modules. Seminaire de Theorie des
Nombres, Paris 19881989, 5785, Progr. Math. 91, Birkhauser Boston, Basel, Berlin, 1990.

[Ge2] E.-U. Gekeler: On the de Rham isomorphism for Drinfeld modules. J. Reine Angew. Math.
401 (1989), 188-208.

[HO5] L. Hesselholt, Lecture notes on Witt vectors, Survey article, unpublished, 2005.

[Jo] A. Joyal: d-anneaux et vecteurs de Witt, C.R. Math. Rep. Acad. Sci. Canada 7 (1985) 177-
182.

[Lau] G.Laumon: Cohomology of Drinfeld modular varieties. Part I. Cambridge University Press,
Cambridge (1996)

[M] J.I. Manin, Rational points of algebraic curves over function fields, IzvestijaAkad.Nauk SSR
27 (1963), 1395-1440 (in Russian).

E-mail address: james.borger@anu.edu.au, arnab.saha®anu.edu.au

AUSTRALIAN NATIONAL UNIVERSITY



