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Context

I'm interested in string backgrounds:
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They are used to describe strings moving in a fixed gravitational
background.

Left image credit: Wikipedia en:User:Jbourjai
Right image credit: Wikipedia en:User:Lunch
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Context

I'm interested in string backgrounds:
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They are used to describe strings moving in a fixed gravitational
background.

Note: gravitational = geometry
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Abelian T-duality

Context

String backgrounds are given by a (usually compact) manifold,
together with:

@ A Riemannian metric 8uv
@ A two-form gauge field, B
@ Other fields (dilaton, RR-fields, superfields...) o, C, ...

satisfying the string analogue of the Einstein Field Equations from
General Relativity

| study the geometry (and topology) of these string backgrounds.
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A simple example

Strings moving on a cylinder provide a simple example of a string
background. We can put a flat metric on the cylinder, and choose
coordinates such that:

X2 ~ X 4+ 2rmR

The integer m is called the winding number.

o




Abelian T-duality

Duality

Using techniques from Calculus of Variations and Quantum Field
Theory, one can study the properties of strings moving in such a
background.

One important result is that the momentum, p?®, is quantised:

25 N
P"7R

with n € Z.
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Duality

A surprising feature of this system is that the spectrum of the
closed string is invariant under the following transformation:

R

1/R

This invariance is the most basic example of something known as
(abelian) T-duality.
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A few things...

@ String theory compactified on small and large circles are
equivalent!

@ This is a symmetry of the entire interacting theory (not just
the spectrum)

@ This duality is not present with point particles!

e It's a duality
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Abelian T-duality

Does this duality work for more complicated string backgrounds?

*We also want some restrictions on the B field
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Abelian T-duality

Does this duality work for more complicated string backgrounds?

If there is some notion of a 'circular’ dimension, then the answer is
yes!

*We also want some restrictions on the B field
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Abelian T-duality

Does this duality work for more complicated string backgrounds?

If there is some notion of a 'circular’ dimension, then the answer is
yes!

More technically, if the metric g, possesses a Killing vector, then
there is a transformation of the fields which leaves the physics
invariant*®.

*We also want some restrictions on the B field
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Abelian T-duality

Buscher Rules

Explicitly, for coordinates (x*, x®), the transformation of the fields
are given by the Buscher rules:
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Abelian T-duality
A more interesting example

Consider the Lens space L(1, k), with the following metric and
B-field:

ds? = dn? + d&3 4 dé3 — k - 2 cos(2n)
B = jcos(2n)d&1 A d&s
where k,j € Z.

12



Abelian T-duality
A more interesting example

Consider the Lens space L(1, k), with the following metric and
B-field:
ds? = dn? + d&3 4 dé3 — k - 2 cos(2n)
B = jcos(2n)d&1 A d&s
where k,j € Z. The T-dual is the manifold L(1, ), with the
following metric and B-field:
ds® = dn? + dé2 4 dé3 — j - 2 cos(2n)
B = kcos(2n)d&; A dés
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In particular...

A particularly simple case of this is L(1,1) = S with B = 0.

Left image credit: Niles Johnson

Right image credit: Wikipedia en:User:Pokipsy76 commonswiki
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In particular...

A particularly simple case of this is L(1,1) = S with B = 0.

, ////ﬂﬂ)lm“mmm

The T-dual is then L(1,0) = S? x S* with one-unit of flux.

Left image credit: Niles Johnson

Right image credit: Wikipedia en:User:Pokipsy76 commonswiki
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Global statements

Multiple T-dualities can be done simultaneously, if there are
multiple commuting Killing vectors.

There are interesting global statements that can be made about
(abelian) T-duality:
Topology of the dual manifold

o

@ Isomorphism of (twisted) K-theories
@ Non-commutative string backgrounds
o

Non-associative string backgrounds?

14
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© Non-abelian T-duality

15



Non-abelian T-duality

Non-abelian T-duality

A natural generalisation of abelian T-duality considers Killing
vectors which don’t commute. These are the generators of a
non-abelian group of isometries.

One can follow the same procedure for these non-commuting
Killing vectors, and derive a set of transformations for the fields in
the theory.

These define the non-abelian T-dual.

16



Non-abelian T-duality

An example: S3 again

Consider again S with the round metric and B = 0.

This metric has an SO(4) group of isometries, and we can find the
non-abelian T-dual with respect to an SU(2) subgroup of this.

17
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This metric has an SO(4) group of isometries, and we can find the
non-abelian T-dual with respect to an SU(2) subgroup of this.

The non-abelian T-dual appears to be topologically R3, together
with a curved metric known as the 'cigar’ metric.
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An example: S3 again
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Comments

Non-abelian T-duality has some big differences to abelian
T-duality:

@ The dual space typically has fewer isometries than the original
space
o Not a duality!

@ May not be an equivalence of string theories
@ A solution generating technique

@ Topology of dual space not obvious

18
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Non-isometric T-duality

A very recent generalisation of non-abelian T-duality considers a
set of vector fields which may not even be Killing vectors.

If the vector fields satisfy a (milder) set of constraints, one can
again derive a set of transformation rules for the string background.

So far, no new examples have been found which realise this
non-isometric duality.

20
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An example

Consider the 3D Heisenberg Nilmanifold, or twisted torus, which is
a non-trivial 2-torus fibration over a circle. It has a metric given by

ds? = dx? 4 (dy — x dz)? + dz?

This metric has two commuting Killing vectors, with which we can
do Abelian T-duality. This metric is self-dual under this duality.

21
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An example

We could also try to do non-isometric T-duality on this space,

using the vector fields {0,, xd, + 0,}. These vector fields
commute, but the second vector field is not a Killing vector.

22



Non-isometric T-duality

An example

We could also try to do non-isometric T-duality on this space,

using the vector fields {0,, xd, + 0,}. These vector fields
commute, but the second vector field is not a Killing vector.

Just like the Abelian T-duality, we obtain a self-dual metric

22
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A shortcut

This result provides a shortcut for the following chain of Abelian
T-dualities

. 0, 17) .
X Y z X
Nill, , — Txy,. — Nil7,

All known examples of non-isometric T-duality are shortcuts to
some chain of Abelian T-dualities.

23
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Current and future work

@ Construction of new examples, particularly examples which are
not shortcuts to a known duality

@ During the construction, multiple choices are made. How do
these effect the dual space?
e What global/topological statements can we make about...
o Non-abelian T-duality
o Non-isometric T-duality
@ Physics!
e An equivalence of string theories, or just a technique to
generate solutions?

e How do the other fields, ¢, C,, ..., participate?
o ...
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