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ABSTRACT. We generalize the Koszul duality of Lefévre-Hasegawa and Posit-
selski to Aoc-algebras and modules defined over an arbitrary commutative
ring. This is formulated in terms of generalized twisting cochains. Much of
the theory we present has not previously appeared, even for objects defined
over a field. We show that a projective resolution of the complex underlying an
Aso-algebra has an Axc-algebra structure that makes the augmentation map
a strict morphism. This gives both motivating examples and an important
tool in generalizing results from a field to an arbitrary ring. One of the main
results is a characterization of acyclic twisting cochains, which we show can
considerably reduce the complexity of representations of an Aso-algebra.

As applications of the theory, we give a change of rings theorem for pro-
jective resolutions, and generalize the classical BGG correspondence between
the exterior and symmetric algebras to a correspondence between a Koszul
complex and a curved symmetric algebra. This recovers much of the classical
theory of homological algebra over a complete intersection ring and provides a
path to a generalization to noncommutative versions, in particular to modular
representations of finite dimensional p-restricted Lie algebras.
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1. INTRODUCTION

1.1. Notation. We fix a commutative ring k. All modules, complexes, homomor-
phisms, tensor products, and (co)algebras are defined over k unless stated otherwise.
For graded modules M, N, Hom (M, N) is the graded module which in degree n is
[I;cz Hom(M;, Niyy). For complexes, all degrees are homological and so differ-
entials lower degree. If M and N are complexes, then Hom (M, N) is a complex
with differential diom(f) = fdar — (—=1)¥ldxf. A morphism of complexes is a
cycle of degree zero in Hom (M, N). If M is a complex, M[1] is the complex with
M1}, = My, 1 and dyp1) = —dpr. We set

s: M — M[1]

to be the degree 1 map with s(m) = m.

For graded modules M, N, M ® N is the graded module that in degree n is
Dicz Mi @ Ny If M, N are complexes, M ® N is a complex with differential
dg = dpy®1+1®dy. When applying tensor products of homogeneous maps we use
the sign convention (f ® ¢)(z ®y) = (=1)91#1 f(2) @ g(y). All elements of graded
objects are assumed to be homogeneous. For such an z we set z = (—1)*1*1z. All
(co)modules are assumed to be left (co)modules.

For a pair of functors F, G between categories A, I3, we write

F

A B

-

G

to indicate they form an adjoint pair with F' left adjoint to G.
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2. NON-AUGMENTED A,.-ALGEBRAS AND CURVATURE

In this section we recall the definition of strictly unital A..-algebras, formulated
in terms of the tensor coalgebra. We show how the failure of an A..-algebra to be
augmented can be compensated for with a curvature map on the bar construction.
This idea is due to Positselski. To construct A.-structures, we modify Lefévre-
Hasegawa’s obstruction theory to the non-augmented case. We use this to show
that if A is an A..-algebra, then a semiprojective, or cofibrant, resolution of the
complex underlying A has an A..-algebra structure. We give conditions for such
a structure to be unique up to homotopy. From this it follows that a k-projective
resolution of a k-algebra has a unique up-to-homotopy A,.-algebra structure.

2.1. Background on coalgebras. In this subsection we collect some basic ma-
terial on graded coalgebras. For proofs of unsubstantiated claims, see e.g. (REF
Montgomery).

Fix a graded counital coalgebra (C,A ¢), where A : C — C ® C is comul-
tiplication and ¢ : C — k the counit. We will use Sweedler notation, so if
A(z) =3, 21;®@x2;, we write A(z) = x(1) @2(2). More generally, set A2) = A and
A = (1@ AP=D)A for n > 3, and write A (z) as Ty @ ... Q). If Nisa
graded left C-comodule, we write Ay (y) = y(—1)®@¥y(0) € C® N for comultiplication
on N.

The coalgebra C' is coaugmented if there is a morphism of graded coalgebras
1 : k — C that is a splitting of the counit map e. When C' is coaugmented, there is
an isomorphism of graded modules C =2 k@ C, where C' = ker e. We always assume
that C has coaugmention 7, and throughout, we write p : C' — C for the projection
induced by 7.

We will work exclusively with the following class of coaugmented coalgebras.

Definition 2.1.1. Let C be a coaugmented coalgebra. Set A = pon A O

" and define the k-submodule of nth primitives as

Cn) = ker(A™) C C.
The coalgebra C' is cocomplete if C = Un21 Chn)-

FEzample 2.1.2. If G is a k-linear algebraic group with coordinate coalgebra C' =
k]G], then C is cocomplete if and only if G is unipotent.

Ezample 2.1.3. If C' is graded, and satisifes....then C' is connected.

Example 2.1.4. If C is cocomplete, then the counit is the only group-like element.
Thus for G a non-trivial finite group and a field k, the coalgebra structure making
the group ring a Hopf algebra is never cocomplete.

The following will be for us the most important example of a cocomplete coal-
gebra.

Definition 2.1.5. Let B be a graded module. The tensor coalgebra of B, denoted
T¢(B), has underlying graded module GanZO B®™ and comultiplication

n

A1 ®...0x,) =Y (11®...07;) @ (Ti11 ® ... O x,).
=0

is this right?
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The counit is projection € : T¢(B) — B®" = k and the inclusion k& < T(B) is a

coaugmentation. We have T°°(B) = kere = p,,, B*" and

T°(B)y, = D B*"
1=0

In particular, the tensor coalgebra is cocomplete.

Definition 2.1.6. A coderivation of a graded coalgebra (C, A) is a homogeneous
k-linear map d : C'— C such that (d® 1+ 1® d)A = Ad.

Definition 2.1.7. Let C be a cocomplete graded coalgebra, B a graded k-module,
¢ : C — T(B) a homogeneous k-linear map. For any m > 1, define

¢ =pmp : C = B,

where p,, : T(B) — B®™ is the canonical projection. If ¢ is a graded, coaug-
mented, coalgebra map, then ., ¢™(x) is finite for every x € C, since C is
cocomplete, and p = > ™. If C' = T(A), for some graded module A, set

O = Prpiy : B — BO™,

The following universal properties of the tensor coalgebra will be essential in the
sequel. For proofs see e.g. [18] §2.5] or [8], §2.1, 2.2].

Lemma 2.1.8. Let C' be a cocomplete graded coalgebra and B a graded module.

(1) Let o 1 C = T(B) be a graded, coaugmented, morphism of coalgebras and
let v : C =kere — C be inclusion. For every m > 1, there is an equality:

P = (ph)EmEmA™,
In particular, the map

Homoalg (C, T¢(B)) — Hom(C, B)

@ plod,

s an isomorphism, natural in C and B.
(2) Let 0 : T°(B) — T<°(B) be a graded coderivation. For every n > 1 and
1 < i < mn, there is an equality

n—t
onit = 37199 @ 9} g 19m i1 . pEn _y pen-itl,
j=0

In particular, the map

Coder(T°(B)) — Hom (T (B), B)

0t o

is an isomorphism, natural in B, where v : T*°(B) — T<°(B) is inclusion.
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2.2. A.-algebras and curved coalgebras. In this subsection we recall the def-
initions of A -algebra and morphism, and give details on the idea of Positselski
that a curvature term can compensate for a lack of augmentation.

Some context for this technical section is the following. It is important that
our constuctions are strictly unital. If we want to e.g. construct a strictly unital
morphism between augmented A,,-algebras A, B, we can construct a non-unital
morphism A = A/k -1, — B and formally extend it to a morphism A — B.
This works since we have lost no information by passing from A to A (by the
definition of augmentation). When we work with non-augmented algebras, we also
pass to A, but we have to keep track of the curvature maps. This is notationally
and conceptually a bit burdensome, as we are carrying around a possibly infinite
number of ideals of k.

Definition 2.2.1. An Ay -algebra (A,m) is a graded module A and a degree —1
map m : T(A[1]) — A[1] such that the induced coderivation d : T¢(A[l]) —
T¢(A[1]) satisfies d? = 0. In this case (T<°(A[1]),d) is a coaugmented dg-coalgebra
(a dg-coalgebra is coaugmented if the underlying graded coalgebra is coaugmented
and (1) = 0). An A.-morphism A — B is a morphism of coaugmented dg-
coalgebras (T°(A[1]),0) — (T°(B[1]), D).

Remark 2.2.2. We can unpack these definitions using the notation of For
m : T(A[1]) — A[1] a degree —1 linear map, let 0 : T°(A[1]) — T<°(A[1]) be the
corresponding coderivation. We set m,, = pymi,, : A[1]®" — A[1]. The restriction
of § to A[1]®™ is Y7, On~iF1 with
o=t = 21@ ®m; @ 157717 A[1]8 5 A[1]En- 1,
7=0

(Note that m,, = d}). By definition, m is an A, -structure when 9? = 0, and this
is equivalent to md = 0, i.e. for all n > 1,
(2.2.3) S mn i (1 @m; @ 19777) = 0.

=137

3

I\
=)

Similarly, a map of graded coalgebras T(A[1]) — T°(B[1]) is determined by its
post-composition with projection p : T°(B[1]) — B[1], by 2.1.8}(1). Given a map
of that form, o : T(A[1]) — B[1], write the components a,, : A[1]®" — B[1] for
n > 1 (ap = 0 since « is coaugmented). The map of graded coalgebras determined
by « is a map of dg-coalgebras if and only if

n n—i n
Z Un—i+1 Z 1%7 ® m;‘ ® 19n=m | = Z m’LB Z aj @ ... ay,
i=1 §=0 i=1 J1+-.+ji=n
Jr2>1
for all n > 1. In this case, we abuse language and say (o) is a a morphism of
Aso-algebras. The morphism is strict if «,, = 0 for n > 2.

Ezample 2.2.4. There is a fully faithful functor from the category of dg-algebras
over k to the category of A,.-algebras over k whose image is the subcategory with
objects (A,m?) such that m# = 0 for n > 3 and morphisms strict morphisms of
Ao-algebras.
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In the following, and throughout, we will use the standard notation [a1]. .. |ay]
for s(a1) ® ... ® s(a,) € A[1]®" (where s : A — A[1] is the degree —1 suspension
map).

Definition 2.2.5. Let m# : T(A[1]) — A[l] be an A-algebra. An element 14
of Ag is a strict unit for A if
(1) for everya€e A

my ([alla]) = (=1)1*"a]  and  mg ([1ala]) = ~[a],
(2) m#'(14) = 0 and for every sequence of elements ay, ... ,a, of A, withn > 2,
mi o (Jar] .. |ai—1|lalais] .. Jan)) =0

foralll1 <i<n.

A strict unit is clearly unique if it exists, in which case we say A is strictly unital.
A morphism between strictly unital A..-algebras («y,) : A — B is strictly unital if
a1(ls) =15 and

an(lar]...]1a|...]an]) =0 for all n > 2.
Remark 2.2.6. There is a choice being made in the signs for strict unit. Indeed, we

are implicitly assuming that there is a multiplication ms : A ® A — A, related to
mso by the following commutative diagram

Al @ A1) /2> A[1]

Sl®81l TS

AR A A

~ 9

mo

such that ma(a ® 14) = a = Ma(1l4 ® a). With this convention, the diagram

All] @ A1) —2> A1)

ARA—— = A,

does not commute. One could also work with this convention.

Definition 2.2.7. Let A be an A-algebra with strict unit 14.

(1) A linear map v : A[l] — k[1] is a split unit of A if it splits the inclusion
n:k-14[1] < A[1].

(2) A split unit v is an augmentation of A if it is a strict, strictly unital A.-
morphism, i.e. vmZ = 0 for all n # 2, and vms — m5(v ® v) = 0, where
mb : k[1]®k[1] — k[1] sends [a|b] to —[ab] (the sign is due to the convention
explained in the previous remark).

If A has a strict unit, then a split unit is a mild extra condition. For instance, if
k is a field or Ay is a rank one free module, then A has a split unit. More generally,
if A is any graded k-module, a marked point is an element 14 € Ay and a linear
map v : A[1] — k[1] splitting the inclusion k - 14[1] < A[1]. We write A = kerv
and let

(2.2.8) 0 —— k1] Al1] A[l] —=0
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be the corresponding split short exact sequence of graded k-modules.

An augmentation is a much more restrictive assumption — it allows one to pass
from A to the non-unital object A without losing information. Let us expand upon
this point. If A has a split unit, then each multiplication map m,, is determined by
the map A[1]®" — A[1]®" — A[1], using that 14 is a strict unit. If the split unit
v is an augmentation, then the maps

(2.2.9) A)®™ — A1 2 A1) S k(1]
are zero, and thus m,, is completely determined by
(2.2.10) A[®™ — AP I AN — A1)

Moreover, the coderivation on T°(A[1]) induced by the maps is a differ-
ential (this is contained in below), thus when v is an augmentation, we can
replace the dg-coalgebra T<°(A[1]) by T (A[1]).

When v is not an augmentation, then by definition we lose information by passing

to T°(A[1]), and even more, the induced coderivation may not square to zero, as

the following example shows.
go over this example

Example 2.2.11. Let A be a dg-algebra with A; = 0 for i < 0, Ag = k, and strict closely
unit 14 = 1 € Ap. (For instance, let A be the Koszul complex of amap ! : V — k.)
Let v : A[1] — k[1] be projection onto Ag. Then A is augmented if and only if v is
an augmentation if and only if (m#!); : A; — Ay is the zero map.

Set My = (mi')s2 : A[1] — A[l] and ms = m§|2[1]®2[11 Al ® A[1] — A[1).
Note that for degree reasons the image of iy is contained in A[1]. Let O be the
coderivation of T¢(A[1]) defined by these maps, and let z € A; and y € A. Then

O[zly] = [Ma(2)ly] + [2[m1(y)] + Mz[zy]
) = [elma (4)] + mally).
Applying 0 again gives
(9)?[zly] = malx|m1 (y)] + mima[z|y].

Using (2.2.3), this is —mo[m(z)|y] = —ma[m1(2) - 1aly] = mi(z)y. In particular,
if (m1)1 # 0, then 92 # 0.

Positselski connects the non-triviality of the maps to the non-triviality of
the square of the coderivation on 7°°(A[1]) resulting from the maps . More-
over, he sets up a framework to work with such objects and their representations.
To recall this, we first need the following definitions.

Definition 2.2.12. Let C be a graded coalgebra. The graded dual, C* = Homg(C, k),
is a graded algebra and C' is a graded C*-bimodule via the action
vz =q(za)ee  woy = (DOl (@e)eq,
for v € C* and = € C, with A(z) = 2(1) ® 2(2) € C ® C. For such a pair, set should be sign here?
(2.2.13) [v, 2] i=y -z —x- 7.
Definition 2.2.14. A curved differential graded coalgebra (cdgc) is a triple (C, 9, h)

with C' a graded coalgebra, 0 a degree —1 coderivation, and h : C — k a homoge-
neous k-linear morphism of degree —2 such that hd = 0 and

0 = (h, —].
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A morphism of cdges C — D is a pair (8,a) with 8 : C — D a degree zero
morphism of graded coalgebras and a : C' — k a degree —1 map, called the change
of curvature, such that:

9 = B0+ [a,-]),
hPB = hC + ad — a®.
The composition of morphisms (8,a) : C — D and (v,b) : D — E is (v53,b8 + a).

Remark 2.2.15. Can decompose any cdgc morphism as isomorphism followed by a
morphism with zero change of curvature...

The name curvature is due to the following example.
Ezample 2.2.16. Let X be a smooth manifold...

Let us now make explicit how curved coalgebras are related to failure of v to be
an augmentation.

Theorem 2.2.17. Let A be a graded module with a marked point 14 € Ag. Con-
sider the splitting of graded k-modules,

_ b _
T(A])) == T*°(A[1)),
P
where p=T(p),b=T(b), and p,b are the splitting maps of ([2.2.5).
(1) Let m : T(A[1]) — A[l] be an Ano-algebra structure on A with v a split
unit. Define maps m,h so that the following commute:

TCO (

A1)
noo ~l RN
P < mb ~ \{
k1] < All] Al

v p

and let O be the coderivation of T°(A[1]) induced by m. Then
(T*(A[1]),0,5 'h) is a curved dg-coalgebra,

and v is an augmentation if and only if h = 0.

Conversely, given a cdg coalgebra (T<°(A[1]),0,s71h), there ezists a
unique Aso-algebra structure, with v a split unit, on A such that the di-
agram above commutes.

(2) Let A, B be As-algebras with split units and let o« : T(A[1]) — B[1] be a
strictly unital As-morphism. Define k-linear maps @, a:

| 1)
1]

e
a -~ ~
< ab

-
~
] B

Tco (

k[1 B[],

v p

and let B : T(A[1]) — T(BI[1]) be the graded coalgebra map induced by
a. Then:

(B, s~ 'a) is a morphism of curved dg-coalgebras.
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T<°(BJ[1]), there exists a unique strictly unital Aso-morphism o : T(A[1]) —
BJ[1] such that the above diagram is commutative.

Conversely, given a morphism of cdg coalgebras (8,s 1a) : T°(A[l]) —
1

This result is due to Positselski. See [I7, pp. 81-82] for the statement and a
sketch of a proof. We give a detailed proof in

Remark. By (REF LH, Positselski), when k is a field there is a Quillen equivalence
between the category of augmented dg k-algebras and the category of coaugmented
dg k-coalgebras. While we don’t attempt to construct model structures here, the
above result roughly shows we can extend this equivalence between dg k-algebras
with split unit and curved dg k-coalgebras.

Definition 2.2.18. If A is an A..-algebra with split unit, define the following cdgc
Bar A = (T°(A[1]),d, h).
Ezample 2.2.19. Let A be the Koszul complex on a single element f of &, so

A=0—=keL ks -0,
This is a dga by setting e? = 0. We have
BarA= (... > 0= k{se®se} = 0— k{se} -0—k— 0,0, f)
with f((se)®") equal to f when n = 1 and zero otherwise.
Remark 2.2.20. Conversely, given maps m and h, set

mab®" = b + nash,.

A

4 since the

(If we hope to make a strictly unital A,-algebra, this will determine m
strict unit determines mZ on the kernel of p®" : A[1]%" — A[1]®".)

n

ma = pmAbEn A" — A[1]
by = s Lom2p®" - A[1]®9" — k,

We record here that (T¢(A[1]),d, k) is a cdge if and only if the following hold for
all n > 1:

n n—i

SN (1% @ @19 ) = by @1 = 1@ o,

i=1 j=0

n n—t

3 hni(1® @mf @187 77) =0,

i=1 j=0

2.3. Obstruction theory. In this subsection we set up some technical tools we
will need to inductively construct A..-algebras and morphisms. These tools were
first used by Lefévre-Hasegawa [13, Appendix B]. We adapt them here to handle
strict units of non-augmented A -algebras.

For a graded module B, set T5(B) = @, B®". Analogously to T°(B), this is
a graded coalgebra and coderivations of T.¢(B) correspond to homogeneous maps
Ti(B) = @, B — B.
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Definition 2.3.1. Let A be a graded module. An A, -algebra structure on A is
a degree —1 map m|, : T<(A[1]) — A[1] such that the induced coderivation d|,, of
TE(A[1]) satisfies (d|,)? = 0; A has a split unit if the analogous conditions for a
split unit in an A..-algebra hold.

Let n > 1 and assume that A is an A,-algebra. Consider the Hom-complex
Hom (A[1]®"+1] A[1]) between the complexes (A[1],m;) and (A[1]®"+1,m§n+l)),

where mgnﬂ) =my 1" +1®@m; @ 19" 4+ ..+ 19" @ my. Define
n n—i+l

(23.2) c(mln) = Z Z Mp—i2(1%7 @ m; @ 19717+,
i=2 =0

By [13, B.1.2], ¢(ml,) is a cycle in Hom(A[1]®"*1 A[1]) and a degree —1 map
Myy1 € Hom(A[1]®"F1 A[1]) extends ml, to an A, 41-structure on A if and only
if

d(mit, ) + c(m™],) = 0 € Hom (A[1]%"1, A[1]).

If A is an A,-algebra with a split unit, we need to be able to determine when
an extension my,1 preserves the split unit. If A were augmented, we could put an
A, 41 structure on A and then formally extend it to an A,,;1 structure on A with
a strict unit. In general, we need to include the map h in the definition of ¢ as
follows:

Proposition 2.3.3. Let m|, : T¢(A[1]) — A[1] be an A, -structure, and assume A
has a split unit v. Set A= A/k-14 and let b: A — A be the splitting induced by
v. Let m; and h; be the maps constructed from m; in|2.2.17,

The map
n n—i+l ] ] o
emln) =Y > mi b A emt @ 19" ) — h, @b+ b ® hy,
=2 =0
is a degree —2 cycle in Hom(A[1]®"+1 A[1]), where the differential is the Hom-

complex differential and we view A[1]®"*+1 as a complex with differential 771(1n+1).

A degree —1 map My 11 € Hom(A[1]®"F1 A[1]) extends m|, to an A, 1-structure
in which v is a split unit (M,41 will equal mn+1b®”+1, which determines my, 1) if
and only if

d(Mps1) + c(mly) = 0.

The proof is given in (9.3

Definition 2.3.4. Let A and B be A,-algebras. An A, -morphism is a morphism
of coaugmented dg-coalgebras T¢(A[1]) — T<(BI[1]).

As for Ao,-algebras, this is equivalent to linear maps
a; : A1]®" — B[]

for i =1,...,n, such that

! 1—i
Z Qi1 Z 199 @mi @197 | = Z mP Z o, ® ... ®ay,
i=1 §=0 ;



REPRESENTATIONS OF A-INFINITY ALGEBRAS 11

for i =1,...,n. If A, B are strictly unital, then « is strictly unital if the analogous
conditions as for an A..-morphism hold.

Assume that A, B are A, q-algebras and al, : TS(A[1]) — BJ[1] is an A4,, mor-
phism. Define

n+1 n—i+1 n+1

o =S e [ 1 emtoren ) e[ a6
=2 i=2

7=0 Jibegi=ntl
Je21
By [13| B.1.5], ¢(al,,) is a cycle in Hom (A[1]®" ! B[1]) and v, 11 = A[1]®" ! — B[1]
extends a, to an A, i-morphism if and only if d(ap41) + 7(]n) = 0.
As above, we need to modify this to take split units into account.

Proposition 2.3.5. Let A, B be strictly unital A,11-algebras, and assume that A
has a split unit v. Set A= A/k-14.

Let |, : T¢(A[1]) — BI[1] be a strictly unital A, morphism with components
a; : A[1]®* — BJ[1]. Set a; = a;b®" : A[1]®" — BJ[1]. Then

n+1 n—i+1
@) = dnie [ S 199 @m @18t
=2 7=0
n+1
B ~ ~ A
- E :mi E @y, @ ... @ay, | +npshy
1=2 Ji+...+ji=n+1
Je>1

is a degree —1 cycle in Hom (A[1]®"*1 B[1]). A degree zero map
Qny1 € Hom(A[1]®" B[1))
extends al, to a strictly unital A,+1-morphism if and only
d(@p+1) +e(al,) = 0.
The proof is similar to the previous one.

Definition 2.3.6.

(1) Let o, 8: C — D be degree zero morphisms of graded coalgebras. A degree
—1 linear map r : C — D is a («a, §)-coderivation if

Apr=(a®r+r® p)Ac.

(2) If C, D are dg-coalgebras, the morphisms «, 8 : C — D are (coderivation)
homotopic if there exists an («, §)-coderivation r such that dpom(r) = a—4.
(3) Let A, B be A,-algebras. Two morphisms of A,-algebras «, 8 : TS(A[1]) —
T<(B[1]) are homotopic if they are homotopic as morphisms of dg-coalgebras.

An («, 8)-coderivation TS(A[1]) — T<(B[1]) is determined by the induced map

T¢(A[1]) — B[1]. Given any linear map r : T%(A[1]) — B[1], the corresponding
(o, B)-coderivation restricted to A[1]®™ is

7
Z <Zajl®"'®ajk1®rjk®5jk+1®"'®6ji>'
k=1

Jit+...+ji=m
qiz1

® ay;

check this
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The equation d(r) = « — 8 holds if and only if it holds after composing with
p1 : T¢(B[1]) — BJ[1]. The restriction of p1d(r) to A[1]®™ is

m i—1 [
D> m(®eml el Y mf (Z G ® . @y, @1 @ f,, ©... 0 53;») ~
i=1 j=0 Jit..+ji=m k=1

a1

Thus r is a homotopy between v and § if and only if

m i—1
Qo — ﬁm = Z Zri(1®j ® m:‘n—i-‘rl ® 117]71)

i=1 j=0

m 7

B
DI D S O S e
i=1 Jit...+ji=m \k=1
Ji>1
form=1,...,n.

The following is similar to the other results in [13, Appendix B], but is not proved
there. For completeness we give a proof following the outline of loc. cit.

Proposition 2.3.7. Let A, B be A, -algebras and let a|,, B, : TS(A[1]) — T5(B[1])
be A, -morphisms. Letr|,—1 : TS_1(A[l]) — B[1] be a homotopy between «|,—1 and
Bln—1. The map
n—11i-1 ) o
c(r|n-1) == an — Bn — Z Zn—(l@ @ma_; . ®1797h

i=1 j=0

S mf > ( ajl®...®ajk_1®rjk®ﬁjk+l®...®5ji>
k=1

=2 Jit+...+ji=n
szl

is a cycle in Hom(A[1]®™ B[1]). A map r, extends r|,_1 to a homotopy between
aln and Bl if and only if d(ry) + ¢(r|n—1) = 0.

Proof. Let r,, be any map of degree —1 in Hom (A[1]®™, B[1]). Let r : TS(A[1]) —
T<(B[1]) be the (a, )-coderivation induced by r|,—1 and r,. Set
7= aln = Bl —d(r) : T(A[L) = T(B[1]).

©_1(A[1]), and thus
factors through the projection p, : TS(A[1]) — A[1]®". Also by construction and
assumption, the image of this map is contained in B[1]. Thus we have the following
diagram:

By assumption, we have that v is zero when restricted TS

Te(A[1]) —— T(B[1])

By definition of v, we have

o rnmgn) +c(rlp_1) + mPr,.
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Let dP be the coderivation of T¢(B[1]) giving the A,-structure on B. We have
imyympn = d%ivynp, = d%7.
We also have
dPy = d%(a - B —d(r)) = (a = B —d(r))d* = yd*.
Here we are using that d?(r) = 0, and so d®d(r) = d(r)d*. Since ker~y contains
TS (A[1)), it follows that yd* = ilfynmgn)pn. We have shown that

n—1
i Yopn = ivymm{Vpn
and thus that
mP v — g™ =0,
which shows that 7, is a cycle in Hom (A[1]®", B[1]). Since v, —c(r|n_1) = rnmgn) +
mPr, is a boundary, hence a cycle, ¢(r|,_1) must also be a cycle.
Finally, we have that r is a homotopy between « and $ if and only if v = 0, and
this happens if and only if v, = 0 if and only if dyom () + ¢(r]n—1) = 0. O

A homotopy r between strictly unital morphisms is strictly unital if r; is zero on
any element containing 14 for ¢ > 1.

Proposition 2.3.8. Let A, B be strictly unital A, -algebras, A with split unit, o, 8
strictly unital Ap-morphisms and r|,—1 : TS_1(A[1]) = B[1] a strictly unital ho-
motopy between a|n—1 and Bln—1. Let ¥ = rb, and define &,5 analogously. The
map
. n—li-l
e(Flna1) =8 — B — D> HA¥ @mp @177

i=1 j=0

n 7
-> mf > ( &ﬁ@.--@&jk1®?jk®ﬁjk+l®--.®ﬁﬁ>
k=1

=2 Jit+...+ji=n
n=>1

is a cycle in Hom(A[1]®" B[1]). An element 7, extends T|,_1 to a strictly unital
homotopy between o and B if and only if d(7,) + ¢(¥|p—1) = 0.

This is a similar (but easier) adjustment as in the proof one checks that
¢(r|n—1) is zero on any element containing 14, and that ¢ is the formula for cb.

2.4. Transfer of A.,-structures to resolutions. Let B be a strictly unital A..-
algebra. We show here that if A = B is a semiprojective resolution, a.k.a. cofibrant
replacement, of the complex (B, mq), then A has the structure of a strictly unital
Ao-algebra such that 7 is a strict morphism of A..-algebras. Classicaly, transfer
results of this type were done between homotopy equivalences using the homotopy
perturbation lemma, see e.g. [9 [11]. However this is not appicable in this situation:
there may not even be a k-linear map from B to A.

We first recall some homological algebra of complexes. If P is a complex of
k-modules, we view Hom (P, —) as an endo-functor on the category of k-complexes.

Definition 2.4.1. A complex of k-modules P is semiprojective if Hom (P, —) pre-
serves surjective quasi-isomorphisms. A semiprojective resolution of a complex M
is a quasi-isomorphism pM — M with pM semiprojective.

should be more transi-
tion
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Semiprojective complexes are the cofibrant objects in the projective model struc-
ture on the category of k-complexes [10, 2.3]. A large source of examples is the
following: if P is a complex with P, projective for all n and zero for n < 0, then P
is semiprojective. In particular a k-free resolution of a k-module is semiprojective.
Semifree resolutions, of which semiprojective are summands, were first defined in
[B]. Semiprojective complexes are called K-projective complexes of projectives in
[20] and cell k-modules in [12].

Note that if k is a field, then Hom (P, —) is exact for every complex, so every
complex is semiprojective.

We need the following properties. For proofs see [1] or [10].

2.4.2. Let P,(Q be semiprojective complexes.

(1) P, is projective for all n;

(2) Hom (P, —) preserves quasi-isomorphisms;

(3) if P— Q is a quasi-isomorphism, then it is a homotopy equivalence;
(4) every complex has a surjective semiprojective resolution.

Definition 2.4.3. If A, B are A, .-algebras with split units, two morphisms from
A to B are homotopic if the corresponding morphisms of dg-coalgebras T¢(A[1]) —
T°(B[1]) are homotopic as defined in (1). A homotopy is strictly unital if it

is zero on any term involving 14.

Definition 2.4.4. A split unit for a complex (A,d?) is an element 14 € Ay such
that k- 14 — A is split over k and such that d4(14) = 0.

Theorem 2.4.5.
(1) Let B be an As-algebra with strict unit 1p. Let

m:A— B

be a surjective semiprojective resolution of the complex (B,m). Assume
that the complex A has a split unit 14 such that m(14) = 1p. Let v :
A[l] — K[1] be a k-linear splitting of the inclusion k - [14] — A[1]. Then A
has the structure of an Aso-algebra with split unit v such that 7 is a strict
morphism of As-algebras.

(2) Let A" be an A -algebra with split unit such that (A’,my) is semiprojective.
Let A, B be arbitrary strictly unital A-algebras and 7 : A — B a strict
morphism such that m = m is a surjective quasi-isomorphism. Then for
any strictly unital o : A’ — B, there exists a strictly unital  : A’ — A

such that ma = (3:
A
8,7 l”
B.

A —
If, for alln > 2,
H; Hom(A'[1]®™, A[1]) = H,, Hom((A)®", A) = 0,

then any two such liftings are homotopic by a strictly unital homotopy.
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Proof. We first prove part 1. Assume by induction that there is an A,-structure on
A in which 14 is a split unit and such that the following diagram is commutative

(2.4.6) A — " oA

for i =1,...,n. This holds for n = 1 by definition.

We now use to construct m:,; such that the above holds for n + 1. Since
A and k- 14 are semiprojective, A = A/k -1, is semiprojective, and thus A[1]®"+1
is also semiprojective. Since 7 is a surjective quasi-isomorphism,

¢ := Hom (A[1]®"*1 ) : Hom (A[1]®"1, A[1]) = Hom(A[1]®"*}, B[1])
is also a surjective quasi-isomorphism. Set
¢ := Hom (7®"T1p®" 1 B[1]) : Hom (B[1]®""!, B[1]) — Hom (A[1]®" ", B[1]),

and

n
CcCp ‘= E
=2

By [13| B.1.2], we have d(m¥, ;) +cp = 0. Let
¢a = ¢(m|,) € Hom (A[1]®" T A[1])

be the map defined in [2.3:3]
We claim that

n

—it+1
> mb (1% @mP @197 € Hom(B[1]*" !, B1)).
j=0

p(ca) = ¢(cB).

We have
n n—i+l
¢(CB) = Z Z mf_i+2(1®1 ®sz ® 1®nfzfj+1)7r®n+1b®n+1
i=2 j=0
n n—i+1
= Z Z mf—i+2(7"—b)®n_z+2(l®] ®m; ® 1®n—z—]+1)
i=2 j=0
n n—i+l
+ Z Z mfﬁi+2ﬂ—®n—z+2(b®1 ® nShi ® b®”_’_3+1)
i=2 =0
n_ n—itl
= Wm£7i+2b®nfz+2(]_®] ® My ® ]_®"*1*11) b, @b+ b ® hn?
i=2 =0

where we have used (2.4.6)) and the strict unit of A,
=TCyp = QD(EA).
Using the surjectivity of ¢, pick m/,,; € Hom(A[1]®" ! A[1]) with ¢(m], ) =

¢(mB,_ ). Then we have

o(d(m), 1) +¢a) = d((m), 1)) + ¢(€a) = ¢(d(mf, ) + cg) = $(0) = 0.
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Thus d(m;, ;) +¢a € ker p. By ¢4 is a cycle and so d(m;, ) +Ca is a cycle.
Since ¢ is a quasi-isomorphism, ker ¢ is acyclic. So there exists m], ; in ker ¢ with

d(my, 1) = d(my,41) + Ca.
Set Mmp41 = mi, 1 —my, ., for any such m), ;. Then we have
d(Mp41) +¢4 =0,

which by shows that m,41 extends m|, to an A, i-structure in which 14 is
a strict unit. We also have that

Q(Mnt1) = o(ml, g —mi ) =p(ml 1) = d(mF,,).

Coupled with the fact that w(14) = 15, this shows that holds for 7 = n + 1.
We now prove part 2. Assume a : T¢(A’[1]) — BJ[1] determines a strictly unital
morphism. We inductively construct 3, : A'[1]®" — A[1]. Since A'[1] is semiprojec-
tive, and 7 is a surjective quasi-isomorphism, there exists a morphism of complexes
(i.e. an Aj-morphism) By : A’[1] — A[1] such that ma; = B;. Assume that we have
constructed an A,-morphism 8|, : T¢(A’[1]) — A[1] such that 73|, = &|,. Set

¢ = Hom (A'[1]®" ! 1) : Hom (A'[1]®"!, A[1]) — Hom(A'[1]®" 1!, B[1]).

Since A’[1]®"*1 is semiprojective and 7 is a surjective quasi-isomorphism, ¥ is
a surjective quasi-isomorphism. It follows from the induction hypothesis that
W(@(Bln)) = &@l,). We also have that d(dni1) + &(@l,) = 0. Using surjec-
tivity of 1, pick an element E;LH such that ©(Bni1) = @ns1. Then we have
z/J(d(~;L+1) +&fl,)) = 0. Using d(E;LH) + &(f],) is a cycle. Since ¥
is a quasi-isomorphism, kert is acyclic. Thus, pick EZ 41 such that d(l’ 1) =
d(~jl+1) +&(B|n). Setting Bpi1 = Ejﬂrl - BZH, we see that this extends |, to an
A,y 1-morphism, and QS(EH_H) = Q1.

Finally, assume that B' , 7 : T¢(A'[1]) — A[1] determine strictly unital morphisms
and 78 = 5. We construct a strictly unital homotopy r : T¢(A'[1]) — A[l]
inductively. In the case n = 1, we have 71'51 = 771, and thus 51 — 71 is in ker .
Since 1 and ~; are morphisms of complexes, d(gl) =0 = d(¥1). Thus 51 -7
is a cycle in kert), and hence a boundary. Let r; be some map with d(ry) =

51 — 7. Now, assume by induction that for some n > 2 we have a homotopy

Plp_y : TS (A'[1]) — A[1] between f|,,_; and 3|,_1. By (r|n_1) is a degree
zero cycle in Hom (A'[1]®", A[1]) = Hom((A")®", A)[-n + 1]. By the assumption

that H,,_1 Hom((A")®", A) = 0, we may choose 7, such that d(r,) + ¢(r|,—1) = 0,

and hence this extends r|,—1 to a homtopy between &|,, and 3|,. O

Note that we do not assume that B has a split unit in the above theorem. If
we did, it would shorten the proof considerably. However, a case of interest is the
following, where B does not have a split unit. This is studied further in [6].

Ezample 2.4.7. Let B = k/I be a cyclic k-algebra and let A =, Bbea k-projective
resolution with Ag = k. Set 14 = 1 € Ap. The complex A is semiprojective with
split unit A — Ag; we have A = Asq, my = —d?, hy = A[l] — A;[1] ™5 k and
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hn, =0 for n # 1. To find M9, we find a homotopy for the map h1 ® 1 — 1 ® hy.

AI®A
O A @A ~—— D8

m1®1—1®7n1l (Té%:) \L

0 Ay Ay

Such a homotopy exists by the classical lifting lemma. There is a quasi-isomorphism
Hom (A[1]®"*+1, A[1]) = Hom (A®" ™! B)[—n).

In particular, H_, Hom(A[1]®"+1 A[1]) = H,_, Hom(A®"** B) = 0 for n > 2
since Hom(;l@)”H,B) is concentrated in negative homological degrees. Thus by
m given m|, for n > 2, we can extend to M, 11.

Finally, since H; Hom (A[1]®"*1 A[1]) = 0 for all n > 0, the A -structure on A
is unique up to homotopy.

2.5. Transfer of A.,-algebra structures by homotopy equivalences.

The following is classical, and one of the motivations for A,.-algebras. It will let us
remove the surjective assumption of One can use the modified obstruction
theory above to modify Lefévre-Hasegawa ’s proof.

Theorem 2.5.1. Let (B, d?) be a complex with a split unit 15 € By. Assume that
A is an As-algebra with split unit and ¢ : B — A is a homotopy equivalence of
complexes with (1) = 14. Then there is an Aoo-structure m® on B with split
unit, such that m¥ = dB, and there is a morphism of A.-algebras ¢ : B — A with
1 = . The morphism 1 is a homotopy equivalence of Ay -algebras.

We can remove the surjective assumption from (1).

Corollary 2.5.2. Let B be an As-algebra and let m: A — B be a semiprojective
resolution of the complex (B,m¥). Assume that A has a split unit and 7(14) =
1g. Then there is an Ao -algebra structure on A and a morphism of A -algebras
¥ : A — B such that ¥, = .

Proof. Let A’ — B be a surjective semiprojective resolution of B. Then there is
a strictly unital A.-algebra structure on A’ and a strict morphism A’ — B. But
by the defining property of semiprojective complexes, A and A’ are homotopic by
maps that commute with the augmentations to B. Therefore by Theorem A
has a strictly unital A..-algebra structure and there is a morphism of A.-algebras
A — A’ that commutes with the augmentations to B. Therefore we get an Ac-
morphism A — B. |

We emphasize that if A — B is not surjective, then the morphism A — B may
not be strict.

3. Ao-MODULES AND CURVED COMODULES

In this section we recall the definition of A, ,-modules, formulated in terms of
extended comodule structures over the tensor coalgebra. We state a version of the
obstruction theory for modules and use it to prove the analogue of Theorem [2.4.5]
for A..-modules.
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3.1. As-modules. Let C be a graded coalgebra with graded coderivation d and
N a graded C-comodule. A homogeneous map dy : N — N with |dy| = |d] is a
coderivation of N (with respect to d) if the following diagram commutes:

dn

N N

] ]

CON— o em CON

Recall that if IV is a graded comodule over a graded coalgebra C| it is a graded
left C*-module via the action

h-x = h(x_1)z@)
for h € C* and x € N, where Ay (z) = 2(_1) @ 2() € C® N.
Definition 3.1.1. Let (C,d, h) be a cdgc. A curved differential graded C-comodule

(cdg C-comodule) is a pair (N, dy), with N a graded C-comodule and dy : N = N
a coderivation, such that

d3(z) =h-z forall z € N.

If N, P are cdg C-comodules and f € Hom (N, P), then diom(f) = fd™—(=1)If1d? f
satisfies (dpom)? = 0. Thus Hom (N, P) a complex. A morphism of cdg comodules
is a degree zero C-colinear map « : N — P such that dyom(a) = 0.

The following definition and properties are essential in what follows. They are
the linear analogue of the tensor coalgebra and its properties given in [2.1.8

Definition 3.1.2. Let C be a graded coalgebra and M a graded k-module. The
extended comodule determined by M is the graded comodule C ® M with comulti-
plication A¢ ® 1.

Lemma 3.1.3. Let C be a graded coalgebra, N a graded C-comodule, and C @ M
an extended C-comodule.

(1) The map
¢ : Hom(N, M) =5 Hom¢(N,C ® M),
a— (1®a)Ayx

is an isomorphism. It is natural in N and M. The inverse sends (3 to

NS coMm Y koMM,

(2) Let d be a coderivation of C of degree n. The map
Hom (C ® M, M),, = Coder(C' ® M,C ® M)

m— dys :d®1+(1®m)(Ac®1)
is an isomorphism. The inverse sends a coderivation dps to (ec @ 1)dps.

(3) Let C be a cdge, and (N,dN),(C @ M,d°®M) cdg C-comodules. Define
mM = (ec @ 1)d°*M . C o M — M.
Define an endomorphism d' of Hom (M, N) by
d'(a) = ad¥ — (=1)*ImM (1 a)Ay.
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Then (d')? = 0 and the isomorphism of modules given in part 1 is an
isomorphism of complexes

¢ : (Hom(N,M),d") — (Home(N,C ® M), dyom)-

The proof is straightforward. The first two are dual to well-known results for
free modules over an algebra, and the third follows from part 1.

Definition 3.1.4. Let A be an A.-algebra with corresponding dg-algebra (T¢(A[1]), d).
Let M be a graded module. An A, A-module structure on M is a degree —1 map

mM T (A[l) @ M — M
such that the induced coderivation d™ : T¢(A[l]) ® M — T¢(A[l]) ® M (using

3.1.3/(2) applied to (T¢(A[l]),d)) satisfies (d™)? = 0. A morphism of A A-
modules M — N is a morphism of dg-comodules

a:T°(All]) @ M — T°(A[1]) ® N.
If we label the components of m™ as
ML AN e M — M,
then by Lemma (2), m™M is an A,, A-module structure on M if and only if  this is not immediate;

need a diagram chase
n—i

(3.1.5) S mh (¥ @m @1 ) =0
=1 j=0

for all n > 1, where m; is m™ if j =i — 1 and m* otherwise. For a map
a:T(A[l])) ® M — T°(A[1]) ® N,

label the components of pya: T¢(A[1]) ® M — N as a, : A[1]*"" ' @ M — N. By
3.1.31(1), a is a morphism of A,,-modules if and only if

n i—1 n
(3.16) D> i [ D 1% @mu i @1 = " mN (1% @ o i)
3 j i=1

for all n > 1. A morphism « is strict if a,, = 0 for n > 2.

Definition 3.1.7. Let A be an A,-algebra with strict unit 14. An A, A-module

M is strictly unital if m3([14] @ m) = m and mM ([ay|...[14]...|an—1]@m) =0
for all n > 3. A morphism « is strictly unital if a,([a1]...]14]...|an—1] @ m) =0
for all n > 2.

When A has a split unit, we can characterize strictly unital A,, A-modules using
the cdgc Bar A.

Lemma 3.1.8. Let A be an Aso-algebra with split unit v and let b : Bar A —
T<¢(A[l]) be the splitting of p : T°(A[1]) — Bar A that it induces. Let M and N be
graded modules.

(1) A degree —1 map m™ : T¢(A[1])®@M — M is a strictly unital Ao, A-module
structure on M if and only if the Bar A coderivation induced by

mM =mMbe1):BarA@ M — M
makes Bar A ® M a cdg Bar A-comodule.
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(2) If M, N are strictly unital Ass A-modules, a map
g:T(Al) @M = T(A[1]) @ N

s a strictly unital morphism of Ass A-modules if and only if f = pgb :
Bar A® M — Bar A® N is a morphism of cdg Bar A-comodules.

The proof is given in [9.4]
Let us record that a map m™ : BarA ® M — M with components mM :
A[1]® =1 @ M — M is a strictly unital A,, A-module structure if and only if

k k—i

SO w1 @ m @19 ) = by @1
i=1 j=0

for all k > 1, where m; is mM if j =i — 1 and m* otherwise.
3.2. Obstruction theory for modules.

Definition 3.2.1. Let A be an A,-algebra. An A,, A-module structure on a module
M is a degree —1 linear map m|M : T¢_,(A[1]) ® M — M such that the induced
coderivation of T_;(A[1]) ® M squares to zero. If A is strictly unital, then M is
strictly unital if the analagous conditions as in the A, case hold.

An A, A-module structure on M is equivalent to a set of degree —1 maps m :
A[1]®=1 @ M — M that satisfy for k =1,...,n. Note that whether M is
an A,-module only depends on the A, _j-structure of A, and so it makes sense to
extend M to a A, 1-module over A. If M is an A,-module, set

n n—i

et = 32 it 205 e -
1=2 j=0
By [13, B.2.1], c(m|M) is a degree —2 cycle in Hom (A[1]®" ® M, M) (with Hom-

differential between the complexes with differentials m(ln) ®@1+1@mM and mM)

and a map m2., : A[1]®" @ M — M extends m|) to an A, ;-structure on M if
and only if

d(m,) + e(m|M) = 0.
Analogously for algebras, we adjust this for strict units.

Proposition 3.2.2. Let A be an A, algebm with split unit and M a strictly unital
Ay, -module with multiplication maps mM : A[1]%"' @ M — M. The map

n n—t

=3 3 M (¥ @M ®17 ) 4 by @ 1

=2 j=0

is a cycle in Hom(A[1]®*" ® M, M). A morphism m%l extends M to a strictly
unital An1-module if and only if

d(Tip'yy) + c(fmf,') = 0.
The proof is similar to the proof of 2.3.3]

Definition 3.2.3. Let M, N be A,-modules. A A,-morphism from M to N is a
map of dg (T¢_;(A[1]), d)-comodules

a:T; (A[l) @M —T5_,(A[l]) ® N.
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Two A,-morphisms

o, BT, _(All) @ M — T, (All]) @ N
are homotopic if there is a degree 1 T)S_; (A[1])-colinear map r : T)5_; (A[l]) @ M —
TS 1 (A[1l]) ® N such that d(r) = a — 5.
“ 1(All]) ® M — N. If we label the
components as r; : A1}~ ® M — N and the components of a, 3 as a;, 3;, then
r is a homotopy if and only if for 1 <1 < n, we have:

A homotopy r is determined by pir : T¢

I -1 l
DD (1 @m i @19 £y mY (1% @ i) = o0 — B,
i=1 j=0 i=1
As above, if A has a strict unit, we can define strictly unital morphisms be-
tween A-modules and strictly unital homotopies. When A has a split unit, strictly

unital A,-morphisms between M and N correspond to maps T5_;(A[l]) @ M —
T¢_1(A[1])) ® N of edg (T¢_;(A[1]), d) morphisms and similarly for homotopies.
Proposition 3.2.4. Let A be an A,-algebra with split unit, and M, N strictly
unital A, y1-modules.
(1) Let ay : TS_; (A1) ® M — T5_,(A[1]) ® N be a strictly unital A,-
morphism. The map

n 1—1 n+1
clafn) =) ai [ D 1 @Mn 2 @ 1777 | =3 Y (1@ anit2)
i=1 §=0 i=2

is a cycle. A morphism a1 : A[1]®" @ M — N extends o, to an Ay,y1-
morphism if and only if

d(ony1) + c(aln) = 0.

(2) Let v, B be strictly unital A,y 1-morphisms from M to N. Letr|, : T¢_;(A[l])®

M — T¢_(A[1]) ® N be a homotopy between af,, and B|,. The map
c(rln) = any1 — Bat1
n+1l:—1 n
- Z Z ri(1%7 @ My o @ 1977771 — Z mY (197 @1y _igo)
i=2 j=0 i=1

is a cycle in Hom(A[1]®" @ M, N). A morphism 41 extends r|, to a
homotopy between o and B if and only if

d(rps1) + c(rln) = 0.
3.3. Semiprojective resolutions of A,, A-modules.

Definition 3.3.1.

(1) Let C be a cdge and M, N cdg C-comodules. Morphisms «, 5 : M — N
are homotopic if there exists a C-colinear map r : M — N of degree 1 such
that dpom(r) = a — 8.

(2) If A is an A.-algebra with split unit, and M, N are strictly unital A,, A-
modules, two morphisms «, 8 : Bar A ®@ M — Bar A ® N are homotopic if
they are homotopic as cdg Bar A-comodules.
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Theorem 3.3.2. Let A be an As-algebra with split unit such that (A,mq) is
semiprojective.

(1) Let M be a strictly unital Ao A-module and ¢ : P = M a surjective
semiprojective resolution of the complex (M, m}). There is a strictly unital
Aso A-module structure on P such that € is a strict morphism of Ay A-
modules.

(2) Let N be a strictly unital Ao, A-module with (N,mY) semiprojective. Let
M, P be arbitrary strictly unital Ay, A-modules and € : M — P a strict
Aso A-module morphism with € = €1 a surjective quasi-isomorphism. Then

for any strictly unital Aoe A-module morphism a : T°(A[l]) ® N — M,

there exists a strictly unital Ao, A-module morphism 3 : T°(A[1])@ N — P
such that €8 = .

P
ﬁ/1i
v €

/

N——M

(e

If for alln > 2,
H" '(Hom(A®" '@ N, P)) =0,
then any two such liftings are homotopic by a strictly unital homotopy.

Proof. We assume by induction that for some n > 1, P is a strictly unital A,,-
module and the diagram

—P

AnEi-lep—"- - p

1®5i €|~

A i—1

is commutative for ¢ = 2,...,n. This holds for n =1 by assumption.
Since A is semiprojective, so is A, and hence so is A[1]*"~1 @ P. Since € is a
surjective quasi-isomorphism,

¢ := Hom (A[1]®" @ P, ¢) : Hom(A[1]®" ® P, P) = Hom(A[1]*" @ P, M)
is a surjective quasi-isomorphism. Set
¢ :=Hom(l ®e, M) : Hom(A[1]®" ® M, M) — Hom(A[1]*" @ P, M).
By the induction hypothesis, we have

ple(mly) = ¢(e(mly")),
where ¢(—) is as defined in Now one follows the same steps as in the proof
of to find mY,; : A[1]*"~! ® P — P that extends P to an A, 1-module and
such that the induction hypothesis holds.

Let o : T°(A[1]) ® N — M be a strictly unital A-morphism. We assume by
induction that there exists an A,-morphism £, : T_;(A[1]) ® N — P such that
€f|ln = al,. For n = 1, we can pick a lift of a; since N is semiprojective. Now,
one follows the same steps as in the proof of 2.4.5 using [3.2:2l The homotopy
uniqueness of 3 is also analogous to [2.4.5] and uses [3.2.2 (]
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Ezample 3.3.3. Let B = k/I be a cyclic k-algebra, M a B-module, and P a k-
projective resolution of M. To construct an A,, A-module structure on P, we find
a homotopy for the map

(3.3.4) 0<— A4 0P 4ioh
hu@ll <’”6® lw
0 Py Py

and then degree considerations as inshow that we can find boundaries m%, m¥, ...
and that this A,, A-module structure is unique up to homotopy.

3.4. Homotopy equivalences. We record here the module version of Theorem

251

Theorem 3.4.1. Let A be an Ay -algebra with split unit, M, N complezes, f : M —
N a homotopy equivalence of complexes, and assume that N is an Ao, A-module.
Then there is a structure of Ay, A-module on M and a morphism ¢ : M — N
of Aso A-modules with ¢1 = f. Moreover ¢ is a homotopy equivalence of A, A-
modules.

Corollary 3.4.2. Let A be a semiprojective Ay -algebra and M an Ao, A-module.
If P — M is a semiprojective resolution of (M, m{1), then there is an Ao, A-module
structure on P and a morphism of Asw A-modules P — M.

4. TWISTING COCHAINS

A twisting cochain is a linear map from a cdgc to an A..-algebra that allows one
to define functors between their (co)module categories. In this section we give the
definition and show that the functors given by a twisting cochain are an adjoint
pair on homotopy categories. This is well known in the case of dg-objects, but for
A-algebras it does not seem to appear in the literature.

From this point on, all algebras, modules and morphisms are strictly unital.

4.1. Primitive filtration and cocomplete comodules. We collect here some
technical facts on graded coalgebras that we will need throughout this section.

Let C be a graded coalgebra with coaugmentation n and let p : C — C = C/imn
be projection. Recall that A = p®rAM) . ¢ — C®" for n > 2. Set A = e¢
and AY =p. For N a graded C-comodule, define

AY:N-T"leN
by Kg\}) =1y, Ay = ZS\Q,) =(p®1)Ay and
Zg\?) =(19"2% EN)Z%L_D for n > 3.
Note that (1271 @ AVYAY = AUT™Y (as opposed to AT
Definition 4.1.1. Define
Np = ker A{Y € N,
This is a k-submodule of IV and there is a chain of inclusions
OQN[l] QN[Q] - ...QN[.,L] c...

The graded comodule N is cocomplete if N = Un21 Npp-
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Lemma 4.1.2. There are equalities
AY =(10Ay )Ay

= (e A

= (A" YV g1)Ay.
These are easily checked using induction. From the last equality, we have:
Corollary 4.1.3. If C' is cocomplete, then every C'-comodule is cocomplete.

From the first equality, we have EN(N[TL]) Cim(C ® Ny—q) = C® N), so
AN(Npy) €im(C ® Nppp — C @ N),

and so N, is a subcomodule of N.
If C' has a coderivation do and N has a coderivation dy, then

(4.1.4) APdy = @0V @1y +19" @ dy) A,
where
d = de @182 4 10 @ de ® 18773
+...+1%n72®dc.
Let do : C — C be the map induced by d¢. By definition, we have pdc = dep.
Applying p®"~1 ® 1 to both sides of (4.1.4]) and using we have
(4.1.5) APdy = @0V @1y +19" @ dy) AW,
In particular, this implies that
dn(Npy) € Niy-

Finally, we assume that (C,d,h) is a cdge. A map n: k — C is a cdgc coaug-
mentation of C if n is a coaugmentation of graded coalgebras, dn = 0 and hn = 0.
The cdge C is cocomplete if it has a cdgc coaugmentation and is cocomplete as
a graded coalgebra with respect to this coaugmentation. A cdg C-comodule N is
cocomplete if it is cocomplete as a graded C-comodule.

Similarly as for 35\7), one checks by induction that
A = (po APA = (AP g p)A.

Thus if C is flat over k, A(Cp,,p) (C® Cin-1)) N (Cp—1) ® C). In particular, since
Cn—1) is closed under d¢ by (4.1.5) applied to N = C, we have that:

Lemma 4.1.6. If C is a cdgc, with C a graded flat module over k, then Cp,y/Clp—1)
is a complex under the map induced by dc.

4.2. Some dg-categories and functors between them. We define here cate-
gories that we will use for the rest of the paper.

Let C be a cdge. If N, P are cdg C-comodules, the map dpom(f) = fdV —
(—1)I/1dP f satisfies (dgom)? = 0. Thus Hom (N, P) a complex. We set Hom¢ (N, P)
to be the subcomplex of C-colinear maps.

Definition 4.2.1. Let C' be a cdgc. We consider the following categories with
objects cocomplete cdg comodules.

(1) dg-comod(C) is the dg-category with morphism complexes Hom¢ (N, P);
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(2) comod(C) = Z%(dg-comod(C)) is the category with morphisms
Hom omod(c) (N, P) := Z° Home (N, P),

where Z°(—) denotes the degree zero cycles of a complex;
(3) comod(C) = H%(dg-comod(C')) is the category with morphisms

Homcomod(C) (N7 P) =H" HomC(Na P),
where H?(—) denotes the degree zero cohomology of a complex.

Remark. A morphism in comod(C) is exactly a morphism between cdg-comodules
as defined in and comod(C) is the quotient of comod(C') by homotopy equiv-
alence as defined in [3.3.11

The following will be one of the central concepts in the rest of the paper.

Definition 4.2.2. Let C be a cdgc.

(1) An extended cdg C-comodule is a cdg C-comodule whose underlying graded

comodule is extended, see By (2), an extended cdg C-comodule
(C® N,d) is determined by the linear map

m:=(ec®1)d:C®N — N.

We will write the extended comodule as the pair (C' ® M, m), and refer
to m as the structure map of the extended comodule. The coderivation
corresponding to an arbitrary degree zero map m : C ® N — N need not
make C ® N a cdg C-comodule. If it does, we say m gives C @ N a cdg
C-comodule structure.

(2) dg-comod®™*(C) is the full dg-subcategory of dg-comod(C) with objects
extended cdg C-comodules and comod®™*(C') — comod(C) the induced
functor on homotopy categories.

Definition 4.2.3. Let (¢,a) : C — D be a morphism of cdgcs.

(1) The pushforward of a cdg C-comodule (N, d"), denoted . (N,dy), is the
cdg D-comodule with comultiplication

NA2 coN 2 Do N

and differential d™ (z) + a * z, where a * (—) is defined in (??). There is an
obvious map of complexes Home (N, M) — Homp (p. N, . M), so there is
a dg-functor

©x : dg-comod(C) — dg-comod (D).

(2) To define the pullback ¢*(M,dM) of a cdg D-comodule, write (¢,a) =
(¢,0)0 (1), a) with (¢, a) an isomorphism of cdg coalgebras, using (?7?). For
the isomorphism ¢, define *(M,d™) = (1p=1).(M,dM). Thus to define
©*, we may assume a = 0. In such a case, p*(M,dM) = (DXc M,1XdM).

Proposition 4.2.4. Let (p,a) : C — D be a morphism of cdges. There is a stm’cﬂ
dg-adjoint pair
P
dg-comod(C) dg-comod(D).

-~
*

©

Lthe unit and counit are isomorphisms of complexes, not just quasi-isomorphisms

need to fix reference to

§2

need reference to §2 and
to match up notation
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The definition of ¢* is a bit convoluted. For the class of extended comodules, the
only comodules we will need to evaluate it on, there is a straightforward description
of the pullback functor and the adjunction isomorphism.

Lemma 4.2.5. Let (p,a) : C — D be a morphism of cdg coalgebras and (DQN,m)
and (D ® P,n) extended cdg D-comodules.

(1) There is an equality
P (DON,m)=(CON,mp®1l)+a®1l).
(2) The morphism of complexes
Homp(D ® N,D ® M) — Home (¢ (D ® N), 9" (D @ M)).
corresponds to the morphism of complexes
Hom(D ® N,M) — Hom(C ® N, M)

a—alp®1),
using[3.1.3.(3).
(3) The map
Home (N, ¢*(D @ M)) — Homp(¢p.N, D @ M)
a— (p®1)a.

s an isomorphism of complezes that is natural in M and N. The inverse
sends B to (1® (ep ® 1)B)AN-.

Proof. By (3), we have isomorphisms of complexes
Hom (N, M) — Hom¢(N,C®™ M) Hom(¢.N, M) — Homp(¢.N,D @ M).

The graded k-modules Hom (N, M) and Hom (¢, N, M) are the same; we show that
differentials on Hom (N, M) and Hom (¢, N, M) given in[3.1.3|(3) are the same. Let
mM : C® M — M and mM : D® M — M be the structure maps of these
extended cdg comodules. We have

mM =mMpe1)+ax 1

by Let d' = d**N = d" + a x (=) be the differential of ¢.(N). By (3),

the differential on Hom (M, N) sends « to
ad¥ +mM(1®a)Ay
=ad” +mM(p@1)(1®a)Ay + (a®1)(1 ® a)Ay.
By the same result, the differential of Hom (¢, N, M) sends a to
ad +mM(1®a)Ay, v
=ad¥ +mM(1©a)(p @ DAy +alax (),

and we see the differentials are the same.
Under the composition

Hom¢ (N, C ®™ M) =» Hom (N, M) = Homp(¢. N, D ® M),

a gets sent to (1R a)Ay, v = (¢ @ 1)(1 @ a)AN = (¢ ® 1)a, where @ = (e¢ ® 1)a,
and one checks the similar formula for the inverse. Finally, note that as (3) is
natural in N and M, so is the isomorphism here. O

We need analogous dg-categories for an A-algebra.
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Definition 4.2.6. Let A be a A.-algebra with split unit. We consider the following
categories with objects strictly unital A, A-modules.

(1) dg-mod™(A) is the dg-category with morphism complexes
Hom% (M, N) := Homp,, a(Bar A ® M,Bar A ® N);
(2) mod™(A) = Z°(dg-mod(A)) is the category with morphisms
Homyyoqe (4)(M, N) := Z° Homp,, 4 (Bar A ® M, Bar A ® N);
(3) mod™(A) = H°(dg-mod™(A)) is the category with morphisms
Homyyoq (4)(M, N) := H” Hompa, 4(Bar A® M,Bar A® N).

Remark. By a morphism in mod®(A) is a morphism of A, A-modules and
mod ™ (A) is the quotient of mod®(A) by homotopy equivalence as defined in [3.3.1]

Make connection between A..-modules and extended Bar A-comodules...say that
one of the functors for a morphism doesn’t exist.

We need one last formality. Define the shift of a cdg C-comodule and the cone
of morphism between such modules exactly as for complexes. These constructions
make dg-comod(C) into a pre-triangulated dg-category and so by [4, §3, Prop. 2]
the homotopy category comod(C) is triangulated with triangles those isomorphic

toX Ly o cone(f) — X[1] (see [19] for a detailed exposition on pre-triangulated
categories). The functors @, * preserve cones and shifts, thus induce triangulated
functors between homotopy categories. Even more is true.

Proposition 4.2.7. Let (p,a) : C — D be a morphism of cdges.

(1) Arbitrary coproducts exist in the category comod(C).

(2) The functors
P
comod(C) comod(D).

*

)

preserve coproducts.
Should give careful proof/references for this...very important.

4.3. Twisting cochains. Recall our stated goal of finding a Morita invariant of A
that is smaller than Bar A. This will come from a morphism of cdges C — Bar A.
As a morphism of graded coalgebras, such a morphism is determined by...

Here we recall the definition of twisting cochains, introduce the universal twisting
cochain, and define two functors determined by a twisting cochain.

Definition 4.3.1. Let (C,d, h¢) be a cdge, cocomplete with respect to a coaug-
mentation n : k — C, and let A be an A-algebra with structure map

m? : T¢(A[1]) — A[1].

Set C = C/imn. A twisting cochain from C to A is a degree zero map of graded
modules 7 : C' — A[1] such that 77 = 0 and

(4.3.2) Fd—Y mir A +h=0,
n>1
where 7 : C — A[1] is induced by 7, d : C — C is induced by d, and h is the map

Cle ks [14] 22 A[1]. We set Tw(C, A) to be the set of twisting cochains
between C' and A.
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Example 4.3.3. Start with divided powers coalgebra to symmetric algebra? Mention
it generalizes in two ways? i.e. to Lie algebras and to the curved case...

FEzample 4.3.4. Let A be the Koszul complex of a linear map [ : V' — k, see e.g. [5l
§1.6], with V a finitely generated free module concentrated in degree 1. Since A is
a dg-algebra, it is an A,-algebra.

Let C C T°(V[1]) be the sub-coalgebra of symmetric tensors, or the divided
powers coalgebra (the dual is the symmetric algebra on V*[—1]), and consider the
cdge (C,0,h), where

st -l

h:C—-V[1]—V —k
We claim
T OV Ve A
is a twisting cochain. The equation simplifies to
—mT —m(F@T)A% +h =0.
This is zero on all n-tensors for n > 3. For [z] € V1],
(=mi'T —m3 (7 @ T)A% + h)([2]) = —mi' () + h([z]) = (z) - U(z) =0,
using that m{' = —d4. We also have
(—mi7 —mP(FF)A? +h)(zr@z]) =mi(z@z) = 0.

Since symmetric 2-tensors are k-linear combinations of z ® x, for x € V', this shows
that 7 is a twisting cochain.

We will show in[6.4.4] that this twisting cochain is acyclic, or gives an equivalence
between appropriate (co)derived categories.

Definition 4.3.5. Let (¢,a) : C' — D be a morphism of cdg coalgebras, and
T:D — A[l]
a twisting cochain. The composition of T and ¢ is
T=7¢+nasa:C — A[l].

One checks this is a twisting cochain. In this situation, we say the following diagram
is commutative.

D
NS
C——=A
Lemma 4.3.6. Let A be an Ay -algebra with split unit v and
b: Al = A[1)/k - [1a] — AQ1]
the induced splitting of p : A[1] — A[1]. The map
74:Bar A 25 A1) 5 A1)

is a twisting cochain. If 7 : C' — A is any twisting cochain, then the morphism of
cdg coalgebras
(¢,a) : C — Bar A,
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with ¢ induced by p17T, using and a = s~'vr, is the unique morphism of
coaugmented cdg coalgebras such that

Bar A
(w)T \
C A

)

is commutative (in the sense of.

Thus there is a bijection of sets, natural in both arguments,
Tw(C, A) = Homegge(C, Bar A).
In particular, if C = Bar B for some As-algebra with split unit, then we have
Tw(Bar B, A) =2 Homcq,.(Bar B,Bar A) = Homa_ (B, A).
Proof. To show T4 is a twisting cochain, we need to show that
Fd—> mpr A 4 h=0.
n>1

Since A" vanishes on A[1]®™ if [ > n and 74 is only nonzero on A[1], we have that

st mir® A ([ag] . . . |an]) = mnla1|. .. |an]. Thus
(Fd—=Y m{ 7" A 4 h)[ay] ... |an]
n>1
= bimpla1]...|an] — mplbay|...|ban] + hn([a1]...]an])1a =0,

where the last equality is by Theorem

By there is a correspondence between pairs (¢, a), with ¢ : C' — T¢(A[1]) a
graded coalgebra morphism and a : C' — k a linear map, and morphisms of graded
modules 7 : C' — A[1]. The proof replacing a there by 7, shows that the pair
(¢,a) : C — Bar A is a morphism of cdg coalgebras if and only if 7 is a twisting
cochain. (]

Definition 4.3.7. Let A be an A,-algebra with split unit. The twisting cochain
T4 : Bar A — A[l]
defined in the lemma above is the universal twisting cochain of A.

The goal of this subsection is to define a pair of functors given by a twisting
cochain. The following is the main step in defining the functors on objects.

Proposition 4.3.8. Let C be a cocomplete cdge, A an Ass-algebra and T : C — A[l]
a twisting cochain.

(1) For N a cdg C-comodule, A[1] ® N has a structure of Ass A-module given

by the maps
mpEY = 1@ dV + 3 (mf @ 1y) (107 @ 1y) (10 AY)
i1
ml BN = ml @ 1n)(1%" © 77 @ 1y) (19" © AF)) forn > 2.
i1

Note that if A is a dg-algebra, then A[1)QN is a dg A-module, i.e. mAleN _

0 for n > 3, and the underlying module is free.
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(2) If A has a split unit v, and M is an As A-module with structure map
mM :BarA® M — M,
then C ® M has the structure of a cdg C-comodule given by

S mEEr e @A Ve +s T r@1:C oM — M.

n>1

Part 1 is proved in by a direct, but involved, computation showing that
mﬁ[1]®N satisfy the equations . Part 2 is straightforward, using the following
definition and lemma.

Let 7 : C — A[l] be a twisting cochain. Part 2 of [£.3.8] follows by applying
4.2.5/(1) to the map of cdg coalgebras C — Bar A induced by 7. (We will need
4.2.5/(2) in the sequel.)

Definition 4.3.9. Let M be an A,, A-module with structure map m™ : Bar A ®
M — M. The shift of M is the A, A-module structure on M[1] given by the map
mMU = —s'mM (1@ st : Bar A @ M[1] — M[1].

Define an A, A-module structure on M[—1] by switching s and s~! in the above.

Definition 4.3.10. Let 7 : C' — A[l] be a twisting cochain.

(1) For N a cdg C-comodule, the twisted tensor product of A and N is the
A A-module

A®T N = (A[l]® N)[-1]
where A[1]®@ N has the A, A-module structure of (1). The underlying
module of A ®™ N is A® N and the structure maps are
mf®7N =—(s'®1) mf[1]®N 1" 1 es®1).
(2) If A has a split unit and M is an A, A-module, the twisted tensor product
of C and M, denoted,
C®" M,
is the cdg C-comodule of (2).

Ezample 4.3.11. Let 74 : Bar A — A[1] be the universal twisting cochain. For an
A, A-module M, Bar A ®"4 M is the comodule defined in

FEzample 4.3.12. Let 7 : C — A[1] be the generalized BGG twisting cochain of
Example and let N be a cdg C-comodule. Then A ®™ N is a dg A-module.
The multiplication is determined by that on A. Let (y,...,{, be a basis of A; and
& = s(¢) € A1]1] = Cs. For n € N, we have

dla®n) =Y ¢ @n+1a@dy(n),

i=1

where Y1 & ®@n; = Kg\})(n) — Kg\?) (n), and this determines d.
We have that C' ®™ A is a cdg C-comodule, with comultiplication A¢c ® 1 and
the differential on e.g. & ® x is

d¢®r)=10¢ v+ & @da(z)
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Ezample 4.3.13. Let A be an A.-algebra with split unit, and let 74 : Bar A — A[1]
be the universal twisting cochain. Let N be a cdg Bar A-comodule. We describe
the maps mA® N : A[1]®" 1@ A@ N - A® N.

We fix an element z of N and write, for some k& > 1,

k
Apn(z) = ch ® x;
j=1

with ¢; = Zl[a{l |a§l_1] € A[1]®7=1 and x; € N. Note that this later sum is

finite since Bar A is cocomplete, and hence N is a cocomplete comodule. We have
that

(P @ DAY (@) = (7T @ DAYV @ (@) = ¢ @ o,

where the first equality uses Z%) = (Z(j D 1), see and the second uses
that 74 is zero on A[1]®? for i > 2. Thus, we have

mi® N(a @) =a®dy()

~(s7'e )Y (mleln) (e e ly)1e AY) (e )

j=1

k
=a®dn(z) — Z Z sflm;‘([a\bajll e |ba§l_1]) Q.
j=1 1

For y = [y1] ... |yn—1] € A[1]®"~ 1, we have

k
. . ., .
miA® Ny @aor)=— E s 1mfl‘+j71[g1| o NYnolalba’| . bal” ] @ x;.
=1 1

We can now define the pair of functors given by a twisting cochain.

Definition 4.3.14. Let C be a cocomplete cdge, A an Ay-algebra with split unit
and 7 : C' — A[1] a twisting cochain.
Define dg-functors

L;:=A®" —:dg-comod(C) — dg-mod™(A)
R, =C®" —:dg-mod™(A4) — dg-comod(C)
with L;(N) =A®™ N, R.(M) =C ®" M, and maps of complexes
Home (N, P) - Hom% (A®™ N,AQ" P)
f=11lef

and
Hom% (L, M) = Homp,, 4(Bar A ®™ L,Bar A ™ M)

— Home(C @™ L,C @™ M)
the map (2) applied to the morphism ¢ : C' — Bar A given by 7.

We record the following for later use. It follows almost immediately from the
definitions.
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Lemma 4.3.15. Let C be a cocomplete cdge, A an Ay-algebra with split unit
and T : C — A[l] a twisting cochain. Let T4 be the universal twisting cochain
and (¢,a) : C — Bar A the morphism of cdg coalgebras corresponding to 7. The
following diagram of functors is commutative,

R,
(4.3.16) dg-mod™(A) ——— dg-comod™* (Bar A)

x lw

dg-comod™*(C),

noting that the image of R, is contained in dg-comod®™*(C), and where ¢* is defined
in 77,

4.4. L, and R, form an adjoint pair. Let 7 : C' — A[l] be a twisting cochain.
Our goal is to show the dg-functors induce an adjoint pair of functors on the
homotopy categories of cdg C-comodules and A, A-modules. We first show this is
the case for the universal twisting cochain 74. The following detailed description
of the differential on Bar A ® 4 A @™ N, for a cdg Bar A-comodule N, will be
essential.

Lemma 4.4.1. Let A be an Ao -algebra with split unit v, b : A — A the induced
splitting, 74 : Bar A — A[l] the universal twisting cochain, and N a cdg Bar A-

comodule. Let d be the Bar A-coderivation of Bar A @™ A Q74 N.
For an element x of N, write

k
AN(Z‘) = ch ®xj7
j=1

for some k > 0 depending on z, withfcj = Zl[a{l e |a§l_1] € A[1]®=1 andz; € N.
Forae A andy = [y1]...|yn—1] € A[1]®"~1 C Bar 4, we have

d(y®a®x) = dBarA(y) RaRQx

k
—1, A il il
- Z Z[Qﬂ Y @ s mEy by by, lalbad| |baj_] @ z;
; 1

k
ty@a®dy(@) —y® > > s 'mi(ala]|... | ]) @ ;.
j=1 1

Proof. We described the maps m4®™*N . A1]®" '@ A@ N - A® N in [4.3.13
Since the Ay, A-module A ®™ N is strictly unital, it is a cdg Bar A-comodule with
structure map mA% N = mA® N (h®1) : Bar A® (A®7 N) — A®T N by|[3.1.8/(1).
By (2), the corresponding Bar A-coderivation of Bar A @4 A®74 N is
d=dpma®101+ (1M V) (Apwa®1©1)

and this is the formula above applied to y ® a ® x. O

Definition 4.4.2. Let A be an A..-algebra with split unit and N a cdg Bar A-
comodule. Define
NN : N > BarA™ A®™ N

T T-1)® 14 & z(g)-
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Lemma 4.4.3. The map ny is a morphism of cdg Bar A-comodules and is natural
with respect to N .

Proof. Define a k-linear map N — AQ™ N by « — 14®x. Then 1y is the C-colinear
map corresponding to this map via (1), and so in particular ny is C-colinear.
Since the k-linear map is clearly natural, 7 is as well. To finish the proof, we need
to show that nydy = dny, where d is the coderivation of Bar A @4 A ®™4 N.
Applying @ to x(_1) ® 14 ® (), the first and third summands are equal to
dnnn, using the definition of coderivation. So we have to show the second and
fourth summands are zero. This follows since (Apa a4 ® 1)Ay = (1@ Ax)Ay; for

the signs, recall O

Definition 4.4.4. Let A be an A..-algebra with split unit and M an A, A-
module. Define a degree zero map

e BarA@™ AQT BarARQ™ M — BarAQ™ M
on the component A[1]%"~! @ A ® A[1]®*~! @ M by

n—1
S temtl (0P esebt T @l).
§=0
Proposition 4.4.5. Let A be an Ao -algebra with split unit and M an As A-
module. Let 1 = 1Bar Ag7am e the map defined in[{.4.9
(1) The map epr : Bar AQ™ AQ™ Bar AQ™ M — Bar A®™ M is a morphism
of cdg Bar A-comodules, i.e. an Ao, A-module morphism.
(2) There is an equality

emn = 1Bar@mam-
(3) The map
r:BarA®™ AR BarAQ™ M - BarAQ™ A®™ Bar A®™ M
[Z1].. |Tn-1] ®a Ry ® z —

n—1
Z[$1| Tl @14 @ [iga]- - 2e-1lp(a)|y] ® 2.
i=0
is Bar A-colinear and satisfies
dHom(T) =MNepm — 1.

Thus epr and m are inverse isomorphisms in mod™ (A).
(4) en is natural up to homotopy: for §: BarA®™ M — Bar A ®™ N an
Ao -morphism, the diagram

BarA®™ AR™ Bar A Q™ M — M . Bar QRTAM

1®1®ﬁl lﬂ

BarAR™ AT Bar AR™ N N Bar®™ N

is commutative in mod™ (A).

This may be checked by a fairly involved computation, applying Lemma to
the cdg Bar A-comodule Bar A @™ M.
The following is now almost a formality.

should spend more time
on this, see if can give
better proof

should say something
about the proof

should change this sen-
tence
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Proposition 4.4.6. Let A be an As-algebra with split unit and universal twisting
cochain T4 : Bar A — A[l]. The dg-functors |4.3.14) induce an adjoint pair of
functors between homotopy categories,

Lo,
comod(Bar A) mod™(4) ,
R.,
with unit
nv:N —>BarA®™ AR™ N
and counit

ey BarAQ™ AQT BarAQ™ M — BarAQ™ M
defined above.

Note that R, , is the inclusion of the full subcategory of extended Bar A-comodules;
accordingly the counit € is an isomorphism by (3).

Proof. Since give dg-functors, taking homology gives functors between the
homotopy categories. By and (4), there are natural transformations

n:1—= R, L., e:R.,L.,R;, =+ R,.

Since R,, is fully faithful, we will also consider e as a natural transformation
L,;,R;, — 1. By [14] Theorem 4.1.2], to show that these functors are an adjoint
pair, it is enough to show that ny : N — R, L, N is a universal arrow from N to
R;,. Sogiveng: N - R, M, let g=eyR;,L:,(9) : Ry, L;,N — R;, M. Then
by naturality of 7, we have

ng = Ry Lz, (9)n-
Applying €, to the above, and using that emMnNr., M = 1r, w,[4.4.5 (3), we have
g=emR: Lr, (9)77 = gn.
Since R, is fully faithful, g = R,,(f) for some map f : L,, N — M, and thus 7 is

a universal arrow from N to R, . ]

Lemma 4.4.7. Let (¢,a) : C — D be a morphism of cdg coalgebras. Let A be an
Aso-algebra with split unit and assume we have a commutative diagram

D
(as,a)T \

in the sense of with 7 and 7' twisting cochains.

(1) Let N be a cocomplete cdg C-comodule. There is an equality of A A-
modules

AR N=AQ" ¢.N.
(2) Let M be an Ao, A-module. There is an isomorphism

C®"M=¢" (DR M).
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Proof. For part 1, we note that both have the same underlying module and the
formulas M(l) are the same, using the commutativity of the diagram. For part
2, we use the fact that 7 and 7’ correspond to morphisms of cdg coalgebras to
1 : C — BarA and ¢’ : D — Bar A, respectively, and ¥ = ¢v’. The claim now
follows from the fact that (¢')*¢* = (¢p9')*. O

Definition 4.4.8. Let 7 : C' — A[1] be a twisting cochain and N a cdg C-comodule.
Define the degree zero map

v N—=-C AT N
by
Ny (T) = 2—1) ® 14 ® 2(0)-
Putting the above pieces together, we have:

Theorem 4.4.9. Let C be a cocomplete cdge, A an Ao -algebra with split unit and
7:C — A a twisting cochain. The dg-functors[4.3.1]) induce an adjoint pair

LT
comod(C) mod ™ (A)
R,
with unit
Ny :N—=>CQTAQ™ N
and counit

€y BarA@™ (AQTC®™ M) M>BarA®“ M,

where ¢ : C'— Bar A is the map of coalgebras induced by 7, 0™ is defined in[{.4.8
and ey is defined in[{-4.7).

5. (CO)DERIVED CATEGORIES

The adjoint will only be an equivalence in trivial situations, e.g. when
A =k and C = Bar A = k. We define here quotient categories of comod(C') and
mod™(C) such that when C' = Bar A, the functor comod(Bar A) — mod™(A)
induces an equivalence of quotient categories. We then determine conditions on
7 : C'— A when this induced functor is an equivalence.

To define the coderived category of a cdge C, we first use to find the
largest quotient of comod(C') where every comodule is isomorphic to an extended
comodule. Quasi-isomorphisms make sense between extended comodules (but not
for arbitrary cdg comodules). Inverting quasi-isomorphisms in this quotient, we
arrive at the definition of the coderived category.

5.1. Cobar construction and extended comodules. We describe the cobar
construction 2(C) of a cdge C and use this to prove a key techincal result about
the category of extended C-comodules. Throughout, C' is a cdgc, cocomplete with
respect to a coaugmentation 1 and p : C — C = C'/imn is projection.

The underlying algebra of (C) is the tensor algebra T'(C[—1]) := @®,>0C[—1]®".
Dual to the tensor coalgebra, (C) is a graded algebra via the multiplication

(1®..02) (241 ®...QT,) =21 Q... xy,

is this the only case?

functor is not induced
anymore

match this up with intro
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and |1 ®...Qx;| = Z;Zl |z;|. We want to define a differential on (C) such that
it becomes a dga and

©.ohT C[-1] EN T(C[-1]) > T(C[-1))[1] = Q(O)[1]

“yn = 0 and the induced map 7¢ is given by

is a twisting cochain. We have 7
— -1 _ ; — —
C == Cl-1] & 7(C[-1]) & T(C[-1])[1]. The definition of a twisting cochain

(4.3.2) reduces to
2(0)(

(5.1.1) Fode — m?(c)?c — My Te®Tc)Ac — Usz(C)Sﬁc =0.

Applying s71(—)s to the above and setting d = —s‘lm?(c)s we have

—jsldes +dj+ (57t @ jsT)Acs + no(eyhes =0
or
dj = js~'des — (js7' @ js T )ABes — noeyhes.

Dual to the tensor coalgebra, derivations of the tensor algebra T'(C[—1]) are deter-
mined by linear maps C[—1] — T(C[—1]). Thus the above equation determines d.
Using [I8, 2.16], for an element of z = (z1]...|z,) € C[-1]®" C Q(C), we have

n—1
d@) = 3 haesn)al . lzelosel . 2,)
k=0
n—1 _
(5.1.2) — (1] .. |zk|d(@gr1)|Tpre] - - |Tn)
k=0
n—1
+ Z<-Z'l| clzelzery T el - )
k=0

where A(x,) = Tp(1)®T(2)- One checks that d? = 0, and thus Q(C) is a dg-algebra.
Definition 5.1.3. The cobar construction of C' is the dg-algebra

Q(C) := (1(C[-1)), d)
with d the derivation above.

It is classical that 7¢ : C — Q(C) is the universal twisting cochain from C' to
dg-algebras. The proof of e.g [I8] 2.11] is easily adapted from the case of a dgc to
the case a cdge, so we have the following.

Lemma 5.1.4. Let A be a dg-algebra and C a cocomplete cdge. If 7 : C — A[l]

is a twisting cochain, there is a unique map of dg-algebras ¢ : Q(C) — A such that
c

T =T".

If A is an A.-algebra, as opposed to a dg-algebra, it is not clear that holds.
It surely must, up to some sort of homotopy, possibly for simply connected C, but
there seems to be nothing in the literature treating this case. Instead of trying to
formulate this extension, we will make do with Proposition [5.1.8 below.

We will need the following in the sequel.
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Definition 5.1.5. For C be a cocomplete cdge, set (¢¢,0) : C — Bar Q(C) to be
the unique map of cdg coalgebras such that the diagram

Bar Q(C)

beo] O

C ——=Q0),

T

commutes in the sense of [.3.5] Such a ¢¢ exists by applying [1.3.6] to the twisting
cochain 7oy : Bar Q(C) — Q(C). (This also shows that a = 0.)

Definition 5.1.6. Let C' be a cocomplete cdge with coaugmentation 7, and let
C ® X be an extended comodule. If C' = k @ C is the linear decomposition of C,
where C' = C/imn, and m : C ® X — X is the structure map of C ® X, seem7
then define maps dX and m by

_ (d*X m)
m:CeX2keX)o(C®X) — X.

It follows that (d¥)2 =0: X — X, so (X, d¥) is a complex. Conversely, if (X, d¥)
is a complex, an extended comodule structure on X is a linear map m: C@ X — X
such that m := (d* m): C® X — X makes X a cdg C-comodule.

The following shows that an extended comodule structure is determined by a
twisting cochain. The proof is an unwinding of definitions.

Lemma 5.1.7. Let C' be a cocomplete cdge and X a complex. A degree —1 map
m:CeX —X
is a cdg comodule structure on X if and only if the corresponding map
7:C — Hom (X, X),

extended from C by setting 7(1) = 0, is a twisting cochain, where Hom (X, X) is
the endomorphism dga of X.

The following is key to the rest of the section.
Proposition 5.1.8. Let C be a cocomplete cdgc and
7900 = QO)1] 7o) : BarQ(C) — Q(C)[1]
the universal twisting cochains.
(1) The functor
R, : mod*(Q(C)) — comod(C)
is fully faithful with image comod®™"(C).
(2) Let ¢ : C — BarQ(C) be the morphism of cdg coalgebras resulting from
15.1.5 The homology of the functor 77, denoted
¢% : comod™ (Bar ©(C)) — comod®™(C),

s an equivalence.
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Proof. Let X be an Ay, Q(C)-module and let
€% BarQ(C)® Q(C)® C® X — BarQ(C) ® X
be the counit. To see the that R c is fully faithful, we show that e}'(c is a homotopy
equivalence. Write
(BarQ(C)@QC)@C® X) @
(5.1.9) BarQ(C)@ UC) @ C o X = (BarQ(C)@@)@k@X) @
(BarQ(C)@k@k® X).

The differential of Bar Q(C) @ Q(C) ® C ® X can be written

d 0 0
p d 0|,
x* % d’

with
0:BarQ(C)@QC)C®X - BarQ(C)@QC) ko X
a degree —1 invertible Bar A-colinear map such that od + d'p = 0 and d” =
dBarAC)®X  There is a morphism of Bar Q(C')-comodules
n:BarQ(C)@ X - BarQ(C)@QC)C e X

identifying Bar Q(C) ® X with the third summand in (5.1.9). Define a Bar Q(C)-
(5.1.9) by

colinear map h with respect to the decomposition

0 o1 0
h=10 0 0
0 0 0

It follows that
d(h)y=1—ne and en=1,

thus € is a homotopy equivalence.
The diagram below is commutative by (4.3.15)),

RT
mod™ (2(C)) 2D comod™* (Bar Q(C))
o
comod™*(C).

The functor R, is an equivalence by definition. Since R.c is fully faithful
by the previous part, ¢* is fully faithful. To see it is essentially surjective, let
C ® X be an extended cdg comodule. By this corresponds to a twisting
cochain C — Hom(X, X), and by this corresponds to a dg-algebra map
Q(C) — Hom (X, X). We can compose this dg-algebra map with universal twisting
cochain Bar Q(C) — Q(C) to get a twisting cochain Bar Q(C') — Hom (X, X). This
corresponds to the extended comodule Bar Q(C) ® X. Since the diagram

Bar Q(C) —— Hom (X, X)

§

c
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is commutative, ¢* (Bar Q(C)® X) =2 C® X, the original extended comodule. Thus
¢* is essentially surjective. ([

Corollary 5.1.10. If X is a complex with an extended C-comodule structure, then
there exists an Ao Q(C)-module structure on X and a homotopy equivalence

ocBarQC) @ X) - C® X
whose first component is 1x.

Proof. By [5.1.8/(2), there exists an A €(C)-module Bar Q(C) ® Y such that
$&(Bar Q(C)®Y) =2 C®Y is homotopic to C®X. This implies that the complexes
Y and X are homotopic, and thus by there is an Ay ©(C)-module structure
on X and a homotopy equivalence of Ay, Q(C)-modules Y — X. Applying[5.1.8(2)
again finishes the proof. O

Applying to Bar A, there is a morphism of cdg coalgebras
®Bar A : Bar A — Bar Q(Bar A).
Taking primitives of this morphism, we have a morphism of complexes
va: A— Q(Bar A).
Corollary 5.1.11. Let A be a semiprojective Ao-algebra. Let
T4 : Bar A — A[l] 7B A Bar A — Q(Bar A)[1]
be the universal twisting cochains. The map
1®pa®1®1:BarA®™ AR™ Bar A®™ M
S Barde™ Q(Bar A) @ BarA@™ M

is a natural isomorphism in comod(Bar A) for all Ao A-modules M. In particular,
it gives an isomorphism of functors

R, L;, 2 R saral Bara.

Proof. Consider the object Bar A®@™ M in comod(Bar A). The unit of the adjunc-
tion (L Bara, R Bara) is an isomorphism
BA) @™ M S BarAe™ " QBard) @™ BarA@™ M

since L,sara is fully faithful on the image of R para by Also, the counit of
the adjunction (L,,, R,,) is an isomorphism

Bar

BarA®™ M = BarA R AR™ Bar A Q™ M.

The map 1 ® p4 ® 1 ® 1, which is clearly Bar A-colinear and natural, gives a
commutative diagram
(5.1.12)

BarA@™ """ Q(Bar A) R Bar A®™4 M

IR

BarA®™ M 10pAR1®1

R

BarA®™ AR™ Bar AQ™ M

why is the first compo-
nent 1x? why the last
line of the proof?



40 JESSE BURKE

and so 1 ® ¢4 ® 1 ® 1 is an isomorphism in comod(Bar A). O
Corollary 5.1.13. Let A be a semiprojective Ax-algebra. The map of complexes
pa:A— Q(BarA)

is a quasi-isomorphism.

Proof. Consider the diagram ([5.1.12)) above, with M = A. If we take primitives,
then there is a diagram in the homotopy category of complexes

(Bar A) ®TBMA BarA®™ A

o~

A - A@™ BarA®™ A

and it is clear that there is a map of complexes Q(Bar A) — Q(Bar A) gt
Bar A ® 4 A such that the following is commutative

QBarA)- - - — - > ()(Bar A) ®™ " Bar A A
WT T~
A AR™ BarA®™ A

o

and so ¢ 4 must be a homotopy equivalence, and in particular a quasi-isomorphism.
|

5.2. Semiprojective cdgcs and comodules. Before constructing the coderived
category of a cdgc, we need some preliminary material on semiprojective comodules
and coalgebras. Recall from that if a cdge (C,de, h) is flat over k, then do
induces a differential on Cf,/Cp,—1) that makes it a complex.

Definition 5.2.1. A cdgc C is semiprojective if C' is cocomplete, projective as a
graded k-module, and Cf,)/Cl,—q) is a semiprojective complex for all n.

Lemma 5.2.2. Let C' be a semiprojective cdgc.

(1) Cu—q) — Cpy is a split inclusion of graded modules for all n;
(2) Q(C) is a semiprojective complex.

Proof. The first part holds, since the module underlying Cf,)/Cp,—1) is projective.
For the second part, define a bounded below filtration of the complex Q(C) by
setting F,Q(C) := &;>0(Cl,))®7. There are isomorphisms of complexes

FoQ(C)/Fo1Q(C) 2 @50(Cl/Cpn 1))’

and so the subquotients are semiprojective complexes. Thus Q(C) is semiprojective,
by e.g. [I, Chapter 2, Lemma 4.4.3]. O

Example 5.2.3. If C is a cocomplete cdgc such that C' is projective as a graded k-
module, €, = 0 for n < 0, and Cj,,) < C is split for all n, then C' is semiprojective.
This follows since Cj,/Cp,—1] is a bounded below complex of projective modules,
and thus is semi-projective.

The above conditions always hold if e.g. C' is the free graded cocommutative
coalgebra on a positively graded free k-module. So (C,d, h) is semi-projective for
any d, h that make it a cdgc.
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Ezample 5.2.4. If A is an A.-algebra with split unit such that the complex (él, my)
is semiprojective, then Bar A is a semiprojective cdge. This follows since (A,mq)
is also semiprojective, and thus so is (A[1])®" for all n, and we have isomorphisms

of complexes ~
(Bar Ap,))/(Bar A, _1y) = (A[1])*".

Lemma 5.2.5. Let C be a semiprojective cdge, X a complex with an extended cdg
C-comodule structure, and pX — X a semiprojective resolution of X. There exists
an extended cdg comodule structure on pX and a morphism of extended comodules
m:C®pX = C®X whose first component is pX — X.

Proof. By there exists an Ao, Q(C)-module structure on X. By pX has
an A (C)-module structure such that 1 ® 7 is an A ©2(C)-module morphism.
Consider the composition

¢ (Bar Q(C) © pX) = C @ pX 2217 4r BarQ(C) © X) = C® X,
where the second arrow is due [5.1.10] The first component is pX — X. (]

Definition 5.2.6. An extended cdg comodule C'® X is semiprojective (acyclic) if
the complex (X, d*X), defined in is semiprojective (acyclic).

Let comod®®(C) and comod®®(C) be the full subcategories of comod™"(C) with
objects semiprojective, respectively acyclic, extended comodules.

5.3. Semiorthogonal decompositions. We first collect some facts about semiorthog-
onal decompositions. Unproven assertions can be proven quickly using [I6] §9].

Definition 5.3.1. Let T be a triangulated category and S a triangulated subcat-
egory.
(1) Define S* and S to be the full subcategories with objects
St = {X| Homy(S,X) =0} +8={X|Homs(X,S)=0}.
(2) A pair of fully faithful functors A — 7,8 — T forms a semiorthogonal
decomposition of T if B C +A and for every X in T there is a triangle
X X —=X"—

with X’ in B and X" in A. If this holds, we write T = (A, B).
If (A, B) is a semiorthogonal decomposition of T, a localization triangle
for X is a triangle
X X —-X"—
with X’ in B and X" in A.

5.3.2. If B is a triangulated subcategory of 7 and Y is in B!, then the canonical
map
Hom7 (Y, X) — Homy, (Y, X)

is an isomorphism for all X in 7 by [16, 9.1.6], and the dual statement holds. Tt
follows from this that if 7 = (A, B) is a semiorthogonal decomposition, then the
compositions

A—=T —=>T/B

B—-T—-T/A

are equivalences. If for every X in T we fix a triangle
X X —->5X"—
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with X’ in B and X" in A, then the inverse equivalence
T/B— A

sends the image of X to X", and the inverse equivalence
T/A— B

sends the image of X to X’. In particular, this shows localization triangles are
unique up to isomorphism.

Ezample 5.3.3. Let R be an associative ring and 7 = mod(R) the homotopy cat-
egory of complexes of R-modules. Define full subcategories A = mod™(R) and
B = mod”“(R) with objects the acyclic complexes and semiprojective complexes

(the definition and properties given in also hold for noncommutative rings),
respectively. By (2), BC +A, and by (4), for every complex X there is

a triangle
pX - X —aX —

with pX € B and aX € A (pX — X is a semi-projective resolution and aX is the
cone). Thus
(5.3.4) mod(R) = (mod™(R), mod”™*(R))

is a semiorthogonal decomposition.
Semi-injective complexes are defined dually to semi-projectives, and they satisfy
the dual properties of Thus there is also a semi-orthogonal decomposition

(5.3.5) mod(R) = (modi“j(R), mod®*(R)).
The functor

modP™*(R) — mod(R)/mod*(R) = D(R)
is an equivalence and the inverse sends a complex to the homotopy class of a semi-
projective resolution. Dually,

mod"™(R) — mod(R)/mod™ (R) = D(R)

is an equivalence and the inverse sends a complex to the homotopy class of a semi-
injective resolution.

5.4. Definition of the coderived category. Throughout C'is a cocomplete cdgc.

Definition 5.4.1. We let dg-coacyc(C') be the localizing dg-subcategory of dg-comod(C')
generated by the totalizations of short exact sequences of cdg C-comodules, and we
assume these sequences are split over k. An object of dg-coacyc(C) is a coacyclic
comodule. We let coacyl(C) be the homotopy category of dg-comod(C).

Lemma 5.4.2. Let C' be a cocomplete cdgc and M a cdg C'-comodule. The following
are equivalent.

(1) M is coacyclic.

(2) There is a degree —1 endomorphism h of M such that dgom(h) = 1.

(3) Lyc(M) =0, where ...
Proof. The argument in [I7, Theorem 6.3] shows that coacyclic comodules in our

sense are exactly ker L.c. O

Remark 5.4.3. We have modified the definition given in [I7] by the extra assumption
that the sequence is split over k. We note that whenever loc. cit. works with
coalgebras, k is assumed to be a field, so our definitions agree in that case.
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Lemma 5.4.4. Let C be a cocomplete cdgc.

(1) There is a semiorthogonal decomposition

comod(C) = (comod®"*(C), coacyl(C)).

A localization triangle for N in comod(C') is
e,
cone(ny )[~1] = N X5 R.cL,oN —,

where n}rvc is defined in .

(2) If C is semiprojective, there is a semiorthogonal decomposition
comod™*(C) = (comod™(C), comod*?(C)).
A localization triangle for C @ X in comod™*(C) is
CopX 5 C®X — cone(r) —,

where pX = X is a semiprojective resolution of X, and the C-comodule
structure on pX ® C' and morphism 7 are due to[5.2.5,

Proof. By (1) R,c is fully faithful with image comod®™*(C). By adjoint-
ness ker L.c C * (image R,c) =+ (mem((}')). Since R,c is fully faithful,
cone(nf\,c)[fl] is in ker L, ¢ = coacyl(C).

For part 2, since 7 is a quasi-isomorphism, cone(r) is an acyclic A, A-module.
Thus it is enough to show there are no nonzero maps from comod® (C) to comod™*(C).
Let C ® P be semiprojective and C ® X acyclic. By there exist Ay Q(C)-
module structures on P and X that we denote Bar Q(C) ® P and Bar Q(C) ® X.
We claim there are no maps between these A.-modules. Let o : Bar Q(C) ® P —
Bar (C) ® X be an Ao-module morphism and consider the diagram

BarQ(C)® X

lN

BarQ(C)® P 0.

Both a,0: BarQ(C) ® P — Bar Q(C) ® X make the diagram commute and for all
n > 2 we have

H, Hom(Q(C)*" ' @ P, X) =0,
since P and Q(C) are semiprojective and X is acyclic. It follows fromm&) that
o and the zero map are homotopic. Since ¢f is fully faithful and ¢ (Bar Q(C) ®

P) 2 C ® P and similarly for X, it follows that there are no non-zero maps in
comod(C) from C® P to C® X. O

Definition 5.4.5. The coderived category of a cocomplete cdge C' is the Verdier
quotient

o comod(C)
b(C) = thick(comod™*(C), coacyl(C)) "

When C is semiprojective, two applications of to the decompositions of
[5-44] show the coderived category of C' is the homotopy category of semiprojective
extended comodules. In more detail, it says the following.
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Proposition 5.4.6. Let C be a semiprojective cdgc. The composition
comod™(C) < comod(C) — D*(C)
is an equivalence (that is the identity on objects). The inverse sends a comodule N
to the homotopy class of
c o™ p(QC) @™ N,
where p(Q(C) & N) = Q(C) ®7 N is a semiprojective resolution.
Ezample 5.4.7. Let C' = k be the trivial coalgebra. Then D (k) is the usual derived

category of k-modules.

Ezample 5.4.8. Relation to derived category (or homotopy category of injectives)
of C*?

FEzample 5.4.9. Lie algebra example? What is Positselski saying about this example
showing the necessity of coderived categories?

Remark 5.4.10. When k is a field, this agrees with the definition of coderived
category given in [I7]. The proposition above gives another proof of ... in loc. cit.

From our definition, it is a definite possibility that D°(C') depends on the base
ring k. In fact this often is not the case, in the following sense. If k — k' is a map
of commutative rings, and C'is a cdgc over k, then C' = C ® k' is naturally a cdgc
over k'. (Note that restriction of base rings is more delicate: we need to transfer
the curvature C' — £’ to a k-linear map C’ — k).

Proposition 5.4.11. Let k — k' be a map of commutative rings. Let C’' be a cdgc
over k', and let C be C' considered as a cdgc over k via restriction. If C and C’
are semiprojective, then there is a canonical equivalence

D®(C) = D(C")
where the coderived categories are taken over k and k', respectively.
Proof. Let C'®; M be a semiprojective extended C-comodule. We have
CorM=(Copk)orM=C" op M

where M’ = k' ®, M is a semiprojective k’-complex. Check this is dg-functor
from dg-category of semiprojectives...Taking homotopy and using this de-
fines a functor as claimed. Clear it’s canonical? What does it do to morphisms?
Should be clearly fully faithful...To see essentially surjective, let N be any cdg C’-
comodule that is projective as a graded k’-module, e.g. a semiprojective extended
C’-comodule. Then consider

K @, Barg (k') @ N = N.
...this might not work; what if we assume that N is semiprojective extended? [
5.5. Defintion of the derived category of an A.,-algebra. Let A be an A.-
algebra with split unit. To define the derived category of A, recall that dg-mod® (A)

is a full dg-subcategory of dg-comod(Bar A). The shift M[1] of an A..-module M
was defined in We have an isomorphism of cdg Bar A-comodules

(Bar A ® M)[1] s s, Bar A ® M[1]

and thus dg-mod® (A) is closed under shifts in dg-comod(Bar A).
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Definition 5.5.1. Let A be an A..-algebra with split unit, let L, M be A, A-
modules and let f : Bar A® L — M be a morphism of A,, A-modules. The cone of
f is the A, A-module with underlying module L[1] ¢ M and structure morphism

mee(f) . Bar A® (L[1] ® M) = (Bar A® L[1]) @ (Bar A ® M)
mE
<f(l®5_1) m I)

If g: Bar A®Q L — Bar A® M is the map of cdg Bar A-comodules corresponding
to an f as above, then one checks that cone(f) and the cone of g are isomorphic.
Thus dg-mod®°(A) is closed under cones in dg-comod(A), and so is pretriangulated.

?O

L& M.

Definition 5.5.2. An A, A-module M is acyclic if the complex (M,mM) is
acyclic; M is semiprojective if the complex (M, m}?) is semiprojective. We de-
note by mod.7 (A) full subcategory of acyclic modules in mod™(A) and modg;(A)
the full subcategory of semiprojective modules.

The following is (2) applied to the cdgc Bar A.

Lemma 5.5.3. Let A be a semiprojective Ao -algebra with split unit. There is a
semiorthogonal decomposition

mod™(A) = (mod,(A), modg; (A)).

The localization triangle for As A-module M is
pM 55 M — cone(r) —,
where w: pM — M is a semiprojective resolution of the complex (M, mM).

Definition 5.5.4. Let A be an A, .-algebra with split unit. The derived category
of A is the Verdier quotient

D>(A) = mod™(A)/modz; (A).

Applying [5.3:2) to [5.5.3] gives the following.

Proposition 5.5.5. Let A be an A -algebra with split unit. The composition
modg; (A) — mod™(A4) — D> (A)

is an equivalence. The inverse sends an As, A-module to the image of a semipro-
jective resolution.

If A is a dg-algebra, i.e. m;f} = 0 for all n > 3, with a split unit, then the above
derived category agrees with the usual derived category of A.

Definition 5.5.6. Let A be a dg-algebra with split unit. We let mod®¢(A) be the
subcategory of mod®(A) with objects dg A-modules, i.e. Ay, A-modules M with

mM =0 for n > 3 and morphisms of dg-modules.

It follows from and [4.3.14|that if 7 : C' — A[1] is a twisting cochain, with A
a dg-algebra with split unit, then the functor L, : comod(C') — mod™(A) factors
through the functor mod®&(A) — mod™ (A).
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Lemma 5.5.7. Let A be a dg-algebra with split unit. The canonical functor
mod?®(A) — mod™(A) is an equivalence. In particular, there is an equivalence

D(A) — D®(A)

of the classical derived category of dg A-modules with the derived category of Ao, A-
modules.

Proof. Consider the universal twisting cochain 74 : Bar A — A[1]. The functor L.,
is full and essentially surjective. It also factors through mod?€(A) — mod™(A).
Since this functor is faithful, it must be an equivalence. This equivalence clearly
takes acyclic dg A-modules to acyclic A, A-modules, so we also have an equivalence
of derived categories. O

5.6. Compact generation of the (co)derived category.

Lemma 5.6.1. Let A be an Ay -algebra with split unit and let X be an Ay A-
module. The map
Hom% (A, X) —» X
¢ ¢1(1a)

is a quasi-isomorphism of complexes.

Definition 5.6.2. Let 7 be a triangulated category. An object X is compact
if Hom7 (X, —) commutes with coproducts. A triangulated subcategory of T is
localizing if it is closed under coproducts. The localizing subcategory generated by
X is the smallest localizing subcategory that contains X. An object X is a compact
generator of T if it is compact and the localizing category generated by it is 7.

Proposition 5.6.3. Let A be a semiprojective Aso-algebra with split unit and C a
semiprojective cdgc.
(1) The Ase A-module A is a compact generator of modg;(A), and the image
of A in D*®(A) is a compact generator.
(2) The cdg C-comodule C e Q(C) is a compact generator of comod™ (C')
and the image of k in D°(C) is a compact generator.

Proof. Let X be an object of modg;(A). By [5.6.1

HomM;(A)(A,X) = Hy (Hom% (4, X)) = Ho(X),
and it follows that A is compact. If Hommg(A)(A[i], X) =0 for all ¢, then X is
acyclic and so X = 0 in mod;(A) by [5.5.3 It now follows from [I5] 2.1.2] that the

localizing subcategory generated by A is modgy (A).
For the second part, we have the following commutative diagram

R

comod* ! (Bar Q(C)) ~—————— mod (Q(C))

comod® ()

seel4.3.15 By the previous part, R, ., (2(C)) = Bar Q(C)@™(© Q(C) is a compact

generator of comod™ ***(Bar Q(C)). Thus ¢ (Bar Q(C)@72 Q(C)) = C®TCQ(C)
is a compact generator of comod™®***(C). By the equivalence D°(C) —
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comod®™**(C) sends k to ceo Q(C) since L.ck = Q(C) @k Q(C) and Q(C)
is a semiprojective complex. Thus k is a compact generator of D®(C"). O

6. DERIVED FUNCTORS BETWEEN (CO)DERIVED CATEGORIES

Given a twisting cochain 7 : C[1] — A, we want to define an adjoint pair of
functors between D°(C) and D*(A). In the adjoint pair [£.4.9] the functor R,
does not necessarily send comod®*(C'), nor coacyl(C), to mod:o(A) and thus does
not define a functor between (co)derived categories. To remedy this, we use the
semiorthogonal decompositions of the (co)module categories introduced above.

We will introduce derived functors given by a morphism of cdg coalgebras, a
morphism of A..-algebras, and a twisting cochain.

6.1. Derived functors and semiorthogonal decompositions. In this subsec-
tion, we recall Deligne’s definition of derived functor between triangulated cat-
egories, and observe that in special cases they may be computed using semi-
orthogonal decompositions. This simple result will used constantly in the sequel.

Definition 6.1.1. Cohomological functors of triangulated categories...Yoneda em-
bedding...representable...dual of all above?
where mod(S) is the category of cohomological functors S — mod(k),

Definition 6.1.2 (Ref SGA4 and Drinfeld 5.1). Let G : T — S be a k-linear
triangulated functor and B a triangulated subcategory of 7. The right derived
functor of G (with respect to B) is the functor

RG : T/B — mod(S),
defined for Y € T and X € S by
RG(Y)(X) = colimy_, zeq, Homs(X,G(Z)),

where @y is the full subcategory of the comma category under Y with objects
f Y — Z such that cone(f) € B. We say RG is defined at Y € T if RG(Y) is
representable.

Lemma 6.1.3. Let G: T — S be a k-linear triangulated functor and T = (A, B)
a semiorthogonal decomposition. Then RG : T /B — S is defined on all objects and
is given by RG(Y) = G(Y"), where Y =Y — Y" — is the localization triangle of
Y.

Proof. The category Qy = {f : Y — Z| cone(f) € B} has terminal object ¥ —
Y"”, thus the colimit RG(Y') over Q(Y) is G(Y"). O

Example 6.1.4. Let R be an associative ring and consider the semiorthogonal de-
compositions

T = mod(R) = (mod™ (R), mod*(R)) = (A, B),
of Example Fix an object M in mod(R), and consider
G = Hompg(M, —) : mod(R) — D(Z).

The right derived functor RG on an object N is RG(N) = iN, where N — iN is
a semi-injective resolution. Thus RG = R Hompg (M, —).

Dually, we have left derived functors.
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Definition 6.1.5 (Ref SGA4 and Drinfeld 5.1). Let F: T — S be a k-linear tri-
angulated functor and A a triangulated subcategory of 7. The left derived functor
of T with respect to A is the functor

LF:T/A— mod(S)°P,
defined for Y € 7 and X € S by
LF(Y)(X)=__lim Homg(F(W),X),

W—=YePy

where Py is the full subcategory of the comma category over Y with objects f :
W — Y such that cone(f) € A. We say LF is defined at Y € T if LF(Y) is
representable.

Lemma 6.1.6. Let F': T — S be a k-linear triangulated functor and T = (A, B)
a semiorthogonal decomposition. Then LF : T /A — S is defined on all objects and
is given by LF(Y) = F(Y'), where Y/ =Y — Y" — is the localization triangle of
Y.

Example 6.1.7. Let R be an associative ring and consider the semiorthogonal de-
composition
7 = mod(R) = (mod**(R), mod™(R)) = (A, B)
of Example [5.3.3] Fix an object M € mod(R°?) and define F : mod(R) — D(Z) to
be F(N) = M ®g N. Then
LF(N)= M &g pN
where pN — N is a semi-projective resolution; thus LF = M ®% —.

Lemma 6.1.8. Consider semi-orthogonal decompositions of k-linear triangulated
categories

T: <A1781> S = <A27627>

and let
F

T S

G

be an adjoint pair of triangulated functors such that
(6.1.9) F(Bl) Q BQ and G(.AQ) Q .Al.

There are two adjoint pairs:

F

T /B S/Bs
RG

T/ A S/ Az
G

where F,G are the functors induced by F,G, using (6.1.9).

Remark 6.1.10. It is easy to convince oneself that such a result need not hold if we

replace the condition ([6.1.9) with F(A;) C Ay and G(B2) C B;.
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Remark 6.1.11. For later use, let us record the (co)unit maps of the adjoint (F, RG);
those of (LF,G) are dual. Let X € T and Y € S with localization sequences

X' X5X"5 and Y Y 5HY" .
We write 7, € for the unit, counit of the adjoint pair (F,G). The unit of (F, RG) is
the image in 7 /By of
X4 X" X G(F(X") = G(F(X)") = RGF(X).
The counit is

FRG(Y) = F(a(v") 295 Fa(y) = FGY) & 7,

where Y is the image of Y in S/Bs.

6.2. Derived adjoint given by a morphism of cdg coalgebras. Let (¢,a) :
C — D be a morphism of cdg coalgebras and consider the semi orthogonal decom-

positions given by (1).
comod(C) = (comod™*(C), ker L,c)

comod(D) = (comod®*(D), ker L,p)

By Lemma 7?7, there are functors

comod(C) comod(D)

T T

comod®™*(C) ~ comod®*(D)

that satisfy the adjoint condition of Definition ??. We now show that ¢.(coacyl(C)) C
ker Lo, and thus these functors satisfy the other condition of Definition 77.

Define a twisting cochain 7 : C'— Q(D) to be the composition of 7 and (¢, a),
as in [4.3.5] so we have a commutative diagram

(W)T /

C
For a c¢dg C-comodule N, by we have
LN = Lo (¢.N)
and by [6.2.1](1) below, we have
LN = Q(D) ®qcy LyeN.
Thus if N is in ker L,c, ¢.N is in coacyl(D).

Lemma 6.2.1. Let 7 : C — A[1] be a twisting cochain, with A a dg-algebra. Let
©: Q(C) = A be the unique map of dg-algebras given by such that T = p1C.
(1) For a cdg C-comodule N, we have

L N=A ®a(cy Lo N.
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(2) For a dg A-module M, we have
R:M = R.c(p™M),
where p* is restriction along .
Applying ?? we have the following.

Proposition 6.2.2. Let (¢,a) : C — D be a morphism of cocomplete cdg coalge-
bras. There is a diagram

o
comod(C)/ker L,c comod (D) /ker L.

N

=~ » =~

comod®™*(C') comod®*(D)
pE

with the rows adjoint pairs and all squares commutative, up to the (co)units of the
vertical equivalences.
To describe the functors, let T : C — Q(D) be the twisting cochain given by the

composition of TP and (¢,a), as in . Then, using . (1), we have
Lé.(C® X)= D™ QD)& (Co X).
Also, using[4.4.7.(2), we have
R¢*(N)=C @ QD)®" N.

We now assume that C, D are semiprojective and consider the decompositions

given by [5.4.4](2)
comod®™*(C) = (comod®(C'), comod®™ (C))

comod®™*(D) = (comod® (D), comod™ (D)).

One checks that L¢, sends sends comod®” (C) to comod® (D), so we have the fol-
lowing diagram

(6.2.3) comod(D)/coacyl(D) e comod(C)/coacyl(C)
comod®™* (D) v comod®™*(C)
comod®? (D) Lo comod® (C)

with the top rectangle commutative, up to isomorphism. Since the lower rectangle
satisfies the adjoint condition by the outside rectangle satisfies the adjoint
condition of ??. Also note that since ¢*(comod®* (D)) C comod®(C), R¢* takes
the image of comod® (D) to the image of comod®(C). Thus we may apply ?7
(twice) to get the following.
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Theorem 6.2.4. Let C, D be semiprojective cdg coalgebras and (¢,a) : C — D a
morphism. There is a diagram

LLo.
DCO (D) DCO (C)

- I
- (LLg.) -
comod®™* (D) /comod® (D) comod®™*(C) /comod®*(C)
N
i il
comod®”(D) comod® (C)
RRo* 6"

with the rows adjoint pairs and all squares commutative, up to the (co)units of the
vertical equivalences.
Let 7 : C — QD) be the twisting cochain given by the composition of T2 and

(¢,a), as in[{.3.5 We have
LL$.(N) = D7 p(Q(D)®™ N),

(LL¢.) (C® X) = D®" QD)&" (CopX)

RRs*(DRY)= ¢ (DY)=CaY,

where p(Q(D) @™ N) — Q(D) ®™ N is a semiprojective resolution over k with
Ao Q(D)-module structure given by pX — X is a semiprojective resolution
and C ® pX is the extended comodule structure given by[5.2.5

Proof. We only need to show the formulas for the functor. By definition we have
LL$,(N) =D " Q)& C&™ p(Q(C) @ N).
Since L¢, preserves semiprojective extended comodules, this is isomorphic to
Do QD)®™ D& p(Q(D)®" N).

Finally, the above is isomorphic to D @™ p(2(D) ®™ N) by The formula
for (LL¢.)" is by definition, and the third isomorphism follows from the diagram
(6.2.3) and the fact that ¢* preserves semiprojective extended comodules. O

Definition 6.2.5. Let ¢ : A — B be a morphism of semiprojective A,.-algebras
and ¢ : Bar A — Bar B the corresponding morphism of cdg coalgebras. Define

d™*(Bar A)  comod®™"(Bar B)
Ly, i= (LL¢,) : D®(4) = 222 — D®(B
4 (LLo-) (4) comod® (Bar A) ~ comod® (Bar B) (B)

comod™" (Bar B) . comod ™" (Bar A)
comod®®(Bar B) comod®“(Bar A)

@ :=¢":D¥(B) = =D=(4)

This is the middle row in the diagram of [6.2.4] applied to ¢. Thus we have the
following.
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Corollary 6.2.6. Let ¢ : A — B be a morphism of semiprojective Ay -algebras
and ¢ : Bar A — Bar B the corresponding morphism of cdg coalgebras. There is a
diagram

LL¢,
De(BarB) = D°(Bar A)
Ro*
S
D>(B) _D>(4)
p

with the rows adjoint pairs and all squares commutative, up to the (co)units of the
vertical equivalences. We have

Ly.(N)= B®" Bar A®™ pN

where T : Bar A — B[] is the twisting cochain corresponding to w. The functor ¢*
is restriction of Aso-modules along the morphism .

Finally, we use Theorem to define an adjoint pair of functors between
(co)derived categories given by a twisting cochain.

Definition 6.2.7. Let C be a semiprojective cocomplete cdgc, A a semiprojective
Aso-algebra with split unit, and 7 : C — A[1] a twisting cochain. Let (¢,a) : C —
Bar A be the morphism of cdg coalgebras corresponding to 7. In this case, the
diagram of is the following.

LLo.
(6.2.8) D<°(Bar A) D (C)

l T - l T
= deXt i (LL(f)*)/ =
D> (A) = et e ) = comod™"(C)/comod™(C)

. l T
lT Lo -
comod® (Bar A) comod®” (C)
RR¢"22¢"

Define an adjoint pair (L,, R;) via the following diagram.

De°(Bar A
LLo*
R T T
b~~~ N D (C)
R,

Ezample 6.2.9. Let A be a semiprojective An-algebra and 74 : Bar A — A[1] the
universal twisting cochain. Then ¢ : Bar A — Bar A is the identity map, and the
pair (L.,,R;,) is the usual equivalence

D>(A) = D (Bar A).

Using the properties above, we have the following.
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Proposition 6.2.10. Let 7 : C — A[l] be a twisting cochain from a semiprojective
cdge to a semiprojective Aoo-algebra. In the following diagram,

(6.2.11) D= (C) - D> (A)

R,
ML f
comod®?(C) modg; (A),
R,

the rows are adjoint pairs and all squares are commutative, up to the (co)units of
the vertical equivalences.
We have
L,(N)=BarA®™ p(A®" N)
R, (M) =C®" pM,

where p(A @™ N) - AQ®™ N and pM — M are semiprojective resolutions with
Ao A-module structures given by[3.3.3 The functors L., R, are those defined in
[£.3.10,

Proof. We only need to show the description of the functors. For L., this follows
from the description of LL¢*, where ¢ : C — Bar A is the morphism determined
by 7, 4.7 and [5.1.11} The description of R, follows from the definition. In the
bottom row, we have the adjoint pair (L¢., RR¢* = ¢*) by But ¢* = R, by
definition, and L¢* = L, by the description given in [6.2.2 (]

6.3. Weak equivalences.

Definition 6.3.1. A morphism (¢,a) : C — D of semiprojective cdg coalgebras is
a weak equivalence if the adjoint pair (LL¢., R¢*), defined in

LL¢,

Dee(D) Dee(0),

Ro*
is an equivalence.

Ezample 6.3.2. Let C be a semiprojective cdge. The morphism ¢ : C' — Bar Q(C),

defined in [5.1.5] is a weak equivalence. Indeed, ¢f is an equivalence by (2);
this and the diagram (6.2.3) show that (LL(¢¢ )+, Re§) is an equivalence.

Theorem 6.3.3. A morphism (¢,a) : C — D of semiprojective cdg coalgebras is a
weak equivalence if and only if the corresponding morphism of dg-algebras

Q(C) = QD)
is a quasi-isomorphism.
Proof. Let 7 : C — Q(D) be the twisting cochain given by the composition of 77
and (¢,a), as in[£.3.5 There is a diagram

Lo.
comod®?(D) comod®(

@~
RTD = LTD
L,

C)
modgs (2(D)) comod®” (C)
R,
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with the rows adjoint pairs, and the top row is the adjoint pair given in[6.2.4 We
have
¢*R.p =R. R,pL,=Lg¢"
and thus the other squares are commutative, up to isomorphism. In particular, the
top row is an equivalence, if and only if the bottom row is.
Consider the unit of the adjoint pair (L., R;) for the object C ®° Q(C) in
comod®(C). This is defined in It factors as

Ce™ Q) o C) e Cem Q)

10pR131

Ce" QD)™ Ce™ QC),

where ¢ : Q(C) — Q(D) is the morphism of dg-algebras induced by ¢. By (2),
there is an isomorphism

CRTQD)® CR™ QO)=C®™ »(QUD) e Ca™ Q).
Since R.c is fully faithful, the unit is an isomorphism if and only if
pe1e1:Q0)® Co™ Q) — ¢ (QAUD)R™ C&™ QC))

is a homotopy equivalence in mod?®(Q(C)). Moreover there is a commutative dia-
gram of complexes

P* (D)) —————*(AUD) @™ C ™ Q(C))

i |

Q(0) O o) e cem Qo).

So ¢ is a homotopy equivalence of complexes if and only if the unit of (L., R;) is an
isomorphism for the object C®™" Q(C). Also, since Q(C), Q(D) are semi-projective
complexes, ¢ is a homotopy equivalence if and only if it is a quasi-isomorphism.

If ¢ is a weak equivalence, then (L., R;) is an equivalence, so the unit will be
an isomorphism, so ¢ is a quasi-isomorphism.

Conversely, since L., R, both preserve coproducts, the set of objects in comod®’ (C')
is an isomorphism is a localizing subcategory. If ¢ is a quasi-isomorphism, then this
localizing subcategory contains ce™ Q(C), and so by(2), must be the whole
category. Thus L, is fully faithful. We claim that it is also essentially surjective.
By [5.6.3(1), it is enough to show that (D) is in the image. The counit of the
adjunction for Q(D) is of the form

QD) ®™ C @™ D= QD) &gy (AC) @™ C&™ p*QUD)) = D).
This is the image of the map
QO) @™ C@™ ¢* QD) = ¢ QD)

under the adjunction ((D) ®q(c) —, ¢*). The above map is a quasi-isomorphism
by [£:45] and since ¢ is a quasi-isomorphism, the image under the adjunction is also
a quasi-isomorphism. [
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Corollary 6.3.4. Let p : A — B be a morphism of semiprojective A, -algebras.
The adjoint pair
L.

D>(4) D>(B) ,

-
*

©

defined in[6.2.0, is an equivalence if and only if p1 is a quasi-isomorphism.

Proof. Let ¢ = Barp : Bar A — Bar B be the morphism of cdg coalgebras corre-
sponding to ¢. By (Lgy, ¢*) is an equivalence if and only if (LL¢., R¢*)
is an equivalence. By this pair is an equivalence if and only if the induced
map BarQ(yp) : Bar Q(A) — Bar(B) is a quasi-isomorphism. We are done by
considering the commutative diagram of complexes

BarQ(A) Bar(¢) Bar Q(B)
o T: :TSDB
A = B
where the vertical arrows are quasi-isomorphisms by . (Il

6.4. Acyclic twisting cochains. Above, we determined when a morphism of cdg
coalgebras, or A,-algebras, gives a derived equivalence. Here we do the same for
twisting cochains. This is inspired by [13, §2.2.4], although the arguments here are
completely different.

Definition 6.4.1. Let A be a semiprojective A,.-algebra with split unit and C' a
semiprojective cdge. A twisting cochain 7 : C' — A[1] is acyclic if the adjoint pair
(L-,R.), defined in is an equivalence.

Lemma 6.4.2. The universal twisting cochains 74 : Bar A — A[1] and 7€ : C —
Q(C)[1] are acyclic.

Theorem 6.4.3. Let A be a semiprojective Ay, -algebra with split unit, C' a semipro-
jective cdge, and

T:C — A[l]

a twisting cochain.
The following conditions are equivalent.

(1) The twisting cochain T is acyclic.
(2) The counit of the pair (L., R;), defined in[{.4.9,
ex BarA®™ ARTC® X - BarA®™ X,

is a homotopy equivalence for all semiprojective Ao, A-modules X .
(3) The counit of the pair (L., R;) for the object A,

ARTCRTC — A,
is an isomorphism in D> (A). (Equivalently, the first component of €7,
ARTCRT A— A,

is a quasi-isomorphism.)
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(4) The unit of the pair (L., R;), defined in[{.4.8
Noex CRX - Ce"TART(C® X,

is a homotopy equivalence for all semiprojective extended comodules.
(5) The unit of the pair (L, R;) for the object k,

k—CQ A

is an isomorphism in D°(C).
(6) The morphism of cdg coalgebras

(¢,a) : C — Bar A

induced by T is a weak-equivalence.
(7) The morphism of dg-algebras

Q(C) — Q(Bar A)
18 a quasi-isomorphism.

Proof. We will use the diagram implicitly throughout the proof.

The subcategory of D*(A) with objects M such that the counit AQTC®™ M —
M is an isomorphism is localizing. Thus if A ®™ C ®™ A — A is an isomorphism in
D>°(A), then by [5.6.3](1), the counit is an isomorphism on all of D>(A4). Thus 2
and 3 are equivalent. Analogously, 4 and 5 are equivalent.

The functor L, is faithful on objects: if L;(N) = 0, then N 0, and so is R,.
Thus, since they are triangulated, they are conservative (a functor F' is conservative
if F(f) being an isomorphism implies f is an isomorphism). It is a formal property
that if one functor in an adjoint pair of conservative functors is fully faithful, then
the pair is an equivalence. This shows that 2 and 5 are equivalent. By the diagram
(6-2.11), 1 is equivalent to 2 and 5. Again by this diagram, 1 is equivalent to 6.
And finally, 6 and 7 are equivalent by [6.3.3] O

Condition 3 is often the easiest to check, as in the following.

Ezample 6.4.4. Let 7 : C' — A be the generalized BGG twisting cochain of [£:3.4]
Then [2, Proposition 2.6] shows that A ® C ®” A — A is a quasi-isomorphism.
(This is a generalization of Cartan’s resolution of the simple module over an exterior
algebra.) Thus by Theorem there is an equivalence

D (C) =5 D*®(A).
We explore this further, and make a connection to commutative algebra, in

Corollary 6.4.5. Let 7 : C — Al[l] be an acyclic twisting cochain. There is an
equivalence
L,
comod™(C) ~ mod_; (A).
R,

In particular, if M is a semiprojective complex of k-modules and C ® M is an
extended comodule structure on M, then there is Ao A-module structure on M,
unique up to homotopy with the property that R.(M) = C ® M.
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Proof. Since 7 is acyclic, the diagram shows that R, : modZj(A) —
comod®”(C) is an equivalence. Thus there exists a unique object in modg; (A),
represented by e.g. N, with R, (N) =C ® N 2 C ® M. In particular, N is homo-
topic to M as complexes. Thus by [3.4.1] there is an A, A-module structure on M
such that N and M are homotopic as Ao, A-modules. Thus R.(M)=CoM. O

7. APPLICATIONS TO (DG) k-ALGEBRAS

A motivation of all of the above machinery is to study homological algebra
of representations of a k-algebra, even a cyclic k-algebra. But since a k-algebra
need not have a split unit or be semiprojective, much of the machinery does not
apply directly to these objects. Instead, we study them through a semi-projective
resolution.

In this section we start to develop these applications. The arguments apply
without change to dg-algebras, so we work in this level of generality. We will use
without further comment that a dg-algebra is an A..-algebra with mZ = 0 for
n > 3.

7.1. Derived equivalences.

Definition 7.1.1. Let B be a dg-algebra. If M, N are dg B-modules, the set of B-
linear maps Homp (M, N) is a subcomplex of Hom (M, N). The homotopy category

of dg B-modules, denoted moddg(B), has objects dg B-modules and morphisms
H°Homp(M, N).

If 7: C — BJ[1] is a twisting cochain, and B does not have a split unit, we have
not defined a functor from representations of B to C-comodules. In the case B is
a dg-algebra, we can do this easily in the following way.

Definition 7.1.2. Let 7 : C' — BJ[1] be a twisting cochain with C' a cocomplete
cdge and B a dg-algebra. Let ¢ : Q(C) — B be the unique map of dg-algebras
given by Define a pair of adjoint functors

L,
comod(C) mod“¢(B)
R,

as the composition of the adjoint pairs

L_c P
comod(C) mod*&(Q(C)) mod*é(B)
R_c ©*

where ¢, is induction and ¢* is restriction, along the map of dg-algebras ¢. By

L, is the functor defined in [£:3.10] and we noted above the image of
R.c is contained in mod®&(Q(C)).

Definition 7.1.3. Let B be a dg-algebra. Semiprojective dg B-modules are defined
exactly as in and all of the properties listed below@ hold for dg-modules as
well. We let mod(®(B) be the full subcategory of mod®®(B) with objects semipro-
jective dg B-modules and mod%(B) the full subcategory with objects acyclic dg
B-modules.

can we give a formula for
the differential of R,?
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Lemma 7.1.4. Let B be a dg-algebras. There is a semiorthogonal decomposition

mod*®(B) = (mody# (B), modg (B)).

) == 28p
In particular, by, the composition
mod;¥(B) — mod*¥(B) — mod*®(B)/mod.#(B) = D(B)
is an equivalence.

Proof. Since semiprojective resolutions of dg B-modules exist, the same reasoning
as [5.5.3 shows that the semiorthogonal decomposition exists. (I

Lemma 7.1.5. Let C be a semiprojective cdge, B a dg-algebra and 7 : C — B[]
a twisting cochain. Consider the semiorthogonal decomposition

comod®™*(C) = (comod®(C'), comod™ (C))

of, (2). The functor L, takes comod™ (C) to modgg(B) and R, takes mod?%(B)
to comod®*(C).

Proof. Let C' ® X be a semiprojective extended comodule. Consider the filtration
of the dg B-module B ®”™ C' ® X induced by the primitive filtration of C', so the
subquotients are

(B®Cppj/Clr—) ® X,dp®1®1+1®d)

where d is the differential of the complex Cp,,1/Cl,—1) ® X. Since Cp,)/Clp—1) ® X
is semiprojective over k, it is easy to see each subquotient is a semiprojective over
B. Thus the original dg B-module is semiprojective.

Let M be a dg B-module. Then R, (M) =C ®° ©*(M), where ¢ : Q(C) — B
is the dg-algebra morphism induced by 7. If M is acyclic, then so is ¢*(M), and
so R,(M) is an acyclic extended comodule. O

Consider the following diagram

mod?®(B) — comod(C) /coacyl(C)

Tﬂ

mod?€(B) = comod®™*(C)
modi% (B) L comod®”(C)

with the top square commutative. This satisfies the adjoint condition of 7?7, and
the above lemma shows that it satisfies the other conditions of ??. Applying [6.1.8
gives the following.
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Theorem 7.1.6. Let 7 : C' — BI1] be a twisting cochain with B a dg-algebra and
C a semiprojective cdge. There is a diagram

D(B) - D= (C)

R,
L’ -

<—————— comod®**(C)
comod?¢(C)

-

1. T

modgg(B) comod®” (C)
R

with rows adjoint pairs and all squares commutative up to the (co)units of the
vertical equivalences. We have

L (N)=L,(CepQ(C)®N)) 2B Cp2(C)® N)
L(C®X)=B® (C®pX)
R, (M) =C®pM,

where p(U(C) @ N) — QC)® N, pX — X and pM — M are semiprojective
resolutions over k, and C' ® pX,C ® pM have the extended comodule structure
given by[5.2.5

Corollary 7.1.7. The three pairs of adjoints in are an equivalence if and
only if ¢ : Q(C) — B is a quasi-isomorphism.

Proof. The functor L. : comod™ (C) — modgg (B) factors as
sp Lre dg ki dg
comod” (C') ——> mod 5 (Q2(C)) —— mod 3 (B).

Thus L, is an equivalence if and only if ¢, is an equivalence, and by e.g. [I7]
Theorem 1.7], this happens if and only if ¢ is a quasi-isomorphism. (Il

In the proof of [£:3.6] we showed that strictly unital morphisms A — B of A~
algebras, where A has a split unit, correspond to twisting cochains Bar A — B][1].
We will use this implicitly.

Corollary 7.1.8. Let A be a semiprojective A-algebra, B a dg-algebra and ¢ :
A — B a morphism of Axo-algebras. Let 7 : Bar A — BJ1] be the corresponding
twisting cochain. There is an adjoint pair of functors

L.

D(B) D> (4)

_—
*

@

with ©* restriction along ¢ and Ly.(M) = B®" (Bar A ® pM), where pM — M
is a semiprojective resolution of M with Ao A-module structure given by[3.3.9
This pair is an equivalence if and only if @1 is a quasi-isomorphism.

Proof. This is simply the adjoint

mod®**(Bar A
D(B) Cc(:)m(c)adac((BarA)) =D>(4)
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applied to the twisting cochain 7 : Bar A — B.
By the previous theorem, it is an equivalence if and only if the induced map
Q(Bar A) — B is a quasi-isomorphism. But the map ¢; factors as

A

Q(Bar A) —— B,

where the quasi-isomorphism ¢ 4 is defined in (5.1.12]). Thus ¢ is a quasi-isomorphism

if and only if the functors are an equivalence. O
In particular, we have the following.

Corollary 7.1.9. Let B be a dg-algebra, A — B a semiprojective resolution over
k, and equip A with an A -algebra structure and a morphism of As.-algebras

p:A— B,
using |2.5.1. There is an equivalence

D(B) D> (A) .

++

7.2. Resolutions. Let B be a dg-algebra and 7 : C — B[l] a twisting cochain.
Consider the adjunction

LI
<~ comod®** (C)

— > comod®*(C)
R,

that is the middle row of If M is a dg B-module, then using (the dual of)
??, the counit of the above adjunction is the image in D(B) of the map

B® (C®pM) — QC)®™ (C @ pM) — pM — M.

In particular if the above adjoint is an equivalence, the counit is a quasi-isomorphism.

One of the main ways that we can use these higher homotopies is to construct
B-semiprojective resolutions using semiprojective resolutions over k and the bar
construction.

D(B)

Corollary 7.2.1. Let A = B be a semiprojective resolution over k of the complex
underlying B, and equip A with an A -algebra structure such that A — B is a strict
morphism of Ax-algebras. Let M be a dg B-module and pM — M a semiprojective
resolution over k, with pM given a A, A-module structure via[3.3.9. Then

B® BarA®™ pM — M
s a semiprojective resolution of M over B.

Proof. Since Bar A @74 pM is in comod*™***(Bar A) and L, preserves semiprojec-
tives, B ®” Bar A ®"4 pM is semirprojective over B. Since A — B is a quasi-
isomorphism, the above adjoint is an equivalence. Thus the counit is an isomor-
phism in D(B), i.e. a quasi-isomorphism. |

Heuristically, semiprojective resolutions over k are much easier to construct than
over B. A motivating case is when k is a regular ring, or even a field. The case
that B is a cyclic k-algebra is studied in [6].

We can potentially reduce the size of the resolution [7.2.1] by finding an acyclic
twisting cochain for the semiprojective resolution A.
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Corollary 7.2.2. Let B be a dg-algebra, A = B a semiprojective resolution over
k with A -structure, and let 7" : C — A[l] be an acyclic twisting cochain with
corresponding morphism of cdg coalgebras ¢ : C — Bar A. Let 7" : Bar A — BJl]
be the twisting cochain corresponding to A — B, and let 7 : C — B[1] be the
composition of ¢ and 7", in the sense of[£.3.5

Let M be a dg B-module and pM — M a semiprojective k-resolution with Ao A-
module structure. The counit of the adjunction (L,, R;)

B" (C®pM)— M
is a B-semiprojective resolution of M.

In the next section we give an example where this construction lets us consider-
ably reduce the size of the resolutions.

Remark. The B-linear endomorphism B ® (C' ®™ pM) given by
db®c®g)=bdc(c)@g+b® Z(—l)‘cuﬂcu) @m& (el -- - lemrn] © 9)

n>1
makes B® (C' ®" pM) into a complex of semiprojective B-modules.

7.3. Finite (co)derived categories and curved algebras. Often in applica-
tions we are interested in the finite derived category of an algebra. Our definition
of (co)derived category of a semiprojective (co)algebra gives an easy definition of
finite (co)derived category. We define this here and show how it behaves under
various functors.

Also, the finite coderived category of a cdg coalgebra is easily dualized, so that
we may consider modules over a cdg algebra, and these are often easier to work with
in practice. We describe this here. (This is in fact a special case of Positselski’s
co/contra correspondence [I7), §5].)

Definition 7.3.1. Let C' be a semiprojective cdgc and A a semiprojective A.-
algebra.

(1) Set comod;*(C) to be the full subcategory of comod®”(C) with objects that
are isomorphic to C'® X, with X a finitely generated graded projective k-
module. Let D§°(C) be the image of comod;”(C) in D(C) under the
equivalence given in [5.4.6

comod® (C) =N D (C).

We call D§°(C) the finite coderived category of C.
(2) The finite derived category of A, written D§°(A), is the image in D*>°(A) of
comod;” (Bar A) under the equivalence

comod™ (Bar A) = modg;(A) — D>(A).

Lemma 7.3.2. (1) Let (¢,a) : C — D be a morphism of semiprojective coal-
gebras. The functor Rg* : D®°(D) — D (C) restricts to a functor

R¢* : DL°(D) — D(C).

(2) Let ¢ : A — B be a morphism of semiprojective A -algebras. The functor
©* : D*(B) — D*(A) restricts to a functor

" : DF°(B) — D (A).
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(3) Let 7 : C — A[l] be a twisting cochain from a semiprojective cdgc to a
semiprojective Ao-algebra. The functor R, restricts to a functor

R, : Dg°(A) — D§°(C).
Dualizing the definition of curved dg coalgebra, we have the following.

Definition 7.3.3. [I7] A curved differential graded algebra is a triple (S, d, h) with
S a graded k-algebra, d a derivation, and h an element of S_5 such that d? = [h, —],
commutation by h. A curved differential graded module is a pair (M, dM) with M a
graded S-module and d™ a derivation with respect to d such that (d*)2 = h-(-),
multiplication by h.

Given M, N curved dg-modules, the standard derivation on Homg (M, N) makes
it a complex. We let dg-mod(S) be the dg-category with objects curved dg mod-
ules and morphism complexes Homg(M, N). The homotopy category is denoted
mod®é(S).

We say a curved dg-module is eztended if the underlying module is isomorphic
to S® X for some graded module X. We denote by mod™*(S) the full subcategory
of mod“8(S) with objects extended modules. If S® X is an extended module, then
there is an induced differential on X. We say S® X is semiprojective as an extended
S-module if the complex X is semiprojective over k. We denote by mod® (S) the
full subcategory of mod®™*(S) with objects semiprojective modules.

We let mod§**(S) be the full subcategory of mod™*(S) with objects those iso-
morphic to S ® X with X a finitely generated k-module and modi”(S) to be the
intersection of rniod?"t(S) and mod®?(5).

Positselski has defined two “exotic” derived categories associated to a curved
dg-algebra in [I7] and studied this situation extensively. We will work with the
naive definition mod;*(S) as the “finite derived category” of a curved dg-algebra.

If (C,d,h) be a cdgc, then (C* = Hom(C,k),d*,h € (C*)_3) is a curved dg-
algebra that we denote C*.

Proposition 7.3.4. Let (C,d,h) be a cdg coalgebra and S = C* the dual curved
dg-algebra. There is an equivalence

comod;” (C) = mod;”(S)

that sends an extended C-comodule with structure map CRX — X to the S-module
determined by the corresponding map X — S ® X under the isomorphism

Hom(C ® X, X) = Hom(X,C* ® X).

Proof. One checks that a map C®@ X — X gives X the structure of an extended C-
comodule if and only if the corresponding map X — C* ® X gives X an extended
C*-module structure. Similarly, if C ® X,C ® Y are cdg C-comodules, then a
map C ® X — Y determines a morphism of cdg C-comodules if and only if the
corresponding map X — C* ® Y determines a morphism of C*-modules. ]

Remark. This is related to Positselski’s co/contra comodule correspondence. In-
deed, finite extended C*-modules embed in the category of C' contramodules...

We note that if (5,0,h) is a curved dg-algebra with zero differential, then an
object of mod;*(9) is exactly a “graded matrix factorization” of the element h € S,.



REPRESENTATIONS OF A-INFINITY ALGEBRAS 63

8. COMPLETE INTERSECTION RINGS

Let @Q be a commutative ring and f = f1,..., f. a finite sequence of elements.
Let A be the Koszul complex on f. To match up with earlier notation Ais

the Koszul complex on the linear map V = Q° 4 Q, where I = [fy ... f;] and V is
in homological degree 1. Let C be the divided powers coalgebra on V[1], and let

7:C — A[l]

be the map that is the identity on V and zero else. By Example [6.4.4] 7 is an
acyclic twisting cochain between A and the cdge (C,0,h), with h = [ o p; where
pe : C — Cy = V1] is projection.

Let R = Q/(f). The sequence f is Koszul-regular if A is a Q-free resolution of R.
(If the sequence is regular in the usual sense, it is Koszul regular, and if @ is local
and Noetherian the converse holds.) For the rest of the section we assume that f is
Koszul-regular. By definition the canonical map

A= R
is a quasi-isomorphism. Thus A is a semiprojective Q-resolution of R with an A..-
structure (in this case a dg-algebra structure) and we can study R via the twisting

cochain 7. We first show how this approach recovers and extends some classical
tools for studying complete intersections.

8.1. Higher homotopies (as defined by Eisenbud). Let M be an R-module
and G = M a Q-projective resolution. A system of higher homotopies, as defined
by Eisenbud in [7, §7], is a set {o4]a € N} with 0, : G — G a degree 2|a| — 1 map
(if a = (a1,...,a.), la| = > a;) such that

(1) o9 = d%

(2) o, is a homotopy for multiplication by f;, where e; = (0,...,0,1,0,...,0);

(3) for a € N© with |a| > 2,

Z opo. = 0.

b+c=a

Lemma 8.1.1. Let (C,0,h) be the cdgc defined above and let G be a complex of
Q-modules. A system of higher homotopies in the sense of [, §7] is equivalent to
an extended C-comodule structure on G.

Proof. The correspondence is given as follows. An extended comodule structure
on C is determined by a map C ® G — G. Let Xi,...,X. be a basis for Cs
corresponding to fi,..., f.. Given a € N¢ define o, tobe m : G 2 X*® G — G,
and conversely if one starts with a system of higher homotopies. The lemma is now
an unwinding of definitions. O

This characterization lets us easily define morphism between higher homotopies
and homotopies between such morphisms.

Definition 8.1.2. A morphism between complexes with higher homotopies G — H
is a morphism between the corresponding cdg comodules C @ G — C @ H. A
homotopy between morphisms is a homotopy of morphisms of cdg C-comodules.

Theorem 8.1.3. Let R = Q/(f), A the Koszul complex on f and C the cdg coalgebra

defined above. Let M be a complex of R-modules and G = M a semiprojective Q-
resolution. (If M is a module, this is just a Q-projective resolution.)
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(1) There exists a system of higher homotopies on G that is unique up to ho-
motopy. Given a morphism M — N of complezes of R-modules, there is a
corresponding morphism of higher homotopies that is unique up to homo-
topy.

(2) A system of higher homotopies on G is equivalent, up to homotopy, to an
Ao A-module structure on G such that G — M is a morphism of A, A-
modules (where we view M as an A A-module via restriction).

Proof. By [3:3:2] G has a unique up to homotopy A, A-module structure. The
rest of the statements now follow from [6.4.5 applied to the acyclic twisting cochain
C — A[l]. O

Eisenbud defined these higher homotopies to construct an R-free resolution from
a @-free resolution. We recover this from [7.2.2)

Corollary 8.1.4. Let R = Q/(f) be as above...

8.2. Equivalences of categories. Recover graded matrix factorization result by
Sections 7.1 and 7.3...

9. PROOFS OF SOME RESULTS OF SECTIONS 2-4

9.1 Proof of Theorem Throughout, the proof we consider the split short
exact sequences of graded modules

0 ——=k[1] All] A[l] —=0,

S

0 ——= K4 == T¢(A[1]) == T°¢(A[1]) —0,
7 P
where p = T°°(p),5 = T<(b), K4 = kerp, 7 is inclusion, and v is induced by b.
We fix a map m : T(A[1]) — A[l]. If f is any map from a tensor coalgebra to
a module, we write f, for the restriction of the map to the nth tensor power. In
particular, m, = m|apjen : A[1]®" — A[1]. Define a map

0= ¢ + " = bpmijv + numbp : T®(A[1]) — A[1].
Recall, that m = pmg. Both squares in the following diagram are commutative:

(0.1.1) T (A1) === T (A1)

- |
[

Al1] —p>2[1],

|

Define coderivations
0 :T(A[1]) = T<(A[1]) 0% : T(A[l]) = T(A[l]) 0:T<®(A[1]) — T(A[1))
to be those determined by

m: TC(A[1]) = A[1] ¢ : T(A[l]) — A[l] m: T(A[1]) — A[1],
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respectively. It follows from (2) that @ — 9% is the coderivation determined
by m — ¢, and that both squares in the top half of the following diagram are
commutative (so in fact, all squares in the diagram are commutative):

(9.1.2) T (A[1]) =—= T<°(A[1])

Additionally, let ¢",9¢" be the coderivations determined by &', ¢, so 8¢ = 9¢' +
9¢". We have

(8:13) 0 = plm = 9)(© = 97)6°" = p(m — ¢/)(0 — 07" )b

by the commutivity of the above squares, and the equalities pp” = 0, ga’g =0.

Assume now that m is an A-algebra structure on A with v a split unit. We want
to show that (0)2 = [h, —] and hd = 0. Since both (9)? and [h, —] are coderivations,
by 2.1.8(2), it is enough to show, for all n > 1,

(M), = [h, —]% : A[1]®™ — A[1].
We first simplify (md), using and the equality ¢” = nhp (recall from the
statement of the theorem h = vmb : T°°(A[1]) — k[1]). Since v is a split unit for
A, @l =0 for n # 2 and my,_;+1(1%7 @ nhp®* @ 19"=77) =0 for n —i + 1 # 2,
ie. i #£n—1. Also md = 0 since m is an A-algebra. Thus, using (9.1.3)),
(M), = (pma — ph) (b @ Nhp—1 + Nhn—1 @ b) — pph(1 @ mp_1 + mp_q @ 1)bE"
= (pma — pmai202)(b @ nhp—1 + Nhn_1 @ b) — pes(1 @ My 1 + My © 1)%"
= pmab®*p®? (b @ nhy—1 + Nhn—1 @ b) — ph(1 @ Mp_1 + My_1 @ 1)b>"
= —pPy(1@my_1 +m,_1 ® 1),
We need a formula for ¢f. Note that K4 N A[1]%? = k[1] ® A[1] ® A[1] ® k[1], and

vel } : A[1]%2 — K4 N A[1]®2. Using the

treating this as an identity, 7, =
reating 1S as an identity, vz |:p®'U

above string of equalities, we have
= v®1
O)n = —
(), = —pma | 15}
= —pma(b @ nhy—1 +nhp_1 @D).

To now show equality with p;[h, —], we evaluate both on an element of A[1]%™ (to
make explicit the signs involved with meo, see2.2.6). For z; € A, we have

(mD)n([1] .. [2a]) = —pma(b & oy + 1y @ b)) ... 2]

= hp—1([z1]. .- [zn—1])[en] = hn-1([z2] - . - |20]) [21]-
We calculate p;[h, —] as a series of compositions:

} (b@my_ 10" +m, %" @ b)

[1] ... |zn] IA—>ZZ[:{71||$1] ® [Tig1] .- |xn] ——
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hn—1([a] - fena])[wn] = hna([22] - |za]) 1] = pa [, [2]].
Thus 8 = [h, —]. We now show hd = 0. Using the diagram (9.1.1)), one checks that
hd = —vmd*"b.

As m is strictly unital, and recall " = gumbp = nhp,
(hd)n = —vma(09")2b%" = —vms((¢")n-1b"" @ b+ b @ (") _1b°" )
= —vma(Nhp—1 @b+ bR nhy,_1).

The above evaluated on an element [z1]...|x,] is
U (hn—1([@2|. . |za])21] = hn—a([z1] - - |2n-1])[zn])
= hna([z2] .- |zn))v([21]) = hna([21] - Jena])v([a2]) =0,

where the last equality follows since [z1], [z,] € A[1] = ker v.

We now prove the converse statement. Let (T<°(A[1]),0,h) be a cdg coalgebra
with v : A[1] — k[1] a splitting of 14 — A. We wish to show there is a unique
extension to a strictly unital A..-algebra structure on A with v a split unit. Define
linear maps ¢’, ¢ : A[1]%? — A[1], as

o = (A[]®2 Y22 k1 @ A1) 2 L ko A s A S All])+

v — s’l s’l - s
(A[1)22 2% A @ k(1] =25 A k < A 5 A[1));
" = nhp.
Set o = ¢’ + ¢ and m = bmp+ ¢ : T(A[1]) — A[1]. Note that 14 is a strict unit
of (A, m), i.e. satisfies the equations of Definition In particular, (4, m) is an
Aoo-algebra with split unit v if and only if m0 = 0. We will show this.

First note the diagram (9.1.1)) is commutative, so the diagram (9.1.2) is also
commutative. We will show md = 0 by showing that it’s pre and post composition

with any of E, U, b,v is zero. First, by the commutativity of (9.1.2) and that m is
strictly unital, we have
md = p(m — ¢)(d — 0%)b = p(m — ¢")(@ — 97")b

= pmdb — pmd*" b — pp b + pp 9" b.
As above, using that m is strictly unital, the sum of the second and fourth terms

in the above equation is zero, and the third term is equal to p;[h, —]. Since mo =
p1[h, =], it follows that

mob = 0.
By the commutative diagram , we have the following equalities:
0 = vbmd = v(m — )(8 — 9%)b,
and from the definition of ¢ this reduces to
= vmdb — vmd*® b — vgp”@g + 1190”8“0”’5 =0.

Since vy’ = 0, we have vm — nup” = v(m — ), and this is only nonzero on the
summand k - 14[1] of A[1]. Thus the sum of the second and fourth terms above is

—omd¥" b+ v" 99" b = v(m — )% b.
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Since 14[1] is not in the image of 9¢"b (since ¢ involves h, which has degree —1,
s0 14[1] has to be mapped to zero O

9.2 Proof of ??. Let a: T°(A[1]) — BJ[1] be a linear map such that a;(14) = 1p
and «,, zero on any elements that contain 14, for n > 2. Let § : T<(A[l]) —
T¢(B[1]) be the map of augmented coalgebras determined by «i : T°(A[1]) — BI[1].
Then « induces a strictly unital map of A.-algebras if and only if mZ3 = ad? if
and only if mZ8b = ad?b, where b : T¢(A[1]) — T°(A[1]) is the splitting induced
by VA. .

Set & = ab : T¢(A[1]) — B[1] and let 3 : T¢(A[1]) — T°(BJ[1]) be the map of
coalgebras induced by &i. Using the relation between m# and m4 given in Theorem

we have
ad?b = abd® + npsh® = ad”* + npsh™.
Then m? b = ad”b holds if and only if
(9.2.1) ad? + npsh® — Z mf&‘g’"ﬁg) =0
n>1

where we used that mZ8b = > ., mf&@)"ﬁg) using the construction M(Q)

(the formula (9.2.1)) holds if and only if & : T¢(A[1]) — B is a twisting cochain,
defined in )
Define maps ¢ and @ such that the following diagram is commutative:

Te(A[1)) )
B

k(1] ~— — BI1].

Let B : T¢(A[1]) — T¢(B[1]) be the map of coalgebras induced by @i and let
a=s"tc: T¢(A[l]) — k. The equation (9.2.1) holds if and only if it holds after
applying each p and v on the left, which gives the equations:

ad® —mPB+ s Iplv o1 —10v)a%?A =0

cd® + sh? — shPB+ (veov)(@®a)A = 0.

In the first equation we have used that pm" = mp in the notation of which
translates to pmZ = mZp®" for all n # 2 and pm¥P = mPp®2 — s~ p(v@1-1xwv).
For the second equation we have used that vmZ = vmZ((nv + bp)®") which is
vmB ((bp)®™) = shBp®™ for n # 2 and is shPp®? — v ® v when n = 2. Using that
(v®1-1®v)a®? =a(va®1—1®wva), and applying s to the second, we rewrite
these as

ad* —mPB —ala,—] =0

aaA+hA—hBB—a2:O
and these hold if and only if (5, a) : T¢(A[1]) — T¢(B[1]) is a map of cdg coalgebras,
noting that it is enough to show the first condition of 77 after applying eg., 5. O

9.3 Proof of We have the following split short exact sequence

pOn+1

0 — KZ'H *><T A[1]®n+1 ;; 171[1]®n+1 — -0
"
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where K3 is the kernel of the projection p®n+1 : A[1]®n+1 — A®"H and b is
the splitting of p induced by v. Consider ¢(m/|,) € Hom(A[1]®"+1 A[1]) defined in
(2.3.2). We claim that

c(mly)a=0: K3 — A[1].
Since ¢(m|1) = 0, we assume that n > 2. Fix

xr = [$1| |$l_1‘1,4|$l+1| ...|Z‘n+1} S K:ZJ'_l.

Since A is strictly unital, m; is zero on elements of K 4, for i # 2. This gives

n n—i+1
c(mln)(x) = Z Z mi o (1%7@mi @19~ | |Lal 2] - - 2]
i=2 j=0
n—1
=mi(my @1+ 1om))(x)+ Y mi(1® @mi @197 1)(x),
7=0

and one checks the above is zero (there are two cases: if 1 <! < n+ 1, in which
case (mA @1 +1@m)(z)=0,orifl=1orn+1).
Since ¢(m|,)a = 0, there is an induced map ¢ € Hom (A[1]®"*1 A[1]) with

c=cp.

Since ¢ is a cycle, i.e. a chain map, ¢ is also. Applying b®"+! to the right hand side
of the above gives
ch®n Tl = gpp®ntl

=c.
We calculate
n n—i+1
7= ch®ntl — Z Z mﬁ_i+2(1®j ® mf ® 1®n—z’—j+1)b®n+1
i=2 j=0
n n—i+1
=30 ) mi LA e mlt @ 19T fomi (nshy, @ b+ b @ nshy)
i=2 j=0

where we have used that A is strictly unital and that m,,b®" = bm2 + nsh,,

n
=2

This agrees with the definition of ¢ in the statement of 2:3:3] This shows the first
half of that result when n > 2. When n = 1, one checks directly that ¢ is a cycle.

Let m,41 @ A[1]®"F! — A[1] be a degree —1 map. Let m,, : A[1]®"+1 — A[1]
be the unique degree —1 map such that m,+; = m,’fb‘ﬂb@”“. Then m, 11 extends
m|, to a A, 41 structure in which v is a split unit if and only if

n

i+1
mi b1 @ mlt @ 18T I — b, @b+ b @ hy,.

(=)

Jj=

We have ac = 0 and d(my41)a = mnﬂmgnﬂ)a +mimpi1a =0 (if n > 2, it is
automatic; if n = 1, then a quick check shows it is true), thus the above equation
holds if and only if

d(mﬁﬂ)b +cb= mn+1m§n+1)b 4+ mimy1b+ cb = 0.
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Using 2.2.17] we can rewrite this equation as

M1 (b(1) "D+ " b @ pshy @ b"77) + mafivn i1 + cb = 0.
i=0
This simplies to
9.3.1) ﬁLnngnH) +mimpy1 +cb=0 ifn>2;
iom(? +mymy —hy @b+b@hy =0, ifn=1,
using that the image of  is 14 and m,, vanishes on this for n # 2. Since ¢ = cb,
this shows the second half of the result. O

9.4 Proof of[3.1.8 Assume first that m™ : T¢(A[1]) ® M — M is a strictly unital
A, A-module structure. Define mM : T¢(A[1]) ® M — M by (mM),, = m™ for
n# 1 and (mM); =m{ —u®1, where u = s~'v. Then mM (K, ® M) = 0, and
so there is an induced map m™ : T¢(A[1l]) ® M — M with m™ (p® 1) = m2!. This
implies that m (b® 1) = mM. Let d™ be the induced coderivation.

To see m™ makes Bar A ® M into a cdg Bar A-comodule, we have to show that
()2 = h - (=). Since h - (=) is a coderivation with respect to [h, —] = (d®*#)2,
it is enough to show that

mMdM = (egara ® 1) - (—)
by (2). We have the following commutative diagram

Te(AQ)) @ M <21 Te(An]) @ M
dﬁ/fl aM
b®1

u
mM

We now have
mMd” =mM (b 1)d” =mM (b o 1)dY
=mMbe 1)@ 01+ (1em") (A gy, ©1)
where we have used
= mM(d® @ 1+ (1o m™)(Areap) ©@ 1)) (b @ 1)

= mM(dBarAb ®1+ (1 & mM)(ATc(A[l]) & 1))(b & 1) +h®1,
using the relation between bd and db given in

=mMdM thel=h@1=(e21)h ()
using that m™d™ = 0.

Conversely, if m™ : T¢(A[1]) ® M — M makes T¢(A[1]) ® M into a cdg Bar A-
comodule, define mM = (p®"~! @ 1), for n # 2, and m} = (pe )M +u® 1.
One checks that these maps make M into a strictly unital A,, A-module.

Given g : T(A[1])) @ M — T°(A[1])® N strictly unital, we have g(ker(7¢(A[1]) ®

M — T¢(A[l] ® M))) C ker(T<(A[l]] ® N — T¢(A[1l]) ® N), so g induces a map
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f:Te(A[l]) ® M — T¢(A[1]) ® N which is a map of cdg comodules over T¢(A[1]).
Given such an f, define g to be bfp. ([

9.5 Proof of. (1). Note first that m? is well-defined since N is cocomplete.
Throughout the proof, let us now write m)) for m? and A for Ay. Recall that

?i(c’?) =de@ 18" ' +1c®@do @152 + ... + 18" R dc.
We start by showing (m{v )2 = 0. We have
(9.5.1)

(M) =1®d} +(ledy) Y (mio)1er® e l)(1eAM)

n>1

+ D mienler® ' @l)(1eA") | (1edy)

n>1

+ D mienere)lelA") | [ (mle)(ler a1 A)

n>1 i>1

Using (4.1.5)), the third term is

Ymiener® e 1edd Y el+1eledy)(1eAM)
n>1

=Y miener® leniedl Y e1)1eAM)

n>1

=Y (@dy)(mie)(1e7 ' @1)(1eAM),

n>1

and the last term above cancels the second term of (9.5.1]). The first term above is

n—2
SN i ener® erde ™ e 1)(1e AM)

n>1i=0

952) =>. > mien1er®e (Y mr¥AY) e 2 o110 AM)
n>1 i=0 j>1

+ (MA@ 1) (107 @nasha @720 1)(1© A").
n>1i=0

The second term above, using that 14 is a strict unit, is
(m2 ®@1)(1®@nasha®@1)(1®@A) = —(1®dy)
and so cancels the first term in (9.5.1). The first term in is

n—1
2.0 mpehlem; @1 el 1) (1o AT,
n>135>1 i=1
setting k=n+7—1
k n—1

=Y St e @ m @19 e D1 e P e 1)1 e AW)

k>1n=1i=1
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k
ZZ mA @ 1) (mg_p @117 1o 1)1 AW)
2 n=1

by @Z3)

The fourth summand in (9.5.1) is equal to
DY mien(er e )(lelA")(ime )17 e1)(1a A)

n>1;5>1

=2 D (mye)Ier® e l)(me)(1er¥ o1 e l)(1e A"

n>1;5>1
=3 D (miel)(mel1®) 1V 2 al)(1le A"
n>1;5>1
k
=3 ) (mi @) (mr—p1 @1 (107 @ 1) (1o AW).

k>1n=1
This shows that (mi)2 = 0. We now show that

n—i

(9.5.3) S ml (¥ @m @19 ) =0
i=1 j=0

holds for n > 2. Recall that

mY =3 (o1 ® 1Iy) (187 @ 791 @ 1) (197 © Ak).
k>1
We have
(9.5.4)
=(1®dy)m) + le ZO m 1% @mf @197 g 1y)
b

+Zmn i1 (L 1" e mMy + ml (19" @ dy)
i=1

= (A®dN) 3 (Mask—1 ® 10" @ 7251 @ 13) (18" @ AFY)
k>1

n—1ln—i—1

£330 St 918 T g r8eml g a8 T g A 18 g mt @187 T g 1y)
a>1

i=1 j=0

n . . _ . . A
Z ST md e @ 1) @ @R g1 @i g AW <1®"‘1 ® (Z(m{il,l ®1n)1% @78 o 1y)® @ a)
i=1k>1

i>1

3 mi @ 1n® @7 g 1) 1% @ A0 (1" @ dy).
k>1

We first work with the last term of the above equation. Using (4.1.5)) this is
=Y i 1 @1 @ T 9 1) 1% @ (@Y @ 1y + 197 @ dy)AY)

k>1

—(1@dy) Y (Mo ® 1y) (15" © 7951 @ 1y)(19" @ AY)
E>1

+3 mi e @ 1y) (1% @ TN @ 16) (197 @ AR,
k>1

)



seta=k+1—1

set l=75+n

settinga=1+k—1

set j=1l+i—1

replace ¢ with n — ¢

a
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The first term above cancels with the first term of (9.5.4). We can expand the
second term to get

k—1
=YY it @ 1) (1% ® (7% @ Tde © 7T @ 1h) (197 © A,
k>1j=0

Using the definition of twisting cochain, see (4.3.2)), the above is

k—1
SN i @1 (1% 0¥ e [ Y mt P AY + k14 | @r®t T ely) (197 0A ).
k>135=0 1>1
Note that since n > 2, the only time n + k — 1 = 2 is when k£ = 1, but in this case

the term involving h doesn’t appear, e.g. since ?®k_1ciigf*1) =1, the h term above
is always zero. So we have

k—1
SN it @1 (1% E® e | Y mi AL | e T e1y) (19 0 AY)
k>1 =0 1>1

k—1
=3 Y it @) et @1 T e 1y) (1970 A 2ely) 19 eAR )
1>1 k>1 j=0

Q
ol
—

(miky o @10 (12" Hem @129 1g1 5) (1970799 1ol y) (1970 A )

o
[\
_
~
Il
—

<

[}

]

n+a—1
> (mil @) (1P @m @1 gLy ) (1907 oLy ) 17 @A),
a>1i=1 I=n

We now work on the third term of (9.5.4). We have

i=1k>1

S i @I (1O T T e g1 ) 18T g ALY <1®"” ® (Z(mﬁm ©1nM1® @7 o1y ¥ @A)

1>1

n . -_— —
=3 Y i @10 e mt @19 e 1) (8T @ TR g 1) 18" g ALTTY))
n

a . —
=Y Y i @1 e 919 e 1) (18" @ 78T g 1y (19" 8 AY)
a>11=1i=1

n ati—1 ) o B
=y (i ; @1 T @m @197 "1 5 10) 18" @ 7897 @ 15)1%" ® A
a>1i=1 j=i
n—1nta—i—1

= Y il @10 @ mt @18t T T g 18T 9700 @ 1n) (10" 9 AR

Finally, we work on the second term of (9.5.4). We have

n—1ln—i—1
SO Smd i 01n)a® T g0l g1, T g KB @ mf © 18" @ 1y)
i=1 j=0 a>1
n—ln—i-1 ) o -
=3 S e @10 @mlt @18 g 1,018 @ 280 @ 1n) (19" © )
a>1i=1 ;=0
The three terms now left are

IS}

n+a—1i
SN i, @1n) A% @mAe1®mteTini gl ) 19M@r T Lol ) (1970 AY)
>1i=1 j=n

)
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n—1ln+a—j5—1
£ D i @) (1 em el P e 1) (19 el y) (197 )
a>1j=0 i=n—j

n—1n—i—1

3N ST @y (¥ emd 1 gy ) (19 e ey ) (15 0A W),
a>1i=1 j=0
and one checks this is zero.
O
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