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Summary of Lecturel

Curvature orRP,
Rabed = OacObd — 9ocOad

Curvature orCP,
Rabed = JacOod — GbcOad + Jacdod — Jbedad + 2dapJed

This Lecture!
ViaVitic = Ocfaitn

Model embeddings
u . RP, — CP, totally geodesic

2-form lemma
Ha =0 & ¢y =0

Curvature lemma
U aped = 0V & wébcd =0
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Topics

» Tractor bundle and connection &®,
Projective differential geometry

Projective tractor bundles and connections
Bernstein-Gelfand-Gelfand resolutionsRA;,
 Lie algebra cohomology

» Range of the Killing operator

 Higher Killing operators
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Tractorson real projective space

Consider the connectiaan T = A° @ A! given by

o | va | Vo - Ua
—> —
b | | Vaup + Qa0 |
Calculate _ _
o Vo —
A _ vV, b Mb
| Mc | i Vplic + ObcO |
_ Va(VbO' — ,ub) — Vpita — Opa0
i Va(Vitte + Goc0) + Gac(Voo — pip) |
o | | 0 0
= V[aVb] = = Flat!
He | | ViaVoMe — Ocfattn) | 0
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Projective differential geometry

Supposé&/, andV, are torsion-free affine connections.

Def' V, andV, are projectively equivaleriff they
have the same geodes(@s unparameterised curves).

EG The round sphere is projectively flat
by central projection

Affine coordinate patch
R" — RP, IS a
projective equivalence

/=]
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Projectivetractors

« Can always choos@, s.t.R;, IS symmetric

« Then define a connection @h= A° @ A' by

o
| Hb |

Va
—>

Vao — Ua

I Val,lb + PabO- ]

_ 1
Pan = =55 Rap

It Is projectively invarian{T.Y. Thomas)

Equivalent to a Cartan connecti@i. Cartan)
It Is flat iff V4 Is projectively flat
Hence the flat tractor connectiom RP,

* NB: RP, Is a homogeneous spaSé(n+ 1,R)/P
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Back to real projective space

RecallT = A° @ Al with its flat connection.
Thus,V = A°T = Al@ A2 also has a flat connection

Op | Va Vaob — Uab
— :
- Mbc | | Vatlpe + Qab0c — JacOb |

V — AleV — A20V — ASQ@V — -
|| | | |

At e Al A’ @ Al AS® Al
/ o / & / B /
Al ® A? A? Q@ A? A3 ® A? :

0
APQ A% > Ma.bed H— Ma-bdd € AP @ Al

AMSI Summer School on Integral Geometry and Imaaqging at thizessity of New Enagland, Lecture 2 — p/I56



Decompose into irreducibles

v -5 AlegV -5 A20V L ARV
| | |

I
|
®H O '@E ] @E
& o, ® O, ® O, ®
|
= Tl L @E P - -
Lie algebra cohomology(Kostant 196) Suspend

disbelief

EG:  ker :A2@ A2 -5 A3@ Al
= {Yabed = Ylan)[cd] S-t-Y[abd = O}
= {Riemann curvature tensors
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BGG resolutions

Diagram chasing
locally exact complexes

\V/ v(2)
—> —>
d d
—> —>

Bernstein-Gelfand-Gelfand resolutions de Rham

Riemannian
deformation

\Y%

RP,=SL(n+1,R)/

T

\ L

cx])

-

= G/P,

whereG iIs semisimplendP is parabolic
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L 1e algebra cohomology

u = Lie algebr YV = u-module
V
0 - vV -% Hom(, V) - Hom(A2u, V) - - .-
oV(X) = Xv  9p(X A Y) = ¢([X, Y]) = Xg(Y) + Yo(X)
~» | HP(u, V)

% K K
g = ® 9o ® 01
si(n+ 1,R) > . Letu =g_1 (= u'= g1)
LetV = A°R™Y |

9 9 9
0 - V — 10V — A1V —
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Geometric import
Kostant’s Bott-Borel-Well Theorem=
HP(g_1,V) =,c00, 011, - - - as SLA, R)-modules

9 p 9
0 » V — g1V — A1V — A9V

J J J J
0 » Vv -5 Alev -5 A2V -5 A2V
| | | |

Al At ® Al A’ @ Al A3 ® Al
e P e ® e P
A2 Al ® A? A? Q@ A? A3 ® A?

Previously suspected tensor identities are justified
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Back to BGG d

de Rham — —

¢ B Vap
wa Viawy

Riemannian deformationp, — V¢ = Killing

\V/ v(2)
—> —>
$a — V)

wap — T(V@Vewnd + Gacwhd)

wWab = Vadn) © 71(V@Vewnd + Jacwnd) = 0,

where  m(Pachd = Djabjjca)) M ® T —>
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Higher Killing operators

prolong using Lie algebra cohomology

Pbc = Pbe) > V(aPho)

\Y \Y
vV — AV — A2QV
| | |
@ | ||@_|
® D e D
|
| | | -
+ T @ r o0 eb e
& D e D
|
== O DL
\Y vE) \Y \Y \Y
BGG — —> — — — ...
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Summary

Range of Killing operators oRP, forn > 2

wa = Vad © n(Vawyp) = Viawy = 0
wWab = Vadp) © m1(VaVewpd + Jacwnd) = 0
Wabc = Vadoe) © 7(V(aVcVeowpdt + 49acVewnds) = 0

Combinatorics1

1

4

10 9

20 64

35 2659 225

56 784 2304

84 1974 12916 11025

A N N N N

AMSI Summer School on Integral Geometry and Imaging at thizéieity of New Enagland, Lecture 2 — p. 1%



THANK YOU

END Of PART TWO
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