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The round wheel

The round circle: {x2 + y2 = 1}
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with symmetry group SO(2)
 





cos θ − sin θ

sin θ cos θ



 .

= {(cos θ, sin θ)}

Invariant differential operators:–

f 7→ 2
d3f

dθ3
+ 7

d2f

dθ2
− π42 df

dθ
− f.

Any polynomial in d/dθ will do.
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The projective wheel

The projective circle: {(x, y) ∼ λ(x, y) for λ > 0}
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with symmetry group SL(2, R).

Homogeneous space: SL(2, R)/

{(

λ ∗

0 λ−1

)}

.

Function on circle ⇔ f(λx, λy) = f(x, y)

⇔ x
∂f

∂x
+ y

∂f

∂y
= 0 ⇔ (

∂f

∂x
,
∂f

∂y
) = (yg,−xg)

where g(λx, λy) = λ−2g(x, y).
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An invariant operator

Claim: f 7→ g ≡ 1
y

∂f
∂x

= − 1
x

∂f
∂y

is SL(2, R)-invariant.

Proof: Fix skew tensor ǫij (volume form). Then

∇if = ǫijx
jg defines g. �

Write g = ∇f for

∇ : E −→ E(−2) = Λ1.

Homogeneous line bundles on SL(2, R)/P

6

�
�

�� exterior derivative
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More invariant operators

Claim: there are SL(2, R)-invariant operators

∇(ℓ+1) : E(ℓ) −→ E(−ℓ − 2) ∀ ℓ ≥ 0.

Proof: fij···k ≡ ∇i∇j · · ·∇kf (ℓ + 1 derivatives)

• fij···k = f(ij···k) and xifij···k = 0

• exact sequence

0 → E(−ℓ − 2) → E(ij···k)(−1)
xi

→ E(j···k) → 0

g 7→ ǫipǫjq · · · ǫkrx
pxq · · ·xrg.

∪ ∪
�
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Classification!

Theorem We’ve found all SL(2, R)-invariant
linear differential operators on the circle:
if D : E(ℓ) → E(m) is a non-constant invariant
linear differential operator, then

• ℓ ≥ 0 and m = −ℓ − 2

• D = constant ×∇(ℓ+1).

Best proof ↔ representation theory of sl(2, R).

h =
2

4

1 0

0 −1

3

5 x =
2

4

0 1

0 0

3

5 y =
2

4

0 0

1 0

3

5 · · ·

[x, y] = h [h, x] = 2x [h, y] = −2y &c.
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Another wheel
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C
C
C
C
C
C
C
CO {generators}

with symmetry group SO(2, 1).

But,

(

a b

c d

)

7→







a2 2ab b2

ac ad + bc bd

c2 2cd d2






induces

SL(2, R)
≃ 2:1
−−→ SO(2, 1)

 (SL(2, R)/P )/ ± Id (not much different).
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The 2-sphere

Various symmetry groups:–

&%
'$

• The round sphere = SO(3)/SO(2)

• The projective sphere = SL(3, R)/P

• The conformal sphere = SO(3, 1)/P

• The Riemann sphere = SL(2, C)/P

Projective 6= conformal {
dimR SL(3, R) = 8

dimR SO(3, 1) = 6

Conformal = Riemann

SL(2, C)
≃ 2:1
−−→ SO(3, 1).
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The 3-sphere

Many symmetry groups, including
• The projective 3-sphere = SL(4, R)/P

• The conformal 3-sphere = SO(4, 1)/P

• The contact projective 3-sphere = Sp(4, R)/P

• The CR 3-sphere = SU(2, 1)/P

They are all different:–

× • • × •〉 × •〈 × ×

Also as complex homogeneous spaces.

S3 = SU(2) ⇒ many more possibilities. . .
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SL(4, R)-invariant operators

• f ∈ Γ(S3, E(0)) ⇒ xi∇if = 0. But. . .

0 → Λ1 → Ei(−1)
xi

→ E → 0 Euler sequence

bundle of 1-forms on S3
QQk

and ∇ : Λ0 → Λ1 is invariant (exterior derivative).

• f ∈ Γ(S3, E(1)) ⇒ xi∇i∇jf = 0. But. . .

0 →
⊙2Λ1(1) → E(ij)(−1)

xi

→ Ej → 0 exact

and so ∇(2) : Λ0(1) →
⊙2Λ1(1) is invariant.
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More. . .

• f ∈ Γ(S3,Λ1(2)) and twisted Euler

0 → Λ1(2) → Ei(1)
xi

→ E(2) → 0

⇒ xi∇ifj = fj and xifi = 0. Therefore,

xi∇(ifj) = 1
2(x

i∇ifj + ∇j(x
ifi) − (∇jx

i)fi)

= 1
2(fj + 0 − fj) = 0.

But 0 →
⊙2Λ1(2) → E(ij)

xi

→ Ej(1) → 0 is exact

and so ∇ : Λ1(2) →
⊙2Λ1(2) is invariant.
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Moral

Exterior Calculus on R
4

The Euler Sequence

Pure Thought

A
A
A
A
A
A
A
A
AAU ?

�
�

�	

MACHINE

?

SL(4, R)-invariant Operators on S3

Bernstein-Gelfand-Gelfand
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Classification!

Theorem We’ve found all SL(4, R)-invariant
linear differential operators on projective S3:
if D : E → F is a non-constant invariant linear
differential operator between irreducible
homogeneous bundles, then

• D may be constructed by our machine
• there is an explicit list of such D.

Best proof ↔ representation theory of sl(4, R).
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The list

For non-negative integers a, b, c, there are
invariant operators

× • •
a b c ∇(a+1)

−−−→ × • •
− a − 2 a + b + 1 c

∇(b+1)

−−−→ × • •
− a − b − 3 a b + c + 1

∇(c+1)

−−−→ × • •
− a − b − c − 4 a b

.

• All invariant operators are captured (uniquely)

• the kernel of the first one is • • •
a b c

• it’s locally exact! (BGG resolution)
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Examples

a = 0, b = 0, c = 0 de Rham

0→• • •
0 0 0

→× • •
0 0 0

→× • •
−2 1 0

→× • •
−3 0 1

→× • •
−4 0 0

→0

‖ ‖ ‖ ‖ ‖

0→ R → Λ0 d
→ Λ1 d

→ Λ2 d
→ Λ3 →0

a = 0, b = 1, c = 0 linear elasticity!

0→• • •
0 1 0

→× • •
0 1 0

→× • •
−2 2 0

→× • •
−4 0 2

→× • •
−5 0 1

→0

‖ ‖ ‖

0→ Λ2
R

4 → Λ1(2)
∇
→
⊙2Λ1(2)

∇(2)

−→ · · ·
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What’s happening on R
3 →֒ S3?

de Rham

f 7→ ∇af fa 7→ ∇[afb] fab 7→ ∇[afbc]

f
grad
7−→ ∇af fa

curl
7−→ ǫa

bc∇bfc fa
div
7−→ ∇afa

linear elasticity = Riemannian deformation

φa 7→∇(aφb) φab 7→ǫa
ceǫb

df∇c∇dφef φab 7→∇bφab

displacement 7→ strain 7→ stress 7→ load

cöord change
Killing
7−−−→ metric 7→ curvature Bianchi

7−−−→

Plenary Talk, AustMS Annual Meeting, UniSA – p. 16/21



Application to numerical analysis

Finite Element Exterior Calculus on R
4

The Euler Sequence

Sobolev Spaces

Hodge Theory

A
A
A
A
A
A
A
A
AAU

A
A
A
A
A
A
AU

�
�
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BGG MACHINE

?

New Stable Finite Element Schemes for
Linear Elasticity (Arnold, Falk, & Winther)

≡ FEEC

BGG FEEC
?
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More BGG complexes on 3-sphere

Conformal

× •
a b

〉 −→× •
− a − 2 2a + b + 2

〉 −−−−→× •
− a − b − 3 2a + b + 2

〉 −−−−→× •
− a − b − 3 b

〉

Contact projective

× •
a b

〈 −→× •
− a − 2 a + b + 1

〈 −−−−→× •
− a − 2b − 4 a + b + 1

〈 −−−−→× •
− a − 2b − 4 b

〈

CR

× ×
a b

× ×
a + b + 1 − b − 2

× ×
− a − 2 a + b + 1

× ×
− a − b − 3 a

× ×
b − a − b − 3

× ×
− b − 2 − a − 2

@R

�� @R

��

@
@R�
��

-

-
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What’s going on here?

• Representation theory of simple Lie groups.
• G/P for G simple and P parabolic.
• The (affine) action of the Weyl group of G.
• Hasse diagrams.
• Central character.
• The Jantzen-Zuckerman translation principle.
• Verma modules.
• Geometric interpretation.
• Exterior calculus and Hodge theory.
• Parabolic geometry: Čap, Slovák, Souček,. . .
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Further Reading
• M.G. Eastwood, Variations on the de Rham complex,

Notices AMS 46 (1999) 1368–1376.

• A. Čap, J. Slovák, and V. Souček, Bernstein-Gelfand-

Gelfand sequences, Ann. Math. 154 (2001) 97–113.

• D.M.J. Calderbank and T. Diemer, . . . Bernstein-Gelfand-

Gelfand sequences, J. Reine Angew. Math. 537 (2001) 67–103.

• D.N. Arnold, Differential complexes and numerical stability,

Proceedings ICM Beijing 2002.

• D.N. Arnold, R.S. Falk, and R. Winther, Finite element

exterior calculus. . . , Acta Numer. 15 (2006) 1–155.

•• A. Čap and J. Slovák, Parabolic Geometries 1, Surveys

vol. 154, AMS 2009.
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THANK YOU
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