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Harmonic functions
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Au =0 = u IS real-analytic

The Laplaciaron R": A =

R U(Zlfl, L9, wrn) 7 @(217 XA Zn)

More precisely,

Rn oopen 7 L RorC
M M

M
Cr 2oen J — C

FAQ: Depends on? How big?
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2 dimensions

Al L LD (ﬂ_zi)(iﬂi)
- 85612 (91’2 (91’1 8:1:2 8:1}1 8:1:2

g

Cauchy Riemann

o R2 2oven 7 = C harmonic _
e U simply-connected

u(xy,xe) = f(x1+ize) + g(a1—ix9)
3 3
holomorphic holomorphic

. @(21, ZQ) = f(Zl + ZZQ) + g(Zl — ZZQ)
where it makes sensey; + iz € U and z; —izg € U
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2 dimensions cont’d

z21+129 €U and Zl—iZQEU <~

(217 22)

ZylalyZ /\ {(w1—21)2+(w2—22)220}
Rz/

. all v harmonic onJ extend tou holomorphic on

U={zeC’stN(:z)nR?>c U}

whereN (2) = {w e C?> s.t. |w - z|?> =0} |Null ‘Cone’
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2 dimensions concl’'d
If U c R? is simply-connectethen

. all harmonic functions o/ extend tolJ c C2,

- U is connected (and simply-connected),

- U is maximal in this respect

U is called the
considerlog |

narmonic hudf U.

z —x|? for xz e OU.

If U c R? is multiply-connectedit does not hava

harmonic hull: consider

log Hz—az\Q

for x € R? \ U surrounded by/.
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4 dimensions
Bateman’s formula

u(x) = ygf ((z1 +122) + (123 + 24)C, (i3 — 24) + (21 —122)(, () dC
\a holomorphic function of 3 variables
a closed contour in the complex plane

Differentiation under the integral sigg—= Au =0
FAQ (circa 1904-1980)

- where Isf defined? \
- where Isy located?
« whichw arise In this way?

answer by means of
Penrose transform

Suspend disbelief!
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4 dimensions cont’d

Nalveuse of Bateman

u(x) = ygf ((z1 +1x9) + (123 + 24)(, (13 — 24) + (21 —122)(, () dC
$ $ $ $ $ $ $ $

u(z) = ygf ((21 +122) + (223 + 24)(, (123 — 24) + (21 —122)(, () dC

Perhapsve should insist that

f(z,¢) be defined wherevefi(z, () is definedi.e.

for eachz = (21, 29, 23, 24) € C4,

Lz = {((Zl +i22)+(?:23+24)c, (7:23_24)+(Zl_i22)<:7 C) StC S C}
N WANT! ,open inC?

{((z1+i22) +(ix3+24)C, (103-24) + (21 -122)(, () St.x e U, (e C}
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What we want
Fix z € C%. For any( € C, we want to be able to solve

p— — p— — p— — p— —

T1+ 1Ty 1T3 + Ty 1 21 +129 123+24 || 1

13— x4 T1—1To || C 123 —24 21—129 || C

for somer = (x1, 29, x3,24) € U coP°® R4, Necessarily

T1+ 1Ty 1T3+ Ty 21 +129 123+ 24
det =0

103 — Ty T1—1T9 123 — 24 21 — 129

|e (1’1 — 21)2 + (5132 — 22)2 + (5133 — 23)2 + (5134 — 24)2 =0
(also If ( = ). This Is also sufficientwe require
N(z)nR*c U whereN(z) = null cone based at
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4 dimensions concl'd
ForﬂyUopen, connected C RZL, =

U = [z e C*s.t. N (2) nR* c [ )connected

whereN (z) = {w e C* s.t. |w - z|? = 0}

Null Cone

- All harmonic functions ori/ extend tol/,

. U is maximai® (harmonic hul).

Considerl/|z — x|?* for x € OU.

NB| n =4 Is betterthann = 2 If Bateman OK

DD PDDDVDPVVVV7?
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The twistor fibration
Looking at Bateman’s formula, consider

(e C—C? write L, for the range, where € R*
) w

((z1+ize) +(iw3+14)C, (ir3—24) + (1 -072)C(, ()
Compactify CP; - CP3 (still write range ad.,)
Foliationof CP3 \ {[*,%,0,0]} < CPs

J } 7 submersion
L, = 7'_1(513) IRE; > S4

%

stereographic projection cf. Hopf
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The Penrose transform
Theorem For anyUopren c R4

P H (7 (U),0(-2)) 2 {u:U > Cs.t.Au=0}.

InterpretsBateman’s formula and answefaQ!

s N(2)nRicU < L,c7(U)

- U = harmonic hull, as suspected
- ForUorenc §4, A~ A-:R (Yamabg
- OK In higher everdimensions (M.K. Murray).
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Geometry of the harmonic hull

Forz=a+:0 € C"

N(z)nR? = {x st.|z-z|?=0}
={zstlr-al!=|?& (v -a).0=0}

NB N(z)nR"=N(Z)nR"

,//'ﬁ

X
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Odd dimensions
[/ open,connected ¢ Rodd need not have a harmonic hull
Example R3\ {0} Reasons

RecallC? 5 2 ~ M(2) nR3 = Circle(z)~ Disc(z)

« OK extension tq{z s.t. Disc(z) # 0}
Aronszajn, Creese, and Lipkin

z—r|z|?

1
@)~ g (e

) harmonicv

- Hence should extend t0? \ {212 + 29 + 232 = 0}

» But1/v/212 + 292 + 232 branchek
Cf. HuygensKirchkoff, et cetera
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THANK YOU

THE END
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