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Abstract. Let M be a compact manifold in which H is an embedded hypersurface which sep-
arates M into two parts M4 and M_. If h is a metric on M and z is a defining function for H

consider the family of metrics
_ dz? b
ge = 22 1 2 +

where € > 0 is a parameter. The limiting metric, go, is an exact b-metric on the disjoint union
M = My UDM_, ie. it gives M4+ asymptotically cylindrical ends with cross-section H. In the
first paper with this title, [13], the behaviour of the Dirac operator associated to a Clifford
module for the metric was analyzed as € | 0, and the limiting behaviour of the eta invariant,
for M odd-dimensional, was deduced, under the assumption that the induced Dirac operator
Oy on H is invertible. It was shown that, modulo a Z-valued term corresponding to the
signature of small eigenvalues, the limit of n((y)e) exists and is given by the regularized, ‘b-eta’
invariant of 5ﬁ. In this second paper we study the same problem when Oz has null space. The
Dirac operator, or similarly the Laplacian, then has an infinite number of small eigenvalues,
i.e. eigenvalues vanishing with e. We analyze the structure of the resolvent uniformly as € | 0
and hence conclude that the limit of 1(0.) is the sum of n(6ﬁ) and an extra term, the eta
invariant of a one-dimensional Dirac operator associated to the null space of Oz. This operator
is determined by scattering data on M at zero energy, and controls the leading behaviour of
small eigenvalues as € | 0 and the long time asymptotics of the heat kernel.

Section 1: Introduction.

1.1. Analytic surgery. In this paper, we continue the study of analytic surgery initiated
in [13]. By ‘analytic surgery’ we mean a singular deformation of a Riemannian metric on
a closed manifold M modeling ‘surgery’ in the sense of cutting M along a hypersurface
H (possibly disconnected) and so forming a manifold with boundary M. For simplicity
we assume that H separates M, so that M is the disjoint union of two manifolds with
boundary M. We consider a specific deformation which degenerates to a complete metric
on M of the form dx?/x2+ h, where x is a boundary defining function for H (that is, z > 0,
H ={x =0} and dx # 0 on H) and h is a smooth metric on M. This form of metric on a
manifold with boundary, called an ‘exact b-metric’ and studied in some detail in [15], gives
M asymptotically cylindrical ends; log || is approximately the arc length parameter along
each end. Specifically, we consider a metric family of the form

dz?

h.
.T2+62+ ’

ge =
this is a smooth metric on M for every € > 0, and as € — 0 it develops an approximately
cylindrical neck of length 2logl/e + O(1) — oo. The singular limit at e = 0 is an exact
b-metric on M.
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Similar deformations, usually described as a family of manifolds with a long cylindrical
neck across H with length [ — oo, have been studied by several authors. There are two main
reasons for these studies. One is to understand the behaviour of geometric or topological
invariants such as the index of a Dirac operator, eta invariant or analytic torsion under
surgery, as in [4], [5], [6], and [7]. The other, more general reason, is to analyze the behaviour
of the spectra of operators (such as the Laplacian) under the transition from closed manifold
to complete manifold. In the first paper [13] and the present paper, both questions are
investigated. Of course these two problems are closely related. In this paper a gluing
formula for the eta invariant is presented. It is obtained by studying the full resolvent family
of generalized Laplacians for metrics degenerating by surgery, and includes the analysis
of accumulation of eigenvalues at the bottom of the continuous spectrum of Ag. From an
analytic perspective the main result of this paper is the precise description of the form of the
‘degeneracy’ of the resolvent family of the Laplacian (or Dirac operator) as the parameter
€ | 0. This is encoded in the description of the resolvent as an element of an algebra of
pseudodifferential operators with properties tailored to the geometry of the degeneration.

Closely related work includes that of McDonald [14] and Seeley and Singer [20], who
studied metric degeneration to incomplete conic metrics, and of Ji [11] and Wolpert [22], who
studied degeneration of Riemann surfaces to surfaces with hyperbolic cusps. It should be
remarked that the approach of McDonald inspired [13] and the present work. Gluing formulee
for the eta invariant have been discussed by several authors, in particular Wojciechowski
and Bunke [4].

There are good motivations for the choice of ‘cylindrical ends’ for M as the limit of the
degeneration. In particular the well-known global boundary condition and index theorem
for the Dirac operator on a manifold with boundary of Atiyah, Patodi and Singer, in [1],
was obtained by attaching a cylindrical end to the boundary. The analytic properties of
the Dirac operator and Laplacian in this case are well understood; a detailed analysis in
the context of exact b-metrics can be found in [15]. Nevertheless it would certainly be
interesting to study metric degeneration to other types of complete metrics, such as metrics
with asymptotically hyperbolic or Euclidean ends.

In a continuation of this paper, [9], the first-named author will present a surgery for-
mula for analytic torsion and applications, including a combinatorial formula for ‘b-analytic
torsion’.

1.2. Eta invariant. The eta invariant was introduced by Atiyah-Patodi-Singer in [1] as the
boundary term in their index formula for the Dirac operator on a manifold with boundary,
with metric of product type near the boundary. (For a discussion of Dirac operators see [15],
[2] or [12].) Tt is determined by the spectrum of the Dirac operator induced on the boundary,
and is given by the analytic continuation of the eta function to s = 0. Alternatively, and
this is the formula we use below, it can be expressed in terms of the heat kernel:

(1) n(d) = % /0 T e

To obtain an index formula more general than that of [1], it is useful to extend the
definition of the eta invariant to operators on complete manifolds. For manifolds with
boundary with an exact b-metric, the Dirac operator has continuous spectrum, and the
heat kernel is not trace class. Nevertheless, in [15], the b-eta invariant was defined as in
(1), but with Tr replaced by the ‘b-Trace’ (see section 2.3); this is a natural regularization
of the integral defining the trace of the heat kernel. The relation between the standard eta
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invariant and this regularized one is one of the themes of this paper. It also sheds light
on possible extensions of the index theorem for Dirac operators on manifolds with corners
endowed with complete b-metrics.

1.3. Statement of Results. Let us first recall the main results from the first paper [13],
henceforth referred to as ‘Part I’. There the same situation, for the eta invariant, was studied,
under the assumption that the induced Dirac operator on H is invertible. A ‘surgery double
space’ and ‘surgery heat space’ were introduced as spaces to which the Schwartz kernels of
(A- )\2)71 and e~*4< lift to be regular (i.e. conormal) uniformly as ¢ — 0. These spaces are
blown up versions of M2 x [0, eg]c and M2 x [0, oc]; x [0, €g]. which resolve the degeneracies of
the space of vector fields Vs associated with the family g.. The resolvent and heat kernel were
shown to be polyhomogeneous conormal on these spaces, i.e. to have complete expansions
in powers at all boundaries, and their leading asymptotics (model operators) at e = 0 were
explicitly identified. It was shown that the projector II. onto eigenfunctions corresponding
to eigenvalues tending to zero with € is a finite rank, smoothing operator. These results led
to the following result for the Dirac operator associated to an Hermitian Clifford module
associated to the metric g., with unitary Clifford connection:

THEOREM. (Mazzeo-Melrose) If the induced Dirac operator on H is invertible, then the eta
invariant of 0. satisfies

n(0e) — 7€) = n(Oar, ) +1mp(Oas_ ) + e71(e) + elogera(e),

with r; € C*([0, €o].) and where 7)(€) is the signature of II..

Douglas and Wojciechowski obtain a similar result in [7].

The assumption of invertibility of the operator induced on H excludes many interesting
cases. The main goal of this paper is to extend the machinery of Part I to include cases where
the operator on H has null space. To do so the constructions in Part I must be modified.
One reason for this is that when Ag has null space the heat kernel no longer has uniform
exponential decay, as it does (up to finite rank) in the circumstances of [13]. To calculate
the integral (1) the leading behaviour of the heat kernel as ¢ — oo must be understood. This
amounts to understanding the leading behaviour of the resolvent as A — 0. In contrast with
Part I, the resolvent must therefore be analyzed near the bottom of the continuous spectrum
of Ay, and in particular, the leading behaviour of the small eigenvalues, those going to zero
with e, must be discussed. To cope with this we perform further blowups on the spaces of
Part I, to resolve singularities in the kernel which form upon approach to A = ¢ = 0. We
introduce the ‘logarithmic double space’ X7, and ‘logarithmic heat space’ X7y.; the names
come from the ‘logarithmic blowup’ (see section 2.5) applied to each face of the surgery
double space. On this space there are analogues of the results above. Consider the function
iase = 1/sinh™*(1/e) (‘inverse arc-sinh’), which is the reciprocal of the growth rate of the
volume of M. It tends to zero with €, but only logarithmically. To understand the resolvent
we rescale the spectral parameter A by setting A = (iase€)z to capture the behaviour of the
small eigenvalues. When € = 0, A = 0 for all z.

THEOREM 1. The resolvent (A, — (ias€)?z?) ~! is meromorphic as as family of functions on
X2 xC. The poles z(€) have limits as e — 0 equal to either 0 or z;j, where the numbers zj2 are

the eigenvalues of a one-dimensional Laplacian RN(A) on [~1, 1] with boundary conditions
determined by scattering data on M.



This is proved in section 6. Indeed we extend the result in section 7 to the full resolvent
which includes the resolvent away from the spectrum at ¢ = 0 as in Part I. From this we
calculate the heat kernel by a contour integral. With II. now denoting the (finite rank)
projection onto eigenfunctions with ‘very small’ eigenvalues A\2(€) = o((ias €)?), we have

THEOREM 2. On X7y, the projection of the heat kernel off the eigenmodes with very small
eigenvalues, e~t4<(Id —I1,) is the product of t~"/? with a smooth density for t near zero
and is smooth up to t = oo; e tA<Il, itself is smooth except possibly up to t = co.

In both cases we give the leading terms at each boundary face. In principle it is possible
to calculate the Taylor series at every face at € = 0 to arbitrarily high order. From these
results the behaviour of the eta invariant can be read off.

THEOREM 3. Let ng(€) be the signature of .. Then

n(0e) — nrale) = my(Onr, ) + M (Ons_) + n(RN(D)) + (iase)r(iase),

where r is smooth.

Thus we get, in comparison with the case when Oy is invertible, an extra contribution
n(RN(0)) coming from the very small eigenvalues. An explicit formula for this extra contri-
bution in terms of the scattering matrix is given in proposition 36.

1.4. Outline of the proof. We may take as starting point for the considerations in this
paper the fact that the eigenfunctions with eigenvalues tending to zero in the surgery limit
are not always smooth on the ‘single surgery space’

X =[M x [0, €]e; H x {0}]

of Part I; indeed they are not even continuous. One can easily see this in the case of surgery
on an interval, or circle. Then the eigenfunctions of A, are of the form e27"/L< where
r =sinh™!(x/€) is the arclength and 2L, is the length of the interval or circle with respect
to ge. On X, this eigenfunction is equal to 1 on one of the boundaries at ¢ = 0 (the lift
of H x {0}) and (—1)* on another adjacent boundary. The oscillations disappear into the
intersection of these faces. To resolve these oscillations we replace, in section 3, the single
space X by a new space, Xrs, on which the scaled distance r/L is a smooth function.
X1s is a blown up version of X involving the operation of logarithmic blowup described in
section 2.5. We then modify, in a methodical way, all constructions in Part I to reflect this
change. The Lie algebra Vs of Part I lifts to Vs on Xis. The properties of Vi, including
its normal operators, are discussed in section 3.

We microlocalize the Lie algebra Vis according to the general principles set forth in
[18]. This means we construct the following objects. First, we need a double space X7,
to carry Schwartz kernels of ‘logarithmic surgery pseudodifferential operators’, or Ls-1dos.
The diagonal submanifold Apg of Xﬁs is such that kernels of Vs-differential operators are
identified precisely with all distributions on X7, supported on Aps and smooth along it.
The Fourier transform in directions transverse to Aps of these distributions are therefore
polynomials. By replacing polynomial symbols with arbitrary classical symbols, we obtain
the ‘small calculus’. The double space has natural maps down to the single space X1 which
are b-fibrations (see section 2); this means that the kernels induce operators on appropriate
space of conormal distributions on X1s. Thirdly, there is a triple space X3 with b-fibrations
to X2 ; this is used to analyze to composition properties of Ls-t)dos. Finally, the normal
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operators on Vis extend to ‘model operator maps’ on Ls-¢dos given by restriction of the
kernel to faces at ¢ = 0. Operators, such as the resolvent family, are constructed by taking as
parametrices elements of the operator calculus with appropriate model operators and then
using iteration in the calculus to remove the errors. Geometric lemmas to help construct the
spaces are given in the second half of section 2 and the surgery pseudodifferential calculus
is set up in section 4.

In view of the Pushforward theorem of [17], discussed here in section 2.3, the fact that
there are b-fibrations Xﬁs — Xﬁs — X1 means that we can work within the class of
polyhomogeneous conormal functions throughout. This has the virtue of almost eliminating
estimates from the analysis, as it is easy to read off the decay rate of a function from the
index set specifying its (poly)homogeneities. This comes at the cost of fairly complicated
spaces and geometric machinery but we are able to obtain detailed information about the
resolvent, heat kernel and small eigenvalues with this method. Because of the logarithmic
blowups we are able to work with ‘integral’ index sets (see section 2.3) and show that
our final objects, the resolvent, heat kernel and eta invariant, are smooth in the blown-up
coordinates.

In section 5 we analyze the model problem coming from the reduced normal operator
introduced in section 3. This is a new model operator, not appearing in Part I, and Propo-
sition 24 indicates that the eigenvalues of this model control the leading behaviour of small
eigenvalues of A.. We show that the resolvent of this model problem is well-behaved on the
double space; this indicates that X ﬁs is the ‘correct’ space to use; the resolvent of the model
is used heavily in section 6 in the construction of the actual resolvent.

In sections 6 and 7 the problem of analyzing (A6 — /\2)71 as A\ approaches the spectrum is
attacked. We construct the resolvent near the bottom of the continuous spectrum, 0. To do
so submanifolds at A = 0 are blown up, introducing the rescaled parameter z = Asinh " (1/¢)
which captures the scaling of the small eigenvalues. To construct a parametrix we need to
solve not only for the symbol at the diagonal singularity but also solve a number of model
problems at each boundary face. Compatibility conditions at the intersections of faces give
boundary conditions for these model operators, which enable them to be solved uniquely; the
interaction between the models on different faces and of different orders is fairly complicated.

Once the resolvent is shown to be an element of the appropriate calculus the Schwartz
kernel of a function of the Laplacian can be analyzed using the functional calculus. We
construct the heat kernel in this way in section 8. More precisely, we obtain it by performing
the contour integral

1 _
2) eta— L / e (A — 32) "'20dA,
I

21

Then we obtain the eta invariant by performing the integral (1). This integral is more cor-
rectly to be thought of as a pushforward, since the integrand is defined on a blown-up version
of its space of parameters. We construct spaces so that the integral becomes a pushforward
under a b-fibration. This allows us to conclude that the result is polyhomogeneous, and a
simple extra argument shows that it is actually smooth. We compute the leading terms of
the heat kernel at ¢ = co. Finally, in section 9 we apply this machinery to the eta invariant,
obtaining Theorem 3.

Section 2: Manifolds with corners, blowups and b-fibrations.

In this section we present material on the geometry of manifolds with corners that is
needed in this paper. We will assume some familiarity with [17], but also recall some of
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this material in the first three subsections, sometimes with slightly different presentation.
We then go on to describe two ‘new’ blowup operations, of logarithmic blowup and total
boundary blowup, which are used heavily in the sequel.

2.1. Manifolds with corners. We refer to [17] for a discussion of manifolds with corners,
the b-tangent space, b-maps, and b-fibrations. The set of boundary hypersurfaces of a
manifold with corners X is denoted M7(X), the set of all boundary faces is denoted M (X)
and the set of proper faces, that is excluding only X itself, is denoted M’(X). A boundary
defining function p for a boundary hypersurface H of a manifold with corners Y is a smooth
nonnegative function on Y such that H = {p = 0} and dp # 0 on H. A smooth map
between manifolds with corners f: X — Y is an (interior) b-map if for every boundary
defining function py for an element M € M;(Y),

(3) Fou=a- [ »d'“™, 0<aecce(x)
GeM,(X)

where the (uniquely determined) collection of natural numbers e (G, H), are the ‘boundary
exponents’ of f. A total boundary defining function for X is the product of boundary defining
functions for all the boundary hypersurfaces

Py = H PH-

HeM, (Y)

We will be particuarly interested in the special b-maps called b-fibrations. The map f
above is a b-fibration if f,, acting on the b-tangent bundle, is surjective on each fibre, and
the image of each boundary hypersurface in X is either Y or one boundary hypersurface
H C Y. (This definition is different from, but equivalent to, the definition given in [17].)
Such b-fibrations have good mapping properties on M (X); the image of any face F' € M (X)
is a face in M(Y), and f [ F is a b-fibration onto its image.

Most of the b-fibrations, f: X — Y, we consider below have an additional property,
namely

(4) [ oy = px.

In terms of the boundary exponents this amounts to requiring that e;(G,H) = 0 or 1 for
each G € M;(X) and H € M1(Y) and that for each G € M;(X) there exists precisely one
H e My(Y) with ef(G, H) = 1. The assumption that f is a b-fibration means that there
can be at most one such H for each G.

DEFINITION 4. We say that a b-fibration is simple if it satisfies (4).

p-submanifolds  There are various possible definitions of a submanifold in a manifold
with corners; we will use a very strong definition.

A subset S C Y is a p-submanifold if locally, in some coordinate system '/, ..., %, Y1, - - Yo _prs
with @} > 0, y; € (—4,0), S is given by the vanishing of some of them:

S:{mglz...m;l, :yé-l:---:y;-m, =0}.

Then if S is connected it has a tubular neighbourhood which is a bundle over S, the fibre
being a neighbourhood of 0 € Ri_l x R =K' =m" We say S is an interior p-submanifold if
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I’ = 0 in this definition. If f is a b-fibration and S is an interior p-submanifold, then f~1S
is a p-submanifold; if S is not interior, then in general f 19 is a union of p-submanifolds of
X. This can be seen in local coordinates as follows. If coordinates in Y are chosen so that
S has the form above it is then possible to choose coordinates 1, ... %k, Y1, ... Yn—k, in X
with z; > 0, y; € (—6,9) so that locally f has the form

f(zlv'-'zkvyla"'aynfk): ( H Lpy o H xraylv"'yn’fk’)'

rely rel,,

Then f~1S is locally a union of the p-submanifolds {z,, =--- = Tp, =Yj = =Yj, =
0}, with r; € I,.

Degrees and density bundles It is convenient to introduce the notion of the ‘degree’ of a
boundary hypersurface H of a manifold with corners X. This is simply an assignment of an
integer, d(H), to H. Such an assignment to each boundary hyersurface of a manifold with
corners, d: M;(X) — Z, is intended to indicate the ‘basic’ order of growth of densities
allowed at the boundary hypersurfaces H. The degree density bundle is defined by

—d(H —d(H)—-1
o) = [ ™) = [ 2" o).
HeM, (X) HeM: (X)

In general d is fixed once and for all for a given manifold with corners. Observe that b-
densities, corresponding to all degrees being zero, have the pleasant property that dpn/pn
is a canonical factor at H, so dividing by |dpg/pu| gives a canonical identification of the
restriction of Qy(X) to H and Q,(H). With general D-densities, restriction defined by
division by |dpm/ p;l}H)+1| depends on the choice of boundary defining function. However,
in this paper we will have a canonical total boundary defining function R for many of our
spaces. When this is so, if the degrees of boundary hypersurfaces H N K (K € M;(X)) of
H are defined by d(H N K) = d(K) — d(H), division by |[R=*H)dpy /pg| gives a canonical
restriction

Co(X;Qp(X)) = C*(H;QUp(H)).

2.2. Blowups. If S C Y is a p-submanifold, the blowup of Y at S, denoted [Y; 5],
is a manifold with corners, given as a point set by (Y \ S) U (SN*'S), the union of the
complement of S in Y with the (inward-pointing) unit sphere bundle over S, and with the
unique minimal C* structure such that the lifts of C*° functions on Y and polar coordinates
at S are smooth. There is a unique smooth map [Y; S] — Y extending the identity on Y\ S,
called the blowdown map. The lift of a p-submanifold T C Y to [Y;.5] is defined if (i)
T C S, in which case the lift is defined to be the inverse image of T" under the blowdown
map or (ii) T\ S is dense in T, in which case the lift is defined as the closure of 7'\ S in
[Y'; S]. In either of these cases we can often define an iterated blow-up [Y;.5;T] = [[Y; S]; T
where, by an abuse of notation, the 7" on the right is actually the lift of T to [Y';S], and is
by implication a p-submanifold.

We will often perform sequences of blowups to create new spaces in this paper, and it
is important to know when one can exchange the order of blowup. We use the following
elementary result.

LEMMA 5. If S, T are p-submanifolds of Y and either (i) S and T are transverse or (ii)
T C S then [Y;S;T) = [Y;T;5].



PROOF: The proof of (i) is immediate because then NS and NT are independent and so
the blowups occur in two disjoint sets of variables.

To prove (ii), it is sufficient to consider the case T'= {0}, S = R}, x R™, Y =R x R",
k> 1, n > m. Define RZ = Y.F 22 + >i-1y; and Rg = Zf:l_H a} + 3 vy In
both [Y;S;T] and [Y;T;S] the lift of T and S have boundary defining functions (the lifts
of) Ry and Rg respectively, and a superset of coordinates on the lift of T" is given by
x;/(x; + Rr), yj/(y; + Rr) for i,5 > 1 and on the lift of S by x;/(z; + Rs), y;/(y; + Rs)
fori >1+1,7 > m+1 on both spaces. This means that the identity map on Y\ S extends
to a smooth map [Y;5;7T] « [YV;T;5] in both directions. Each extension is therefore a
canonical diffeomorphism. n

2.3. Operations on conormal functions. The principal function spaces used in this
paper are spaces of polyhomogeneous conormal functions, conormal either at a boundary
hypersurface or an interior p-submanifold (e.g., the diagonal). We refer the reader to [17]
for the definitions of and notation for multiweights, index sets and families and of various
spaces of conormal distributions.

In this paper we will mostly work with special types of polyhomogeneous distributions
which are close to being smooth:

DEFINITION 6. An index set F is natural, (respectively integral) if all its powers are natural
numbers (resp. integers), that is, (z,k) € E = z € N (resp Z). An index family is natural
(resp.integral) if all its index sets are natural (resp. integral).

We will use the abbreviation ‘I’ for the integral index set {(n,0);n > {}.

The Pullback and Pushforward Theorems, proved in [17] guarantee that polyhomogeneity
is preserved under pullbacks and pushforwards by b-fibrations. We now recast these results
in the language of D-densities and also discuss the interior p-submanifold case. Let f: X —
Y be a b-fibration between manifolds with corners with degrees and define the ‘excess’ of
any boundary hypersurface (with respect to f) by ex(G) = d(G) — d(H) for G € M;(X) if
f(G)=H € My(Y), ex(G) = d(G) if f(G) =Y. The defines an integral index family ex on
X.

THEOREM 7. (Pullback theorem) Any b-fibration, f, induces a pullback map on functions

Fr AT (V) = AT (X)

phg phg
where f#(J)(G) =0 if f(G) =Y, or f#(J)(G) = {(e(G,H)z+q,k); (2, k) € T(H),q € N}
if f(G) = H € My(Y).

THEOREM 8. (Pushforward theorem) If Re K(G) > d(G) for all G such that f(G) =Y,
then the pushforward by a b-fibration f, that is, integration over the fibres of f, of smooth
compactly supported densities extends to a map

(5) f* : Aghg (X, QD(X)) — Agﬁg(’c—ex) (Y, QD(Y))

where, for any index family £, f4(E)(H) = {(2,p);3 G1 ... Gy mapping to H and p; ...py
such that (z/e(Gi, H),p;) € E(G;) andp=p1 +---+pr+ (k—1)}.

The assumption on the index sets, that Re L(G) > d(G) for boundary hypersurfaces

mapped onto Y, ensures the integrability of u € Aghg (X ; Qp(X )) over fibres f~1(p) for p in
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the interior of Y, and hence that the pushforward is defined. In fact this condition can be
dropped at the expense of considering a Hadamard-regularized pushforward. To define this
regularization, we first define a regularized integral, which we call the ‘b-integral’. Consider
a manifold with corners with hypersurfaces Hi,..., H; and boundary defining functions
P1,- - -, Pk; then the integral

(6) I(el,...,ek):/ u, UEAp’Chg(X;Qb(X))
pPi>€q
b
is polyhomogeneous in €j,...,€ex. The b-integral of u, denoted fu, is by definition the
coefficient of the constant term in the asymptotic expansion of I(ey,...,€e;). In general it

depends on the choice of boundary defining functions but in case u is integrable it reduces
to the ordinary integral. The b-pushforward (under any C* map) can then be defined by
duality:

b
(7) f (@) = / (wf*d) ¥ b € Co(Y).

The proof of the pushfoward theorem given in [17] extends easily to show that this b-
pushforward still satisfies (5).

b
It is useful to have an explicit expression for f u, when wu is not absolutely integrable.
We do so only for u a polyhomogeneous distribution on R* since the result extends easily
to the general case. It is also sufficient to define the b-integral for just a single term of the
expansion of « multiplied by a cut-off function ¢(x), where ¢(z) = 1 near zero and has
b

compact support. The general term to be defined is [ 2*(log )*¢(z)dz/x. We shall only
need the case k = 0. Consider the integral from € to infinity, and integrate by parts to get

{ JE @)% =~ [T Sad () — S 2 A0
J7 0(@) % = = [ (log @) (1) — loge.

Since ¢’ is supported away from zero, the integral on the right in either case is convergent
for any z. The other term on the right is polyhomogeneous in € with no constant term, so
does not contribute to the answer. The b-integral is therefore given by

b

Jaro(a) 2 = — 57 Tad (@)% 2 #0;
b

[ @)% =~ [;" (log z)ad! () 4F.

There are similar expressions when k # 0.

Note that if f is a simple b-fibration, then the operators f# and f# preserve naturality
and integrality.

The two Theorems above give the exponents in the asymptotic expansion of a pullback
or pushforward. Next we discuss the coefficients. The coefficient functions in the expansion
of the pullback f*h at a boundary hypersurface G in the first theorem are given by the
pullbacks of the coefficients for the expansion of h at H = f(G), provided f*(png) = pc-
For a pushforward, the relationship between the coefficients in the expansions for v and
f+u can be rather complicated. We shall compute the coefficients in the expansions of a

(8)
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pushforward f,u, at a hypersurface H under the assumption that w is a polyhomogeneous
D-density on X with C* index family and f: X — Y is a b-fibration under which either
one or two boundary hypersurfaces of X map to H.

We start with the ‘trivial’ case. Thus suppose first that H € M;(Y") and there is a unique
G € M;(X) with f(G) = H. Furthermore, suppose that e;(G, H) = 1. Let r be a boundary
defining function for H, so z = f*r is a boundary defining function for G. Take a product
decomposition of Y near H. Then there is a unique product decomposition of X near G
in terms of which f becomes a fixed b-fibration, fg, from one factor of this decomposition
on X to one factor of the decomposition on Y. Consider v € Ap’Chg (X;(X)) where the
index family K =1 = {(4,0);4 > [}, at G and suppose initially that ex(G) = d(H) = 0. The
expansion of u at G takes the form

U~ E z'a;

i>l

phg

2] e A9 (i)

where K(G) is the induced index family on G. By assumption in Theorem 8 the elements
a; are integrable on the fibres of fg. Then the expansion of v at H, in terms of the chosen
product decomposition is

(9) Foure S (fa)(an).

i>l

In this case the coefficients of f,u are obtained by pushforward of the coefficients of u. In
the interior of H the pushforward under fg is just an integral over a compact manifold with
corners.

Next consider the less trivial case in which f: X — Y is a b-fibration, H € M;(Y) and

(10) f_lH:GlUGQ, €f(G1,H) =€f(G2,H) =1, GiNnGy =K GMQ(X).

Let 7 be a boundary defining function for H, and, for ¢ = 1,2, let x; be boundary defining
functions for G; with f*r = zjx9. There are product neighbourhoods in X near G, of the
form [0,0)4, X [0,0)s, x K and in Y of H, of the form [0,d’) x H with 4,8 > 0, such that
f is locally the product map

(11) f(a1,22,q) = (2172, fK (q))-

Now consider an index family for X with IC(G;) for j = 1, 2 the integral index sets {(4, 0); j >
l;}. As before, without loss of generality, we can assume that ex(G;) = d(G;) = 0. If
u € Afhg (X;Qb(X)) then the expansions for u at G; and G in terms of this product
decomposition may be written

dIl d1'2

U~ E ($11‘2)jaj — | at G1, where a; ~ E x];_]cjk —=1 at Go;
i>1 11 k>l T2
(12) VESY P 5}
e | dz2 -k |dTy
u ~ g (x122)" by — at Go, where by ~ E TGk | at Gy.
k>l 2 J=l !

Here the c; € ALK (K; (X)) with K the induced index family for K.
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LEMMA 9. Under the assumptions of the preceding paragraph, if u € Aphg (X;Qb(X))
where IC satisfies the integrability conditions of Theorem 8 and has support in the product
neighbourhood of K = (G1 N G3, then the expansion of f,u at H is

dr

+ Z rk b(fG2)*bk —Q |~

k>1o

. d
> rilogr (fx).ci -

j>maxly,l2

(13) foun 370 U )0y |

Jj=l

where fq,, fa, and fx are, respectively, the b-fibrations with range H obtained by restrict-
ing f to G1, G2 and K.

PROOF: Theorem 8 shows that there is an expansion of the form (13). It suffices therefore
to compute the coefficients up to a given order, i.e. the coefficients of 7P logr and rP for
p < N. Multiplying u by r=" = (z122)™" we may assume N = 0, at the expense of
changing Iy and [5. Since [; and [o are arbitrary it is enough to compute the coefficients of
rP and rP logr for p < 0.

Suppose first that [; is large, say I; > |l2]. Then all terms are integrable at G;. It follows
by continuity from (9) that f.u is given by 22212 %fa,), bk + o(1), which verifies (13) in
this case. Thus it is enough to consider an individual term in the expansion at G in (12)

dxy i dx
z—l‘ where Aphgl)(GnQb) S aj~ Z wh Tejk | —

k>lo

(14) u= (371902)jaj¢(301) at Ga

and ¢(z1) has compact support and is identically equal to 1 near z; = 0. The same continuity
argument applies to the terms in the expansion for a; in (14) beyond the point of integrability
at G5. Thus in fact it is enough to consider a single term of the form

dl‘l dl‘g

(15) U= leac’; ¢k P(x1)d(x2)

where ¢, € A 1
179 J phg( )

and by assumption the induced index family K is such that c;; is integrable on K =
G1NGs.
By symmetry it can be assumed that j > k in (15). Then the integral for r > 0 is

dz
(16) [ olanel-al L (fi).en)
If j > k then integration by parts changes the x; integral in (16) to
[ D Ik oo L)
! VR =k o VAR A T =k o

For r small, ¢(r/x1) = 1 on the support of x1¢’(21) and similarly ¢(z1) = 1 on the support
of 9,,¢(r/x1). Changing the variable of integration in the second integral to xo gives

—k k—j
*T’k/xﬂb (xl) dxl *Tj/$2¢/(z2);:2 @

—kxl — 7 T2

If j = k then we split the integral in (16) in two pieces, the first from zero to /r and the
second from /7 to infinity. Changing variables in the first of these integrals, replacing r/x;

11



by z2, shows that the two integrals are equal. If r is sufficiently small, then integrating by
parts again, (16) reduces to

& d i d & d
2rk/ gb(xl)ﬂ = ork (flog \/;f/ xlgb'(xl)loga:lﬂ) =k (flogrf2/ x1¢’(z1)1ogz1ﬂ).
Jr 1 JT 1 0 1

In either case, comparing with (8), we get the appropriate coefficients in (13). This completes
the proof of the lemma. n

Finally let us write the result of Lemma 9 when d(H) = d and ex(G1) = e; and ex(G3) =
eo are arbitrary integers. In this case, u has an expansion of the form

. dxq [ dzo
we ) (@) e |t | at Gy where gy ~ ) @y ek | ey | at G
j=h k>lo 2
B ez Ga, where b J-k da, G
U~ Z(zlxz) k W atGo, where by ~ Z T Gk W at G.
k>1o J>h 1
and then the result of pushing forward by f is
(17)
ib dr kb dr j b
f*uN Z T (fG1>*aj+61 m =+ Z r (sz)*karez T'1+—dF - Z T 10g7’ (fK)*CjJrel,jJreQ -

j>li—e1 k>l2—e2 j2maxly—ei,la—e2

Although the b-integral depends, mildly, on the choice of boundary defining functions
used in its definition we will work below with explicit boundary defining functions so this
dependence will not be indicated in notation. If the b-integral formally computes the trace
of a smoothing operator A, then the regularized integral is denoted b-Tr(A). The b-eta
invariant is defined in terms of the b-Trace of the operator e~ (see (157)). For this
operator, we will show in section 9 that the Schwartz kernel of the pointwise trace of this
operator vanishes on the boundary, so the integral actually converges. Hence, the b-eta
invariant is well defined, independent of any choice of boundary defining function.

The pushforward theorem can be extended to densities on X which have interior conormal

singularities along a p-submanifold .S transverse to all boundary hypersurfaces of X and to f.
We denote the space of such densities with conormal order m at .S by ImAfhg (X; Qp(X); S).
To see why this modification is permissible, first note that by a standard result about
wavefront sets (see [10] for example) f.u is smooth in the interior of Y. To understand the
situation at the boundary, consider the proof of the pushforward theorem in [17]. The idea
there is to remove terms in the asymptotic expansion of u at each boundary hypersurface G of
X up to any given finite order using test differential operators B(K, s) which are appropriate
combinations of compositions of any given nonvanishing b-vector field ¢ normal to G. Since
both f and any G € M;(X) are transverse to S, then if G intersects S nontrivially and
f(G) = H, any normal vector field 7y is f-related to a normal vector field r¢ on X tangent
to S. Using this r¢ in B(K,s) shows that this test differential operator kills the leading
terms in the asymptotic expansion of u at G while preserving the order of conormality at
S. This shows the image space is the same as in Theorem 8.
2.4. Two Blowup Lemmas. The important properties of b-fibrations have been discussed
in section 1.4. In modifying the spaces of Part I we often face the situation where we have
a b-fibration f: X — Y and we perform blowups on X or Y, obtaining new spaces X , Y.
We would like f to lift to a b-fibration f : X — Y. The first and second lemmas below
give conditions under which one can regain a b-fibration after such a blowup in X and Y
respectively.

12
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LeEMMA 10. Let f: X — Y be a b-fibration between compact manifolds with corners and
suppose that T C Y is a closed p-submanifold such that for each boundary hypersurface
H C Y intersecting T, and each G € M1(X), either ef(G,H) = 0 or ef(G,H) = 1. Then,
with & the minimal collection of p-submanifolds of X into which the lift of T under f
decomposes, f extends from the complement of f~1(T) to a b-fibration

(18) fr:[X,8] — [V, T]

for any order of blow up of the elements of S.

PROOF: The result is local in nature, so we may restrict attention to neighbourhoods of
g € T and p € X such that f(p) = ¢g. Choose coordinates x4, ..., 2%, Yl,. .., Yh _p Dear q,

such that ¢ = (0,...,0), the x} are nonnegative, the y; take values in (—¢,¢) and in terms
of which T'= {2} = --- = 2] =y} = --- = y,, = 0}. Because of the assumption on the
boundary exponents of f, it is possible to choose coordinates 1, ..., Tk, Y1, .-, Yn_k Near
p € X so that

frap=T[ar 1<i<land fryj=y;, 1<j<n’ —F
(19) rel;
with the I; C {1...k} nonempty and disjoint.

Since f is a b-fibration , necessarily ¥’ > k and n’ — k' <n — k.
In these coordinates

fl(T){H:cTO, lgiglandyj(),lgjgm}.

rel;

Thus an element of S, the collection of p-submanifolds into which f~1(T) decomposes,
is determined by the choice of a single index from each of the I;. Choice of an ordering
S1,...,9n of the elements of S gives

Se={on = =@k =y1 ==y =0}

with k; € I;. Thus N is the product over ¢ of the number of elements in I; and for each k
with 1 <k < N, k; is the unique element of I; such that zj, vanishes on Sj.

Consider the action of blowing up S;. This replaces Sy by its inward pointing spherical
normal bundle. The function Ry = z1, + -+ + 1, + (47 + -+ + y2)'/? defines the new
boundary hypersurface so introduced. Now consider the functions

Li if ¢ = 1, for some j
O { i Li J
x; otherwise

Vi = y; otherwise.

Observe that xgll) +- '+£L’S) + (2 4+ (2)2)1/2 = 1 and that d:vg) # 0 unless xgl) =1

and similarly, dy]m = (0 unless y]m =+1if 1 <j < m. Away from the front face of [X; 5]

nothing has changed and near each point of this new boundary hypersurface R, and some
n — 1 of the n functions xgl), yﬁl) form a coordinate system, the one function excluded
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being non-zero. The lifts to [X, S1] of the submanifolds Sk, k > 2 are therefore given by the
vanishing of the functions x( ) . ,(;), yil), . ,y,(ﬁ), which, since they vanish there, must
be amongst the coordinates at each point of the lifted submanifold.

Thus, after the first blowup the combinatorial arrangement is as before, with one less
submanifold Si. We can therefore proceed to blow up S, Ss,..., Sy and define successive

functions )

Ry :Jcl(ckq)jL +$(k N ((ygk—l)f+m+(y7(715_1))2)5

1
(h=1)

(k) _ %ﬂ’sz for some j
zz(-k_l) otherwise
(k=1)
J (k—1) .
Y; otherwise.

Then the Ry for k =1,..., N are defining functions for the blown up surfaces.
Consider the map

(20) frlX, 8] =Y, fr=pof

where fx: [X,S] — X is the total blowdown map. The coordinates pull back to be of the

form
=[xz =[] = JI RBe]=R:i...Ry ][]

rel; rel; ks.t.k;=r rel;

(f1)"y; = RiRa -~ 'RNZ/](-N)-

Thus, R’ = 2 + -+ + (/3 + -+ y/2) /2 lifts to

. .RN(i (1) + (i<y§N>>2)1/2>.

i=1 rel; j=1

The right factor does not vanish. Indeed, it would vanish only at a point where some

xgl ), r; € I; for each 7, and each y( )

submanifold S and after Sy is blown up, Zz(k) (Z(y§k))2)1/2 = 1. Thus

vanished. But the choice {r;} corresponds to some

(f’T)*R’*le...RN,

(fT R’ = H x(N) and
rel;
/

(fT) R’ = a} 'y§N)

where a, a; and aj are smooth positive functions. This shows that the map (20) lifts to a
map (18) which is a b-fibration. n
Following the proof of Lemma 10 we have also shown:

COROLLARY 11. Under the conditions of Lemma 10, if f is simple then so is fr in (18).
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For the next lemma, consider the relative b-tangent space of a p-submanifold. For a p-
submanifold, S, of a manifold with corners, X, the (relative) b-tangent space °T}, (S, X) C
prX at p € S is the linear space of values at p of those elements of V},(X) which are tangent
to S. Its dimension is dim S + k& where k is the codimension of the smallest boundary face,
Fa(S), containing S (so k = 0 if S is an interior p-submanifold). These spaces form a bundle
T (S, X) over S and the quotient by N Fa(S), the b-normal space to Fa(S), is canonically
isomorphic to the (intrinsic) b-tangent bundle to S :

(21) °T (S, X) /’Ng Fa(S) = TS.

LEMMA 12. Let f: X — Y be a b-fibration of compact manifolds with corners and suppose
that S C X is a closed p-submanifold to which f is b-transversal, in the sense that

(22) null(®f, | °T,X) 4T, (S, X) =T, X ¥V p € S,

and such that f(S) is not contained in any boundary face of Y of codimension 2. Then the
composition of the blowdown map (: [X,S] — X with f is a b-fibration

(23) f X, 8] — Y.

PrOOF: The b-tangent map of the blowdown map (3 maps onto bTﬁ(p) (S, X) for each point
p € B71S. The b-transversality condition implies that composition with °f, maps onto
"T#(B(p)X, so f' is a b-submersion. The condition on f(S) means that f(S) is a boundary
face of codimension 1 or 0, so that f’ is actually a b-fibration.

In view of (21) the condition of b-transversality in (22) is equivalent to the b-transversality
of f | Fa(9S), as a b-fibration onto f(Fa(S)), to S as a submanifold of Fa(S). This can also
be restated as the condition that f restricts to S to a b-fibration onto f(S), which is often
simple to check.

2.5. Logarithmic blow up. To handle the logarithmic behaviour of the surgery problem,
when the boundary operator is not invertible, we introduce the notion of logaritmic blow
up. If X is a compact manifold with corners and py € C>°(X) defines H € M;(X), then
consider

C=([X, Hliog) = {g(lg prr, f1,- -, f); g € CO(RPH), fi € C=(X))}
(24) where ilg pg = ;
log (1/pm)

This is a new C* structure on X, albeit diffeomorphic to the original one. In fact this C*
structure is independent of the choice of defining function pg, and so defines [X, H]joq. Since
pr is a C* function of ilg pg, namely

1
2 _ _
(25) PH exp< ﬂng) ,

the identity map on X is smooth as a map Bieg: [X, H]log — X. Clearly the operations
of logarithmic blow up of two or more hypersurfaces commute. This allows us to define
unambiguously the ‘total logarithmic blow-up’ Xi,g of X by blowing up each of the boundary
hypersurfaces.

Perhaps surprisingly, an appropriate combination of the non-algebraic notion of loga-
rithmic blowup with certain (ordinary) blow ups behaves well with respect to certain b-
fibrations. To illustrate this we give a simple example.
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ExAMPLE 13. Consider the b-fibration g: X — Y where X = [0,00)2, Y = [0,00) and
g(x1,22) = x122. In terms of the boundary defining functions r = ilgz, p; = ilgz; and
p2 = ilg o, we have, in the interior of X

= g* 1 = 1 = 1 g p1p2
1og% log — log % + log é p1+p2’

Tr1T2

g'r

Thus g does not lift to a smooth map from Xjog to Yiog. If we further blow up X by defining
X = [Xjog; (0,0)] then boundary defining functions for X are p; = pl’:m,p} = pl”_ﬁm,
p3 = p1 + p2 for the new face. Thus g*r = p1paps, so it follows that g lifts to a b-fibration

g: X — Yiog.

and

We generalize this result in the next lemma. Before it is stated we need to introduce the
notion of ‘total boundary blow up’.
2.6. Total boundary blow up. The total boundary blow up, Xy, of a compact manifold
with corners, X, is defined by blowing up (in the radial sense) all the boundary faces,
in increasing order of dimension. Blowing up all faces of dimension < k separates the
lifts of the faces of dimension k, so there are no ambiguities of order in this definition. The
boundary hypersurfaces of Xy, are parametrized by M’(X), the set of proper boundary faces
of X. In the next lemma we consider the effect of the combined operations of logarithmic
blowup and total boundary blowup on simple b-fibrations. Since this combination occurs
quite frequently in the sequel we introduce the following notation for the ‘logarithmic total
boundary blowup’ of a compact manifold with corners X

(26) Xy = (Xlog)tb

LEMMA 14. Let f: X — Y be a simple b-fibration of compact manifolds with corners.
Then f lifts from the interior to a simple b-fibration fi: Xj; — Yi.

This result is applied in subsequent subsections to the surgery spaces of Part I to obtain
new ‘logarithmic surgery spaces’.

PROOF: Again this is a local result. Using Section 2 of [17], we can assume that f takes
the following form in local coordinates

(zlv"'zkvyla"-ynfk) (H Liyevnsy H ziaylv"'ynlfk’)'
i€l i€l

The condition (4) implies that the I; form a partition of {1,...,k}. If g: X' — Y’ is a
fibration of manifolds without boundary then the result holds for f x g if it holds for f. Thus
the factors of R"=* in the domain and R™ =% in the range can be dropped and it suffices
to prove the result for maps of the form

(27) (zl,...xk)*)(l_[xila"'v H xlk)
11 €1 i€l

The composite of two simple b-fibrations is again a simple b-fibration and, the same
operations being applied in domain and range, the result holds for the composite if it holds
for the factors. The map (27) decomposes into the composite of simple b-fibrations of the
form

k—
fRE — RETT

28
( ) (ml,...xk) — (xl,...,xk_g,xk_lxk)
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with appropriate permutation of the coordinates, so we only need to prove the lemma for
maps, f, of the form (28).

With X = R and YV = Rf__l let f be as in (28). Using the Lemma 9, or the example
preceeding that result, we see that f lifts to a b-fibration f: [Xiog; K] — Yiog where K
is the lift to the logarithmic space of {zx_; = 2 = 0}. Denote by K the new boundary
hypersurface produced by the blowup of K. To lift to Xj;, we use Lemma 10. Thus Yj;
is produced from Y by blowing up all codimension ! hypersurfaces for { = (k —1)...1
successively. Denote the lift to Xy of the hypersurface z; = 0 by H;, and denote by H; the
sequence of blowups H; 1 followed by H, 2 followed by H; 3 where

'H;,1 = all I-fold intersections of Hy ... Hy_o

'H;,2 = all I-fold intersections of Hy ... Hy_o and K involving K
'H,;,3 = all I-fold intersections of H; ... H}, involving

exactly one of {Hy_1, Hg}.
Then by Lemma 10, f lifts to a map

X = [X]og; K; Hi—1,...,Ha] — Y.

To show that X = X we proceed inductively to show that

X =[Xiog; all faces of codimension >+ 1;

(29)
Hiis Hiss K5 Hi—i ... Ha).

For [ = k this space is X, for [ = 2 it is X};. So we assume that the statement is true for
some [, 2 < [ < k. To show that it is true for [ — 1 we will use Lemma 5 and the following
separation result:

If all faces of X = Ri of codimension > m have been blown up (in increasing
order of dimension) then the lifts of Hy(1)yN -+ N Hy(pypy and Hyp) NN Hypps)
(where o is a permutation and s > r) are disjoint if p + s > m.

This is true because the surfaces are separated when Hg (1) M-+ N Hy(,qs) is blown up.
We now commute the K blowup past the H;—1 = {Hj—1,1,Hi—1,2, Hi—1,3} blowups. By
the result above, in [Xjoe; all faces of codimension > [ 4 1] K is disjoint from all faces in
H;—11 so the K blowup commutes with the H;_1 ; blowups. Again by this result, any two
faces in H;—1 2 are disjoint, and they are all contained in K, so by Lemma 5 we may do the
H;—1,2 blowups first. They are then, by the result, disjoint from the H;_; 1 faces, so can be
commuted past these too. When we do this, they yield with the H;; and H; 3 blowups all
the codimension [ faces, so we get

X = [Xiog; all faces of codimension >1; H;—1,1; K; Hi—1,3; Hi—2...Ha).

By the result again K is disjoint from all H;_; 3 faces so we obtain (29) for [ — 1. This
completes the induction, so we have shown that f lifts to fi;: X3t — Yjt. Finally, both the
result of the example and Lemma 10 preserve (4) so fi is simple. 1

Let us define degrees (see section 2.1) for spaces of the form Z; for a manifold with corners
Z. We let the degree d(H) of a hypersurface H of Z); be the codimension of the face of Z of
which it is the blowup. Also we define the cusp density bundle Q.(X) for any manifold with
corners X to be [T cp, X) P Q(X); in other words, the degree density bundle where all
degrees are equal to 1. Then the following results hold:
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LEMMA 15. For any manifold with corners X
(30) ﬁl*ong(X) = QC(XIOg)
(31) ﬁngC(Xlog) = QD (Xlt)-

PROOF: Since dp/p = d(ilg p)/(ilg p)?, (30) follows. To prove (31), first observe that for
any H € Mi(Xiog), with boundary defining function pg,

6t*pr = H TF,
FCH
where, if F' is a face of codimension k in Xjos then 77 denotes the boundary defining function
for the boundary hypersurface of Xj; corresponding to F.
Under blowup of a boundary face, the b-density bundle lifts to the b-density bundle.

Hence,
B I ra'%Xee) = I I] r#'2(Xw)

HeM,; (X) HeM, (X)FCH

_ H r;codim F Qb(Xlt)- 1
FeM'(X)

If S € M is a p-submanifold, let [Z); x M;M; (Zy) x S] be the manifold with corners
obtained from Zj; x M by blowing up the submanifolds H x S, for all H € M; (Zy), in
order of decreasing degree; i.e. the codimension of the face F € M'(Z) from which H arises.
There are no ordering ambiguities because all hypersurfaces of Z); of a given degree are
disjoint.

LEMMA 16. Let f: X — Y be a simple b-fibration and S C M a p-submanifold. Then
the map fi; x Id: Xjy x M — Yy x M lifts to a simple b-fibration

[Xlt x M; My (Xlt) X S] — [Ylt x M; My (Ylt) X S]-

PROOF: We can argue as in the proof of Lemma 14 to reduce the proof to the case where
f is of the form (28). Now applying Lemma 10 to the M; (Y) x S blowups allows the
b-fibration the be lifted and so gives the result.

Consider the inverse images of all the submanifolds H x S for all hypersurfaces H of Y of
fixed degree d. Each such submanifold has as inverse image a union of submanifolds G x S,
which are disjoint if they correspond to different H. Since fy; is a b-fibration and dim Xy, =
dim Y3, + 1, we have d(G) = d(H) or d(H) + 1. Hence in X}, x M we can choose the order of
blowup so that the G x S are also blown up in order of decreasing d(G). Condition (4) for
fir means that as H runs through all hypersurfaces of Y}, G runs through all hypersurfaces
of Xj, so we obtain precisely [Xy; x M; My (X) x S| as the new domain. 1

Section 3: The Single Space.

In section 1.4 we noted that the surgery spaces of Part I will not suffice to construct the
resolvent of A when the boundary Dirac operator is not invertible. Instead, consideration
of the eigenfunctions on an interval under surgery suggested that the resolvent will be a
smooth (conormal) function of y, y’ and the ‘rescaled distance’

arclength arcsinhZ ilge

€
= — as — — 0.
total length  2arcsinh?l g "«

This suggests working on a space on which these functions are smooth. We therefore
make the following definition.
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3.1. Definition. We define the logarithmic single surgery space by:

(32) Xps = (XS)lt = ((XS)log)tb'
Here the single surgery space defined in [14] and Part I is obtained by blow up of H at
e=0:

(33) Xo = [M x [0, e]; H x {0}].

By Lemma 14, the b-fibration X; — [0, o] lifts to a b-fibration Xrs — [0,ilg €glitge-
Therefore ilg € is a smooth function on Xy, vanishing to first order on all boundary faces (at
e =0). We will write X, the ‘zero space’, for [0,ilg €]ige below. The space X1 has four
types of boundary hypersurfaces. The lift of the boundary € = 0 will be denoted Bo(X1is);
it is the surgery boundary. The lift of the surgery front face will be denoted B;(Xis) and
again called the surgery front face. The new hypersurfaces constructed in the last, total
boundary, blow up in (32) will be called the logarithmic surgery faces and denoted Ba(X1ys).
There is also a ‘trivial’ boundary hypersurface at ¢ = ¢y. Under the general assumption
that H separates, both Bo(Xrs) and Ba(Xt1s) have two components; these will be denoted
Bio(XLs), B+a(X1s) with the sign corresponding to the local orientation of H.

The diffeomorphism types of these boundary hypersurfaces are easily identified. Clearly

(34) Bo(X1s) & Miog

is just the manifold with boundary, M, obtained by cutting M along H with its boundary
blown up logarithmically. The front face of X is the radial compactification of the normal
bundle to H in M; this compactification is denoted H. Lifted to (X S)log this becomes Flog.
The final blow up does not change the structure of this face so

(35) B1(X1s) = Hiog.

The essentially new faces introduced by the passage from X to Xy are the boundaries
of the radial compactifications of the normal bundles to the corners of (Xs)log. These are
interval bundles over H. The two functions ilgz and ilg(e/x) can be taken as defining

functions for the corner, in the closure of the region € < %x < %. Thus the limiting value

I ilgx ilge -0
im - - = x
(36) o { ilg ,ilg(e/z) 0 ilgx + ilg(e/x) ilg(e/x)
N —ilg(— il
ilg(—x) ___dlge

lim - - —-
ilg —a,ilg(—e/z) 0 ilg(—z) + ilg(—€/x) ilg(—¢/x)
is a global variable along the fibres. If x is replaced by another defining function for H,

' = a(x,y)x with a > 0, then

1

37 ilgz’ =il :
(37) rer = Is Y 1+ilg(e/x) - loga

1
— .1 / = .1
o e/ = ila(e/a)

Thus the limiting value of s in (36) is unchanged. It follows that Ba(Xis) is a canonically
trivial bundle over H. Occasionally we will use the notation H for OM = HUH, the disjoint
union of two copies of H, and write H x [0,1]s for H x ([—1,0]s U [0, 1]s).
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Figure 1. Boundary faces of Xis.

3.2. Densities. The Riemannian density of g is of the form v, = (22 + €2)~2v where
0 <veClC>®(Mx][0,e]; 2M)). We shall adopt a slightly different normalization of densities
from that used in Part I and consider the (trivial) bundle, Qx, over M x [0, eg]e which has
as generating section vy ® |de|/e. This bundle is just the density bundle over M x (0, €] and
lifts to X, to

(38) (BIX, {0} x H))*Qx = Qp(Xs).

Notice that if the extra factor of e ! is omitted, as it is in the normalization of Part I, then
one simply gets the density bundle in (38) instead of the b-density bundle.

The advantage of the extra factor of e 71 is that Qx lifts to be simple on X14. By Lemma, 15,
we have

(39). Bi*0(Xs) = Qp(Xis) = pg 2pa 012U XLs),

Note that the two functions iase and ilge are smooth functions of each other and equal

to first order. In view of the behaviour of the ‘reduced normal operator’ of section 5, it will
often be advantageous to use iase, and we shall frequently do this from now on.
3.3. Lift of V,(X). In Part I it is shown that the Laplacian associated to a surgery metric
lifts to X, to an element of Diff>(X,), which is the enveloping algebra of V,(Xj). Here
V(X)) is the Lie subalgebra of V,(X,) consisting of those vector fields which are tangent
to the fibres {€ = const}, it may also be described as consisting of the C* vector fields on
X, tangent to the fibres and of finite length with respect to g.. We need to consider the lift
of Vs(Xs) to Xps.

As noted in section 3.1, ilge lifts to a C*° function on Xps which is a total boundary
defining function for all the boundary hypersurfaces above ¢ = 0. Consider the Lie algebra

Vis(X1s) = {V € Vy(X1s); V -ilge = 0 and

40
(40) V is tangent to the fibres of By(XLs) over [—1,1]}.

As with Vs, Vis is the space of C*° sections of a vector bundle. To describe this bundle
directly on Xtg, let bTX£S C T X1 be the subbundle of codimension one given by

"TX], =null(®dilge): *T Xy — T XD,
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Since the map ilge: Xps — X7, is a b-fibration, null(°dilg¢) has codimension one at every
point. Let F' C ®Ts, X{_ be the subbundle of vectors tangent to the fibres of the fibration
By — [~1,1]. Then Vi is the space of smooth sections of *T'X7  that take values in F over
Bs. As explained in [15], section 8, this means that there is a bundle YT X7 = F(bTXﬁs)
(in the notation of [15]) such that Vi is precisely the space of smooth sections of M7 X1
The metric lifts to a non-degenerate fibre metric on LsT X ..

Following the approach outlined in [18], the bundle X7 Xt is taken as the replacement
for the usual tangent bundle 7' X1 in surgery geometry. We define surgery form bundles,
surgery Clifford bundles, surgery frame bundles and surgery spinor bundles using "7 X7.
Thus the surgery cotangent bundle, “7* X7 4 is defined to be the dual of “*T X1 ,. The surgery
form bundle "A* X7 is the exterior bundle of the surgery cotangent bundle. The surgery
Clifford bundle "C1X is the fibrewise Clifford algebra of the surgery cotangent bundle
with respect to the fibre metric g. (defined on “T*X1¢ by duality). If M™ is spin, then
the bundle of orthonormal frames of T* Xy lifts to a Spin(n) bundle Spin(Xps), which
reduces over By and Bs to have structure group Spin(n — 1). The surgery spinor bundle is
the associated bundle

S(XLS) = Spin(XLs) X Spin(n) Sa

where S is the spin representation of Spin(n). If M is odd-dimensional then the spin repre-
sentation is irreducible on C2" with n = 2k + 1 and over By, S(Xi;s) has a natural splitting
S(XLs) = ST(H) @ S™(H) given by the +1 eigenspaces of the surgery Clifford element
dx/(Vx? + €2). Restricted to each leaf {s = constant} of By they are the plus and minus
spinor spaces, associated with the induced spin structure on H, on which the Dirac operator
On acts.

The space of Ls-differential operators, Diff{(X; E, F'), (where we write Diff{ ((X; E, F) =
Diff] ,(X; E)) consists of those differential operators from sections of E to sections of F' which
are sums of products of vector fields in Vi, acting via some connection, and smooth bundle
maps (in other words, the enveloping algebra of Vis tensored with bundle maps).

LEMMA 17. If § is the adjoint of d with respect to g., then d + 6 € Diff{ (X;"A*X) and
A, = (d+06)? € Difff (X;"A* X1). The Dirac operator for a Hermitian Clifford connection
on an Hermitan “T* X -Clifford module, E, is an element 3. € Diff{ (X ; E).

Proor: We may write 0. = >, cl(e;)V;, for an orthonormal frame e; of the surgery cotan-
gent bundle; directly from the definition this shows d. to be a first order Ls-differential
operator. Similarly, we may write d = >,(e;A)V; and 6 = >, Vi(e;L), and (e;A) and e
are smooth bundle maps on "A* Xr. Hence, A, = (d+9)? is also a Ls-differential operator.
]

In particular this applies to ‘the’ Dirac operator on spinors if M is spin.
The next result identifies Vi4 in terms of the Lie algebra Vs of Part I:

LEMMA 18. The Lie algebra Vs(X) lifts to Xy, to span, over C*°(Xyis), the boundary-
fibration structure Vis(X) given by (40).

PRrROOF: Away from the blown up submanifolds this is obviously so. Moreover it is certainly
local over open sets of M so it suffices to consider the product case M = H x (—1,1) where
H is just an open set in Euclidean space. The blow-ups then preserve the product structure
so it suffices to consider the case that H is a point. Thus we only need consider the lift of
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the vector field
(41) Vo = (a2 + €)%
Near the corner of X, the projective coordinates k = ¢/x and z are valid and in terms of
these 5 5
Vo= (1+k?)2 (w— - k;—) :
x
Under the logarithmic blow up of both boundary hypersurfaces this in turn lifts to

Vo = <1 +eXp(%)> ’ (52% — ,@2%>

where £ = ilgx and k = ilg k. Finally under the radial blow up of £ = kK = 0 this becomes

2<1—po>)%(26 a)
42 Vo=(1+ = 7 _
(42) 0 ( exp( o ) Prg = P2
or

2 \? o d
43 Vo=[1+ _Z 2 _ >
(43) 0 ( exp( p2)) <p2 o P25

in terms of the coordinates po = £ and pg = k/(k+ &) = (1 —s) or po = kK and p; =
&/ (k4 &) = s which together cover the new face. It is now easy to check that V{ spans the
algebra Vis(X) in this case, so proving the result in general. &

This Lemma also shows that T X1, = 81" (*TX,), where *T'X, is the surgery tangent
space of Part 1.

Consider the normal operators for the structure Vis(X). At the level of the Lie algebra
these correspond to freezing the coefficients of Vis(X) at the various integral submanifolds.
Each level surface of € on which it is non-zero forms such an integral submanifold and Vis(X)
restricts to the space of all smooth vector fields on these surfaces. The more interesting
integral submanifolds are those lying over e = 0. There are three essentially different cases.
Consider first the restriction algebras. Let us use the notation V;(Y") for the subalgebra of
Vy(Y') consisting of those vector fields tangent to the leaves of a b-fibration f and V.(X)
for the cusp algebra, determined by a choice of boundary defining function p on a compact
manifold X with boundary Y :

0 0
__ 0o B 2
V(X) = C*(X)-span {p o 5%}

LEMMA 19. Restriction to the three types of boundary hypersurfaces above € = 0 gives
surjective Lie algebra homomorphisms

(44) Ro = No: Vis(X) — Ve(Mog)
(45) Ry: Vis(X) — Vi(H x [0,1])
(46) R1 = N12 VLS (X) — Vc(ﬁlog)

where f: H x [0,1] — [0, 1] is the projection.
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PRrROOF: As in the proof of Lemma 18 it suffices to consider the special case where M is
an interval. Then (44) just arises as the restriction of Vj in (42) to s = 0, giving £20/0¢,
which, with the vector fields on H, generates the cusp algebra with distinguished boundary
defining function £. The other two restriction maps can be analyzed in the same way, with
(45) arising from the fact that Vj in (43) vanishes at p2 = 0.1

The notation Ny and Np in (44) and (46) is justified by the fact that the null spaces of
these maps are precisely the Lie ideals 7 - Vis(X) where Z is the ideal of functions defining
the boundary hypersurface in question; thus these maps are indeed the normal operators
in the sense of [16] and the range spaces can be identified with C°(H;"TXy) for the
corresponding boundary hypersurface in M7 (Xys).

This is not the case for restriction to Ba(X1s). Rather, the null space of the restriction
map

(47) c™ (B2(XLS); LSTXLS) I Vf(f_j X [07 1])

is a one-dimensional Lie algebra over By(Xy). This line bundle is important since it gener-
ates the reduced normal operator, the properties of which largely determine the behaviour
of the small eigenvalues of the Dirac operator and Laplacian. In fact

LEMMA 20. If V € Vig(X) has Ra(V) = 0 then V/ilge is smooth up to the interior of
By (X1s) and, by projecting off any term in V¢(H x [0, 1]), defines a vector field

RN(V) = (V) Ds, with rn(V) € C*(B>),

on the fibres of By(X1s) over H; this vector field is smooth up to the boundary (but not
necessarily vanishing there) and is such that (V) = 0 if and only V € Z(Bs) - V1.s(X).

PROOF: Again this is just a matter of examining the behaviour of the vector field Vp, in

(42). Using the coordinates of (42), in the interior of Ba(X1is) ilge = p1p2 so the restriction

of (ilge)™1Vp to € =0 is just

48 RN(Vy) = =—.

(48) (Vo) = 5

This shows it to be smooth and non-vanishing up to both boundaries of Bs. 1

Thus, together, the two maps Re and RN capture the full normal operator at Ba(Xys).
Let us now calculate quite explicitly the form of the Dirac operator and the Laplacian in

local coordinates near the boundary hypersurfaces of X1s. Choose a product decomposition

of a neighbourhood of H C M and let (x,y) be corresponding coordinates, where y denotes
local coordinates on H. Write p for local coordinates on M.

LEMMA 21. We have the following expressions in coordinates for the Dirac operator and
the Laplacian near the boundary hypersurfaces of Xy :
(i) Near By, and away from Bs, using coordinates y, r = sinh™*(z/€) and iase, we have

85 = 'Y(*ZVT) + 6[—] +v- Q7
(49) Ac=—(V,) >+ Ay +v-Q

where v is a function vanishing to infinite order at this face and ), Q' are Ls-differential
operators of order at most one, respectively two.
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(ii) Near By, using coordinates y, s = iase - sinh ™! (x/€) and iase, we have
0. =lase-vy(—iVs) + 0y + v - Q,
(50) A= —(ias€)*(Vs)> + Ay +v- Q'

with v, a function vanishing to infinite order at Bs and Q, Q' as above.
(iii) Near By, using coordinates p and iase,

66 = 60 +v- Qa
(51) A€:A0+U'Ql
with v a function vanishing to infinite order at By and Q, Q' as above.

PROOF: If h in the definition of the surgery metric is a product metric in |z| < § for some
defining function x for H, then (49), (50) follow easily from (41) — (43). So write

h= hz‘j (0, y)dyidyj + - h;j ($7 y)dyidyj + h;’(z, y)da:dyj + h///($7 y)er
= hij(0,y)dy'dy’ + x - hlj;(x,y)dy'dy’

dx dx?
2 5 11 . 2 2\,
+Va?+ e h} ((E,y)i\/mdy] + (2% + e)h" (x,y) (22 + €2)

giving the metric in terms of the smooth surgery form dxz/v/x? + €2. The lifts to Xps of z,
Va2 4+ €2 and (x2 + 62) vanish to infinite order at By and Bs so only contribute to d or A a
term of the form v-Q or v-@Q’. The first term is a product metric in a collar neighbourhood
of H so gives the principal terms. Hence (49) and (50) are established. (51) follows because
in the interior of By, the surgery metric g. = go + v - ¢’ with v vanishing rapidly on By and
g’ smooth on Xig. 1

3.4. Models. The Lie algebra homomorphisms in (44) — (46) extend to homomorphisms
of the enveloping algebras and define three of the four (closely related) ‘model problems’ we
need to discuss in order to invert the original operator.

PROPOSITION 22. For the Dirac operator (Laplacian) of the metric ge the normal operator
Ro(0.) (Ro(A.)) is the lift to Mo of the Dirac operator (Laplacian), 8y (Ao), of M for the
exact b-metric go; the normal operator R1(9.) (R1(A.)) is the lift to Hyog of the indicial

operator of 9y (Ag) as an RT-invariant operator in H, the normal bundle to H in X; and
the restriction operator Ra(0.) (R2(A.)) is 0 (Ap), acting on the leaves of Ba(X1s).

Thus the first three model problems are just the Laplacian on M and its indicial operator
(in two guises). The fourth model problem arises from the reduced normal operator of
Lemma 20.

ProrosITION 23. Let II be the orthogonal projection onto the null space of 0y and let s
be the coordinate in (36). If u € C°°(B2(X1s)) is in the range of Il and 4 is any smooth
extension of u to Xy, then

(52) RN(®)u =1II ((ias€)~'0a | B2(X1s)) = vDsu,

independent of the choice of extension. Similarly, let II be the orthogonal projection on the
null space of Ay, and let W be a vector field normal to By tangent to s = y = constant.
If u € C°°(B2(XLs)) is in the range of Il and @ is an extension of u to C*(Xys) such that
Ag(Wa | Bg) =0, then Au vanishes to second order at Bs and

(53) RN(A)u = 1II ((ilase) >Aa | Bo(X1s)) = DZu,

independent of the choice of extension.
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PROOF: In the interior of By, we can use s, y and iase as coordinates. Then, writing u as
a Taylor series in iase off By and using the coordinate representations of & and A in (50),
the proposition follows.

The fourth model operator is therefore the ordinary differential operator yD, (D?) acting
on smooth functions on [—1,0] U [0, 1] with values in the null space of 0y (Ag). In fact
this operator comes with boundary conditions which turn it into an unbounded self-adjoint
operator on the interval [—1, 1]. To discuss these we need to recall, from [15], some properties
of the ‘extended L? null space’ of an elliptic operator. Here the cases of the Dirac operator
and the Laplacian are somewhat different, so we discuss them separately. Let us treat
the Laplacian first, as it is the more complicated case. Consider the null space of Ay on
the weighted L? space x~9L2(My), for § small. Each element v of this null space has an
asymptotic expansion

(54) Agv =0, v € 2 °L2(My) => v = vy logz + vg + v near H, Ay (v;) =0, v' € 2°L2.

These generalized boundary values define a map into null(A g ) @null(Ag); the range will be
written Ay. It is necessarily a Lagrangian subspace of null(A ) ®@null(Ag), so in particular
has dimension equal to that of null(Ag). For 6 > 0 small enough this gives a short exact
sequence

(55) 0——{vea®Li(Mi);Agv =0} — {vea°LI(My); Agv =0} — Ay — 0

This Lagrangian subspace defines the boundary condition for the reduced normal operator.
From these Lagrangian spaces we define two subspaces of null(Ag) :

AR = {v' € null(Ag); (v/,0) € A}

(56) N " !/ "
AY ={u" e null(Ag); 3 (v, u") € A}

Clearly the sum of the dimensions of A¥ and A}, is equal, for either sign, to the dimension of
null(Ag). It was also shown in [15] that AL and AY are the &1 eigenspaces of the scattering
matrix associated to Ay, at A = 0, so the boundary conditions are determined by the
scattering matrix.

To understand the boundary conditions associated to the fourth model operator, we
prove a lemma concerning approximate small eigenfunctions u, by which we will mean
u € C*(XLs; Q%(XLS)) such that (A—(ias€)?2%)u € pgp3p3C>°(X1s; Q%(XLS)). Here, ‘small’
refers to the fact that the eigenvalue goes to zero with iase. We will see in section 6 that
each such u is indeed a good approximation to a surgery eigenfunction. For such u we have
by Proposition 23, Ay (u | Bg) = 0, so u | Bz can be regarded as a null(Ap)-valued
function @ on [—1,0]5 U [0, 1],.

PROPOSITION 24. Suppose u € C*°(XLs; Q%(XLS)) satisfies

(57) (A — (ia5€)22)u € pRo2pdC™ (X1 0B (Xis).
Then @ is C* on [—1,1],, with

(58) (D? — 2%)u =0,
al{s=-1} € AP Dy {s=—-1} e AV,

59 and
(59) ul{s=+1}e AP, D {s=+1} e AY.

Conversely, if u satisfies (58) and (59) then there is an extension u satisfying (57).
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Proor: We first show that 4 and 0,4 match across s = 0. Using the local coordinates

iase, r = sinh™*(z/€) and y near B;, we have by (49) (A — (iase)?2?) = 7(%)2 + Ag
plus terms of second order. On By, u [ B is bounded, and (AH — (%)2)(1; | B1) =0, so
u | By must be constant in r; hence the values of @ [ B2 match across s = 0. We also have
(AH - (%)2) ((aiaseu) I Bl) =0, and (Oiasctt) | B1 =71+ (Op,u) € 7-C®(B1), 80 Oias U is
linear in 7 : ((Qascu) | B1) = a+ fr. (NB: Here we are taking the derivative O, keeping
r and y fixed, not lifting diase from XP..) Hence

Gu fB+2ﬁ31:5:@ I B_p N By,
0s Js

so also dsu matches across s = 0.
A similar argument on Bz and By shows (59). Since u | By € null(Aj;) and is bounded,
the boundary value u | By N Bz € AD. Near By N Bs we can use coordinates & = ilgz, iase

and y. Then by (51) (A — (iase)?2?) = —(528%)2 + Ay up to terms of second order. We
therefore have Ay (&as eu | BO) =0, and (ascu) | Bo = £ 1(9su) € £71C>(By), so

0
2 [ ByoNBy=¢-

u
———— [ Byn By € AY.
0Os J(iase) [ BoN Bz € Ay

This establishes (59). Finally, we show the smoothness of @. Near the interior of By, using
s, iase and y we have, by (50) (A — (iase€)?2?) = (iase)? - (D2 — 2%) + Ay up to terms of

infinite order. Since (A — (ias€)?2?)u vanishes to third order on B,

)2’& r BQ) .

The left hand side is in null(Ag) and the right hand side is orthogonal to the null space,
so each must vanish. This gives (58); and then since @ satisfies a second order ordinary
differential equation and @ and its derivative match at s = 0, 4 extends smoothly across
s = 0. This yields the necessity of (58) and (59).

To prove the sufficiency, we reverse the argument. The argument yields the (unique) first
and second terms in the Taylor series off By and Bj, which are compatible with the given
@ and are killed by the normal operators Ro(A), Ri(A). These are also compatible with
taking 0p,u [ B2 = 0. Then, by Propositions 22 and 23, u satisfies (57). 8

The argument to establish the boundary conditions for the Dirac operator is similar, but
less complicated since it is a first order operator. In this case, we have as with A that
if § > 0 is small enough each element of the null space of dy on the weighted L? space
x79L2(My4) has a decomposition near the boundary

Oov =0, v e a?_‘SLlQ,(Mi) = v(z,y) =vo(y) +v'(z,y), 0u(ve) =0, v' € :E‘SL?,(Mi).

The boundary value vy defines a map into null(dz); let us call the range As 1. It is a La-
grangian subspace of null(d ) with respect to the symplectic structure on null(d 5) given by
the operator v = cl(dz/(vx2 + €2). Then we have for the Dirac operator a result analogous
to Proposition 24:
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PROPOSITION 25. Suppose u € C*(Xys) satisfies (0. — (ias€)z)u = 0. Then u is C* on
[—1,1]s, with

(60) (4D, — 2ya =0,
w | {S = —1} € Ag, -

(61) s =41} € Ay

The proof proceeds completely analogously to the first part of the proof of Proposition 24,
so it is omitted.
Section 4: The double space and the pseudodifferential calculus.

4.1. Preliminary remarks. In the previous section, Ls-differential operators were defined.
In this section, we set up a calculus of pseudodifferential operators adapted to ‘surgery
geometry’, in the expectation that the generalized inverses of elliptic Ls-differential operators
will lie in the calculus.

The strategy of the construction is:

(i) Construct a parametrix G such that

(62) (A—XN)G=1d—R,

where R is a ‘small’ remainder (residual operator).
(ii) Invert Id —R using the Neumann series:

(Id—R) " =1d+ R+ R*+--- =1d+5.
(iii) Write the resolvent as
(A=N""=G-(1d+8S).

To carry out this program, we need to identify a space (an ideal) of residual operators
which ‘iterate away’, that is, such that the Neumann series makes sense, is summable and
sums to an element of our calculus. Hence we need to define the powers R7 and understand
the decay properties of these powers. We also need to understand the compositions A, - G,
although this is easy since A, is a differential operator, and G - S. In the rest of this section
we proceed to set up this machinery to carry through these computations.

4.2. Logarithmic Double space. By analogy with the logarithmic single space, define

2 _ (yv2) _ 2
(63) Xto= (X2, = ((X3),,,),, -
Recall that the surgery double space of Part I is
(64) X2 =[X?x[0,e); H* x {0}; X x H x {0}; H x X x {0}].

By Lemma 14, the b-fibrations 72 ; , 72 5+ X7 — X, lift to b-fibrations 7f, , 7t p: X7, —
X1s, such that the following diagram commutes:

2 2
T T
Ls,L 2 Ls,R
X1s X2 Xrs
2 2
Y Y
s,L s,R
X, X2 X,.




Figure 2. Representation of the boundary hypersurfaces of X2,.

The lifted diagonal Ars C X2, is a closed p-submanifold which is canonically diffeomorphic
to Xis; indeed, both projections 71'?7 I 7Ti p restrict to give the same diffeomorphism from
Aprs to Xis. The structure algebra Vis(X) lifts from either factor to a Lie algebra of smooth
vector fields transversal to Apgs.

We shall label the new boundary hypersurfaces of X2 as Bj;(X?2), arising from the first
blowup of (64), Bo1(X?) arising from the second blowup and Bjo(X?2) arising from the third
blowup. The lift of the boundary at ¢ = 0 will be denoted Boo(X2); the boundary over
€ = ¢ will generally be igonored. We use the same notation for the boundary hypersurfaces
of (Xs)10g and for the boundary hypersurfaces of X7, to which they lift. The remaining
boundary hypersurfaces arise from the blow up of both codimension three and codimension
two faces in the final step of the definition (63). The boundary hypersurfaces arising from
codimension three faces will be denoted Bao(X7,), those arising from the codimension two
faces will be denoted Ba1(X2,), B1a(X?,), Bss(X?,), Bao(XE,) and Boe(X7,) according to
whether the face blown up comes from By1(X?2) N Bo1(X?2), B11(X2) N B1o(X2), B11(X2)N
Boo(X2), B1o(X2)N Boo(X?2) or Bp1(X2)N Byo(X2). As usual the connectedness properties
of these faces depend on the orientation and separation properties of H.

The structure of these faces is given below. Recall that By(Xps) = Mlog, B1(X1s) = Flog.
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PROPOSITION 26. There are canonical diffeomorphisms:

(65) Boo (X2,) = (M) = [(BR)w; H2 0 {a' [z = £1}],
(66) Bio (X)) = (B1 x Bo)y, »

(67) Boi (X)) = (Bo x Bi1)y, »

(68) Bui (X2) = (Hyphe = [(BR)a; H2 0 {a! Jx = +1}],
(69) Baz (XZ,) = [(B3)w; Asb, Ay,

(70) Boy (X{,) = B2 x By,

(71) Bis (X{,) = By x Ba,

(72) Bso (X{,) = B2 x By,

(73) Bz (X{,) = Bo x Ba,

(74) Bss (XE,) = (B2)?

In (69) Agb (Ag) is the fibre diagonal (anti-diagonal) of B2, for the fibration over [0, 1],
lifted to (B3),, -

Proor: The maps Wﬁ& 7, and ﬂ'ﬁ& p Trestricted to By,, map to By, and B, respectively, for
(mn) # (33). In fact (7, 1, mi g) lifts from the interior of By, to map diffeomorphically
to the spaces indicated. The space Bss is canonically diffeomorphic to H2 x H2 x [0,1]2 so
(74) follows. n

4.3. Densities. Lifting the canonical isomorphism

T Qy (M x [0, €0)) ® mr*Qy (M X [0, €0]) = Qp (M? x [0,€0]) @ Qs ([0, €0))
to the (original) surgery spaces one obtains a canonical isomorphism
(75) (21)" Qb (Xs) © (72 )" D (Xs) = Y (X2) @ D ([0, €0]) -

By Lemma 15, the lift of these density bundles to the logarithmic surgery spaces gives
the canonical isomorphism

(76) (mter)* Q0 XLs ® (74 r)* Qo XLs = Qp(XF,) ® Qe (XTy) -

The square root of this density bundle equation,

1 1 1 1
(77) (7Es,2) " 2B (X1s) ® (71 7)™ QB (X1s) = Qp(XT,) ® 02 (XL,)

will be used in subsection 4.5.

4.4. Logarithmic Surgery Pseudodifferential Operators. The purpose of the loga-
rithmic double space is to carry the Schwartz kernels of logarithmic surgery pseudodifferen-
tial operators (Ls-wdos for short). These will be defined directly in terms of the regularity
properties of their kernels. An Ls-pseudodifferential operator acting on half-densities on M
(and giving a half-density depending in €) will be defined to be a distributional section of

1
Q3 (X2,), conormal to Arg and with specified behaviour at the boundary of X?,. Before
giving the precise definition for general bundles, to motivate the definition the kernels of
some simple operators are examined.
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ExaMpPLE 27. The kernel of the identity operator acting on multiples of the metric half-
density bundle on M is, in the original coordinates (x,y) near H C M,

Id = 0,(z") - 0, (y') - |dz - dx’ - dy - dy’|% .
Let us multiply this by the formal factor ’ d((ilg:) = ’%’ and analyze the resulting half

density on X7,. Near Boy N Bss, using coordinates z’/x, pss = ilgx, and poo = ilge/ps3, a
short computation gives

1 1 !

[N

(ilge)? 'z Pis  Pdo
and near Bss N By, with ps3 = ilg(e/x) and p11 = ailge/pss,
d(ilge) d(z'/x) dpss dpn 3
(78) Id -| ] 5(——1) Sy(y') - (,/)- = dy - dy
(ilg€)? z 'z P33 P11

Thus the kernel of the identity is, in these regions and hence everywhere, a distribution
supported on and conormal to AL; it is clearly elliptic as a D-density on X7,.

Since Vi lifts from the left factor of X2, to be transversal to Apg, Ls-differential operators
correspond precisely to D-densities supported on the diagonal with arbitrary polynomial
symbol.

We define the set of Ls-ipdos of order k and index family K (formally) acting from sections
of E to sections of F' to be the sum of two pieces, the small calculus of order k and the
boundary terms of index family K :

(79) VP (X B, F) = OF, o) (X103 B, F) + OF, o (X153 B, F) .

When the bundles F and F are equal or trivial (or clear from context), we simplify the
notation to \IIE’S’C (X1s; E) or \IIE’S’C(X).

The first part of (79), the small calculus, is the ‘microlocalization’ of the space of Ls-
differential operators. To take care of the density and bundle factors consider the following
bundle (the kernel density bundle) over X7, :

KD(E, F) = 3" Hom(E, F) @ (w2, )" <Q%<XLS>>@(wis,m*(szg%(&s))@Q%(Xﬁ)

(80) T i
= (n3, p ® 72, )" Hom(E © Q5 (X14)), F © Q5 (Y1) © Q5 (X2,).

Here, on the first line E and F' can be either bundles over M or bundles over X or bundles
over X1 with 0 interpreted appropriately, in all cases the lift of the homomorphism bundle
can be interpreted as a bundle over X7.. On the second line E and F are bundles over Xp.

1 1
In case £ = F' = Qj}, is isomorphic to the lift to X1, of Q7 from X, the kernel density

bundle reduces canonically to Q%(XES), as is to be expected from (78). Then the operators
in the small calculus, defined directly as kernels, are

\I/]Iis,srnl (XLS§E7F) :{K € Ik_i(Xﬁs;ALs;KD(E7F));
(81)

K vanishes rapidly at all boundaries disjoint from ALS}.
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This notation means that K is ‘classical’ conormal (1-step polyhomogeneous) to Ay of
order k — 1/4, with values in the kernel density bundle. The ‘—1/4’ in the order comes from
the the extra e dimension; this space of kernels corresponds to operators of order & in the
usual sense.

The kernels in the boundary part of (79) are smooth in the interior of X7, (i.e. have no
diagonal singularities) and are polyhomogeneous at all boundaries, with index set K(Bgt)
at Bgy :

(82) U bay (Xsi B, F) = A, (X2 KD(E, F))).
The fully residual space is the case where all entries or K are empty, corresponding to rapid
decay at all boundary faces over € = 0, in powers of ilg e. Notice that W % | (Xus; E,F) =
qus,bdy (X1s; E, F) where K is the index family corresponding to smoothness up to all
boundary hypersurfaces meeting Ars and rapid decay at all others.

4.5. Action on Distributions. In general the action of A € \IIE’S’C (X1s; E,F) on u €
C™°°(XLs; E) is defined by a generalization of the formula ‘(Au)(z) = [ A(z,y)u(y)dy:

d(ilge) -1
(ilg 6)2‘ ) '
Here p € C°°(X1s;Qp) is a non-vanishing section. The definition of the kernel density
bundle and (76), means that allowing the Hom(FE, F') part of A to act on u results in an
F-valued (distributional) density, the pushforward of which is well defined in € > 0. Pushing
forward yields an F-valued density on Xig, which when divided by p is a distributional
section of F' independent of the choice of . The Pushforward theorem, Theorem 8, im-
plies that \I/f&ml (XLs; F) maps Afhg (XLS; E) to itself and that \Ilfs,bdy (X1s; E, F) maps

Afhg (XLS; E) to Aghg (XLS; F) where G is determined by K and F. These results are not

essential here, so the details are omitted.

(83) Au - n= (Wis,L)* (A : (W%S,L)*u : (T‘-I%S,R)*U’ : ’

4.6. The Triple Space. The purpose of the triple space is to allow the direct analysis
of the composite of two Ls-¢pdos. Composition of integral kernels requires three sets of
variables, one of which is integrated out. To integrate in the context of Ls-1)dos we need a
‘triple space’ with three b-fibrations back to the double space; by the Pushforward theorem
the pushforwards under these maps will preserve polyhomogeneity at the boundaries.

The triple logarithmic space is defined by exact analogy with the single and double log-
arithmic spaces. It is obtained by further blowup from the triple space X3 considered in
Part I and [14]:

3 3 3
(51) X = () = (Doy),, -
Another application of Lemma 14 shows that there is a commutative diagram:
Xfg—— X2
3 3
Tis,C Ts,c
(85) X3, X3
ﬂ-is,F 3 W?,S
T, F 7ris,S
2 2 2 2
XLS - XS XLS - XS
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where the maps 77, ., 77, o and 7j, ¢ are simple b-fibrations.

The degree D for boundary hypersurfaces of X7, is defined as for the double space, i.e.
d(H) is the codimension of the boundary face of X3 from which H arises by blowup. Lifting
the b-density bundle of X3 to XES, as for the double space in (76), gives

Qp(X7,) = me " WX
and this in turn gives a canonical isomorphism
* * * 2 *
(WES,F) QD(XﬁS) ® (WES,C) QD(XﬁS) ® (WES,S) QD(XI%S) = (QD(XI%S)) ®m QCXBS‘
The square root of this density bundle equation
3 \*O3 (v2 3 \+OB (V2 3 V¢ OB (v2 ) — 3 *()3 vO0
(86) (WLS,F) QD(XLS) ® (T‘-LS,C) QD(‘XVLS) ® (FLS,S) QD(‘XVLS) = QD(XLS) ®m QC XLs

is used below in the composition formula.

4.7. Composition. The composition of two Ls-¢dos is in general defined by a formula
similar to, and arising from, (83) for the action on a distribution

d(ilge) ’—%).

(87) AB-v = (ﬂ’gs,C)* ((ﬂ-is,C)*V' (WES,F)*A. (WES,S)*B. ‘ (ﬂg 6)2

Here, v is a nonvanishing Ls-half density on X?,. Assuming A € \If]li’slC (X1s; E,G) and
B e \Ili’sﬁ (XLs; G, F) the terms in the kernel bundle arising from homomorphism bundles
compose appropriately, so the expression in the large parentheses is, by (86), a section of

the bundle (7{, »)* Hom(E ® QB% (X1s), F ® QB% (X1s)) ® Q%(XES). Therefore it can be
pushed forward, at least over the interior, to X2, as v - (AB) where AB is a section of the
kernel bundle KD(E, F).

THEOREM 28. The composition of logarthmic surgery pseudodifferential operators is well
defined and

(88) WP (X1 B, Q) 0 UhE (X1 G, F) € UFR (X1 B, G)

where the dependence of R on K and L is determined by the combinatorial properties of
the maps 77, o for O = F, S, C; namely for each hypersurface H' € M (X7,)

(89) R(H') C U (K (i s(H)) + L(7is p(H)) — (d(H) — d(H"))) .

{HEM, (X353, o (H)=H'}

The ‘extended union’ in (89) is defined by

QGH =GUHU{(z,p) | 3(z,¢1) €G,(2,q2) EH st p=q1 + g2+ 1}

the operation is commutative so extends uniquely to any number of index sets. Notice that
the degrees d(H) and d(H') are actually the codimensions of the boundary faces in X3 and
X2 from which the hypersurfaces H and H' arise. To prove this result some information on
the combinatorial properties of the stretched projections is needed, so we start with
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LEMMA 29. If H disconnects M then any Q € M;(X?) is determined by its images in
M;(X,) under the two stretched projections and any R € My(X32) is determined by its
three images in My (X,) under the three stretched projections; furthermore any element of
M'(X?2) (respectively) M'(X?2) is determined by its ‘hull’ in My (X2) (resp. M1(X32)), this
being the set of boundary hypersurfaces which meet a neighbourhood of any interior point.

PROOF: The fact that a boundary hypersurface of X2 or X3 is determined by its projec-
tions is easily seen from the definitions of the spaces and maps. The assumption that H
disconnects M also shows that any intersection of boundary hypersurfaces of one of these
spaces is either empty or consists of exactly one boundary face, proving the second part of
the lemma.

PROOF OF THEOREM 28: The composition formula (88) is readily derived from adjoint
symmetry and the three special cases

(90) \Plﬁs,sml (XLS; Ea G) © \Ilis,sml (XLs; Ga F) - qjl}i:iml (XLS; Ea F) P
(91) \Iﬂﬁs,sml (XLS; E, G) o \I/fs,bdy (XLS; Ga F) - \I/fs,bdy (XLS; E, F) ;
(92) ‘I’fs,bdy (XLs; B, G) o ‘I’fs,bdy (XLs; G, F) C \Ilﬁ,bdy (Xis; B, F)

where R is given by (89).

The first of these results shows that the small calculus is closed under composition. Now
(90) follows easily from the pullback and pushforward theorems (with the extension discussed
at the end of section 2.3 and the following combinatorial fact concerning the boundary
hypersurfaces at which an element of the small calculus can have a non-trivial expansion.

If Q € M1 (X7,) is such that the interiors of 7{ »(Q) and 7{, ¢(Q)

(93) 3 3 3
both meet Arg then 77, (Q) = 715 5(Q) = Tis,c(Q).

Indeed if 7 is the index family on X7, corresponding to the small calculus then it follows
from (93) that

(94) T2 (migc)p (e p)? T - (nis5)7T) -

To see (93) recall that M;(X3,) = M'(X3), M1(X2,) = M'(X2) and M;(X1s) = M'(X5)
and that the stretched projections between these spaces induce the same maps (e.g. the
map induced by 7f  from My (X7,) to Mi(X7,) is the same as that induced by 72 » from
M'(X3) to M'(X?)). An element S € M;(X?7,) has interior meeting the diagonal if and
only if the same is true of the element B € M’(X2) from which it arises by blow up. The
interior of B meets the diagonal if and only if each element of its hull in M;(X?2) has the
same property. Thus if Q € M;(X3,) is to have the stated property that its projections
under 77, p and 77, g should both have interiors meeting the diagonal then the element
Q' € M'(X?3) from which it arises must have hull in M;(X?) each element, P, of which has
projections under 7?3 . and 73 ¢ into M;(X?) with this same property. It is shown in Part T
(and in any case is easy to see) that this implies that the two projections of P into M7 (X5)
must be the same. Thus any element of the hull of Q" must have all three projections into
M;(X) the same, hence the three projections of the hull of Q' into M'(X;) must be the
same. Since a b-fibration is open, the hull of the projection is the projection of the hull,
hence all three projections of @ as elements of M’(X) are the same; this proves (93) and
hence (90).
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The second result shows that the boundary terms, for any index family, form an ideal
over the small calculus. Again this is a direct consequence of the pullback and pushforward
theorems together with a combinatorial fact generalizing (93), namely

Given S € M (X?,) there is exactly one Q € M;(X?,) such that

(95) wisys(Q) =S and wisyF(Q) has interior meeting Arg and then ﬂisyc(Q) =5
This also follows by using an argument with hulls justified by Lemma 29. Thus if @ has the
stated property then so does an element of the hull, in M;(X?2) of the element Q' € M'(X3)
from which it arises, i.e. each element of this hull has image under ﬂg, r having its two
projections into M;(X) equal. It follows that the projections of Q" into M'(X?) under 73 ¢
and ”g,c must have the same hulls, and therefore must be equal. Thus the projections of )
into M; (X7,) under 7 g and mf, . must be equal, which is the content of (95).

The third result, that the boundary terms themselves compose with the index families
controlled by (89) is a direct translation of the pullback and pushforward theorems. 1

This theorem includes all the composition results listed in section 4.1. Of these, the
identification of A - G for G € ¥ >° (XLs; ™A*), is in any case easy to understand, since
composition on the left by an Ls-differential operator has an alternative description in terms
of lifting Ls-vector fields using 77, ;: X7, — Xis, and letting them act on G. Tt is then
immediate that composition with A, gives a map

U2t (Xus A7) — Ui (Xos A7)

4.8. An iteratively-residual ideal. We shall only explicitly construct the leading terms
of the parametrix for the resolvent of A.. The remainder term from this construction will be
a harmless ‘error term’ provided it can be iterated away. Thus we look for an index family
& which defines an iteratively-residual ideal Zg in the sense that

Tp = WL, pay (X1 B) satifies Zf € W\ (X1 E)

96
(96) where & C € and &, > rp — o0 as k — oo.

LEMMA 30. There is a natural index family, £, satisfying (96) and such that

n>1andifn=1 then k=0 for d(H) =1

©7) EH) > (nk) = { n > 2 and if n =2 then k =0 for d(H) > 1.

PRrROOF: Consider the smallest index family for which (97) holds, and denote it by F. Thus
F(H) is the index sets (n,0) where n > 1 if d(H) = 1 and n > 2 if d(H) > 1. Let F»
be the index family given by (92) for the square of the space qus,bdy (X1s; F) . Since the
b-fibrations involved are all simple this is an integral index family. From (92) in order to
have (n,k) € Fo(H') then must exist elements (n’,0) € F(Hp) and (n”,0) € F(Hg) such
that n > n' +n” — d(H) + d(H') where H', Hr and Hg are the images of H € M;(X3,)
under the three stretched projections.

Now for any hypersurfaces H € My(X7,) and H' € My(X7,) with nf_ ,(H) = H' there
are corresponding boundary faces h € M’(X3) and ' € M’(X?2), from which they arise by
blowup, which must satisfy W?,o(h) = h’. Under this map the codimension can decrease by
at most 1. Thus the difference of degrees d(H) — d(H') is at most 1. Furthermore, if this
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difference is 1 then under one of the other two projections the image must have codimension
at least 2. On the other hand if d(H’) > 2 then all three image of H must have degree at least
2. Combining these combinatorial facts with the definition of F it follows that Fo — 1, also
satisfies (97). In fact this argument shows that if K and £ are two index families satisfying
(97) then the index family R obtained from (89) is such that R — 1 also satisfies (97). Let
Fi be the index family arsing from F by k-fold composition. Then the minimum order in
Fi is F+k, so

(98) £=JF
k

is an index family satisfying the conditions of the lemma. 8

Thus we can consider an iteratively-residual ideal Zg as in (96).
For such iteratively-residual ideal it is natural to expect behaviour similar to that of a
Volterra operator.

LEMMA 31. If R € Iy as in (96) then in € < €g for some ¢y > 0 depending on R
(99) (Id—R)"'=1d-8S, S € Zx.

Proor: If R is an element of the residual space \Ij%s,bdy (X1s; F) then R is simply a smooth-
ing operator on M depending smoothly on ilg e and vanishing rapidly as ilge — 0. It then
follows that (Id —R)~! = Id —S with S an operator of the same type in € < ¢p. If R € Zx
then the formal Neumann series for the inverse of Id —R :

(100) Id+R+R?>+ ...+ RF ...

converges asymptotically, in view of (96). Thus the series can be asymptotically summed
to an element Id —S’, with S’ € Zg such that (Id —R)(Id —S’) = Id — R’ with R’ residual.
Thus (Id —R')~! = Id —S” with S” residual so S = S’ + S” — 5" 0 S§” € Ig, proving the

lemma. B

4.9. Symbol Map. In the ordinary pseudodifferential operator calculus, the symbol map
is used as a tool to invert elliptic operators (see [10], section 18). In the logarithmic surgery
calculus, we have an analogous symbol map on the small calculus. The symbol of A € \Ilf& sml
is the leading part of the Fourier transform of the kernel of A transverse to Arg; this Fourier

transform is by definition of ﬁ/’ﬁs,sml a classical symbol. To make the density factors work

out, we should divide A by the formal half density factor |-4G5% "2, multiply by the half-

density exp—i(&log(a’/@)+n-(y' ~v)) |dm—””,/dy’d§dn|1/2 and integrate over z’ and 3, obtaining a
half-density. Thus U(A)(p,f,n)|d7xdyd§dn\1/2 is given by

; (! ’ d / d ! d 1
/e—l(ﬁ log(z'/x)+n-(y —y))A(p’ x_, v —y)v(ly — | + |log $—|)|i/dy’||—mdyd§dn|5.
T T T T

Here p € Ay, 9 is a cutoff function and we use log(z’/x), y’ —y for coordinates transverse to
Ars. The half-density on the left hand side of this equation is a canonical factor on N*Apg,
so can be cancelled; the symbol then is a function on N*Arg, which is polyhomogeneous on
the fibres. As is to be expected it is the same as the lift of the symbol defined in Part I on
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Ay, lifted to Ars. The principal symbol oy (A) is the degree k part; as usual it is independent
of coordinate changes. There is a quantization map from symbols of order & to \Ijlﬁs,sml given
by inverse Fourier transform of the symbol in the (£, 7n) directions. Thus the symbol map

may be used, as in the usual case, to solve operator equations P -G = Id, P € \Ij]ﬁs,sml

However, such errors are not uniformly compact as € | 0,

— 00

elliptic, up to errors in Wy °C .

since elements of W > | do not vanish at the boundaries Bog, Bi1 or Bss. To construct
parametrices for elliptic operators one therefore also needs to solve model problems at these

boundary faces.
LEMMA 32. A, is an elliptic Ls-ydo.

PROOF: Away from B and B this is true because the metric is non-degenerate. At By and
By we have, up to a symbol of at most second order vanishing to infinite order (in Taylor
series) at H :

o2 (A)(&m) = €7 +[nf*. u

4.10. Model Operators. In this subsection we define model operators for A € \Ilijso.
The model operator N,,, at face B, is in principle just the restriction of A to B,,,. The
restrictions are defined as at the end of section 2.1, that is, by division by the canonical
factor ’dpmn/(pmn (ﬂg G)d)‘l/Q
section 2.1.

These model operators have different characters. Nog maps into a blown up version of the
cusp pseudodifferential calculus, W (M,s). This set of operators (Schwartz kernels) is, by
definition, the space of D-half densities on the cusp double space

; this maps into the degree half density bundle as described in

[M?Og;ﬁ2;f{2 ﬂ{x//m = 1}]

conormal to the diagonal. Equation (65) shows that Bgg is canonically this space with the
boundary of the ‘anti-diagonals’ also blown up. It also shows that it is a blowup of the
b-stretched product M of [15]. Under this blowup, b-pseudodifferential operators lift to
cusp pseudodifferential operators; all the models considered in this paper will be lifts of
b-pseudodifferential operators. The model Ni; behaves analogously for H.

The model operator N33 maps qj!ﬁs,sml to a family of operators in \I/ffﬁsml(ﬁ) parametrized
smoothly by s, the coordinate in (36) along Arg N Bss. This is because the lifts of Vs from
both the left and right are tangent to the leaves s = constant (= s’). The operator on each
leaf acts by convolution on H. For an operator B lifted from W%  (X2), N33(B) will be the
indicial operator of B (in the terminology of [15] and Part I) on each leaf s = constant, but
in general the N335(A) will depend on s.

The other models NOI; NlO; ng, N21, NQQ, N20 and N22 map ‘I’IE’SO to Coo(Nmn, Qg2an),
since these faces are disjoint from the diagonal.

To construct the resolvent of A we will need to know the model operators of A - G.

LeEMMA 33. In the notation of Proposition 3.4 we have

PROOF: Lemma 26 identifies the various boundary hypersurfaces B,,, # Bss as blown up
products of boundary hypersurfaces of X1s. Since A acts on G by products of Vy¢-vector
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fields lifted from the left, which are tangent to the boundary, (101) follows. On Bss, using
coordinates s, 7 = log(a’/x), y, ¥, the vector field V; lifts from the left to be %, so (102)
follows.

Finally, we discuss the reduced normal operator RN(A). The following is a double space
version of Lemma 23.

LEMMA 34. Suppose Nap,(AG) = 0, that is, Ag(N2,(G)) = 0. Let W be a normal vector
field to Bo, tangent to s,y = constant and tangent to the right stretched projection to Xp.
If Ay (W(G) i Bgn) = 0 then AG vanishes to second order at B, and

(103) N (o ) = DG

(iase)
The result follows from Lemma 23.

Section 5: One-dimensional surgery resolvent.

We return to the reduced normal operator of section 3.4. This model operator does not
appear in Part I and is precisely the new ingredient which allows us to construct the surgery
parametrix down to A = 0.

5.1. Scaling property. Let K(s,s,z)|ds - ds'|'/? be the Schwartz kernel of D? — 22 on
the interval [—1, 1]s, acting on functions @ taking values in the vector space V = null(Ag),
with boundary conditions as in (59). To illustrate the scaling property of this operator, let
K -|dgedgl|'/? be the kernel of (A, — (iase)?2?) ~! on V-valued functions defined on [—1, 1],
with surgery metric g. = do? /(22 + €2) and with boundary conditions as above. Arclength
is

xr d~

& sinh ™! z
0o VI?+é €
so the length of the interval with respect to g, is 2sinh™'(1/€) = 2L.

Consider the function iase = 1/sinh™'(1/¢) = L-!. Then

T =

iase = ilg 2¢ + O((ilg€)>) = ilge(1 + (log2)ilge) ™' + 0((ilge)™)

is a C* function of ilge, equal to first order; however as the discussion above shows, iase
is a more natural function to use than ilge in this setting. Let s be the rescaled arclength,
s=r1/Le, so s € [-1,1] for all e. Then A, = D? = (ias¢€)?D2, so

(ias G)Q(Dg - 22)K =46(r—r")
= (ias€)d(s — &).

Hence, using coordinates s, s’, K scales in € as (iase)™! :

(104) K(s,s',e,2) = (iase) 'K (s, 5, 2).

Let us now multiply K by the canonical half density factor v = ‘dggdgéd(ﬂg €)/(ilg 6)2’1/ 2

and lift to the logarithmic double space X2 ([—1,1],).

LEMMA 35. The lift of K -v to X{, x C, is a D-half-density meromorphic in z, conormal to
Ars and (iase€)~!x smooth up to all boundary hypersurfaces; that is, K is a meromorphic
family of Ls-i)dos with index family —1. The restriction of (iase€)K - v to Bas is the resolvent
(D% — 2%~
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ProoF: All these assertions follow easily from (104). Meromorphy in z follows from mero-
morphy of the resolvent K = (A — 22)~!. To show that it lifts to be conormal to Arg,
observe that K(s,s’,z) = —(3)|s — ¢'| + K’ with K’ a smooth function of (s, s’,z). Since
s is a smooth function on X, (iase) 'K’(s, s, 2) lifts to be (iase)™'x smooth on X7..
We need only show that (iase)~'(3)|s — &'| lifts to be conormal on X7,. This is clear away
from € = 0, so we need only check this in Taylor series at ¢ = 0. Near the interior of B,
(ias€)~!s—s'| = |sinh ! (x/€) —sinh~* (2’ /€)|. Since x /¢, 2’ /€ are coordinates on the interior
of Byy, this is conormal to Ars = {x/e = 2’ /e}. Near B33 and By,

(iase) ™' (s — s') = (log(z/€) — log2 — log(z'/€) +log2 + O(p35055))

so (iase) s — &'| = |log(z/2")| + O(pS5p5s) which is conormal to Ars = {log(z/z’) = 0}.
The last assertion follows immediately from (104). n

5.2. Scattering Matrix. Let us calculate the scattering matrix, as defined in [15], section
6, and in section 6.2 below, for the two one-dimensional Laplacians No(A) = Ag on My =
[~1,0], and [0,1],. On [-1,0] and [0,1] Ag = —(2D,)? is a b-Laplacian near x = 0, and
looks like —D? at x = +1, with mixed boundary conditions as above. The scattering
solutions of (Ag — 22)u = 0 are defined by analytic continuation from Im z > 0 by

S(¢a )—xZZ(bJrLQnear:z:fO(;SGV( ) (QZS, )
To satisfy the boundary conditions, S(¢, z) must be a linear combination of
{v(x* +27%),w(@™ —z )0 e AL, we Al }.

The scattering matrix Sy (z) is the linear transformation that maps the coefficient of z~%
to the coefficient of 2%*; thus S+ (2)v = v for v € AP and S4(2)w = —w for w € AY. Hence

S1(z) = proj A2 — proj AY,

independent of z. We also read off that the smooth and logarithmically growing null spaces of
Ay are precisely AP and AY . It follows that the reduced normal operator of A, —(ias€)?z? on
[—1,1], with boundary conditions as above is the operator D2 — 22 with the same boundary
conditions. In this case, therefore, the reduced normal operator ‘reproduces’ the original

operator.

5.3. Properties at the boundary. The boundary conditions associated with A imply
that

(1,5, 2) € Hom(V,AR) ,

K
JK(£1,5,2) € Hom(V, AY).

Os
Because A is self-adjoint, we also have

(s,%1,2) € Hom(AZ, V),

K
K(s,+1,2) € Hom(AY, V).

By
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Therefore, K(+1,+1,z) € Hom(AP,A?) and K(+1,F1,z) € Hom(AL,A2). Also, since
(A—-2%) K =6(s—4"),

lilrln 0,K(s,s',2) =Id+ l}i,rTn 0sK (5,8, 2).
Hence
Hom(AY,V) 5 lim 9K (s,1,2) = lim (9.K(1,5",%))"
=—Id+ Sl/u;n1 (0sK(s,1,%))

and limy 1 (0, K (s, 1,2))* € Hom(V, AP). It follows that

0y K(1—-0,1,2) = — proj Af + A(z)
0K(1—0,1,2)= projA? + A*(z
(105) _( ) Pro] J[r) @ where A(z) € Hom(AY,A?)
0y K(1,1-0,2) = projAY + A(z)
0sK(1,1—0,2) = — proj Af + A*(Z).
Similar results hold at s = s’ = —1.

5.4. Eigenvalues. The spectrum of RN(A) is, by standard elliptic theory, a discrete

sequence 0 < 25 < 27 < --- with each 27 of finite multiplicity. The kernel K(s,s',2) of

(RN(A) — 22)71 is meromorphic in z with poles only at the £z;. These poles are simple
for all 2; # 0 with residue equal to (2z;)~! times the projection onto the jth eigenspace
and has a double pole at 0 if zg = 0, with residue zero and coefficient of =2 equal to the
projection onto the null space. This different behaviour at 0 is just the result of using 22
rather than z as the spectral parameter.

We next discuss the eigenvalues of the reduced normal Dirac operator, since these con-
tribute to our formula for the limit of the eta invariant. Recall from section 3 that the
reduced normal operator of 9. at By is 7D, acting on null(dy)-valued functions @ on the
interval [—1, 1], where v = cl(dz/vx2 + €2) is the matrix (é _9) with respect to the splitting
of the spinor bundle S = ST ® S~ at By. This model operator has boundary conditions
u [ £1 € Ag +, where the A5 4 are the spaces of C* solutions ¢ to dpr, ¢ = 0.

Notice that if w is an eigenfunction of yD,, with these boundary conditions, with eigen-
value z then T = Ae’*® + Be "*% where yA = A and YB = —B. Then Aei(>tkms 4
Be~#ztkm)s 3150 satisfies the boundary conditions, and so is an eigenfunction of yD, with
eigenvalue z + km. Hence the eigenvalues of yD, are periodic with period 7; there are
dim null(d,/) eigenvalues in the interval [0, 7).

5.5. Heat kernel and large |z| asymptotics of K. One can write down an explicit
formula for the heat kernel e *RN(4) using the reflection principle. This is a convenient way
to obtain the large |z| asymptotics of K (s,s’,z) and to compute the eta invariant of RN(9).

When reflecting ¢ € V at s = £1, one should take +¢ if ¢ € AL and —¢ if ¢ € AY; that
is, in general one should take Sy ¢, where S = proj A — projA¥ is the scattering matrix
for A, at zero energy. There are four ‘series’ of reflections, originating from ¢ at s’ : they
are

(S.S_)*S, ¢ at 4k+2— 5,
(S_S)*S_¢ at —4k—2—¢,
(S S )¢ at 4k+ ¢,
(S-S )¢ at —4k+s'.

(106)
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Thus e tBN(A) (5. §') is given by

1
Vart

{e|ss’|2/4t IdJrZ {67\4k+s’7s|2/4t(5+57>k +ef|74k+s’75|2/4t(575+>k
(107) k=0
+67\4k+27575’\2/4t(s+57)ks+ T ef|74k72fsfs’\2/4t(575~+)k57:| }

From this one can use the transform

(108) (A— 2271 :/ et gt
0

to obtain an infinite sum for the model resolvent K from which large |z| asymptotics (Im z <
0) are easy to determine. Choose a contour of integration for (108) so that Ret > 0,
Retz? < 0. Consider the transform applied to a term

1
vVt

€7|A:|:sfs’|2/4t . B

of (107). If |[A+ s — s’| # 0 then

& 1 12 2 1 ; ’
/ e—\Ais—s | /4tetz dt = e—lz|Ais—s |
0

Vart 21z

is rapidly decreasing as |z| — oo, uniformly in any sector —m + § < argz < —J. Hence,
for (s,s’) away from (1,1) and (—1,—1) the only term that contributes to (polynomial)
asymptotics in z is the first, (47t)=1/2e~1s=5"/4t .1 and for (s, s') near (£1, +1), the only
terms that contribute are

1
Vamt

Thus, performing the integral (108), we get, uniformly in any sector as above and for (s, s’)
in a closed set disjoint from (—1,—1) and (1, 1),

(ef|sfs’|2/4t 1d +67H:27sfs’\2/4t S:t) )

—iz|s—s'|
N7 / _ € —C|z|
(109) K(s,s', z) 5 Id+0O (e )

and for (s, s’) near the corners (+1,+1),

N7a 1 : N . N

K(S, 5172) — %(e—zZIS—s \ + e—zz|i2—s—5 |) proj Ag

%(fiz\s_s,l — e === projAY + O (e—C\Z\) _
1z

(110)

Comparing these formulae with (105), we see that A(z) is exponentially decreasing as |z| —
oo in this sector.
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5.6. Eta invariant. From the expression (107) we can explicitly calculate the eta invariant
of RN(9) in terms of the subspaces A, AY which determine RN(3).

To state this result, decompose the vector space V' into an orthogonal direct sum V =
Vi @& Vs, where

Vi=APnAP e AN NAY @ AR NAY @ AP nAY
Vo=V oV.

V1 is a ‘trivial’ subspace, a sum of vector spaces in which the boundary conditions are either
Dirichlet or Neumann at each end. With respect to this direct sum, v and the scattering
matrices Sy = proj AP — proj AY split; write 4", S, for v | Va, S| Va. The Dirac operator
RN(0) therefore splits into a direct sum RN(9) = RN(d); @ RN(9)2, with RN(d); acting

. . e
on sections of V;. Define the ‘superdeterminant’ Sdet of an operator A = (64;(,01)) on Vs,

diagonal with respect to 4", by
Sdet A = det AW (det AY)™1 det A £ 0.

PROPOSITION 36. The eta invariant of RN(0) is given by
1
n(RN(@)) = - log Sdet(Id —S7.S” ).

PROOF: Since RN(d) = RN(9); ®RN(9)2, n(RN(9)) = n(RN(9)1)+n(RN(9)2). But RN(9);
is spectrally symmetric, so n(RN(d);) = 0. Hence we just need to calculate n(RN(9)s2). To
simplify notation, assume that V3 = {0}, so that RN(d)z is just RN(d). We compute the
integral (1) for the eta invariant, using the representation (107). Applying RN(d) = vD; to
the term
L jats—s2/at

e - B,

Vart

where B is a matrix, gives at s = &’

Atig A2
me 14| /4t(’}/B)

Consider the trace tr(yB) for B one of the matrices in (106). For the square of the Dirac
operator, AP = Ag i and AY = A?Jii since A is Lagrangian with respect to 7. Hence
S+ = —S17. Since the trace of a product of matrices is invariant under cyclic permutation,
we get try(SyS_)¥S, = try(S_S,)¥S_ =0 and try(S,S_)* = —try(S_S,)*. Also, the
trace of +y itself is zero. Hence,

n(RN(9)) = %/ £ Tr (’yDSe_tRN(E)Z)dt

*ZM/ {/ s ke 1 (5,51}

© 9 4e—|4k\ /4t 1

1
:—Zt S*‘g ):;trylog(ld—SJrS,).
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The infinite sum converges, as the assumption V3 = {0} means that the operator norm of
S4+S_ is less than one. Since 7 anticommutes with both Sy and S_, it commutes with
S+S_. That is, S;.5_ is diagonal with respect to v and so we can write the last line in this
equation as

trylog(Id —S,S_) = trlog(Id —S; S_ )M — trlog(Id —S5_ )~
= log Sdet(Id —S,1S5_). n

Section 6: Resolvent with scaled spectral parameter.

In section 4.1 a brief outline of the construction of the resolvent of A was given. In this
section we carry out the details of this construction, and prove Theorem 1. Here, as in
the one-dimensional example, we write the spectral parameter A = (iase€)z to capture the
behaviour of small eigenvalues, and treat z as a parameter. In the next section we will
construct the ‘full’ resolvent on a bigger space with contains both the region X7, x C, and
X2, x (C\ R)) and unifies the resolvent constructed in this section with that constructed
in Part I.

As the construction is rather lengthy, let us begin by outlining the strategy in more detail.

6.1. Strategy of the Construction. The first step in the construction is to build a

parametrix G(z) for (A, — (ias 6)222)71; this means that we need to solve the operator
equation

(111) (Ac — (ias€)?2®)G(z) = Id +R(z),

with the ‘error term’ R(z) in the iteratively-residual ideal of Lemma 30. Initially (in subsec-
tions 6.2 — 6.7) we shall work under two simplifying restrictions: that z lies away from the
discrete spectrum of RN(A) and that Ag has no L? null space. Under those restrictions we
will construct a holomorphic family G(z) in the space \IJES2 1 satisfying (111); in fact, it will
be a two-sided parametrix, with G(z)(A. — (ias€)?2?) — Id also in the iteratively-residual
ideal. The index family —1 is motivated by Lemma 35. Equation (111) involves satisfying
three types of conditions: the full symbol equations across Arg, as is usual in the pseu-
dodifferential operator approach to elliptic equations; model equations at each boundary
hypersurface at € = 0, as described in section 4; and compatibility conditions of models at
intersections of adjacent boundary hypersurfaces. The compatibility conditions are those
for compatibility of Taylor series at a corner. In section 6.2 we list the model equations that
need to be solved, write down the compatibility condition between models at adjacent faces,
and summarize results about b-Laplacians from [15]. Then in the following three sections
we define models, order by order, and check compatibility conditions.

The key to solving for the model operators is to identify the top term (growing as (iase) 1)
at Bsa. This is shown in subsection 6.3 to be uniquely determined by the model equations and
compatibility conditions, and is given, exactly as in Lemma 35, by the resolvent (RN(A) —
22)71. Once this term is identified, the solutions to the other models are defined.

In sections 6.6 and 6.7 we perform steps (ii) and (iii) of section 4.1, obtaining the resolvent
(Ac — (ias 6)22’2)71 subject to the two restrictions noted above. In the following two sub-
sections we remove these restrictions, first extending the construction to z near spec RN(A)
and then treating the case that Ay does have L? null space. Finally we show that the ‘very
small eigenvalues’, corresponding to z = 0, are actually exponentially decreasing in (iase).
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6.2. Preliminaries. Model Operator Equations at each face To construct the parametrix
it is necessary to construct several terms in the Taylor series at each boundary hyper-
surface of X7.. To specify this precisely we need to discuss coordinate choices near each
hypersurface. Fix coordinates (z,y) near H corresponding to a product decomposition of
a neighbourhood of H C M. Let p denote any coordinate system on Mlog and define
r=sinh™!(x/€), s = (ias€)r, & = ilgz as before. Denote the metric density on H by dh and
the surgery metric density dgey ‘ig;lgg:))z‘ on Xis by p. On Xi4, denote the set of functions
r,y by C1, s,y by Ce, and p by Cy. Then the functions in C; are coordinates on the interior
of B;. Denote

w1 =dr-dh
we =ds - dh
to = dgo

LEMMA 37. The density i can be written

d(ilge) | . N o
p= M%\(m B 4 O(p5).

On X2, recall that every face B, # Bss is canonically isomorphic to a blown up
version of B, x B,. Using primes to denote coordinates lifted from the right stretched

projection st — Xls, denote the collection of functions C,, U C!, by Cpn, write C33 =
!

{s,log(#'/x),y,y'}, and write v for the canonical density dgc - dg.| ‘igillgg:))Z . Then the

functions in C,,, are coordinates in the interior of B,,,. Define vy, = v, ® v, and
v33 = ds(log(az'/x))~2dlog(z’ /x)dhdh'; then vy, is a smooth D-density on B, and, cor-
responding to the above lemma, at each boundary hypersurface

d(ﬂg 6) . d(Bmn)—1 00
V= an|m‘(lase) (Br) +O(pmn)
near B,,,. We will use the coordinates and density extension results to extend models,
defined initially on one boundary hypersurface By, to a neighbourhood of X2..
The models of G are D-half densities on B,,;; the top order models we denote

G;;,P = Npn ((ias e)G’),

since G is postulated to have growth of order —1 at each boundary hypersurface. N, is
the restriction, or normal operator, defined in section 4. If A,,, is a D-density on By,
then write .\

Amn = a(C) - Vi,

where this notation means that the function a is written in terms of the functions in C,,,.
Then

Amn = Amn (Cmn) . V%

is an extension to a smooth D-half density in a neighbourhood of B,,,,. We can then define
inductively

j—1
GY) = Ny ((ias e)7[G - Z (ias e)kégle]> .

k=—1
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We emphasize that the higher order models depend on the choice of coordinates C,,. At
each boundary hypersurface G has a ‘Taylor series’ in iase, using the coordinates C,,, in
the interior of each boundary hypersurface:

0
G= Z (ias€)! GY) + O(ias€) near By ,d(Bpn) = 1;
j=—1

1
G= Z (iase)’GY) + O((ias€)?) near By, ,d(Bpmn) > 2.

j=—1

This is not a standard Taylor series, since (ias€) is only a valid boundary defining function
in the interior of each face. This means that, for G € ‘11552’717 the model G,(%zl may have
growth of order pgqj ~1 at an adjacent boundary hypersurfaceB,,,. These models are the only
ones we need to consider, as the higher order models are already error terms in (111).

Lemmas 21, 33 and 34 shows how the Laplacian acts on models B,,, # Bss. For B33 in
terms of coordinates y, y', log(z’/x), s the Laplacian looks like

A=I1(A)+v-Q=—(Vigaa)’ + A +v-Q

where v vanishes to infinite order at B33 and @ is a Ls-1/do of order at most two. The model
equations involving the identity operator are

(112) AyrGly = G Ayp = 5y
(113) AzGY) = G A = lag
(114) AZGY) = G A = 1d7 .
The other equations for j = —1 or 0 are

(115) Rin(A)GY) = G, Ru(A) =0

for all mn when j = —1, and for mn # 00, 11, 33 when j = 0. The equations for j = 1 are
a little more complicated. They are

AGE) = 22657,

AgGh) = 205",
Az G = 2G5
G%)AM = ZQGggl);
64 a - 265"
AuGly), = —(D2 = 2G5, ;

G Ay = —(D% - )G,

The last two equations contain even more information. As A HG%)I is orthogonal to null Ay

and (D? — z2)G§;f) is in null Ay, both must be zero. A similar statement holds for 05711)2

So we get
(116) AGY =W Ay =o;
(D = 2)GE,Y = (D2 - 22)GL5) =0,
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Note that the reduced normal operator only appears at order j = —1 because it acts two
terms down in the Taylor series.

Let us make a simplifying observation about the models Gég) and GSQ). The only require-
ment for these models is that they be smooth and null(Ag) ®@null(A g )-valued. It is possible
to define such a model, compatible with all adjacent faces, if and only if the adjacent faces
are null(Ag) ®@null(A g )-valued and compatible between themselves at the intersection with
Bsys. This conditions is always satisfied below, so we will ignore these models from here on.

Compatibility between models on adjacent faces If the model operators are continuous
functions, it is sufficient to check compatibility between models on adjacent faces in the
interior of the intersection. Suppose By, and B,, intersect, and suppose that p,., and pp,
are boundary defining functions, valid in the interior of By,, N Bpq, such that py.,ppe = iase.
On each face G has a ‘Taylor series’

Z (ias€)'GW or Z (ias e)jGéé),

i>—1 i>-1

and at By, N By, G4, (Gz()jé)) has a Taylor series in ppq (Pmn), which we write

Z p l qu i (Z pz ! G(]) mnﬂ'*j)'

j=>-1 i>—1
Comparing, we see
(4) ()
(117) (Gmn)pqd‘_i - (qu )mn,i—j

is a necessary and sufficient condition for these models to be compatible.

It is useful to observe here that the sections ®U) defined below have expansions of the
form ‘

J
o) =Y "(logz)*bi(y) + O(2°)
k=0

at z = 0; they have no Taylor series in ilg x vanishing faster than a constant. Many of the
(Gl(’jq))mn,zej will therefore turn out to be zero, for i > j. This simplifies many compatibility
checks.

Resolvent of a b-Laplacian Let us start by considering the model equation (112):
(0 0)
AMGOO) = Ggo Agp = ldgz.

This equation might seem problematical, since A5 is not invertible. Let us recall some facts
from [15] for some properties of the resolvent (A— —A%)7L. In section 6 of this reference, it
is shown that A7 — A2 is invertible in the b-pseudodifferential calculus for Im A < 0 with
the inverse extending meromorphically to a neighbourhood of 0 in C,. Provided A7 has no
L2-null space, there is only a simple pole at A = 0, and the residue there is the projection
onto the smooth null space of Ag7. Thus at A = 0, (Ag7 — A*)~* has a Laurent series

(118) (A7 =) = > MRes?),

j=z-1
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with Res(ﬁ_l) = —iprojC*>®null. Applying (A — )\2) to (118) shows that Az - Res%) =1d,

so that Res%) is an inverse to A7 (though not of course a bounded operator on L3), and

for j > 1, AﬁRes%) = ResY=? | 1f Ag7 does have L? null space, then the series (118)

M
must be replaced with one starting at A = —2, with RGSST;Q) =

Ay - Res%) = Id — proj L? null. Similar results hold for Az; but, since H has a product

—proj L? null. Then we have

metric, Az never has L? null space.

We will also need the notion of scattering solutions and scattering matrix. For definiteness
we will describe these just for M. Let {¢,} be an orthonormal basis for V, which splits into
{¢:}, 1 <i < dimA¥?, a basis for A, and {¢}, dim AP +1 < a < dimV, a basis for AY.
We will use, in the summation convention, the form of the index — capital, small roman or
small greek — to determine whether the sum is over a basis of V, Af or Af . The scattering
solutions ®,(A), with X\ near 0, Im A < 0, are the solutions to

(119) (A= X)®,(\) =0

with the boundary behaviour ®,(\) ~ z=¢,(y) + v, with v € L? near H. They have an
expansion

20;(A) = o:_i’\(,bl,(y) + IMSJK(A)@(Q) + 0(1'6)7

with & > 0 uniformly near A = 0. S is the scattering matrix; it is meromorphic near \ = 0,
symmetric, unitary for A real, and satisfies S(A\)S(—A) = Id; from this we deduce that

S(0) = (" ,3) and 9,5(0) is block diagonal with respect to the splitting V = AP & AY.

Let us denote (1/k!)(:&)¥®,(A) a0 by @, and (1/k1)(Z)F S,k () 1azo by S5 By dif-
ferentiating (119) with respect to A, we obtain

0) _ (1) _
AM(I)J _AM(DI —07

(120) A = &)
We have <I>£YO) = 0, <I)§-1) = S](.Ilc)(l)éo), and <I)§-O) (iq)(al)) form the smooth (logarithmically
growing) null space of As;.

We need to know the top terms in the (polyhomogeneous) expansion of (Az7 — A?)~! at
the faces of Bg, that is, those terms with exponent tending to zero as A — 0. At the ‘front
face’, x = 2’ = 0, corresponding to Bgy N Bss, we have

(120) (A 27~ o (@00 )0 ) + 2 S W) L 51

At the left boundary x/2’ = 0, corresponding to Bgyg N Bag, we have

_ L/
(122) (A7 =)~ 55 (50, ()2, ()
and at the right boundary 2’/x = 0, corresponding to Boo N Boz2, we have
_ ix
(123) (A =27~ o= () )
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The ‘T’ notation In defining models and checking compatibility we will exploit as much

as possible the models K,(ﬁ% of the reduced normal operator studied in section 5. The space

null Ay has been viewed in two different ways: as a subspace of smooth sections over H,
and as an abstract vector space V. In the latter guise it has played the role of a trivial vector
bundle over [—1, 1], sections of which are acted on by the reduced normal operator. If ¢ € V
then denote the section over H to which it corresponds by T(¢), the ‘transfer’ of ¢. We
transfer continuous sections on B; and By from the logarithmic single space corresponding
to [—1,1] to X1s(M) according to

T(a(r)dr) = a(r)T(¢)(y) on By
T(bi(s)er) = bi(s)T(¢r)(y) on Be.

On Bo(Xrs([~1,1])) the sections &M are given by

) _ { 0 if k is odd;
J 1/k!¢;(log x)* otherwise
k) _ { 0 if k is even;
¢ 1/k!¢q(log x)* otherwise.

Define the transfer on the C -span of these sections by

0if & =0
S(q’gk)) = (k) ' .
D (M) otherwise.

Thus ‘Z(@,(,k)) has the same leading behaviour as @Sk) at the boundary but may have lower
order terms depending on derivatives of S;x at A = 0.

We also want the transfer defined on sections over boundary hypersurfaces of X#,. Recall
that B,,, # Bss is a blowup of B, X B,,. Let 7, mr be the stretched projections to B,
and B,,. We define the transfer on sections of B,,, which are sums of products of sections
on B, and B, on which ¥ is defined above. It is defined by

Z( Z TIYL ® TRYR) = Z T E(YL) @ TRT(YR).
On Bsgz, define

T(ars (s, 1og(2' [))dr @ 8)) = ars (s, log(w' /)T () (y) T(r) (v)-

The transfer is not defined on sections which are not of the above form. It will be applied
to certain models of the reduced normal operator in the construction of models for our

parametrix G.

6.3. Terms of order (iase)~!. Consider equations (115) and (116) for j = —1. One might
at first guess that these models should be zero, because there are no nonzero terms on
the right hand side of these equations. Surprisingly, perhaps, this is not the case. Recall
that in the one dimensional case, KQ(; Y i actually the resolvent of the model problem

(RN(A) — z2)_1 (Lemma 35). The general case behaves in the same way:
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PROPOSITION 38. The model equations (115), (116) for Gégl) and the compatibility con-
ditions (117) have the unique solution

Gy = T(K5 ).

PrOOF: Equation (115) shows we can regard Gégl) as a one-dimensional kernel with values
in End(V'), where V = null(Ag). Consider the boundary conditions given by compatibility
conditions with adjacent faces.

On Biz and By the left model operator is A, given in local coordinates by (49). Since
GSU and Gg;l) are bounded, they are constant in 7 = sinh™!(z/e), the variable across
Bis and Biq, so they give trivial matching conditions across s = 0 for Gégl), as in the
proof of Proposition 24. We similarly get trivial matching conditions across Boi, By1 at
s’ = 0 and across Bz at s = s’. Hence Gggl) is continuous on [—1,1]s x [—1,1]s. At
s = +1, Gégl) matches with Gé;l) which is bounded and null(A7) x null(Ag)-valued;
hence Gggl) | s = 41 takes values in A ® V = Hom(V, A?) and similarly Gggl) s’ ==+1
takes values in V @ AP = Hom(AD, V).

In the interior the derivatives angg”, as/Gégl) match across Bys, Boi. The derivative
8SG§§1) at s = 1 matches, as in the proof of Proposition 24, with the £ ~! term of Ggoz) at
£=0, so 8ng;1) I s =41 € Hom(V,AY) and similarly as,G;;“ I s = +1 € Hom(AY, V).
Across Bss, compatibility between Gggl) and GgOS) requires that at the intersection of Bag
and Bss, (0s — as)Ggg” matches the log(z'/x) coefficient of Gg%). The model equation for
Gg%) is AﬁGg%) = Id4, so GgOS) is given by

e e—o']“ log(z' /)| ’

0 . 1 z’ . x
(124) Gy = ; 5, Proly, —gllog | projV+ Als) + B(s) log =

where V; is the j-th nonzero eigenspace of Ay with eigenvalue UJQ-, and A(s), B(s) are
End(V)-valued functions of s. There is a jump of Id € End(V') in the coefficient of log(z’/x)
between the two sides of Bsz. Hence (0s — 8S)G§§1) has a jump of Id across s = s’. These

conditions on Gégl) uniquely determine that Gggl) = T(K(s,s',z)), the kernel of the one-
dimensional resolvent studied in section 5. 1

Indeed, not only does this argument yield Gégl), it gives us all the ng_nl ). Compatibility
of G4t with Gégl) requires that Gh) = T(K,({nl)) for all mn. The compatibility of these
terms itself follows from the compatibility on X7 ([—1,1]).

6.4. Terms of order (iase)?. To find the next term in the Taylor series at each face, we
start with the faces Bgg, B11 and Bss whose normal equations, (112) — (114) have ‘forcing

terms’ on the right hand side. Let us begin with GE)%). By (112) and the discussion in
section 6.2, this term takes the form

(125) Gé%) = Res%) + terms in null(Az7) ® null(Ag;7).

The regular part of the resolvent can be calculated from (121) - (123). Its leading behaviour
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is, at the front face:

1
(|log—\ld+ log z +log ') S (0)¢ () (y') — id (y 5“,2)
/
(126) = ( log z proj AY + log 2’ proj AY — —(,b, SSQ) , T <
!
= (logmproj AP —loga' proj AY — —qu 5%2) , r 1,

at the left boundary:

* (10520, ()" 0) — i ()35
:% (1og 26, (1)@ (0') — iga(y)2D () — i (y)S, @ (p')) ,
and at the right boundary:
+ (10528 ()0, () — 9,0
:% (1og 2@ (p)65 (') — 19D (D)ay) — iSH 2L ()65 (1))

The relation between these expressions at the front face and at the left and right boundaries
is perhaps not immediately evident since there only appears Sj(-,lc), with small roman indices,

in the last two. The reason is that the Sgﬁ) piece is contained in the <I>,(11) term, which may
have a part smooth up to the boundary ‘beneath’ the principal, logarithmically increasing
one. Since AS,(0) is block diagonal with respect to the splitting V' = Af @ Af, the other

pieces Sm), S, 1) are zero. The null space terms in (125) are determined by compatibility
with GgQ . The one-dimensional model is

Kég) = (iase)™! (f(s,s’,z) — K(1, Lz)) I Boo

= (lase) ™ ((s — 1)0,K(1,1,2) + (s = 1)K (1,1,2)) | Boo
=logrdsK(1,1,2) +loga'0s K (1,1, 2)

/
=logx (— proj Af + A* (E)) +log 2’ (prOj Af + A(z)) % <1
/
= log (proj A} + 4*(2)) +loga’ (~ projAY + A()) = >1

for x, ' > 0; we used (105) in the last two lines. The projection terms are terms already
appearing in (126), and the A(z) terms are null space terms which give compatibility with
Ké;l). Hence, defining

GY) = Reg,;(0) + T (logz A(2) + log 2’ A* (%)) .

(127)
= Regy7 (0) + Aa; (2)25) (9)05 (v) + Afu (2)05 (1) (),

Gé%) and Gggl) are compatible. The same argument shows that Gé%) and G(()gl), Gggl),
Gégl) are compatible.
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We use similar reasoning for Gg%) and Gﬁ). Using coordinates log(z’/x), s, ias e near Bsg,
we have

ég) = (lase)™! (F(s s +iaselog(a’/x),2) — K(s,s z)) I B11
(128) = log(2' /)04 K (s, s, 2)

/

1 /
= 5108 —[¢x (41)x (4/) +log —Dus(5,2)6 (1) (4.

where this defines D,,. (Note that D,,(£1,2) = (projAY — projA?) + A*(z)). By con-
struction, the transfer of this term is compatible with Gégl), Gg;l) and Gggl). Referring to

(124) and (126), we should also add in a term for compatibility with the 9,5 terms in Gg%).
So let us define

1,/
G = Res +log —Du(s, )W) (y)
(129)

7%¢(27875)—zz(255)¢ SS

Here 9 is a cutoff function, with support near 0. The factor e~#2(2=5=5") may appear some-
what mysterious; it will be needed in the next section when we join these models with those
constructed in Part I. The ¢ term ensures compatibility of Gg%) with Gé%) and does not
affect the compatibility with any terms of order (iase)™!, since it has no part growing as
Py at any adjacent face.

The Gg?) term may be defined similarly except that no extra term is required as By is
disjoint from Byg. Using coordinates 7, r’, y, y’, we have

K = (iase)™" (K ((ias e)r, (iase)r’, 2) — K(0,0,2)) | Bny
=1r9,K(0,0,2) + 104K (0,0, 2)
= (r' — )0+ K (0,0, 2) +r0,K (0,0, 2)

= *%V/ - 7’|¢,(y)qﬁ,(y') + (7’/ —1)Dy (0, z)qﬁl(y)qﬁ,(y’) + T@SF(O,O, 2).

With
G0 = Res<_0> (' =)Dy, (0, 2) 8 (1) (v) + T(rds K (0,0, 2)),

this model is compatlble with all G4, and with G .
Next consider 002 and G01 . To satisfy compatibility with Gsyfnl ), we must take

G = T(K) + (-1, 1]s;C® mull(Agp) @ V*).
To make this term compatible with G((J%), let us define

i —iz(1—s’
(130) G = TK) - 5l = )e 2P (p)ST) oi(y)).

This is now compatible with all models defined above. Since the ‘extra’ term in Gég) is
(0)
supported away from Gy, , we can define

Gy = T(KgY)
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and then GES) is compatible with all terms already defined.
The model Ggi) must be of the form

GN) = T(KY) + ([0, +1]5; End(V))

to satisfy its model equation and be compatible with all models of order (iase)~!. We also
require compatibility with Gé(i) and Ggq). G((ﬁ) is given by

T(E\) = ‘I((ias ) H(EK(1 — £ (iase), (ias€)r’, z) — K(1,0,2)) | 301)
= 3( —logz0,K(1,0,2) + 104K (1,0, 2 )

So Ggq) has the form
Car® (D) (') + 7' Eis®” (D)o (o).
Recall that @&1) ~ —ilogxpa + Sélﬁ)qbg at x = 0. We therefore define

G = T(KD) + (1 — 8)e*9C 18N bs(y) i (v);

this now matches GES) at Bo1 N By and is compatible with Gﬁ). The other models Gg%),

Gg%) and Ggg) are defined similarly.

6.5. Terms of order (iase). These terms are only required for those faces B,,, with
e(Bmn) = 2 (that is, for d(Bp,,) > 2) and, as observed above, not for Bas. Let us start with
G(()12). To satisfy compatibility with ng_nl ), we must have

G = T(KS)) + = ([~1,0]5 U [0, 1]y null ™ (Agp) @ V),

where null™ (A7) is the direct sum of smooth and logarithmically growing null space of A7

For compatibility with Gé%) and G((ﬁ), we may take the null space term to be zero; however
let us add a term which will be required in the next section:

z —iz(1—s
Gy = T(Kg) + 541 = e =082 (p)ga ).

(Recall that 3 has zero leading, (logz)? term. Hence there is no compatibility required

between the last term and Gé;l) as might at first appear.) We define Gglo) similarly. The

Gg? term may, in the same way, be taken to be T(K 3(,?) but again we add a term required
in the next section:

(131) Gy = TKG) + 502 =5 = s)e 070, (1) S (v).

Finally we define
G =%(K)), mn =12, 21.

Checking compatibility of these terms is rather simple. As all the boundary hypersurfaces
for which models of order (iase)! need be defined are disjoint, they must be checked only
against models of lower order. Then the comment made in the paragraph below (117)
applies; it is not hard to show that the models defined in this subsection are compatible
with all previously defined.
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6.6. Compatibility with the symbol. The total symbol, oo (Ac — (iase)?2?), is equal
to oiot(Ae) + O((ias €)?). In our chosen coordinates, oo (A¢) is constant, to infinite order
at the boundary so compatibility with the symbol requires that terms Gﬁgn? and G%) are
smooth, and atot(GSiZn) = oot(A)] By L. This is true because the restriction of A,
to Boo (Bi1, Bas) is Ay (Ay) and G(()%) (Ggol), Gg%)) are chosen to be, up to smoothing
operators, the inverses of Az (Az).

It follows that one can construct a holomorphic family of Ls-¢dos G(2) in \IIES2 1 restrict-
ing to the models which we have defined and solving the full symbol equations o (AE —

(ias€)?2?) 0 oot G(z) = 1. This completes our construction of the parametrix.

6.7. From parametrix to resolvent. We have outlined already, in section 4.1, the process
of getting the actual resolvent from our parametrix G(z). We have now, for z € C\ R™,
a holomorphic family G(z) such that (111) holds. Let —R = AG — Id € Zg. Then by
Lemma 31, we have

(Id—R)™' =1d+S, S € k.

Hence
(A - (ias€)®2?)G(2)(Id +S5(z)) = 1d

so by Theorem 28,

(132) (A—(ase)®2?) ' =G+ G- S e v 4
where F is natural (see Definition 6).

In fact, it is not hard to show that all coefficients of elements of the index family F with
nonzero logarithmic behaviour are zero. For suppose that there is a nonzero logarithmic term
o) log pk - a, where a is a section defined on B,,,, occurring at power j, with j minimal.
Since there is no other terms lower in the Taylor series with logarithmic behaviour, a must
be killed by the reduced normal operators of A :

Rn(A)-a=a-R,(A)=0.

But the solutions to the model problems on each face have the property (with one exception)
that they are either smooth up to each boundary B,,, N By, of the face or blow up like
1/ppq there. The only exception is Bss, which has this property with respect to Bas but not
Boyo or Byi. In any case, there is some face By, # B33 at which a is nonzero, we have, by
compatibility of Taylor series, a term on Bp, which behaves like log p,,,. This contradicts
the assertion above that solutions to models problems do not have logarithmic behaviour at
the boundary. Therefore no such term exists.

It follows then that (A. — (ias 6)222)_1 ev >

6.8. Near the discrete spectrum of RN(A). Recall from Section 5 that K(s,s’,z) =

(D% — 22)~! is meromorphic in z with poles at the spectrum 0 < 22 < z7---. We have

already constructed the resolvent away from the discrete spectrum. In this subsection, we

will construct the resolvent in a neighbourhood of one of the z;; at first, we shall take z; # 0.
Near z; the kernel K of section 5 has the behaviour

_ Vo _
(133) K(s,s',z) = ProJ % + Ko(s, s, 2)

22j(z5 — 2)
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where V; is the jth eigenspace of RN(A) and K is holomorphic near z;. We have

zj+z2

(134) (D? — 2*)K(s,5',2) = 1d — proj V;

Zj
so K is an inverse up to finite rank near Zj.
Let us express this now on [—1,1], with surgery metric g. = dz?/(z* + €%). With s =
(ias€) sinh ™! (x/€) as in section 5, and defining

— dil 1
Ko(s, s, z,ias€) = (lase) "' Ko(s, s, 2)|dsds’ (ﬂlgi)z 2
i dil
E(s, s iase) = _1a256 proj V;|dsds' (ﬂlgi)z 3

we have (A —(iase€)?2?) Ko = Id —(z;+2)/2z; E on X2 ([—1,1]). Returning to our manifold

M, by Proposition 24 we can construct from € € V; an approximate small eigenfunction e
1 .

on X7, such that (A — (iase)®2?)e € pgpipsC™(Xrs; Qp(X1s)). Let {Ei}?gl be a basis of

V;, Nj = dimV}, and define

N;

_ lase o (o). (1 d(ilge)
(135) W= = z; i(p)ei()| iz o2

=

12 € U bdy.

W is a uniformly finite rank operator of rank N;, with
Wik = <(540)

for k < 1.
The first step in the construction of our parametrix near z; is analogous to the construction
of Ko, an inverse for D2 — 22 orthogonal to the troublesome terms e;. Here, we define the

G%% as before, but using K instead of K. Then we have, by comparing G with K,

zZj+z
Zj

(136) (A — (iase€)®2%)G(2) = Id + W — R(2)

with W as above and R € Zp. Inverting Id —R as before, we get

(A — (ias€)?2?) (G(2) (1A +5(2))) = Id+2j2+ 2

W(Id+S(z)) =I1d—W'(z)

j

where Id +S = (Id —R)~!. We now have an inverse up to the uniformly rank N; error term
W' = (z; + 2)/(22;)W(Id +S). The null space of Id =W’ is contained in range W = span
{ei}. Let

W'(2)e; = au(2)ex

where each a;x(z) is a holomorphic map from a neighbourhood of z; to Aghg([O, d]), where
G is natural. The function

q(iase, z) = det(d; — air(2)).
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is holomorphic in z and polyhomogeneous conormal in ias € with natural index set, and such
that

(137) q(0,2) = (z — Zj)Nj .

2Zj

For small iase, ¢ has exactly N; zeroes near z; and does not vanish in some small annulus
around z;. Hence ¢ vanishes precisely at the eigenvalues of A corresponding to ZJ2 € spec

RN(A). The inverse (Id fVV’)71 = Id +F is therefore meromorphic in z, in the sense that
q - (Id+F) is holomorphic, and conormal in iase with natural index set. The resolvent is

(A — (ias€)?2?) ™" = G(2)(1d +5(2))(1d +F) € (iase) " w29

and is meromorphic in the same sense as F, with G’ natural.

As in the last subsection we can show that actually we can take G’ the C* index family.
Indeed, we already know this is so in any region away from z;. Also we may calculate the
projector onto small eigenfunctions corresponding to z; by the contour integral

1 -1
I, = — A, — (iase)?2? 2zdz
J 27T’L I ( € ( ) )
where C is a small circle that encloses all the zeroes of ¢, for small iase, and keeps away
from all eigenvalues corresponding to other zj. The value is, by the results of the previous
subsection, in \I/ESQ’O. Moreover, the full symbol of the Laplacian is holomorphic near zj,
so the singularity at Apg is removed and the result is actually in \IIESOO’Obdy. Hence we

have shown that the projector onto small eigenvalues corresponding to one z; is smooth

on the space X7 and that the resolvent itself, (A — (ias 6)222)_1, is smooth on X7 and

meromorphic in z.
If 2o = 0, the argument is the same, but some of the formulae must be modified to
accommodate the presence of a double pole at z = 0. Equation (133) should be replaced by

K(s,s',z) = projV; (1 + 272) + Ko(s, 8, 2).

In equation (136), we must replace (z;+2)/2z; by (1+22). Finally, equation (137) is replaced
by
q(0,2) = 22V,

6.9. In the presence of L? null space. Let {¢;} be an orthonormal basis for the Lg-null
space of Ag; on My U M_ (on half-densities). Lift the ¢; to smooth half-densities on Xts,
also denoted ¢;, which vanish to infinite order at B; and Bs. This is possible since on the
space M, ¢; decays at least as some positive power at the boundary, so on Mlog it vanishes

to infinite order. We can then form the finite rank operator I > = 3~ ¢i(p):(p')| d((iillgg:))Z 1z

which restricts at Boo to the projector onto L? null space of A.
We have, near A =0,

(A—=23)7" = Reg;(0) — A0 2,

with Reg;(0) regular near A = 0. Since A=2 = (iase) 2272, we expect a term looking like

N . . -2 N
(ias€)~2272II 2 in our resolvent. Hence, we will get a nonzero term Géo ) of order (iase)2;
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since Il 2 vanishes to infinite order at all other faces this should be the only term of order
(iase)=2.

Define 0882) =TIz | Byo, and let the other G, terms be as above. The GBBQ) term is
not a good approximation to the term in the resolvent we expect, but it is a holomorphic
term which has approximate range the projection onto the expected null space, which is
what we need for the construction to work. Then instead of (136), we get

(Ac — (las€)?2®)G =1d —(1 + 2*)(W + I 12) — R,

with R in the parametrix-residual space, and W the approximate projection onto small
eigenvalues corresponding to 0 € RN(A). The 22I1;2 term comes from —(iase)?z? hitting

GBBQ) and Id —II= is produced from A hitting Gg%) = Reg;(0). Inverting (Id —R), we get
(Ac — (ias€)?2?)G(Id +8) = Id —(1 + 2%)(W + I 2)(Id +S),

where (Id+R)™! = Id+S. Then (1 + 22)(W + II;2)(Id +S) = Y” is a finite rank operator
which we treat like W’ in the last subsection. The range of Y is spanned by e; and ¢;. Let
0r1 + ag be the matrix of Id —Y” relative to the basis above. Then

q(iase, z) = det(dx; — agi(2))

is holomorphic in z and polyhomogeneous conormal in ias € with natural index set, and such
that

q(0,2) = 22V,

where N here is the sum of the dimensions of the L? null space of A7 and the null space of

RN(A). The inverse (Id —Y’)f1 = Id +F" is therefore meromorphic in z, in the sense that
q - (Id+F") is holomorphic, and conormal in iase with natural index set. The resolvent is

(Ac — (ias 6)222)_1 = G(2)Id+S(2))(Id +F') € 022

and is meromorphic in the same sense as F”.
The results of this subsection and the previous one show that the limit as e — 0 of the
small eigenvalues approach 0 or one of the eigenvalues of RN(A), as claimed in Theorem 1.

6.10. Very small eigenvalues. The projectors II; onto the eigenspace corresponding to
z; are smooth, that is, have a complete asymptotic expansion in powers of iase at each
boundary hypersurface of Xis. For the eigenvalues corresponding to z = 0, which will be
referred to as ‘very small eigenvalues’, this expansion is particularly simple. Let o1 be the
first nonzero eigenvalue of Ap. Then

ProposITION 39. The very small eigenvalues \; vanish as a power of € :
(138) Ai(e) = o(e") for all T < max(oq,1),

so in particular are rapidly vanishing in iase.
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Proor: Cappell, Lee and Miller prove a similar estimate in [5]. As the notations of the
two papers are rather different, we sketch the proof here.

By the min-max principle, it is sufficient to construct an independent set of surgery ‘test
functions’ ¥;, equal to the number of very small eigenvalues, satisfying the estimate

[|Acts]| < 0((€T))||’L/}Z'H for all 7 < max oy, 1.

Let {x9}%_, be a basis of L? null A5 and let {qb 1o 41 De a basis of APNAP. Let {p9} 10 ot 1
be the correspondmg elements of the smooth null space of A7 Then by the results of of
[15],

X1’¢O < ‘Aphg( )
where inf Re K° > 1. Hence, x?, ¢! extend to x;, 1/1z € Aphg( X)), on the original surgery
space (33), such that y; | By =0, ¢; | By = qbi and with index family K(B;) = KY,
K(Bp) = 0. Then the model operators of A, kill the top terms at By and B; so therefore
Acxi, Aci € Aphg( s), with index family 7 satisfying inf Re 7 (B1) = o1, inf Re J (By) =
1. The estimate (138) follows. n

Section 7: Full Resolvent.

7.1. Resolvent spaces. In this section we will unify the resolvent (A, — (iase)?2?) " '
constructed in the last section, with the resolvent (A — A\?)~!, X\ € C\ R, constructed in
Part I.
At the level of parameters, iase and z (or A = ziase), these regions are united in the
space
XPsr = [Xps % Cx; {0}uge x {0}x],

the ‘zero-resolvent space’. We use C, the complex numbers compactified with a circle at
infinity, to stay in the class of compact manifolds with corners. At ilge = 0 there are two
boundary hypersurfaces, B¢ = [C;0]y, a punctured complex plane and B° = C., where
z = M iase, a disc (hemisphere). We use Lemma 16 to create single, double and triple
spaces that lie above X2 p,

Xpsr = [X1s x Cx; My (X1s) x {0}1]
(139) XLsR = [XLS X (CA;Ml( ) X {O}A]
XLsR = [XLS X C/\,Ml( ) X {O}A]

Here we have used the notation of Lemma 16. Then, by Lemma 16, we have a commutative
diagram of simple b-fibrations:

3 2 0
XLSR XLsR XLsr XLSR

S S S

Each boundary hypersurface B, of X7, lifts to two hypersurfaces in X2, one a blown
up version of By, X C,, which we will denote BY . and the other a blown up version of

By % Cy, which will be denoted BS, . For X7 we define the degree of BY,, (X2.) and
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BE ., (X2.) to be the same as that of By, (X2,). The next Lemma indicates the form of the
degree density bundles of the resolvent spaces. Suppose that Y is a manifold with corners
with degrees, let H be a collection of boundary hypersurfaces of Y and let R be a product
of defining functions over all elements of H. Form the space [Y x C;H x {0}], and let 7 be
the stretched projection down to Y.

LEMMA 40. There is an isomorphism

. dAd)\
(140) Qp([Y xC;H x {0}]) =7 QD(Y)®])\X+R2 .
PROOF: The result is clear away from A = 0, so suppose we are near A = 0 and near a
corner of codimension k in Y x C. Let Hy,... Hj be the boundary hypersurfaces forming
the corner, let 1, ...r, be boundary defining functions with r; ...ry = R and suppose that
H; ... Hjy are blown up in that order, creating new hypersurfaces H{ ... H). Then the new
boundary defining functions are p? where these are defined inductively by

()% =i + iz
Ai—1

P

i =

Let p& = r;/pY be a boundary defining function for the lift H- of H; x C. Ignoring the y
factors in Y, which are irrelevant here, the right hand side of (140) is

k —
dr; dAd
(141) H( d(H) +1> N2+ (r1...1%)2

i=1
H dr; 1 drid\d\
— UL Cam | G DR ()

Writing dridAd) in polar coordinates around H, we get

b dr; 1 (p9)2dpYdN dn
H d(H )+1 0 ,C\d H;)+1 (p?)2(|A1|2 + C k)?)

ol (P)PT )« (pir2...7
B ﬁ dr; dp? dAydh
i \pHORL ] (R pT ) IO N2 + (pra i)

This is an expression of essentially the same form as (141) near (the lifts of ) Hox {0}, ... Hx %
{0} since p§ =1 there. Hence applying this reasoning k — 2 times gives

dpl d)\kka
H JAHIT ) 2+ (oF

(p?07) PR

which is explicitly a D-density near HY, since all the p(ic are equal to 1 there.
We also need to check (140) near intersections H N HE. To do this, we only need to blow
up Hy x {0}...H; x {0}, since all other blowups lie away from H-. Thus we can assume
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i = k. Then we have the boundary defining functions p% or ﬁ% = 1/ A1 for H,(cc, o} or
Ag—1 for HY and w = Ar—1/|Mk_1| as angular coordinate. We have

( dpZ > di dAk,lka,l
BT ) LT NP + (o - am)?

’“( dpl > A1t N1 i1 |de
k—1

YT ) Gone )T (LT (5K - 1 70)

( dpl ) dpedAg—1 wdw
(

=1

P ) (G A1 )AL T (oF L g )2

Again, this is explicitly a D-density, so we have proved the lemma. 8
Taking Y = X{ , H = My(X},), Lemma 40 yields

; ; dAd)\
(142) Qp(Xir) = 7" (X{,) @ ’m’-

7.2. Operator Calculus. To carry out the constructions of the previous section for the full
resolvent space, we need the ingredients of that section — small pseudodifferential calculus,
boundary terms, parametrix-residual space, closure of the parametrix residual space under
Neumann sums, and composition formula for ¥ =27 with the parametrix-residual space
— extended to the ‘full resolvent’ setting. Here we can take advantage of the functorial
nature of the constructions of section 4, and simply observe that we obtain all these things
from that section by replacing the spaces X{_ with X{ .. We will denote the spaces of
LsR-pseudodifferential operators by

\I/m’]: (XLSR)'

The composition properties of these operators is exactly as in section 4. Indeed, the
combinatorics of the maps 7} : X{ g — Xi.g are easy to describe. For each hypersurface
G (H) of X (XZ,) there are two, G* and G° (H®, H®) of X} (X£g) and if nf, oG = H
then 5 o o

Tsr0G = H

3 0 __ 0
7TLSR,OGV =H".

Thus the mapping properties of the stretched projections on X I{SR are the ‘same’ as for X I{S
Thus all the composition formulae in section 4 hold in the logarithmic resolvent calculus, and
there is an iteratively-residual ideal Zx defined as in Lemma 30 which satisfies Lemma 31.

7.3. Full Parametrix. We will look for a parametrix G in the space A™20 =27 (X 4g)
such that
(A — )\Q)G —Id=REe€ \I/_"O(XLSR)phg —res

away from the continuous spectrum, that is, in the set X{ .z \ {\ € R,z = oo}. This
includes the region where z is finite, down to iase = 0, and joins the region |z| large,
d < |arg(z)| < m — ¢ with A small, 6 < |arg(\)| < 7 — .

We will construct the parametrix G' as before, as a finite Taylor series off the boundary
hypersurfaces at iase = 0. We will continue to write G%% for the term at B,,, of order
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(ias€)? and write G'5) for the term at BE,, of order 0 (there will be no other nonzero terms
on the faces with A # 0).

The correct models for nonzero A can be read off from the parametrix constructed in Part
L. Lifting their results to X7 5, we have

© _ 2y 1
Goo = (Aﬁ = A )
C -1
(143) A9 = (a5 - A?)
C -1
Gés) = (AF - )‘2)
and all others are zero. Indeed, it is shown there that the error in this parametrix is conormal
of positive order on the original surgery space X2, and so after logarithmic blowup vanishes
to infinite order at all other boundary hypersurfaces. One can also derive these models
directly on the logarithmic resolvent space, but this would conceal the simplicity of the

results. We have defined the Ggfm in the previous section, so as to satisfy the model operator
equations and compatibility amongst themselves. We need to check that the two sets of
models are compatible. As explained in section 6, for Gég) and GSQ) we only need to check
that adjacent faces are null(A) ® null(A7)-valued and compatible amongst themselves; it
is not necessary to write down explicit models for these terms.

Compatibility with G((J%) The face B, intersects By, B, BY,, BY; and BY,. Consider
compatibility with G( Y In the interior of the intersection, we may take boundary defining
functions \ for BY, and 1/z for BY,, and coordinates Alog z, ilg(z'/x)/ilg z, y and y' along
the intersection. We refer back to (117) for the compatibility condition. We calculate from
(121) that (Glg)),, _, is

= (@276 o) + 2206, () S, 0

-1 L
and from (110), (Gé2 ))007@1 is given by
efiz\sfsw + efiz\sf(2fs')\ e*iz|sfs'\ _ e*iz|57(27s')|
AP Ay
57 proj Ay + % proj iy
These agree since S(0) = projyp —projy and e~ils=s'l = (' /)N and e~ izls— (25N =

zira! ™,

Next consider compatibility with GE)JQ). We may use boundary defining functions X for B,
and 1/z for BY,, and coordinates Alogz’, ilgx, y and 3’ along the intersection. Let us do
the calculation at s = s’ = 1. The calculation for the compatibility of Gé%) and Gggl) is very

similar to the above, so we omit it. To check compatibility of Ggg) and GE)OQ), we compute
from (123)

C(0 ’L i ! (1
(GO(g ))22,0 = 56 Alos (I)S )(ZE, y)qj)J(yl)v
and from (110) and (130)

(G800 = TEE) + 53((1— /2002 ()54
= T@K(1,1-0,2)) + e =080 ()5 6y
1 3 ;! —zz s
= 3¢ 000+ 5000056,
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which agree. To check compatibility of Ggg) and G(()12)7 we compute

C 1 i ' F(2
(GSO))22,1 = Ze Alog <I>.(, )(p)@(yl)v

1 —iz(1—s’
(GBOQ))OO,(C,fl = (S(Ké;)>)007((j7,1 + 2_’ie (1 )q)g) (p)¢a (y/)

1 . ’ 1 ; ’
_t —iz(1=8) 5 (2) () = —iz(1-5") §(2) /
=5;¢ ¢ )i (y) + e 5 (P)da(y'),
using (110) again, which agrees.

The checking of Gé%) and Géjg) is very similar to the above calculations, so we omit it.

Let us check compatibility of Ggg) and Gg{)). Again we use A\ and 1/z as boundary defining

functions. Then

C -1 . .
(GBO))OO’,l = RGSEV—[ )= —1Projcee pull

as remarked after (118), and

(G5 )gp.cn = TIE(,1,2))onc.1) = T(— iprojA?)
by (110), which agrees. For j = 0 we have

©) _ (0)
(Goo )00,0 = Resﬁ
and from (127)

(Gg%) ) 00,C,0 Res%)

since A(z) is rapidly decreasing in z.

Compatibility with G§;)  The face BS; intersects BY, and BY;. In the interior of BS;NBY,
we may use boundary defining functions A, 1/z and coordinates Alog(z’/x), (s + s')/2, y,
y’. We need check compatibility only with Gggl).

For G’gg) we have an explicit expression in terms of the eigenvalues o; and eigenspaces V;
of Ay (where 0p =0 and Vp =V):

_ /o2 2 ’
=) e oF—=A |log(z' /)|

C -1 .
(144) Gy = (Ag —N) " = ————Drojy, -
j=0 2 0']2- — )\2
Hence A log(a’ /)
©) _ e~ log(z [z )
(65) 1 = g proi
and by (110) and (109)
—iz|s—s'|
—1 (& .
(GEQ ))337(&1 = 2% prOJV

which agree. (Note that, in (110), e~2(2=s=5") and e~#=(=2+s+s") are rapidly vanishing at
B3y
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We next check compatibility of Ggg) and Gg{;’). Again we use boundary defining functions
A, 1/z. Then from (144) we calculate

© _ projy
(GSB )33771 - 2
C 0
(145) (G3) 5.0 = Resl?
C (log(a'/x))*
(Gi(%?)))gg,l == 47 projy .

From (110) and (109), again observing that e ~%*(=5=) is rapidly vanishing at BS;, we see

that the first one agrees with (Gggl)) From (129), since D(s, z) vanishes rapidly as

33,C,1°

|z| — oo, the second line agrees with (Ggog))?’&(cﬂ. Finally we calculate (Gg?)%,(c,—r Using
coordinates as in (128), we have
(1) — (1)
(G33 )33,@,71 - T((K&% )33,@,—1)
and
—iz(ias €) log(z'/x) _ / 2
1 e . e (log(z'/x) .
(K§3))337(C71 = 57 proj V + O(|z| ))337@1 =—— broj 1%

which checks with the third line of (145).

Compatibility with G 5(1:) The checking of these compatibility conditions follows the same
lines, but is considerably simpler; we leave these as an exercise for the reader.

Compatibility with the symbol ~ We showed in the last section that the models G;mn)
were compatible with the symbol map. On the faces BS, , the total symbol oot (A —
)\2) [ Bium = 0tot(A37) or otot(Agp) to infinite order after logarithmic blowup, so these
models are consistent with the symbol map too. This is just lifting the compatibility result
from Part I to this space.

It follows that one can construct a parametrix G restricting to all the given models and
compatible with the symbol.
7.4. Full Parametrix to Full Resolvent. This is done in exactly the same way as in
section 6. We may also argue as before to show that the resolvent is smooth away from the
diagonal. Let us summarize the results of sections 6 and 7:

THEOREM 41. The resolvent family Res(\) = (A— A?) ! lifts to the resolvent double space
to an element of \I/_Q’O(XLSR) + 272 \I/_"O’O(XLSR)bdy away from the continuous spectrum
{A real, |z| = co}. The leading terms on each face are:
Res(,,)) = T((RN(4) — z*)71)
ReséEQ) = projz
Resg, = (Agr =A%)~
Resfy = (A — 3%~
Resgql:) = (A - A)7!
other Res'S) = 0.

61



PROOF: The statement about smoothness follows from the argument given in section 6.7.
The models Res") are given by G,(%ZL + (G- 5)57% By Theorem 28, G - S has no order —1

mn
terms up to the boundary, so the Res(>Y terms are given by GG = T((RN(Q) —2z2)71).
At BS . the parametrix is good to infinite order so the models of the resolvent agree with
those of our parametrix. n

Section 8: Heat Kernel.

In this section we will define the logarithmic heat space and associated spaces, and prove
Theorem 2. The heat kernel e~*4¢ is given by the operator valued contour integral

1 —tA? 2\~ 1

(146) ot ) e (A6 A ) 2X\dA

where I' € C is a contour that encloses (in a suitable sense) spec A. C [0,00). In the
spirit of this paper, we will perform the integral as a pushforward under a b-fibration
between appropriate spaces. Then the Pushforward theorem will tell us that the result is
polyhomogeneous and will give us the top order terms explicitly at each face. In the next
section we will define the ‘heat-resolvent space’, lying above both the heat space and the
resolvent space on which the integrand of (146) lies.

8.1. The Heat Space and the Heat-Resolvent Space. The heat kernel for finite time
[0,72] has been treated in Part I. There are no changes that need to be made to treat the
case when Apy has null space; the heat space Xﬁs is a suitable space to carry the heat kernel
in general. It is in the behaviour of the heat kernel for large times that the situation is very
different; in Part I the heat kernel was rapidly decreasing as ¢ — oo uniformly in € (up to
finite rank) but here this is no longer the case. In fact, the structure of the heat kernel near
t = 0o has the same degree of complexity as the resolvent near A = 0.

To define the heat space for large times ¢t > C?, let 7 = v/t and denote by [C, o], the
compactification of the interval {C' < 7 < oo} with boundary defining function 7-! at
infinity. Then we define the logarithmic heat space to be, in the notation of Lemma 16,

,[Cyoo
XEI‘[IS J= [ng X [Ov OO]T;Ml(XES) X {T = OO}] .

Denote the lifts of By, x [C,00]; by an(XE’}[IS’OO}) or just By, if this is unambiguous
in context, and denote the result of blowing up By, x {oo} by B,. Let the degrees of
an(Xf’If’oo]) and B be the same as that of B,,, and define the degree of (the lift of)
X2, x {00} to be 0 and the degree of X2, x {C} to be —1. This means the densities are
smooth up to 7 = C, reflecting the fact that this is an artificial, and ignorable, boundary.
The heat-resolvent space is a space which maps down to both the heat space and the
resolvent space, ie, it has both ¢ and A variables. It is not quite the space on which the
integrand of (146) lies, since we also have to restrict to a contour of integration; this is done
in the next subsection. To define the heat-resolvent space, let B;, B;° be the set of By,

(B22,) for X7y, of degree j, for j = 1---3. The heat-resolvent space is defined to be
Xion ) = [X2u, x Cai B x {0} B x {0135 B3 x {0} Ba x {0};
B?O X {0})\;61 X {O})\]

The B5° x {0} blowup separates the B3 x {0} faces from the B3° x {0} and the B° x {0}
faces, and the BS° x {0} blowup separates the Bs x {0} faces from the B{® x {0} faces.

(147)
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Hence, the heat-resolvent space is also given by

XPAGoT = [ Xy, x T B x {03 B5® x {0313 B3 x {0};

(148)
33 X {0})\;82 X {O}A;Bl X {O}A}.

We will want both descriptions in order to lift maps to X E’S[gl’{oo]. Denote the lift of B,y (X E’IE’OO] )X

{0}, Bun (X110 x €, B, (XTS ™) x {03, or B, (XS ™) x C by B, BS,, B0 or

B5C respectively. Denoting the stretched projection XE’S[gf’fo] — XE’IES’OO] by =, define de-
grees for the hypersurfaces of Xﬁ’s[gffo] by letting d(H) = d(w(H)) for all H € M; (Xi’s[gffo]).
These spaces have been defined with good mapping properties in mind. By Lemma 12,

the b-fibration X2, x [C,00], — X2, lifts to a b-fibration mz: Xijo ™) — X2 and the

b-fibration X119 % T, — X219 lifts to a b-fibration mpeat : XE’S[I%’{OO] — x5l gy
Lemma 10, the b-fibration XE’IES’OO] x C — X?, x C lifts to a b-fibration mryes: XE’S[SI’{OO] —
XﬁsR'

We then have the bundle isomorphisms:

LEMMA 42.

2,[C,00]\ __ % dr
Qp(Xpo ™) = 3 Qp(X2) © | —

dr

,[Cy00 %
Qp(XPAGh = 2, Qp (XEgp) © | =

res

dA\d\
A+ (ias€)?
PRrROOF: The first two follow easily from the fact that the b-density bundle lifts to the

b-density bundle when a boundary face is blown up. The third equation follows from
Lemma 40. n

2,[C,00]\ __ % 2,[C,00
QD (XLS[I‘IR, ]) = 7TheatgzD (XLI‘[IS ]) 2y ‘

8.2. Contour spaces.
The contour of integration, I', with which we perform the integral (146) is a p-submanifold
of X of codimension one as illustrated in Figure 3. It should have the following properties:
(i) T lies in the right half plane;
(ii) For |z| > 1,
I’ = closure {argz = j:%};

(iii) For |z| < 2, T" is given by a relation {Rez = f(Im z)}, with f smooth, such that for
|z| > 1 this relation is given by (ii) above and f(0) = a, where a > 0 is real and a? is strictly
less than the smallest nonzero eigenvalue of RN(A);

(iv) T is disjoint from the poles of (A — A\?)7L, for ilge small.

Condition (iv) is possible and compatible with (iii) by the results of section 6.

It follows that I" ‘encloses’ all of the spectrum of A except that corresponding to L? null
space of Ar and 2y € spec RN(AQ), if zp = 0. We denote I' N B by C, a contour in the
right half z-plane enclosing all positive spectrum of RN(A), and T'N B® by v, U~v_, where
v+ = {arg A\ = £7/6}.

Since I is an interior p-submanifold of X ESR of codimension one, the inverse images of I in
X2 r and XE;[}%’{OO] are also interior p-submanifolds of codimension one, which we will denote
XﬁSC and XﬁSHC respectively, the ‘double contour space’ and the ‘double heat-contour
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Figure 3. The contour I'.

space’. Moreover the maps X{ ;o — Xfsc — I are simple b-fibrations. Since these spaces
are interior p-submanifolds of the respective resolvent space, their boundary hypersurfaces
are given by their intersection with boundary hypersurfaces of the ambient space. We will
use the same notation for maps between the resolvent spaces and their restrictions to the
contour spaces. The map XESHC — I' will be denoted mpa,. We also use the same notation
for the boundary hypersurface of the contour spaces as for the corresponding resolvent space,
and assign the same degree. With these degrees,

} diase Q}
(iase)? A

is a nonzero smooth section of Qp(T"). Similarly, we have

d\
QD(ngC) = 7r*QD(‘)(IQJS) ® |7‘

~ % 2,[C,00 dX
Qp(Xfic) = o (Xii ) @ |-

It will be convenient in the proof of Proposition 43 to have the densities written in this
product form.

We need one more space before carrying out the integral (146). This is a space to carry
the function et*”. Note that this is smooth on the space

(149) [T, 00] x C; {T = 00, A = 0}].
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Hence by Lemma 5, this lifts to a smooth function on the space

X2 hr =[XT % [T, 00]; x C; {ilge = 0,7 = 00, A = 0}; {7 = 00, A = 0};
{ilge = 0, A = 0}; {ilge = 0,7 = oo} ]
=[XP, x [T, 00]; x C; {ilge = 0,7 = oo}; {ilge = 0,7 = 00, A = 0};
{ilge = 0, A = 0}; {7 = 00, A = 0}].

(150)

Indeed, by Lemmas 5, 10 and 12, this space maps down to both the space (149) and X{.
with b-fibrations. Lifting I' C X,z to X{ g, we obtain the ‘zero-heat-contour space’

XP e = 7 'T. This is an appropriate space to carry the function e\*. Now observe that,
in fact, 77! does not meet the face {7 = oo, A = 0}, the last face to be blown up above,
and so for the purpose of defining X} ;. this blowup could be omitted. Let us define
the ‘zero-heat-resolvent space’ Xz (no tilde) to be the space in (150) with this blowup
omitted:

XBSHR = [XES x [Cyo00]r x C; {ilge = 0,7 = oo}; {ilge = 0,7 = 00, A = 0};
{ilge =0, = 0}].

Then, by Lemma 10, and using the second description (148) of Xﬁ’sgﬁm], the map
X2 x [C,00]; x C — X x [C,00], x C

lifts to a b-fibration

and so
2 0
XLSHC XLSHC

is also a b-fibration. The point of this argument with XESHR and XESHR is to show that

"’ lifts to be smooth on X? o, although it is not smooth on Xf;[}%’fo]. Finally we have

the bundle isomorphism which we need to perform the integral (146):

d(ilge) | -3
(ilg €)?

~ O3 3 (20,00 3
Op(XZpc) 2 QP (XER) © QX0 ™) © 05 (XD p0) @ |

8.3. Behaviour as t — co. Our contour I' does not enclose the eigenvalues of A, corre-
sponding to L? zero modes of A7 or the value 0 € spec RN(A). Hence, the integral (146)

will yield the heat kernel projected off these modes. We will denote this by e~tA . Simi-
larly, RN(A)+ (A%) will denote these operators projected off their (L?) zero modes. Let

also IIy denote projection onto the 0 eigenvalue of RN(A). In the previous subsection, we
constructed spaces and maps as follows:

2
XLSHC
s
(151) Tres  Theat par
2 2,[C,00] 0
XLSC XLHS XLSHC
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tAt

Explicitly, including density factors, e™*“< is given by

AL 1 * oy —1 * 1 * 2 —t 2 1 d(llg 6) -3
(152) e t2c . g2 = ﬂheat*(ﬂ'res(AE Y ) Theat b2 -ﬂ'par(Q)\ e N we). li(ilge)Q‘ 2)
where & is the canonical density on XE’IE’OO], and w is the D-density ’% Cilliglff d—A)‘ on X{ -

The 2\ arises because the measure in (146) is 2AdA and there is are formal factors %
in both the resolvent and in w to be cancelled. Since (A. — )\2)71 € A 2029 X 4r),
the product in (152) is a smooth D-density on X7 . Note that mpeas has the property
that every boundary hypersurface in X ESHC maps to a boundary hypersurface of the same
degree, and each boundary hypersurface of XE’}[IS’OO] is the image of exactly two boundary

hypersurfaces of X ESHC, which intersect. Hence, by the pushforward theorem,

—tAt U 2,[C,
et e AT (XPShap),
where 0UO is the natural index family which assigns to each boundary hypersurface the
index set

{(n, 0),(n,1);n € N}.

To calculate the coefficients of these terms, we shall use Lemma 9. Note that the index
set allows logarithmic terms at every boundary hypersurface. We show below that in fact

the logarithmic terms do not appear. If etlp is in p’éCOO(XE’}[IS’OO};QgQ) at a boundary

hypersurface G write the restriction of (ias e)_ke_msL | G as H-®)(B). The following
proposition contains the ‘long time information’ of Theorem 2 and more:

PROPOSITION 43. The heat kernel projected off null modes, e_tAsL, is a smooth D-density
2,[C,00]

on the long-time heat space X| ;. . The top models at each face are given by:
HL(l)(B%on _ E(efTRN(A)L)
HYU)(Byoo) = 0 for all j

(153)

PROOF: First consider the faces B, . The boundary hypersurfaces in X7 ;- that map to
B, are B0 and BC. At B2%C the function e~ lifted to X2, vanishes to infinite
order so there is no contribution to the asymptotic expansion at B2 from BT, and
moreover, (17) shows that there are no logarithmic terms at B?, .

At By the top term in the integrand (152) is

dt

A2 proje |dud1/? ‘e_TZZ 2Xd\
dt

=272 proje |dydul7‘e_T2222dz.

66



This is integrated over a contour which encloses no poles of the integrand, and which vanishes
rapidly as z — oo. Hence, this integral gives zero; there is no contribution to the face Bgj
of order (iase)®.

Hence the top order contribution from each face B

mn’ 18

dilgedt
HYM(BX® ) = (ias e)_l/(iause)_le_t’\25((AE - (iase)2z:2) )2XdA|dvdy/ 11gg€
c

t
_ —Tz? o 9 oy —1 ,dllge@
7/(; e T((Ac — (lase)*2?) )QZdZ‘dl/dl/ T 1

_ ‘I( TRN(A): )

)

since the integral encloses all points of the spectrum of RN(A) except 0.
At Bieo, e~t"* vanishes to infinite order so e =A< = 0 to all orders at Bio.-
Next consider the faces Byy,,. The boundary hypersurfaces that map to B,y are BY,,, and
BC .. Recall that, by Theorem 41, the resolvent has just one term in the full Taylor series
at BY,, Bf;, BS;, namely (A — /\2)71, (A — )\2)71 and (A — /\2)71 respectively, and
vanishes to infinite order at the other faces BS, | At the faces BY,,,, the top terms are, for B,

mn?
GéBQ) =22 projr=, and for the other faces, Gmn = E(K,(nnl)). The integrand in (152) also
contains the factor A, which increases the power at which the terms on the faces BY,,, appear
by two. Therefore, by (17), the only possibility for a logarithmic term is at BOO(XE’IE’OO]),
at order zero. This term comes from the corner BJ, N BY,, which consists of two copies
of BOO(XE’}[IS’OO]). The integrand is, at this corner, equal to 2 proj; - -|dvdv'dilg ¢/ilg edt/t’.
Note that the direction of integration is opposite on the two copies: at one the contour is
coming in from infinity, and at the other the contour is going out to infinity. Since the
contour integral is a directed integral, these two contributions cancel, giving no logarithmic
term on XE’}[IS’OO].
The smooth term at By is, by Lemma 9, given by the sum of the b-integrals on B, and

B§,. The regularized integral on B, is

Sl e 0 dA
(154) lim { / (A= X2)""e ™ 20222 £ log 6 proj L2 |.
510 v A

The log § term is zero after summing over +, as also follows from the vanishing of the term
coming from the corner. Expanding the integrand,

((A- A2)’1e—t*22x2d—;) — proj LQ(d;\Q T F A (A - A% 12 A

the second term is holomorphic near zero, and so is absolutely integrable. Letting 6 — 0 we

i
obtain e "% from the integral. For the first term we may write

2dA
proj L2/ 2e” N 2 =
y£NA>3] A
1 Ooe:tiﬂ/()'
2 d\ 2 dA
(155) /55 p 2¢~ " proj L27$/ 2¢~" proj LQT and so
ex?m 1
dA 5 dA
lim ro'LQ/ Qe_t’\2 = lim / 2proj L>—.
Mo;p : 7£N[AZ6] 5102 sesinse L Y
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Now consider B),. This regularized integral is

d
lim 2 proj LQ[/ —Z}
510 cnja<1/s) #

By changing variable of integration from z to 1/z in this integral, one finds that the sum of
£
this term and (155) is zero. Therefore the total contribution to H+()(Byg) is e AN

The top term at Bj; and Bsg is given by

- 2 dA
HYO(By,) = HYO)(By) :/ (A—N%) L—tA 2/\27 — Ay
o

Finally, let us calculate the H+() term at each face By, for (mn) # (00), (11), (33).
This comes from the top term at B9, :

H*Y(B,) :/E((RN(A) — 237 2zdz.
C

From (109) we have that, on these faces (RN(A) — 22)~! is exponentially decreasing as
|z| — o0, argz = +7/6. Hence, by dominated convergence we can calculate this integral as

H*W(B,,,) =lim [ e T T((RN(A) — 22)"'2z2d2)
T10 Jo

—1i —TRN(4Q) _
= %lﬁ% 3:(6 Ho)

- ~3()
on these faces. This completes the proof of the proposition. n

8.4. Very small eigenvalues. In the last subsection we split off from A, the projection
onto eigenfunctions corresponding to very small eigenvalues. We will denote by II. the
projection onto these eigenfunctions, and write IIy2 (respectively IIy) for the projection
onto eigenvalues corresponding to L? zero modes (resp zero modes of RN(A)). Let us
analyze the behaviour of I e~ !,

PROPOSITION 44. The operator Il.e ! is a uniformly finite rank operator, with Schwartz

kernel smooth on Xﬁﬁg’w]

face # By oo are

everywhere except possibly up to Bio. The top terms at each
(Heeitne)é%) = HL2
(Iee™™).) = (Tlo)
(Mee=) > W — g(11,).
PRrROOF: The operator II.e =t is given by a contour integral

Mot = = (A— %) e ™ 2xdA

211 |z|=¢

for ¢ small enough that the contour excludes all points of spec RN(A) apart from zero. By
the results of section 6, the contour encloses precisely those eigenfunctions corresponding to
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II. and no others, for € sufficiently small. The problem with this integral is that the function
et is growing rapidly on the (appropriate) heat-contour space. To fix this, weight both
sides with a factor small enough to kill this growth:

1

e*tCZ(iaSC)Q . Heeftnf = (A - )\2)*1€7t02(ias 5)2€7t)\22/\d>\'
211 |z|=c
By the pushforward theorem this is smooth on XE’IES’OO]. The added factor e~'¢"(25)% jg

smooth and nonzero on all faces except By oo, where it vanishes rapidly. Hence II e e

itself is smooth everywhere except possibly at By oo. I

Notice that there is no reason to believe that II.e *< is in fact smooth up to this face,
since in principle the small eigenvalues could cross zero infinitely often as ¢ — 0.

8.5. Full Heat Kernel. To obtain the full heat kernel we need to discuss the heat kernel
for small time [0, C?] and join with the long time heat kernel constructed above. This is a
simple matter of lifting the result from Part I to our logarithmic spaces.

In Part I, the heat kernel was constructed on the space

X}?S - [Xf X [Ovoo]t; (AS X {t = O})Par]'

Here Ay is the diagonal p-submanifold in X2 and the blowup is performed parabolically,
that is, with homogeneity two in ¢ (see [15], chapter 7). For our purpose we just need this
space restricted to {t < C?}. The heat kernel for finite time lifts to the space

,[0,C
XH0CT — (X2 % [0,C?]1; (Ars X {t = 0})pa]-

In fact, since Ay is transverse to the boundary of X2, the logarithmic and total blowups
that turn X2 into X7 commute with the diagonal blowup. Thus there is a blow-down map
X509 X2 A {t < C?} and we lift the heat kernel by pulling back under this map. (We
must also multiply the heat kernel by 1/te to correct for different normalization of densities

used in Part I.) Then the heat kernel lifts to be a D-half-density on X E,}[I(;,CL with the models

H(O) (BOO) _ eftAﬁ

and all other models = 0. The two heat spaces Xﬁ’lﬁ’cl and XE’ILS’OO] are both just a product

of X7, with a time interval (canonically) away from ¢ = 0 and infinity. Hence the spaces can
be joined at ¢ = C? to produce the full heat space X?,. Since the heat kernel is unique, it
extends smoothly across t = C? to be the full heat kernel of this space. Let us summarize
the properties of the full heat kernel:

THEOREM 45. The heat kernel is a D-density on the heat space X7, t~"/2x smooth near
t = 0, and smooth everywhere else except (possibly) at the face By o. The top terms at each
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face # By oo are given by:

HO(B) = proj L? null(A7)
HO(BE) = S(e TRNA)) T = t(jase)?
HO(Byy) = e™'4%
HO (By1) = e AT
HO)(Bgg) = e~
other HY)(B,,,) = 0.

Section 9: Limit of Eta Invariant.

9.1. Eta invariant. The eta invariant of 9. is given for each ¢ > 0 by the formula (1):

1 © 2, dt
1 = 3 Tr —to0) 2
(156) 000 = o= [T (@)

At € = 0, the b-eta invariant is defined by

dt

L [Tp 133,
(157) nb(éMi) = ﬁ/o t2b-Tr (61\/[i6 ¢ i)7,

where b-Tr is defined in section 2.3. We will show below that this is independent of the
choice of boundary defining function in the definition of b-Tr.

As in the previous section we split the operator 9. into two pieces, 31, orthogonal to the
finite number of eigenfunctions corresponding to the L? null space of 8y and 0 € spec RN(9),
and the projection Il onto these eigenfunctions. Then

(158) 1(0c) = 1(0;) +n(Ile) = n(D;) + 1ale),

where n¢q(€) is just the signature of I, that is, the dimension of the space of eigenfunctions
with positive eigenvalue minus the dimension of the space of eigenfunctions with negative
eigenvalue. Hence 7q takes values in {0, £1---£ N}, where N is the rank of II.. The 3+ part
of (158) we calculate by applying the Pushforward theorem to the integral (156), replacing
0. with 3&. As this involves the trace of 366485 we first consider the diagonal submanifold
of XPys-

9.2. The diagonal of the Logarithmic heat space. The diagonal Ay s of X7y, is the
lift of Aps x [0,00], C X7, to X7y, It is transversal to all boundaries and has the form

Avns = [ALS X [07 OO]T; (BBB N ALs) X {T = OO}; (Boo N ALS) X {T = oo};
(Bll n ALS) X {T = OO}] .

We define the degrees of boundary hypersurfaces of Appg to be those of the corresponding
hypersurfaces of X7y;,. On a compact manifold without boundary, N, one has the canonical
density bundle isomorphism

Q2(N x N)| A=Q(A).
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This means that, given a half-density on N x N representing the Schwartz kernel of a
(suitable) operator, one can restrict to the diagonal and integrate the resulting density to
obtain the trace. Here, our version of this isomorphism is, from (77),

d(ilge) 13 _
(il 0)2 |? = Qp(Avns).

Q%(XﬁHs)[ Apps ® ‘

Hence, if ¢ is the inclusion Apgs — XPy, and p is the map X2y, — [0,ilg€olige, we can
express the eta invariant for 9 as

I 1. JTIE N d(ilge) |1 . d(ilge) -1
1) n@)_ﬁp*(t vt ace™) | (ﬂge)Ql) | (ilge)z‘ '

9.3. Asymptotic expansion of 1 as ¢ — 0. Consider the integral (159). To apply the
Pushforward Theorem (Theorem 8), we must check the integrability condition IC(G) > d(G)
for all G such that p(G) = [0, ilg €o], that is, for G = By, By oo. Proposition 43 asserts that
the integrand is rapidly vanishing at Biso. At Byt it is well known that the heat kernel
has growth of order t~™/2, which would appear to be a problem. However after taking the
pointwise trace, Patodi in [19] showed that ‘fantastic cancellations’ occur in the integrand
and the growth is of order t'/2, making (159) integrable. This also follows rather simply
using Getzler’s rescaling (see [8]).

The structure of the integrand on the double heat space follows readily from Theorem 43.

1
PROPOSITION 46. On X?y., the integrand I in (159) is in C*° (X7 23) and the top terms
at each diagonal face at iase = 0 are

1

IM(B2)) = —=F(T# tr RN(9, )~ T RN(E)%)
mn ﬁ €
1 —
19(Byo) = ﬁt% tr 057€ 057
1 _
19(Byy) = ﬁt% tr Oge 0%
1 _
1) (Bgg) = ﬁt% tr Oz 0%

ProOOF: The last three lines are immediate from Theorem 43. The first line follows for B3S
since there & = dy + (iase) RN(8) + O((ias€)?) and t'/2 = (iase)~'T?/2. This determines
the other top terms on Bys, by compatibility. &

Of the six boundary faces at iase = 0, four, Bog, B11, Bgg and BY{ have degree one and
the other two, Bsz, BSS have degree two. Using the Pushforward theorem and the result
above, we see that for small €

77(66) € Aghg([oa ﬂgeO]ilge),
where £ is the index set
£={(-1,00} U{(n,0),(n,1);n € N},
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that is, asymptotically

N(0e) ~ Z an.(ias €)™ (log(ias €))*.

(n,k)e&

There are exactly two terms in this expansion that could prevent 7(9.) from having a limit
as € — 0, a_1,0 and ag,1. The (—1,0) term comes from Bss and the (0,1) term comes from
B11 N BSS and Byg N BSs. Let us compute these coefficients. The term a_; o is the integral
of 10 (Bs3). Consider the pointwise trace

tr 6ﬁ67t5% —tr (8H + ,YD(logw//m))e—t6%6—|(logw’/m)‘2/4t I ALs.

Note that e~19% is diagonal with respect to the grading of the spinor bundle S = ST & S,
while 07 is the sum of a piece which is off diagonal with respect to the grading of S and a
piece which kills e~l(eg®'/2)I*/4t a¢ Ap = {(loga’/x) = 0}. Hence this term is identically
zero, and therefore a_1 o = 0. This also proves the remark above that (157) is independent
of the choice of boundary defining function. In fact, after taking the pointwise trace, the
integral is absolutely convergent.

Next, ag,1 is an integral over B1; N B3 and By N BSS. The integrand is the restriction of

IV(Bgg) = T(T% RN(3)te TRNEI™)

to each corner. To compute this, refer to the explicit formula (107) for e=TEN(A) The
integral is at T' = 0, so the only terms that contribute are

1
47T

(ef|575'\2/4T Id+€7|27575/‘2/4TS+ + 67‘727578,|2/4TS,).

As noted in section 5, try = tryS+ = 0. Hence ao,; is also zero.
It follows that 7(3.) does have a limit as e — 0. As the (0,0) term is constant up to e =0
and all other terms vanish at € = 0, the limiting value is

1 1 — 82
ap,0 = _\/E/O tT2dt /ﬁtr (3ﬁe M)
1 / et / o
+ — t72dt | tr(0O=e —H
\/E 0 H ( H )

1 /Oo -1 /1 —T RN(3.)?
+— T3dT | dstrT(RN(D,)e CORY
7 ) |, dom RN )

The first integral gives 7, (07), the second gives zero, since (Y (Bss) = 0 and the third is
the eta invariant of RN(d). Hence we have shown

lim n(0) = m(@ar, ) + m(@nr) + n(RN(D))
and therefore

n(0e) = mp(Onr, ) + m(Oar_) + mea(€) + n(RN(D)) + O((ias €) log(iase)).
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In fact, it is not hard to see that all logarithmic terms a1, n > 0 vanish. By (17), there are
no contributions to a, ; from the faces at finite time becuase they have no terms in their
Taylor series at order n. So, a logarithmic term can only come from the corners B&§ N B33
or BYY N Bgs. On Bg, % + A, has the model operator (ias e)a% + Ag7. Hence HM(BgS)
takes values in C*°([0, 0o] /7; null Ag; ® null A57) and inductively it follows that

H™(Bg5) € ([0, 0] 7 [span &) .. @(=1)2),

where the ®(*) are defined in section 6.2. Hence, H(™) has, at this corner, an expansion of
the form =" 3777 ¢ (ilg ) 7 (1 — 5)* with only nonnegative powers of (1 — ) and only
nonpositive powers of (ilgz). As ex(Bgs) = 1 and ex(Bg5) = 0, the result follows from (17).

An explicit formula for n(RN(9)) in terms of the scattering matrix is given by Proposi-
tion 36.
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