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Abstract. This paper consists of two parts. The first part concerns a
question raised by Véron on the symmetry property of positive solutions
of the semilinear elliptic equation

Au + ﬁu + a2 — g in R™\ {0}

The second part concerns some nonlinear elliptic equations on the unit
sphere S". By the method of moving spheres and the global bifurca-
tion theory, we obtain various symmetry, asymmetry, and non-existence
results.

1. INTRODUCTION

In this paper, we will consider some non-linear elliptic equations on R"
and S™. We first consider

Au + #u Fu™D/=2) — 0 and w>0mRMN0).  (1.1)
Through the work of Obata [25], Gidas-Ni-Nirenberg [10] and Caffarelli-
Gidas-Spruck [6], the asymptotic behavior of solutions of (1.1) as well as the
classification of global solutions are well understood in the case when ¢ = 0.
In [28], Véron raised the following question: For c € R, ¢ # 0 and n > 3, let
u € C®(R™\{0}) satisfy (1.1). Is it true that uw must be radially symmetric
about the origin? He pointed out that there might be non-radial solutions of
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a certain form as suggested in section 4 of [3]. The following result partially
answers this question.

Theorem 1.1.

(i) If ¢ > (n—2)%/4, then (1.1) has no smooth solution.

(ii) If ¢ > 0, then any u € C°(R™"\{0}) satisfying (1.1) must be radially
symmetric about the origin, u'(r) < 0 for 0 < r < oo, and there exists
a positive constant C' such that u(z) < Clz|~=2/2 for x € R*\{0}.

(iii) If c < (n —2)2/4, then (1.1) has infinitely many smooth radial solu-
tions.

(iv) For any ¢ < —(n — 2)/4, (1.1) has non-radial solutions. Moreover,
the number of non-radial solutions goes to co when ¢ — —oo.

We remark that the non-radial solutions we produced for (iv) are not of
the form suggested in [3] and it will be an interesting question to study the
existence of solutions of the suggested form. We also remark that the above
question of Véron remains open for —(n —2)/4 < ¢ < 0. Assertion (iii) was
a known result; a proof can be found in [9]. It is interesting to note that the
number (n — 2)?/4 appearing in Theorem 1.1 is exactly the best constant in
the classical Hardy inequality which states that

2

9 n—2 2/ u
dx > —=d.
/Rn’w ez (7)) FiEk

for all v € C§°(R™) with n > 3.

In order to prove the radial symmetry of a solution u of (1.1) with ¢ > 0,
we will use the method of moving spheres, a variant of the method of moving
planes [10], to compare u with its Kelvin transforms uz x:

uz () == <L>n_2u<f + M), x € R"\ {z},

|z — T |z — |2

where A > 0 and z € R"™.

In order to find non-radial solutions of (1.1) for ¢ < —(n — 2)/4, let
v(t,0) == efnTﬁtu(r, 6), where (r,0), 0 < r < oo, # € S, are the polar
coordinates of R™ and ¢ = —logr. Then u is a solution of (1.1) if and only
if v satisfies the equation

—9)2
vt + Agn-1v + (c — %)v +0t2/(n=2) — ¢ on s,

where S?~! is the unit sphere with the canonical metric gy induced from
R", and Agn-1 is the corresponding Laplace-Beltrami operator on S"~!. If
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v depends only on # € S"~!, then

_ 92
Agn-1v + (c— (7142))7)—1—1)(”“)/("2) =0 and v>0 onS" ' (1.2)

The way we prove Theorem 1.1 (iv) is to show the existence of non-constant
solutions of (1.2).

Setting N = n—1, we will consider the existence of non-constant solutions
of the equation

—Asvv=v"—Xv and v>0 onS", 1.3
S

where A € R, N > 2 and 1 < p < N*; here N* denotes (N + 2)/(N — 2) if
N > 3 and oo if N = 2 respectively. It is clear that (1.3) has no solution
if A < 0. It was proved in [3], which sharpened an earlier result in [12],
that if 0 < A < N/(p — 1), then the only solution of (1.3) is the constant
v = AV Since we will use this result, let us state it in the following
form.

Theorem 1.2. ([3, 12]) If1 < p < N*, then the only solution of (1.3) is the
constant v = AP~ for every 0 < X\ < N/(p—1).

By using bifurcation theories and a priori estimates of solutions, we will
show that (1.3) has non-constant solutions for every A > N/(p — 1). In [3]
Bidaut-Véron and Véron showed that for 1 < p < N* and A > N/(p — 1)
but close to N/(p — 1) there exists non-constant solution of (1.3) due to the
local bifurcation theory. In [4] Brezis and Li gave a somewhat different proof
which also implies that for p > N* and A < N/(p — 1) with |\ — N/(p — 1)
small, (1.3) has non-constant solutions. See [5] for some related works. Our
result will employ the global bifurcation theorem of Rabinowitz [26].

In order to state our result more precisely, let us introduce some notation
and terminology. Let O(N + 1) be the group consisting of (N +1) x (N +1)
orthogonal matrices, and let G be the subgroup of O(N + 1) consisting of

those elements which fix ey = (0,---,0,1). We say a function v defined
on SV is G-invariant if v(08) = v(#) for § € SN and O € G. It is clear
that a G-invariant function v on SV can be written as v(0) = ¥(Oxny1)

for some function v defined on [—1, 1], where 6y denotes the (N + 1)-th
coordinate of #. In the following, given a G-invariant function v on SV, we
will always use ¢ to denote the corresponding function defined on [—1, 1] such
that v(0) = 0(fn+1). For each integer { > 0 and 0 < a < 1 we introduce the
Banach space

CL(SN) = {v e Ch(SN) : v is G-invariant},
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where C4*(SN) denotes the usual Holder spaces.
We will show that (1.3) has non-constant solutions in C’é’a(SN ) when
A > N/(p—1). For each k we set

Sy = {U € C?;’O‘(SN) : ¥ has exactly k zeroes, all of
them in (—1,1) and simple}. (1.4)
Clearly, the Sjs are mutually disjoint. Our bifurcation result reads as follows.

Theorem 1.3. Assume that N >2 and 1 <p < N*. Let vy = k(k+ N —1)
and \g == v /(p— 1) for k > 1. Then for each k > 1 and A\ < A < A\gy1,
(1.3) has k distinct non-constant solutions vy, - - -, vg such that vj—)\l/(pfl) €
S for1 <j<k.

Next, we will consider symmetry properties of solutions of some elliptic
equations on S™. A point § € S" is represented as § = (01, -+ ,0,,1) € R**!
with 32602 = 1. In the following, we will always use n and s to denote
the north pole and south pole respectively; i.e., n = (0,---,0,1) and s =
(0,---,0,—1). When n > 3, the conformal Laplacian on S” is defined as

n(n—?).

ESn = Agn — 1

In the following, g denotes a given function in C°(2 x (0,0)), where © is
one of the sets S”, S \ {n} or S” \ {n, s}, which should be clear from the
context.

We first consider the equation

—Lgnv = g(f,v) and v >0 on S"\{n}. (1.5)

We will give the symmetry property of solutions of (1.5) under various con-
ditions on g. The following conditions are used in the first result.

(gl) For each s > 0 the function § — g(0,s) is rotationally symmetric
about the line through n and s.

(g2) For each s > 0 and any 6,60’ on the same geodesic passing through
n and s, the function § — g(0, s) satisfies g(0,s) > g(¢’, s) if O, 41 >
01

(g3) For each € S™\ {n,s} the function s — s~ *2/("=2)4(4 s) is
non-increasing on (0, 0o).

(g4) For each 6 € S"™ \ {n,s} the function s — ¢(6,s) is non-decreasing
on (0, 00).
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Theorem 1.4. Forn > 3, assume that g is continuous on (S™\{n}) x (0, co)
with g(-, s) bounded from below in S™ \ {n} for each s € (0,00) and satisfies
(g1)-(g4). If v € C?(S™\ {n}) is a solution of (1.5) satisfying

li%)n infv(6) > 0, (1.6)
then v is rotationally symmetric about the line through n and s.

Remark 1.1. Condition (1.6) ensures that our moving sphere procedure
can start; the proof can be found in Lemma 3.1 in section 3. If we assume
that g(6,v) > 0 on S™\ {n}, then (1.6) is satisfied automatically (see Lemma
3.2).

The proof of Theorem 1.4 is based on a moving sphere procedure on S”,
with a feature of varying both the radius and the center of the moving sphere,
which we will introduce in the following. Given a function v on S™, let us first
define its Kelvin transforms. Fix p € S” and 0 < A < 7, and let By(p) be
the geodesic ball on S™ with center p and radius A. Set ¥, y :=S™ \ By\(p).
Let ¢p » : S — S"™ be the uniquely determined conformal diffeomorphism
such that ¢p A(BA(P)) = Xp ., ©(Epr) = Ba(p) and ¢y, 5 fixes every point
on 0B)(p). Then the Kelvin transforms of v are defined by

n—2
Up = [, | 20 (V0 p ), (1.7)
where J, | denotes the Jacobian of ¢p . By the conformal invariance we

have

~Lorp = g |2 (~Lsnv) 0 ppa. (L8)
If we use (r,w), 0 <7 <7, w € S* ! to denote the geodesic polar coordi-
nates on S™ with respect to p, then

pp(r,w) = (ha(r),w),
where hy(r) € (0,7) is determined by the equation
2cos A — (1 + cos? \) cosr

1+ cos? X\ —2cosAcosr
Some straightforward calculation then gives
sin? \ )n

[Topal(rw) = (1 +cos2 \ —2cos Acosr
From this we can see that |J, [ <1 on Xy ) if A <7/2 and [J,, ,| > 1 on
EP)\ if A > 7T/2.
For a solution v of (1.5), the proof of its rotational symmetry is reduced
to showing that v = vp /o on Xy, /9 \ {n} for every p € 0B, r/2(n). The

cos hy(r) =
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comparison of v with vy  is always possible for small A > 0 if v is regular
at p; i.e., there exists A\p > 0 such that

vpx < v on Xy \ {n} for each 0 < X < Ag.

The number )¢ in general depends on p. Under the conditions in Theorem
1.4 we can show that Ao can be taken as 7/2 if p =s. We define

Yi={p€S":v>vp . in Y, 10\ {n}}.
By using the strong maximum principle and the Hopf lemma we are able
to show ¥ D B /2(5). This is enough for our purpose. The way we prove

¥ D By/a(s) is of some independent interest: For any point p € 0By /»(s),
we construct x € C1([0,1],S"), A € C°([0,1], [0, 7/2]), satisfying

2(0) =s, z(1) = p, A(0) =0, X(1) =7/2,
and prove
Vgt SV on Xy a \ {n} forall0 <t <1
In fact, we take
z(t)=s and At)=tm for 0 <t < %,

and

AMt)y=3% for F<t<1,

while for % <t <1, z(t) goes from s to p along the shortest geodesic (the
largest circle).
We next give a symmetry result on the equation

—Lgnv =g(0,v) and v >0 onS"\ {n,s}, (1.9)

where a solution v is allowed to have two singularities. For the function g,
in addition to (gl) and (g3), we will assume the following two conditions.

(g5) For each s > 0 and any 6,6 on the same geodesic passing through n
and s, there holds g(0,s) > g(¢',5s) if 6,41 > 0}, ; > 0 and g(0,s) >
g(#',s)if 6,41 <0, <O.

(g6) Either the inequalities in (gh) are strict or the function in (g3) is
strictly decreasing.

Theorem 1.5. For n > 3, assume that g is continuous on (S™ \ {n,s}) x
(0, 00) with g(-,s) bounded from below in S™\ {n,s} for each s € (0,00) and
satisfies (gl), (g3), (gb) and (g6). If v is a solution of (1.9) on S™ \ {n,s}
satisfying

liminfv(f) >0 and liminfov(f) > 0, (1.10)

f—n 0—s
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then v is rotationally symmetric about the line through n and s.

Remark 1.2. Similar to Remark 1.1, (1.10) is sufficient for the moving
sphere procedure to start on the equator. If we assume that g(6,v) > 0 on
S™\ {n, s}, then (1.10) is automatically satisfied.

As the first application of Theorem 1.4 and Theorem 1.5, we consider the
Matukuma equation

1
—Au=———uP and u>0 inR", (1.11)
1+ |z
where n > 3 and p > 0. Let my : S” \ {n} — R" be the stereographic
projection which sends n to co. Let gg be the standard metric on S™. It is

well known that
n

(T )" (90) = &(2)Y Y "(day)?,
i=1
where

n—2)/2
P >( )/7 e

§(x) = (W

For a solution u of (1.11), we define a function v on S™ \ {n} by

v(0) = (€ 'u)(mn(0)), 0€S8"\{n}.
By using the conformal invariance one can check that v satisfies (1.5) with

1 n— n
g(0,s) = 5(1 _ 9n+1)T2(P—m)Sp‘

Thus, g satisfies (g1)-(g4) if 0 < p < "5 and g satisfies (g1), (g3), (g5)
and (g6) if p = -"5. Theorem 1.4 and Theorem 1.5 then imply that v
is rotationally symmetric about the line through n and s, which in turn
implies that u is radially symmetric about the origin. On the other hand, it
is easy to see that there is no smooth positive radially symmetric solution

o —Au > 1+\ |2u in R” for 0 < p < 1. We, thus, obtain the following.

Corollary 1.1. If 1 < p < n/(n — 2), then any smooth solution of the
Matukuma equation (1.11) must be radially symmetric about the origin. If
0<p<1, (1.11) has no smooth solutions.

Remark 1.3. The result, as far as we know, is new for the case n > 4
and for the case n = 3 and 0 < p < 1. Whenn =3 and 1 < p < 5, the
result was proved by Li in [16]. Forn > 3 and 1 < p < ”*2 , the result was
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proved earlier by Li and Ni in [17, 18, 19] under an additional finite total

mass condition: )
uPdx < oo.
Rn 1 ‘I— |$’2

Our method is different from theirs. In [17, 18, 19] under the finite total
mass condition, they analyzed the asymptotic behavior of solutions at oo to
ensure that the moving plane method can start at oco. In [16], Li obtained
the asymptotic behavior of the solution in dimension n = 3 without the
finite total mass condition. Our proof, via the method of moving spheres,
does not need to analyze the asymptotic behavior of solutions at oc.

We now consider a special form of equation (1.9) as follows

—Lgnv = K(@)w™2/=2) and v >0 onS"\ {n,s}; (1.12)
ie., g(0,s) = K(0)s"t2/(»=2) where K(f) is a function defined on S™ \
{n,s}. As a consequence of Theorem 1.5 we have the following.
Corollary 1.2. Forn > 3, assume that K is continuous on S™ \ {n,s} and
that K is rotationally symmetric about the line through n and s. Assume
further that there exists —1 < ¢ < 1 such that K(0) > K(0') if 011 >
0,1 > c and K(0) < K(¢') if Opy1 < 0,1 < c. Then any solution v €
C?(S™\ {n,s}) of (1.12) satisfying (1.10) is rotationally symmetric about the
line through n and s.

To see this, let . : S* — S™ be the conformal diffeomorphism such that
¢e(Brja(s)) =Tcand e (Xg r/2) = S"\T'¢, where ' := {0 € S" : 0,11 < c}.
For a solution v of (1.12), we define

0= |Jp. P (w0 o),
where J,_ is the Jacobian of ¢.. Then
—Lgnd = (K 0 )™/ (=2 and >0 onS"\ {n,s}.

We can use Theorem 1.5 to conclude that ¢ is rotationally symmetric about
the line through n and s and so is v.
Theorem 1.5 can be used to classify C? solutions of the equation

—Lsnv = f(v) and v >0 onS", (1.13)
where f : [0,00) — R is a continuous function.

Corollary 1.3. Assume that n > 3 and that s*(”“)/("*mf(s) 1s strictly

decreasing on (0,00). Then any solution v € C?(S™) of (1.13) must be a

constant v = ¢ on S™ satisfying f(c) = #C-
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When f satisfies some differentiability conditions, Gidas and Spruck ob-
tained this result in [12] by using an Obata type argument. On the other
hand, Brezis and Li obtained it in [4] by transforming the equation into an
equation in R™ and then using the result established in [11] by moving plane
methods.

If we take )
g(0,s) = gns + (% - ﬂ)s, (1.14)
for some number § € R", then (1.9) reduces to the form

—Agnv + v = vizz and v>0 on S™\{n, s}. (1.15)
By using Theorem 1.5 we can analyze the solutions of (1.15) in some detail.

Corollary 1.4.
(i) If B < n(n —2)/4, then any solution v € C*(S™\ {n,s}) of (1.15) is
rotationally symmetric about the line through n and s.
(i) If B <0, then (1.15) has no solution v € C*(S™\ {n,s}).
(i) If (n — 2)/2 < B < n(n — 2)/4, then the equation (1.15) has in-
finitely many solutions in C%(S™ \ {n,s}), which have ezactly two
singularities.

It is well known that if v € C*°(S™\ {n, s}) is a solution of (1.15) satisfying
v E L%(S”), then v € C*°(S™) and thus v must be constant if 0 < 8 <
n(n—2)/4. Corollary 1.4 (iii) indicates that (1.15) has non-constant solutions
at least for (n —2)/2 < f < n(n — 2)/4 if one drops the condition v €
Ls (S™). It is interesting to point out that, for 3 = Gy := 15(n—2)(3n—2),

n—2

o0) = ("52) 7 (1 00) T

is also a solution of (1.15) which has only one singularity at n. Note that
Bo < (n—2)/2 for n = 3,4, therefore it is probably true that (1.15) has
many solutions even if 0 < 5 < (n —2)/2.

Similar problems can be considered on S?. We first consider the equation
of the form

~Agv+1=K(0)e* + f(§) on S*\ {n,s}, (1.16)
where K and f are continuous functions on S? satisfying the following con-
ditions.

(K1) For any 6,6 on the same geodesic passing through n and s, K(0) >
K(¢')if 0py1 >0, >0and K(0) < K(¢)if 6,41 <0, <O0.
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(f1) For any 6,6 on the same geodesic passing through n and s, f(6) >
f(0)if g > 0,1 >0and f(0) < f(0) if 6,41 <6, <0.
(Kf1) f?+ (K — f K)? is not identically zero on S2.
Similarly to Theorem 1.5 we have the following.

Theorem 1.6. Assume that K and f are continuous non-negative functions
defined on S?\ {n,s} satisfying (K1), (f1), and (Kf1). If both K and f are
rotationally symmetric about the line through n and s, then any solution

v € C?(S?\ {n,s}) of (1.16) satisfying
_ v(6) _ v(6)
| ——— <0 d 1 — <0 1.17
o logd(0,m) ~ " R P logd(e,s) — (L17)
must be rotationally symmetric about the line through n and s.

Remark 1.4. It is well known that, if f2 + (K — f. K)? = 0 on S?, the
conclusion of Theorem 1.6 is not true.

As an immediate consequence of Theorem 1.6 we have the following.

Corollary 1.5. Suppose that v € C%(S?) satisfies the equation
—Agv+ =€ onS? (1.18)
with 0 < 8 < 1. Then v must be constant.

Next, we consider the equation
~Agv+1=K(0)e* + f(#) on S?\ {n}, (1.19)
where K and f are non-negative continuous functions on S? satisfying the
following conditions.
(K2) For any 6,6 on the same geodesic passing through n and s, K(6) >
K(0) if 0,01 > 0],4.
(f2) For any 6,6’ on the same geodesic passing through n and s, f(0) >
f(O)if 01 >0, .
(Kf2) (f — $ [)? + (K — $2 K)? is not identically zero on S%.
Similarly to Theorem 1.4 we have the following.

Theorem 1.7. Assume that K and f are continuous non-negative functions
defined on S*\ {n} satisfying (K2), (f2), and (Kf2). If both K and f are
rotationally symmetric about the line through n and s, then any solution
v € C%(S%\ {n}) of (1.19) satisfying

lim sup v(9) <0

S e d(0, 1) (1.20)
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must be rotationally symmetric about the line through n and s.

We give an application of Theorem 1.7 to the mean field equation

0) — 0 1
Jor explap(o) — (s, 0))dor  an
where o and « are non-negative numbers. It is easy to see that the new
function

ASQ(P +

(07

1 1
v=5900) -5 10g/ exp(ap(o) —7{s,0))do + 3 log a
SQ

2 2

satisfies the equation
—Agzv + Sg = exp(2v — (s, 0)) on S%
™

This is exactly the equation (1.20) with K(6) = exp(—v(s,0)) and f(0) =
1 — g-. By using Theorem 1.7 we thus conclude the following result which
was proved by Lin [23].

Corollary 1.6. If 0 < a < 87 and v > 0, then any solution of (1.21) must
be rotationally symmetric about the line through n and s.

Using the moving sphere procedure, we can also show the following result.
We consider the equation

—Lgnv = K(@)0"2/=2) and v >0 onS"\ {n}. (1.22)
We will use Vx to denote the covariant differentiation on S™ with respect

to the vector field X.

Theorem 1.8. Assume that n > 3 and that K is a C' function on S"
such that V_o K > 0 and is not identically zero on S™ \ {n,s}. Ifv €

8977,«&»1
C?(S™\ {n}) is a solution of (1.22) satisfying
lign inf v(0) > 0, (1.23)
then
v(0) > Cod(0,n)~""2/2 for all § € S\ {n}, (1.24)

for some positive constant Cy, where d(-,-) denotes the distance on S™. In
particular, (1.22) has no C%(S") solutions.

Remark 1.5. If K > 0, then (1.23) is automatically satisfied.

Remark 1.6. The non-existence of a C?(S") solution to (1.22) is due to
Kazdan-Warner [14].
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Our moving sphere procedure can also be used to obtain a Kazdan-Warner

type obstruction for some fully non-linear elliptic equations on S™ for n > 3.

Let go be the standard metric on S". For n > 3, let A, denote the
Schouten tensor of a metric g

1 R

A :—(Ric _ ) 1.25

v n—2 9 2(n—1) g (1.25)

where Ric, and R, denote the Ricci tensor and the scalar curvature of g

respectively.
For 0 < v € C?(S"), we consider the conformal change of metric g; =

’Uﬁgo. Then

2n
2v_2vgov ® Vgov

A == 22

g1 n— 2
2 -2 2
_ mv |Vgov]“g0 + Agp- (1.26)

192
v Vgov +

We assume that

I' ¢ R™ is an open convex symmetric cone with vertex at the origin
(1.27)
such that
Iycrcrly, (1.28)
with I'y ;= {A € R" : Y A > 0} and Ty, := {A € R" : \; > 0 for all 4},
where I' being symmetric means (A1, ..., \p) € I' implies (A, ..., A;,,) € I for
any permutation (iy,...,4,) of (1,2,...,n).
We also assume that f is a function defined on I'" such that

f € CHT) is symmetric in T, (1.29)
and
f>0and fy, >0in I (1.30)
Given a positive C! function K on S™, we consider the equation
f(AMAg)) =K, MAg)el and v>0 on S, (1.31)

4
where g1 = vn-2gy and A(Ay, ) denotes the eigenvalues of Ay with respect
to g;.

Theorem 1.9. For n > 3, assume that (f,T) satisfies conditions (1.27)
(1.30), and that K is a positive C* function on S™ such that V_o K >

8977,«&»1
0 and is not identically zero on S™ \ {n,s}. Then (1.31) has no C*(S")
solutions.
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Remark 1.7. The non-existence of C%(S") solution of (1.31) under the
1

assumption on K, or some similar ones, was known for (f,I') = (O'IE,F]C),
where

oM = > X A

1< < <ip<n

and Ty = {A € R": 01(\) > 0,--- ,0k(\) > 0}. For details, see the work of
Viaclovsky [29], Han [13] and Delanoé [8]. Our method of proof is completely
different from theirs.

We can also consider the following equation on the half sphere S” := {6 €
S™: 60, >0} for n > 3:

f()\(A . )) —K(0), MA 4+ )&l and v>0 onS?
v g0 vrEg0 (1.32)
% = H(G)vﬁ on OS7,

where v denotes the unit outer normal of OS}.

Theorem 1.10. For n > 3, assume that (f,I') satisfies (1.27)-(1.30). As-
sume also that K >0, K € C1(S%) and H € C1(0S") such thatV_o K >

89n+1
0onSt,V_o H >0 ondSY and at least one of these two inequalities is
89n+1

strict somewhere. Then (1.32) has no positive C%(S™) solutions.

Remark 1.8. In the case that f(A\) = Ay + -+ + A, the non-existence of
C?(S") solution was known, see Bianchi and Pan [2]. Our proof, similar to
that of Theorems 1.8-1.9, is completely different.

The paper is organized as follows. In section 2, we prove Theorem 1.1 and
Theorem 1.3. In section 3, we use moving sphere procedures on the sphere
to show the other theorems and their corollaries.

2. SOME RESULTS ON VERON’S QUESTION

In this section, we give the proof of Theorem 1.1. The radial symmetry
of solutions of (1.1) will be proved in subsection 2.1 by using the method of
moving spheres. The existence of non-radial solutions of (1.1) follows from
Theorem 1.3 whose proof is based on a global bifurcation analysis and will
be provided in subsection 2.2.
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2.1. Proof of Theorem 1.1. We first state a calculus lemma due to [21],
which gives the symmetric property of a function through the investigation
of its Kelvin transforms.

Lemma 2.1. Ifu € CY(R™\{0}) is a function such that for eachy # 0 there
holds

uya(z) <u(xz) VO <A<yl and |z —y| > X with x # 0, (2.1)
then u must be radially symmetric about the origin, and u'(r) < 0 for 0 <

r < oo.

Proof. We include here the proof for completeness. For any z € R™\{0} and
any number a > 0, let e be any unit vector in R™ such that (x — ae, e) < 0.
For any number 7 > a, if we set A =7 —a and y = Te, then 0 < A < |y| and
|x —y| > A. So we may apply (2.1) to get

u(x) > (i>n_2u <Te + (r—a)*(e - Te)). (2.2)

|z — Te| |z — Tel?

It is easy to check that

(1 —a)?(x — Te)

Te + —>:L‘—2<<x,e>—a)e as T — 00.

|z — Te|?
Since (z — ae,e) < 0, we must have z — 2((z,e) — a)e # 0. Therefore, by
sending 7 — oo in (2.2) and using the continuity of w in R™\{0}, we obtain

u(z) > u(x —2((z,e) — a)e).

This immediately implies that w is radially symmetric about the origin and
uw'(r) <0 for 0 <r < oo. O

Instead of proving the symmetric property about solutions of (1.1) di-
rectly, we consider the following more general equation

Au+ f(x,u) =0 and wu >0 in R™\{0}, (2.3)

where n > 3, A denotes the Laplace operator on R™, and f(z,t) : R"\{0} x
[0,00) — [0,00) is a continuous function satisfying the property:
(F) for any  # 0,0 < A < |z|, |2| > A and a < b, there holds
A\ nt2 Nz r]z[\n—2
— —, | — < b).
(|zy> fa+ 2 ( /\) a) < fa+20)

We have the following symmetry result for solutions of (2.3).
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Proposition 2.1. Let f(z,t) : R"\{0} x [0,00) — [0,00) be a continuous
function satisfying (F). If u € C*(R™\{0}) is a solution of (2.3), then u must
be radially symmetric about the origin and u'(r) <0 for all 0 < r < oco.

Proof. The proof is based on the method of moving spheres. From (2.3) it
follows that Au < 0 and u > 0 in R™\{0}. So, by the maximum principle,
we have

liminfu(z) >0 and liminf |2z[" ?u(z) > 0. (2.4)

|z[—0 |z|—o00
One can follow the proof of [22, Lemma 2.1] to conclude that for each y # 0
there exists A(y) > 0 such that

uya(x) <ul(x), V0<A<A(y)and |[r—y| > X with z # 0.
Define
My) ={0<p <yl uya(z) <u(@),¥0 < A < p, |z —y| > A with = # 0}.
Then A(y) > 0. By using Lemma 2.1, it suffices to show that
My) = lyl, vy e R"\{0}. (2.5)

Suppose that (2.5) is not true, then there exists yo # 0 such that A(yo) < |yol.
Let A\g := A(y0), then from the definition of Ay we have

Uyo 2o () < ulx) Y|z — yo| > Ao with  # 0. (2.6)
A straightforward calculation shows that
Ao\ 2 A3(z — o) A3(x — o)
Au ) = —( ) ( + 20 2 u(yo + S )
yO,)\Q( ) |.’E—y0‘ f Yo ’$_y0’2 (yO ‘x_yo‘g )
Therefore, by using (F) and (2.6), we have for |x — yo| > Ao with x # 0 that

— Aty () = (’x ioy0|>n+2f<yo I /\é(”i;()?J‘g) <\a: ;Oyo!>n—2uy0’AO (:c))

< Sz, u(2)) = —Au(x).
This, together with the strong maximum principle and the Hopf lemma,
gives

w(x) — Uyy o (@) >0, V]r —1y0| > Ao with z # 0, (2.7)
h‘nr|1 i%f(u(x)—uyO,AO (x)) >0 and l|ir‘n inf 2|27 (u(2) gy o (7)) > 0, (2.8)
and
d
— (U — Uy n) > 0. (2.9)

dr 0B (yo)
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Properties (2.7)-(2.9) lead to, as in section 2 of [22], a contradiction to the
definition of A(yp). For the reader’s convenience, we include a proof. From
(2.9) it follows that there exists Ry satisfying Ao < Rop < |yo| such that

d
%UJ’ — Uyoa) (@) >0 for \g <A< Rgand A < |z — yo| < Ro.

Since u — uy, x = 0 on 9By (y0), we have
u(x) —ugya(x) >0 for Ag <A< Rpand A < |z —yo| < Rg.  (2.10)
From (2.8) one can find ¢ > 0, R; > |yo| > Ro and n > 0 such that

clz — yo|* " if |x —yo| > Ry

u() =ty zo (7) 2
c if 0 < |z| <.

But it is easy to see that there exists €1 > 0 such that, if A\g < A < A\g + €1,
then

%c|m—y0\2_” if |x —yo| > Ry

[Uyo A () — Uy 2 ()] <

e if 0 < |z| <n.

Therefore, for A\g < A < A\g + &1 there holds
w(x) — uyoa(x) >0 if [x —yo| > Ry or 0 < |z| <. (2.11)

Finally, by continuity, (2.7) implies that there exists 3 > 0 such that

u(x) —uyya(x) >0 i Ag <A< Ao +e2, Ry < |z —yo| < Ry and [z] > 1.
(2.12)
Combining (2.10), (2.11) and (2.12) we have for some £ > 0 that

w(@) —uyy a(x) >0 if Ag <A< Ng+eand |z —yo| > A with x # 0.
This gives a contradiction to the definition of A\g. We thus obtain (2.5). O

Remark 2.1. The condition (F) imposed on f(z,u) arises mainly because

n+2
our argument involves the Kelvin transform. When f(z,u) = a(x)u + un—2
for some continuous function a : R™\{0} — [0, c0), the condition (F) can be
verified easily if a satisfies the property:

(A) for each = # 0 there holds
)\2

A4 z
(m) a(x—l—W) <a(lr+z), VO<A<|z|and |z| > A
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When f(x,u) = b(x)uP for some continuous function b : R"\{0} — [0, c0)
and some number p > 0, the condition (F) can be verified easily if b has the
property:

(B) for each x # 0 there holds

A\ \ n+2—p(n—2) A2z
(M) b( + W) <blx+2z), VO<A<|z|and |z| > A\

Remark 2.2. Note that the Matukuma equation (1.11) takes the form (2.3)
with f(x,u) = b(z)uP and b(x) = ﬁ It is easy to check that b satisfies
the condition (B) for any p < -"5. Therefore, Proposition 2.1 applies to
conclude that the Matukuma equation (1.11) only has radially symmetric
positive smooth solution in R™ for n > 3 when p < 5. Moreover, we even
allow the solution to have singularities at the orlgln

Now, we are ready to give the proof of Theorem 1.1 by assuming Theorem
1.3.

Proof of Theorem 1.1. We first show part (ii) by using Proposition 2.1.
Let ¢(z) = ¢/|z|?, then it suffices to verify (A) for ¢. This is equivalent to
showing that

A2z (2
Mz + 22 < |2[4 ‘x+||2 . W0 <A< |z and |2| > A.

It can be confirmed by the following computation:
A2
M+ 22 — |2 ]x + J = (X = 122) {02 + 1P af? + 222, 2)}
< (A = 1) { O + [P = X2 (je* + |2) }
= (A = 2P) |z =A%)l < 0.

Thus, Proposition 2.1 applies to conclude that u must be radially symmet-
ric about the origin, and consequently u satisfies the ordinary differential
equation

n—1
u”+ o + u—l—u("ﬁ)/(”*m =0, u>0 and u' <0 forre (0,00).

Then

(rn—lu/)l < _rn—lu(n+2)/(n—2) ]

Therefore, for any r > ¢ > 0 we have

Tl () — el (e) < —/ s”flu(s)(””)/(””)ds
g
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< _%(Tn N 2,:,n)u(r>(71—"-2)/(71—2)'

Since u/(g) < 0 we may drop the second term on the left-hand side and then
take € — 0 to get

1
T (1) < —=rPu(r) T2/ 72 for all ¢ > 0.

n
This is equivalent to - (u(r)~*/®=2)) > n(n4_2)7“. Hence, for r > £ > 0 there
holds
2 2
u(r) ™2 > ()" (=2 nn—2) (r2 — 52) > n(n=2) (r2 - 52).

n
Letting ¢ — 0 we then obtain u(r) < Cr—(=2)/2 for all 7 > 0. This gives the
desired estimate.
We now use (ii) to show (i). Suppose (1.11) has a solution u for some

c> (n—2)%/4. We define
w(t) == e_%tu(e_t), t € (—00,00).

One can verify that w satisfies the ordinary differential equation
(n—2)?
4
Thus, w is a positive strictly concave function defined on (—oo, 00). However,

such a function does not exist.

(iv) From Theorem 1.3 it follows that (1.2) has non-constant solutions
when ¢ < —(n — 2)/4, which give non-radial solutions of (1.1). O

w’+ (c— )w+w(”+2)/(”_2) =0 and w > 0on (—o0,00). (2.13)

2.2. Proof of Theorem 1.3: A bifurcation analysis. We first give a
fact concerning solutions of (1.3).

Lemma 2.2. Suppose 1 < p < N*. Then for any A > 0 there exists a
positive constant C(N,p,A) depending only on N, p and A,such that any
non-constant solution v of (1.3) with A < A satisfies

1/C(N,p,A) <v < C(N,p,A) onS".

Proof. Note that (1.3) has no solution for A < 0. Considering Theorem
1.2, we may assume N/(p — 1) < A < A. The upper bound can be obtained
by using the blow-up technique together with the fact that the equation
—Au = vP in RY has no positive solution if 1 < p < N* (see e.g. [27]). In
order to get the lower bound, we first use the Harnack inequality to get

rrgl%xv < C1(N,p,A) Hslgln v,
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for some positive constant C1(NV,p, A) depending only on N, p and A. So
it suffices to derive a lower bound of maxgn v. Suppose maxgn v = v(xg) for
some z9 € SV, Then —Agnvv(zg) > 0 and hence v(z)? — Mv(xg) > 0. This

implies v(zg) > AYP=1 > (N/(p — 1))/ =1, O
Lemma 2.3. The eigenvalues of —Agn restricted to C’é’a(SN) are v =
k(N +k—1) for k=0,1,---; they are all simple and the eigenspace of vy

is spanned by a function py which can be written as px(0) = pg(On+1), where
Pr(t) is a polynomial of degree k. Moreover, all the zeroes of pi(t) are simple
and in (—1,1).

Proof. All the assertions can be found in [1] except the last part. In the
following, we will show by induction on k that py has exactly k simple zeroes
in (—1,1). This is clear for k = 0 since pg = 1. Now, we assume that pj has
k simple zeroes in (—1,1), say —1 < t; <ty < ... <t < 1. Set tso = —1 and
trr1 = 1. Tt suffices to show that pry1 has a zero in each interval (¢;,t;11)
for ¢ = 0,--- , k. Suppose for some 0 < ¢ < k the polynomial px41 has no
zeroes in (t;,t;+1), then both pg and pr11 do not change sign in this interval.
Without loss of generality, we may assume both pi and piy1 are positive in
(ti, ti+1). Let

{QESN : 6N+1 <t1}, if i =0,
Y=< {0eSNit; <Ony <tip1), f1<i<k-—1,
{HGSN : 9N+1 >tk}, if 1 = k.

Then, both px and piy1 are non-negative on the domain ¥;, pr = 0 and
% < 0 on 0%;. Recall that

—Agnpr = vgpr  and  — Agnpry1 = Vpy1Pperr on S
We have

(Vk+1 _Vk)/ DPkPk+1 :_/ PrAgNDi+1 +/ Pr+1QgNDx;
oy oy oy

(3

Opg OPk+1
= _ <
/BEi (pk+1 ov Pk ov ) <0,

which is a contradiction. OJ

In order to study the solutions of (1.3), let v = A/~ (w 4 1), then w
satisfies the equation

—Agvw=A((w+1?—w—-1) and w>-1 on sV, (2.14)
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We are going to find G-invariant non-zero solutions of (2.14) for each A >
N/(p—1).

Lemma 2.4. (a) For any 0 < A < N/(p — 1) the only solution of (2.14) is
w = 0.

(b) For any A > 0, there exist positive constants C(N,p,A) and e(N,p, A)
depending only on N, p and A such that

_1+€(N7paA)§w§C(N7paA) OnSNa

for any solution w of (2.14) with A < A.

(¢) Any non-zero G-invariant solution w of (2.14) neither vanishes at the
north pole nor at the south pole on S™; moreover, by writing w(0) = W(0p+1)
for some function w on [—1,1], then all zeroes of w are in (—1,1) and are
stmple.

Proof. (a) follows from Theorem 1.2 and (b) is the consequence of Lemma
2.2. In the following, we will prove (c). Let us first show that w does not
vanish at the north pole. If it vanishes at the north pole, then the strong
maximum principle implies that the north pole must be an accumulation
point of zeroes of w on SY. Since w is G-invariant, this would imply that
all derivatives of w at the north pole are zero. The unique continuation
property then implies w = 0 on S. The same argument gives w # 0 at the
south pole. Therefore all zeroes of w are in (—1,1). Use (2.14) one can see
that @ satisfies the ordinary differential equation

—(1 =" +ntw' = A((w+1)P —w—1) on[-1,1].
Since w # 0 on [—1, 1], this implies that all zeroes of @ must be simple. [
Proof of Theorem 1.3. We will use bifurcation theory to carry out the
proof. We first formulate (2.14) as an operator equation. Since Agn is
O(N + 1)-invariant, it follows from the theory of elliptic equations that

—Agn + 1 : CH*(SN) — CZ%(SN) is invertible. Let T denote its inverse,
then T : C5*(SN) — C%*(SV) is a compact linear operator. Let

D= {(w,u)ecga(sN) xR:p>1andw> -1 onSN},
and set
_p—1

pu={pP—-DA+1 and g(w,p):= p_lT((w+1)p—pw—1>.
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Then, finding a G-invariant nonzero solution of (2.14) is equivalent to finding
a non-zero solution of the operator equation

flw,p) =w—pTw—g(w,u) =0 in D. (2.15)

It is clear that g is a non-linear compact map of D into C’é’o‘(SN ), and
g(w, ) = o(||wl|c2.a(gny) uniformly on bounded p interval.

Note that 1/u is an eigenvalue of T' if and only if u — 1 is an eigenvalue
of —Agn restricted to C’é’a(SN ). Therefore, from Lemma 2.3 we can see
that all the eigenvalues of T are simple and given by 1/ug, where pp =
1+ k(N +k—1). It then follows from Krasnoselski’s theorem (see [24,
Theorem 3.3.1]) that each (0, ) is a bifurcation point of f(w,u) =0 in D.

Let S denote the closure of nontrivial solutions (w, u) of f(w, ) = 0 in
D. According to Lemma 2.4 (a), S N (CZ*(SN) x (1,1m1)) = 0. Let Cx
be the connected component of S containing (0, ug). Then, by the global
bifurcation theory of Rabinowitz (see [26, Theorem 1.4] or [24, Theorem
3.4.1]), we know that either (i) Cj is not compact in D or (ii) Ci contains a
point (0, p1;) with j # k. We are going to rule out the case (ii).

For each k > 1 we define Sy, as in (1.4); i.e.,

Spi={ve Cé’a(SN) : U has exactly k zeroes, all of

them in (—1,1) and simple}.

It is clear that each Sj is an open set in C’é’a (SM). By the local bifurcation
theorem of Crandall and Rabinowitz (see [7, Theorem 1.7]), near each bifur-
cation point (0, ux), S has the parameterization (wg(s), ux(s)), |s| < ay for
some small aj > 0, where ux(0) = pg, wi(s) = spr + svx(s) and Y5 (0) = 0.
According to Lemma 2.3, p; € Sk, thus wi(s) € Sy for small s # 0. Therefore
there exists a neighborhood Oy, of (0, yi) in D such that if (w,p) € O NS
and w # 0, then w € Sg. Let By := {(w,p) € C : w € Sk} U {(0, ug) }. If
we can show that C, = By for each & > 1, then C; can not contain a point
(0, p1j) with j # k, and we therefore rule out the case (ii).

In order to show C, = By, it suffices to show that B is both open and
closed in Cy. It is clear that By, is open in Cj. Suppose now that {(w®, u(}
is a sequence in By such that (w®, u®) — (w, u) in Cx. Note that (w,p)
is a solution of (2.15). If w = 0 on SV, then p = p; for some j. If j = k,
(0, %) € By; if j # k, then w) € S; NSy, for large | which is impossible.
Thus w is a non-zero solution of (2.14); (c) of Lemma 2.4 then implies w € S;
for some i. If i # k, then the openness of S; implies w®) € S; N S, for large
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[ which is again impossible. Hence, w € Sk and (w, u) € Bg. Therefore, By,
is closed in Cj.

The above argument has ruled out case (ii), therefore each Cj is non-
compact in D. Let

A= sup{)\ > pg : Cp N (Cé’a(SN) x {u}) # 0,V < p < )\}.

We will show that A = co. If not, say A < co. By connectedness of Cj and
(a) of Lemma 2.4, C}, C (Cé’a(SN) x [u1,A]). It follows, using (b) of Lemma
2.4 that Cy is compact, a contradiction. So A = oo; i.e.,

0N (CE(SN) x {u}) #0,
for any p > pg. The proof is thus complete. O

3. SYMMETRIC RESULTS ON S"

3.1. Some preliminary results. Given a function v on S”, we will compare
it with its Kelvin transform vy, y defined by (1.7) for p € S” and 0 < A < 7.
The first result indicates that the comparison is always possible if A > 0 is
small and v is regular at p.

Lemma 3.1. Assume that n > 3 and that I' is a closed subset of S™. If
v € CHS™\I') and v > co on S"\I' for some constant cy > 0, then for each
p € S"\ T there exists 0 < Ap < 7/2 such that

vpr < v onXpa\T foreach 0 <\ < Ap.
Proof. Since p ¢ I' and I is closed in S", there exists 0 < A9 < § such that
' C Xp 5 Then for 0 < r < g we have
8 n—
o {(1 + cos® X\ — 2cos A cos T)TQU(T, w)}
-
n—2 cos Asinr
v
2 14 cos2\—2cosAcosr
Noting that supp, (p) |[Vsno| is finite and v > ¢p on S™ \ I, there exists
0< A <XsuchthatforO< A<r <)\

n—2

=(1+4cos®* \ — 2cos Acosr) 1 [vr +

gr {(1 + cos® \ — ZCOSACOST)%v(r,w)} > 0.
This implies that for 0 < A <r < A\;
(1 + cos® A — 2cos A cos h)\(r))%v(h,\(r),w)

< (14 cos> X — 2COS)\COS’I‘)nT_2U(’I“,w).
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Since
sin* \

1 2\ —2cos Acosh =
+ cos cos A cos hy(r) 14 cos2 X\ —2cos\cosr’

we therefore conclude that
vpA(r,w) <v(rw) f0<A<r<) andw e S" L (3.1)
Next, we can find a constant C; such that for (r,w) € ¥p 5, \ T’

vp A (T, W) _( sin? \ )”QQU(h)\(T),w)
v(r,w)  \1+4cos? A —2cosAcosr v(r,w)
2 n—2
<C ( sin“ \ )T
=11 ¥ cos2 X — 2cos Acosr ’

where we used the facts that v > c¢g > 0 and v o ¢ ) is bounded on X y, .
So there exists 0 < Ay < A1 such that

vpx < v on Xpy \I' for each 0 <X < Ag.
Combining this with (3.1) we thus complete the proof. O

Lemma 3.2. Let O be a domain in S” and q € O. If v € C2(O\ {q}) N
C°(O\{q}) is a non-negative function such that —Lsnv + Cv > 0 in O\{q}
for some non-negative constant C and v > ¢y on 00O\{q} for some constant
co > 0, then v > ¢ on O\{q} for some constant c; > 0.

Proof. Using the stereographic projection with respect to q, the conclusion
is a consequence of Lemma 4.1. O

Fix a point p € S™ and let I' C S"™\ B /5(p) be a set consisting of discrete
points. Let g : (S*\T') x (0,00) — R be a continuous function. We consider
the equation

—Lsnv =g(0,v) and v>0 onS"\T. (3.2)
If v € C?(S*\ ) is a solution of (3.2), we define 0 < A, < 7 by

Ap :=sup{A € (0,7] : vp, <wvin Xy, \T for each 0 < pp < A}

Since I' is discrete, if we assume infgn\pv > 0, then, by using Lemma 3.1,
Ap is well defined. The next result shows that A, > 7/2 if g satisfies (g3)
and the following conditions:
(g7)p Foreach s > 0,0 <A <7/2and 0 € ¥y 5, g(6,5) > g(epr(0),s).
(g8)p Either g(6,s) > g(ppa(#),s) for any s > 0, 0 < A < 7/2 and
0 € ¥pA\T, or for 0 < A < 7/2 and 6 € ¥, the function s —

s~ (+2)/(n=2) (9 5) is strictly decreasing.
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Lemma 3.3. For p € S", let I' C S" \ By /5(p) be a discrete set. Assume
g 1s continuous on (S \ I') x (0,00) and ¢(-,s) is bounded below on S™ \ T’
for each s € (0,00). Assume also that g satisfies (93), (97)p and (¢8)p. If
v e C*(S"\T) is a solution of (3.2) with infgm\rv > 0, then Ap > 7/2.

Proof. In the following we will use the abbreviations
@) = (PP)\’ (e ’Upy)\, B,\ = B)\(p), 2/\ = Zp)\, 5\ = j\p.

By Lemma 3.1, X is well defined. We argue by contradiction and assume
A < 7/2. From the definition of A we have

vy <wv in Xy \T for each 0 < X\ < \. (3.3)
Moreover, from (3.2), (1.7) and (1.8) it follows that on ¥5 \ I' there hold

_n+2 n+2

—v mﬁS”v = U_mg(97v)7 (34)
and
_%  n+2
—vy " Lgnvy = (vopx) " 2g(p5(6), v o o). (3.5)
We define

O:={0eX;\T:v(0) <vops(d)}.
Let vs = sv+ (1 — s)v;\, for 0 < s < 1. Using the technique developed in the
proof of [22, Lemma 2.2], it follows from (g7)p, (g3), (3.4) and (3.5) that

_nt2 _ n+t2
0> —(vowy) "2g(0,(voypy)) + (vops) »=2g(px(0), (voey))
_nt2 _ n42
> —v n=2g(0,v) + (vo ) n=2g(px(0),vox)

1 d _%
:/0 %<vs anv5>ds (3.6)

B (/01 vg%ds) Lsn(v—vy) = Z t 3 </01 vs_%ﬁgnvsds) (v —v3)

in O. We first claim that

v—ov;>0 inO. (3.7)
In fact, by (3.3), (3.6) and the strong maximum principle, either (3.7) holds
orv—uv;=0in O. If O # X5\ T, (3.7) is true since 00 N (X5 \I') # 0 and
v—o5 >00n00N(35\TI). So we may assume O = X5\ I'. If v = v5 in
Y5\ T, then by (3.6) we must have
v~ +D/(=2) (9 ) = (v o 5) "D/ (D g(5(0),v 0 ¢3) in Tx \ T

But (g8)p implies that this can not happen. We therefore obtain (3.7).
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We next claim that 5
—(v — vy > 0. 3.8
or (’U ’U)\) 0B ( )
From (3.3) we know the left-hand side of (3.8) is always non-negative. Sup-
pose (3.8) is not true; then there exists pg € 0Bj5 such that %(v —v5)(po) =
0. However, direct calculation shows that
0 _
5 (Vo @x —vx) = (n = 2)(cot Av(po).
Since 0 < A < 7/2, we then have

0
— (v =00 3)(po) <0.

Since v = v o 5 on dBy, we conclude that Uy, N5 C O for some neighbor-
hood Up, of pp in S"”. Thus, from (3.6) and the Hopf lemma it follows that
%(v —v5)(Po) > 0 which is a contradiction. We therefore obtain (3.8).
Noting that v and vy are C? near ¥y, by using (3.8) it is easy to find
A < Ag < 7/2 such that
vy <v on By, \ By for A <\ < ). (3.9)

We still need to consider the points in ¥, \ I By using (1.7) and the
definition of O, it is easy to see that there is a positive constant «q such that

v—uy > a9 on Xy, \(OUT). (3.10)
This together with (3.7) implies that
v—vy >¢ >0 ond(ONEy)\T, (3.11)

for some constant cg > 0.
We observe that since v is C? on the compact set S™ \ £,

vy <v<vopy <C inONX,,.
Since ¢g(-, C') is bounded below in S™ \ T', it follows from (g3) and (3.2) that
—Lsnv = g(0,v) > C’f%gg(ﬁ, C’)’U%g >—Cv in ONXy,.
It is easy to see from (3.5) that
—Lsnvy > —Cvy in ONXEy,.

Noting that v and v5 have positive lower and upper bounds in O N Xy, we
can use the condition infgn\pv > 0 and (3.6) to obtain, for some positive
constant C,

—Lsn(v—vy) +C(v—v5) >0, inONZEy,.
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Since I' is discrete, by using (3.3), (3.11) and Lemma 3.2 we have

O}jnszo (v — v;\) > 0.

This together with (3.10) implies that for some constant ¢; > 0,
v—uvs>c on Xy \I.
Using (1.7) then we can find 0 < € < A\g — X such that
vy <v on Xy, \I foreach A <\ < A +e. (3.12)
Combining (3.3), (3.9) and (3.12) we have
vy <vin By \T for each 0 < A < A+ .
This contradicts the definition of . Hence, A > 7/2. u

3.2. Proof of Theorem 1.4. Now we are ready to give the proof of Theo-
rem 1.4. Under conditions (gl) and (g2), one can see that (g7)p and (g8)p
are satisfied with p =s. So we may apply Lemma 3.3 to conclude that

V> Vsqsa on Xgqm\ {n}.

Noting that ¢g /o is a mirror reflection and [J,,
(32), (g1), (g2) and (g4) that

_[’S" (U _vs,w/2) = 9(07 U) _g(sos,w/2('9)7vs,7r/2) >0 in 2s,7r/2\{n}' (313)

Therefore, by the strong maximum principle and the Hopf lemma we have

”/2] = 1, we have, from

V> Vg e 0 g o\ {n}, (3.14)
and

d

a(v — Vs /2) B > 0. (3.15)
By Lemma 3.2,

gigfn(v(G) — Vs r/2(0)) > ¢, (3.16)

for some constant ¢ > 0.

For any q € 0B, 5(s), 9 = (7/2,wo) in the geodesic polar coordinate with
respect to s. Let p; = (t7/2,wp) for 0 <t < 2.

Claim 1. There exists € > 0, such that for any 0 < ¢ < ¢, there holds

V2> Up, x/2 D Eptﬂr/g \ {n}. (3.17)

The claim follows easily from (3.14), (3.15) and (3.16). For the readers’
convenience, we include a proof by contradiction argument. If it is not
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true, then there exists a sequence 0 < t; — 0 and a sequence {6;} with
0; € Xp, x/2 \ {n} such that

v(0i) < vp,, x2(0i). (3.18)
By taking a subsequence if necessary, we may assume {6;} converges to some
point 0y € X 1 /9. If Oy € Xg /2 \ {n}, then v(6h) < vg /2(00), which violates
(3.14). If 6o = m, (3.16) implies that (v — vp, /2)(0i) > ¢/2 for large i, a
contradiction of (3.18). Finally, we assume 0y € 9B/5(s). Let 0; be the
closest point on 0% to 6;. Noting that v(6;) = v (6;), by using
(3.18) we have

Pt;,m/2 Pt; /2

for some 6; between 6; and 6; on the geodesic line connecting ¢; and 0;, where
r; denotes the geodesic distance from py,. Note that 6; — ;. We obtain

0
g(v — Vs r/2)(00) <0,

which violates (3.15). We have thus proved the claim.
We define
t:=sup{te(0,1):v>vp rpin¥y 1o\ {n}forall 0 <7 <t}.

From Claim 1, t is well defined and ¢ > 0.
Claim 2. t = 1.
Supposing t < 1, by continuity of v, we have
U2 Uprn/2 I Xpy o \ {n}

the conditions on g imply

—Egn (’U — UP{J"/Q) >0 in Zp{’ﬂ./g \ {n}, (319)
and
v 7& Upz,m/2 in Ep;,7r/2 \ {n}
Similar to the proof of Claim 1, there exists e > 0 such that for all £ < p <
t+er <1,
V2 Up, /o I Bp, ro\ {n},
which contradicts the definition of . Claim 2 thus follows.
By continuity of v, we finally obtain v > vg /2 in ¥q r/2 for q € 9B 5(s).
Since q is arbitrarily chosen on 9B 5(s), the proof is complete.
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3.3. Proof of Theorem 1.5 and its corollaries. We first use Lemma 3.3
to give the proof of Theorem 1.5.

Proof of Theorem 1.5. Using the conditions (gl), (g5) and (g6), it is easy
to see that (g7)p and (g8)p are satisfied for every p € 0B, /(s). Therefore
Lemma 3.3 with I' = {n,s} implies that Ap > 7/2 for each p € OB, s(s).
This in particular implies v, /2 < v on Xy 15\ {n,s} for each p € 9B 5(s).
Consequently v is rotationally symmetric about the line through n and s. [

In order to use Theorem 1.5 to prove Corollary 1.3, we will show f(v) >0
on S" for any solution v € C?(S") of (1.13), thus condition (1.10) is satisfied
due to Lemma 3.2. This is given by the following simple observation.

Lemma 3.4. Let f satisfy the conditions given in Corollary 1.3. If v €
C%(S™) is a solution of (1.13), then f(v) >0 on S™.

Proof. Supposing it is not true, then there is € S” such that f(v()) < 0.
Let 6 € S™ be a point such that v(f) = maxgn v. Then, it follows from the
condition on f that

v(§) "R f(0(9)) < w(@)" O f(u(6)) < 0.

On the other hand, by the maximality of v at 6 we have Av(f) < 0, it follows
from (1.13) that
F(0(9)) = v(9) > 0.

We thus derive a contradiction. O

n(n — 2)
4

Proof of Corollary 1.3. It is clear that g(0, s) := f(s) satisfies (gl), (g3),
(g5) and (g6). Since v € C?(S") and Lemma 3.4 implies f(v) > 0 on S™, we
can use Theorem 1.5 to conclude v is rotationally symmetric about the line
through p and —p for any p € S™. Therefore, v must be constant. ]

Proof of Corollary 1.4. (i) When § < n(n — 2)/4, the function ¢(0, s)
defined by (1.14) satisfies (gl), (g3), (gb) and (g6) and is positive for s €
(0,00). Thus we can apply Theorem 1.5 to conclude that any smooth solution
v € C%(S™\{n, s}) of (1.15) is rotationally symmetric about the line through
n and s. Given a solution v € C%(S™\{n, s}) of (1.13), the function u(z) :=
&(x)v(myt(w)) is then radially symmetric in R™\{0}. Writing u(z) = u(r)
with 7 = |z|, v then satisfies the ordinary differential equation

-1 —2)—4 n+2
n u,+n(n ) 8 +2

w4+ . 1) u+un—2 =0, u(r) >0 for 0 <r < oo. (3.20)
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(ii) Now, we assume 3 < 0 and (1.13) has a solution v € C?(S"\{n, s}).
This implies that (3.20) has a solution u. Let ¢(r) := (1 + Tz)nT_Qu(r); then

n—1 n—1

7“7,)/:_7"7 2y ) ‘ o1
((1 + ,r.2)n72s0 (1 + T2)n (QO ﬂ@ or 0 < r < oo. (3 )
Using 8 < 0 we have for any r > ¢ > 0 that
(1+ r2)"—2<p (1+ E2)n—290 €). .
If
n—1 ,
1
r—0 (1 + Tz)n—2§0 (7’) > 07

then there exists a number ag > 0 such that ¢/(r) > agr!= for small r > 0.
Therefore, for any small » > ¢ > 0 there holds

o(r) > p(r) —pe) > nofz (52—n B 7"2_"),

Fixing r and letting € — 0 we then derive a contradiction. Therefore

n—1
My (=0
It then follows from (3.22) that ¢/(r) < 0 for all r > 0. Let 3(r) := p(2),
then ¢'(r) > 0 for all » > 0. However, by direct calculation one can see that
@ is also a solution of (3.21). Therefore the above argument applies to @
and shows that ¢/(r) < 0 for all » > 0. We thus derive a contradiction.
(iii) Showing that (1.15) has infinitely many solutions is equivalent to
showing that (3.20) has infinitely many solutions defined on (0, c0). To this
end, for any function u defined on (0, 00) we define

w(t) = einT%tu(eft), t € (—00,00).
By an easy calculation one can see that u satisfies (3.20) if and only if w

satisfies

N n -
w” — (n 5 ) W wieg 4 chejt)?w =0, w>0on (—o0,00), (3.23)
where cg := n(n — 2) — 43. Therefore, it suffices to show that (3.23) has
infinitely many positive solutions.

Let us introduce a function h(-,-) : Ry x R — R by

2t

h(a,b) := b? — ("_2)2a2+”—2 20

5 a2, VY(a,b) €e Ry xR.

n
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Since 3 > 52, there are infinitely many (a,b) € RT x R such that
1
h(a,b) + Zcﬁcﬁ <0. (3.24)

Let us fix one of them and consider the initial-value problem

9\ 2 n+t2 —2t
w” — (%2) w 4+ wn—2 +Cg(1_567,2t)2w =0

w(0) =a, w'(0)=0.

By the local existence theory for ordinary differential equations, it has a
unique solution w defined on some interval containing ¢t = 0. Let (—B, A) be
the largest interval on which w exists and w(t) > 0. Since w(0) =a > 0, A
and B must be positive. It remains only to show that A = co and B = co.
In the following we will only prove A = oo, since B = oo can be proven in
the same way.

Suppose A < 0o and consider the function

h(t) := h(w(t),w'(t)) on [0, A).
From the equation satisfied by w it follows that

o2t oy
5 [w(t) ] )

(1+e2t)
Therefore, for ¢ € [0, A) one has, by integration by parts and noting that

-2t . . .
{Tie=2ry2 Is non-increasing on [0, 00),

B (t) = —cg

67215 —2s

t ’

— - _ _c 2_1 2 _ 2l € &
h(t) — h(0) = Cﬁ{(1+e—2t)2w(t) 7w(0) /0 w(s) [(1 —1—6_25)2} ds}

1

SZng(O)Q.
Consequently, by using (3.24),
1
h(t) < h(a,b) + Zcﬁa2 <0 onl0,A4). (3.25)

This together with the equation for w implies that

w+[w'|+ | <C on [0, A),

for some positive constant C. Therefore w(A) and w'(A) are well defined
and, hence, w is defined on a larger interval [0, A + ¢) for some € > 0. But
from (3.25) one can see that w(A) > 0. Thus, by continuity, w > 0 on
[A, A + ¢) for some smaller ¢ > 0. This contradicts the definition of A.
Therefore A = oco. U
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3.4. Proof of Theorem 1.8, Theorem 1.9 and Theorem 1.10.

Proof of Theorem 1.8. Let s be the south pole of S™. As before we define

As :=sup{\ € (0,7) :vs, <vin g, \ {n} for each 0 < pu < A}.
Let (r,w) be the geodesic polar coordinates on S™ with respect to s. Then the
conditions on K are equivalent to saying that K is non-constant on S™\ {n}
and for each fixed w € S"~! the function » — K (r,w) is non-decreasing for
O<r<m.

By condition (1.23), it follows from Lemma 3.1 that A := \g > 0 is well
defined. We claim that A = 7. If A < 7, then from (1.22), (1.7) and (1.8) it
follows that

n+2 nt2

—v 2 Lgnv(r,w) + vgjéﬁgnUS’X(r, w) = K(r,w) — K(hs(r),w).

Following the proof of Lemma 3.3 and using the conditions on K we have

I _nt2 9 1 _2n
0> (/ vs "2 ds)ﬁgn(v —vg3) — TH_(/ Vs "_QESnvsds> (v —vg3),
0 ’ n 2 0 ’

in g5\ {n}.

Note that v —vg 5 > 0 on X 5 \ {n}. Since K is non-constant on S" \ {n},
we must have v —vg 5 # 0 on X 5\ {n}. Thus it follows from the strong
maximum principle and the Hopf lemma that

v—1vg3x >0 on X 5\ {n}

and

0
E(U —vg3) >0 on 9% 5.
Next, we show that

inf (v — vs7;\) > 0.

6—n

Choose 0 < ry small such that X\ + ry < w. Define
O :={0 € By,(n)\ {n} : v(d) < 2v,5(0)} .

By the fact that v has a positive lower bound, we can obtain v —vg 5 > 1

on By,(n)\ (OU{n}) for some positive constant c1; moreover, v and Vs
have lower and upper bounds in O. Following the proof of Lemma 3.3, we
can obtain that for some large positive constant C'

—Lgn(v —v53) +C(v—vg3) >0 in O.
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Lemma 3.2 implies that v —vg 5 > ¢2 in O for some positive constant ca. We
thus obtain

v — gy > min(cy, ¢2) >0 in Byy(n) \ {n}.

Now, we can argue as in the proof of Lemma 3.3 to show that there exists
e > O such that v > v\ on ¥s )\ {n} for each 0 < A < A+e. This contradicts
the definition of A. Therefore \g = .

Next, we are going to show (1.24). In the above, we have shown that

v>wgy on gy \{n} foreach0<\<m. (3.26)

For § € By /5(n)\{n}, let (r,w) be its geodesic polar coordinate with respect
to the south pole s. Then we take 7/2 < A < 7 such that

2cos A = (1 + cos? \) cos 7. (3.27)

This implies that ¢ x(0) € 0B /2(n). Moreover, A — 7 as § — n. Letting
C1:=mingp_,,(n) v, we have from (3.26) and (3.27) that

(m —r)sin? A )(H—Q)/Q_
14 cos?2 X —2cosAcosr -k

The proof is complete. U

lim inf d(6,n)"=2/2y(9) > C} lim inf (

f—n r—T

The proofs of Theorem 1.9 and Theorem 1.10 are based on the method
used by Li and Li in [15].

Proof of Theorem 1.9. Since 0 < v € C%(S"), by Lemma 3.1 the moving
sphere procedure can start from the south pole s. So there exists 0 < A\ < 7,
such that
v>1vgy in Mgy for each 0 < A < Ag.

Let

A =sup{\ € (0,7) : v > g, in g, for each 0 < pu < A}.
We will show that A = 7. If not, say 0 < A < m. Then by the conformal
invariance and the condition on K we have

FAA s, )= F(MA o, ) = K(rnw) = K(hs(1),w) 2 0,

n—

T
v go ’Us,X go

with strict inequality somewhere in ¥ 5.
By the argument in [15, Lemma 2.1],
such that

there exists an elliptic operator L

L(v— vsj\) >0 in ES’/—\,
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with strict inequality somewhere in ¥ 5. Noticing that v > v, 5 in X 5, we

can obtain that 7 7 7
v—1gx >0 in X3, (3.28)

and
8(1) B Us,j\)
or

Once (3.28) and (3.29) are established, we can argue as in the proof of
Lemma 3.3 to show that we can move spheres beyond A, which contradicts
the definition of A\. So A = 7. Following the argument of Theorem 1.8,
we can see that v blows up at n. Therefore (1.31) has no positive C%(S")
solutions. g

>0 on d¥g5. (3.29)

Proof of Theorem 1.10. Let (r,w) be the geodesic polar coordinates with
respect to s. Let Z:/\ = S N Xsx. We define

A =sup{A € (0,7) : v > g, in ¥g, forall 0 < pu < A}

Since v has positive lower bound on S, it fol_lows from Lemma 3.1 that A
is well defined and A > 0. We will show that A = 7. If not, say 0 < A <,
then
v>wvy In 2;5\.
Moreover, by the conformal invariance we have
F((A 4, ) = K(hs(r),w) inst,

n—2
vs,f\ 90

n
(91)575\

B :H(h;\(r),w)v;? on OS'.

By the argument in [15, Lemma 2.1] and the condition V_o K >0 on S%,
90n+1
there exists a linear elliptic operator L such that

L(v— USA) >0 in Eii\‘
Moreover,

8(2} - Us,j\) _n_ ﬁ n +
5 = H(r,w)vn—2 — H(h;\(r),w)vs,x on 9Sy N 2575\.

Since K or H is non-constant and V_o H > 0 on 97, it follows from the

n+1
strong maximum principle and the Hopf lemma that

v>ugy i X7 (3.30)
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Using the Hopf lemma again and [22, Lemma 10.1] we can also obtain
6(21 - US,X)

or
Thus, there exists A < Ao < 7 such that

v>vg) on E;/\O\Z;A for A < A < Ao.

>0 on 0¥, NSE.

By using (3.30) and the definition of vs ), we can find 0 < € < Ag — X such
that B B
v > Us ) onE;r)\Ofor)\<)\<)\+e.

Therefore, - -
v>7vs) on Z;“)\ for A< A< A+e

We thus derive a contradiction to the definition of . Hence, A = 7. Conse-
quently (1.32) has no positive C?(S%) solutions. O

3.5. Proofs of Theorem 1.6 and Theorem 1.7. Given a function v on
S?, we define, for each fixed p € S? and 0 < A < 7, its Kelvin transform as

1
Up ) =UVO0Ppx+ 5 log [Jy, o |-

By conformal invariance it is known that
—Agevp )+ 1= |J¢p,A|((—A§nv) o WYp AT 1). (3.31)

The proof of Theorem 1.6 follows essentially the same idea as in the proof
of Theorem 1.5. We need to compare the functions v and vp . Similar to
Lemma 3.1 we have the following.

Lemma 3.5. Let I be a closed subset of S?. If v € CY(S?\I') and v > —Cjy
on S?\T' for some constant Cy > 0, then for each p € S*\ T there exists
0 < Ap < 5 such that

vpr < v, onXp A \T for each 0 < X < Ap.

The next two lemmas, similar to Lemma 3.2, are used to deal with singu-
larities.

Lemma 3.6. Let O be an open set in S? and q € O. Ifv € C?*(O\ {q})
satisfies —Agev +1 >0 in O\ {q} and

06(’),0—81 logd(f,q) —

then v > —Cy in O\ {q} for some constant Cp > 0.

(3.32)
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Proof. Fix an open set O such that q € @' € O C O and |Tq(0)] > 1 for
0 € O'. For each € > 0 consider the function

0 (6) = v(6) + log 1—|—|7r2q(9)|2 T+ Co+ (2+2)log|mq(0)], 0€O\{a},

where Cj is a constant such that v(6) + log m +Cy >0 on 0'". One
can check that

Agg<log ) =—1 and Ag(log|mq(#)]) =0 in O\ {q}.

2
1+ [mq(0)]?
Moreover, limgy_.q |7q(€)| = +00. Noting that (3.32) implies

lim inf v(®)

—— > 0.
0€0,0—q log |mq(0)]

We, therefore, have

—Agea: >0 in O'\{q}, ac >00n 00" and lim «a. = +oo0.
0€0,0—q

It then follows from the maximum principle that . > 0 on O \{q}. Letting
e — 0 we get

v(0) > —Cy — logLe)’Q2 > —Cp—log2 for 0 e O\ {q},
1+ [mq(0)]
which gives the desired assertion. O

Lemma 3.7. Let O be an open set in S? andq € O. If v € C?>(O\ {q})N
CY(O\{q}) is a non-negative function such that —Ag2v > 0 in O\ {q} and
v > co on OO\{q} for some constant co > 0, then v > ¢1 on O\ {q} for
some constant c¢; > 0.

Proof. First by the strong maximum principle we have v > 0 on O\{q}.
By shrinking O if necessary, we may assume |mq(6)| > 1 for § € O. For each
€ > 0 consider the function

B:(0) :==v() — co + elog |tq(0)], 0 € O\{a}.

Note that Agz(log|mq(8)]) = 0 on O\{q}, limg_.q |Tq(#)| = 400 and v >
co > 0 on 00\{q}, we have

—Ag28: > 01in O\{q}, Bz > 0on 00\{q} and ee(loirgl Be(8) = +o0.
0—q

Therefore, by the maximum principle we have 3. > 0 on O\{q}. Letting
€ — 0 gives the desired conclusion. O
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Now, we are ready to give the proofs of Theorem 1.6 and Theorem 1.7.

Proof of Theorem 1.6. Since f > 0 and K > 0, we have
~Agv+1>0 onS*\{n,s}.
It then follows from Lemma 3.6 that
v>—Cy onS*\{n,s},

for some constant Cp > 0. Lemma 3.5 then implies for each p € 9B /»(s)
that there exists 0 < A\p < 7/2 such that

vpx < v on Xpa\{n,s} for each 0 < XA < Ap.

For each p € 0B;/y(s) we can define Ap as before, then A\p > 0. Using
(1.16), (3.31), (K1), (f1), (Kf1), the symmetry properties of K and f, and
Lemma 3.7, we may imitate the proof of Lemma 3.3 to conclude that

Ap > /2 for each p € OBy )5(s).
The desired assertion thus follows. O

Proof of Theorem 1.7. Under the conditions in Theorem 1.7, we can ar-
gue as in the proof of Theorem 1.6 to show that

U= Vs r/2 >0 on ES,TI’/Q \ {Il}
Together with condition (K2) and (f2), we obtain that
_ASQ (U - vs,w/2) >0, on Z:s,ﬂ'/2 \ {n},

and, due to (Kf2), this inequality is strict somewhere in g /5 \ {n}. Hence,
we can follow the proof of Theorem 1.4 to show that

U = VUp,n/2 >0, on Ep,71'/2 \ {n}v
for any p € 0B /3(s). The proof is complete. O

4. APPENDIX

In this section, we prove a lemma from which Lemma 3.2 follows. For
n > 3, let O be an open set in R” \ B;(0). Consider

b

o)+ ) 20, v>0 w0 ()

—Av(y) + Z
i=1

where b;,c € L*(0).
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Lemma 4.1. For n > 3, let O be an open set in R™ \ B1(0). Assume
v e C?0)NCY0) is a solution of (4.1). If bi,c € L=(O) and there exists

a constant cy > 0 such that

v(y) >

=k on 00,

and
liminfo(y) > 0,

ly|—o0

then there exists a constant ¢; > 0 such that
1 )
v(Yy) 2 g o O,
W) 2 =
Proof. The proof is based on the argument of [22, Lemma 2.1]. Let £(y) =
ly[>~" + [y|' ", then

—A&(y) = —(n— 1)y

By the condition on b;(x) and c(x), there exists R > 1 large enough, such
that

c(y)

|y|*

—As<y>+2”(y(|?‘g)gi<y> Wey<o, i O\ Br(0).
=1

Since v > 0 in O, there exists some € > 0 such that

v(y) > €€(y), for |y=R, yeO,

and

>e(y), on 00.

We have
—Av—€€) + 3 5 (v — €&) + (v —€€) 20, O\ Bg(0)
v—e£>0, on 9(O\ Bgr(0))
liminf}, (v —€§) > 0.
By the maximum principle, v — e > 0 in O\ Br(0). Thus for some constant
c1 >0,

C1

e in O. 0

v =
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We have the following equivalent lemma on a bounded open set of R™.
For n > 3, let Q2 be a bounded open set in R", let p € 2. Consider

—Av(y) +ly —pI Y bivi(y) + cwo(y) >0, v>0, in Q (42)
=1

where b;, c € L>(Q).

Lemma 4.2. Forn > 3, let ) be a bounded open set in R", p € Q. Assume
that v € C2(Q\ {p}) N C*(Q\ {p}) is a solution of (4.2). If b;,c € L>(£2)
and infao) (py v > 0. Then v > c1 in Q\ {p} for some constant c¢; > 0.

Proof. Let
Q= {zER" : p—l—QEQ}
|z —p[? ’
and make a Kelvin transform with respect to p,

5(2) = (ot 2y,

v
|z —p|"—2 |z — p|?

Then @ € C%(Q) N C’O(S:Z). It is easy to check that v satisfies

n 7 ~
- bi(z) . é(z) - . ~
—AD + : Ui(2) + ————=0(2) >0, ©>0, in
; p—pp T )

where b;, & € L=(Q) and

- €o ~

U(Z) Z m, on 8(2,
for some constant ¢y > 0. From Lemma 4.1, we get 0(z) > ‘Z_;ﬁ in Q for
some constant ¢; > 0. The conclusion of the lemma follows easily. O

Remark 4.1. It is easy to see from the proof that A can be replaced by
aij0;; with a;; € C°(€), (a;;) > 0 in Q. In fact, the same conclusion holds
for more general operators.
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