FINITE ELEMENT APPROXIMATIONS AND
THE DIRICHLET PROBLEM
FOR SURFACES OF PRESCRIBED MEAN
CURVATURE

GERHARD DZIUK AND JOHN E. HUTCHINSON

ABSTRACT. We give a finite element procedure for the Dirichlet
Problem corresponding to surfaces of prescribed mean curvature
and prove an optimal convergence estimate in the H'-norm.

1. H-HARMONIC MAPS

The numerical solution of the classical H-Plateau Problem consists
of approximating disc-like surfaces with prescribed boundary curve and
prescribed mean curvature H. For a detailed discussion of the algo-
rithms and theory see [6] for the case of zero mean curvature, and [7]
for the constant mean curvature case. In this paper we consider the
associated H-Dirichlet problem.

Estimates for finite element approximations to solutions of general
nonlinear elliptic systems are obtained in [4], using a continuity method
involving L*> estimates for the discrete problem. Here we give a much
shorter proof of the H' estimate, avoiding the need for L> estimates
and only assuming the discrete and smooth data are close in the H*
sense. Our techniques apply to a wide class of nonlinear systems. We
treat the case of a non-polygonal and non-convex boundary and give
the explicit dependence on the non-degeneracy constant of the smooth
solution being approximated. The arguments are prototypes of those
used in [7] for treating the more difficult case of the (free boundary)
H-Plateau Problem. The main tool for avoiding L*° norms in the
present “borderline” case is the isoperimetric inequality due to Rado,
see Remark 3.1.

This work was partially supported by the Australian Research Coun-
cil.

Throughout, Q(C R?) is a bounded domain with C? boundary.
Function spaces will consist of functions defined over 2 with values
in R? unless otherwise clear from context. Constants will depend on §2
and other quantities as indicated.

1991 Mathematics Subject Classification. Primary: 65N30; Secondary: 49Q05,
53A10.
Key words and phrases. finite elements, mean curvature, H-surface, H-harmonic.
1



2 GERHARD DZIUK AND JOHN E. HUTCHINSON

By | - |gt is meant the H' seminorm, and by || - |z the full norm.
Note that by Poincaré’s inequality, | - |y1(q) is a norm on Hj ().
For vectors a, b, c € R3, the triple product is defined by

[a,b,c] =a-bxc.

This is invariant under cyclic permutations of a, b and ¢, and anti-
symmetric with respect to interchanging any two. It is the volume of
the parallelopiped spanned by a, b and c.

Definition 1.1. Suppose H is a real number. A function u € H?*(2;R3)
is H-harmonic with boundary data u® € H?(Q;R3) if

(1.1) Au = 2Hu, X u, a.e. in 2

(1.2) u=u’ on 0f)

Ezample 1.1. Let D be the closed unit disc in R?. Let
u’(z,y) = (v,y,0): D — R?

with 0 < H < 1. There are two solutions of (1.1) and (1.2) obtained by
mapping the unit disc D conformally, i.e. stereographically projecting
from a suitable point, onto the lower spherical caps obtained from each
of the two spheres of radius 1/H (mean curvature H) which contain
the image of u"|sq. These solutions are called small or large depending
on whether their images do not, or do, contain a hemisphere. (We use
this example for test computations, see Tables 1 and 2.) If —1 < H <
0 then one similarly obtains two solutions from the upper spherical
caps. If H = 0 then there is exactly one solution, the map u(x,y) =
(,9,0): D — R3. If H = 1 then one obtains a solution by mapping
onto the lower hemisphere of a sphere of radius 1, and onto the upper
hemisphere if H = —1.

Equation (1.1) is the Euler-Lagrange system associated to the H-
Dirichlet integral

(1.3) Du(u) = Dy (u; Q) = %/Q|Vu|2 Y 2HV (u),
where
(1.4) V(u) =V(uQ) = %/Q[u,um,uy]

can be thought of as the signed volume of the cone over the origin ob-
tained from the image of u. In fact, direct computation and integration
by parts easily gives

d

(Dr'(u), ) = (D' (u; ), ) := —

= D t
7 m(u+tp)

t=0

:/ VquO—i—QH/[go,ux,uy]
Q Q

(1.5)
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foru € C*(Q;R3) and ¢ € C2(Q;R?), and hence for u € H'NL>(Q; R?)
and ¢ € H} N L>®(;R3) by a limit argument, for example see [10,
Remark II1.1.1]. If w € H' N L™ is stationary for Dy, i.e.

(1.6) / VuVe + 2H/ [, Uy, uy] =0
Q Q
for all ¢ € H} N L™, then u is said to be a weak solution of (1.1).

Example 1.1 is fairly typical. Arguing heuristically, the energy func-
tional Dy (u) is cubic in w and thus one expects (generically) either two
or no stationary points. In the former case one expects the “smaller”
solution to be a local minimum and the “larger” solution to be unstable.

Indeed, one has the following result due to the combined work of
Heinz, Werner, Hildebrandt, Jager, Wente, Brezis—Coron, Struwe and
Steffen. For detailed references see Struwe [10, 11].

Theorem 1.1. Assume u® € H' N L®°(Q;R3) and H € R satisfy
[z | H| < 1.
Then there exists u € v + Hy N L™ such that
Dp(u) =min{ Dy (v) : v € u + Hy, |[v]p=|H| <1}

Moreover,
lullzoe < flu’llze ()
and u is a weak solution to (1.1) and (1.2).
If furthermore

[l [H] <1 (%)

then w is the unique local minimum of Dy in u®+ H} N L>®. Moreover,
u 1s the unique weak solution of (1.1) and (1.2) which satisfies (x).
The function w is called the small solution of (1.1) and (1.2).

Under the same assumption (xx) if H # 0 and u° is not constant,
there is also a second weak solution u to (1.1) and (1.2) which satisfies

Il > [lu®] .

Any such solution is called a large solution to (1.1) and (1.2).
If u’ € H*(Q,R?) then any weak solution to (1.1) and (1.2) belongs
to H*(Q,R3).

Remark 1.1.

1. The large solution need not be unique, although one would expect
that this is the generic situation. An example of Wente, [11,
Example IV.3.7], gives a continuum of solutions for  the unit
disc and boundary data u°(x,y) = (z,0,0). See Fig. 1 for the
image of the trivial small solution and of one of the large solutions
on a relatively coarse grid. Rotation of «({2) around the wu;-axis
gives a continuum of solutions.
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FIGURE 1. Wente’s example (discrete approximations);
small and one of a continuum of large solutions

2. The existence of a large solution is obtained by a mountain pass
type argument, see [2] and [11, Theorem I11.4.8]

Remark 1.2 (Nondegeneracy). We will be interested in approximating
functions u € H?(Q2; R3) which are H-harmonic and nondegenerate in
the sense that the second variation Dy”(u) has no zero eigenvalues.
This is always true for small solutions, see [11, Lemma I11.4.7].

More precisely, for v € H*(Q;R?) and p,¢ € HZ(Q;R3) one first
easily checks by direct computation and integration by parts that

82
Dy" = Dy"(u; Q =

Dy(u+to + s)

s=t=0
(1.7) - /va@z)mff/ﬂ[u,%,%] + u, Py )
(1.8) - /va@z)mff/ﬂw,ux,gpy] + [, a1y,

see [10, Remark III.1.1] and the paragraph following (3.2). From (1.8)
Dy"(u) extends to a bounded symmetric bilinear functional on Hg,
since

/QIVUI ol IVl < [IVullallellallVellze < cllullaz ]| VellZ:

It follows that the inner product |- |g: induces a bounded self-adjoint
linear operator V2Dy(u): H} — H}. The eigenvalues of V2Dp(u)
are real, bounded below by — )\ (say) and have no accumulation point.
Moreover, A\g = A\o(£2, H, ||u||z2), as follows from using (1.8) to estimate
the Raleigh-Ritz quotient.

The nondegeneracy constant A of Dg”(u) is defined by

A= min{ |v| : v is an eigenvalue of V2D (u) }
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Then V2Dpg(u) is one-one and onto iff A > 0. Let
(1.9) p=p o

denote the | - |z orthogonal decomposition of ¢ € H} into members
of the positive and negative spaces H™ and H~ corresponding to the
eigenvalues and eigenfunctions of V?Dy(u). Then

(1.10) Dy (u) (g, o7 — ™) > Aplin

for all such ¢ and A\ is the largest such real.
JFrom the eigenfunction equation, c.f. (1.8), together with the esti-
mate for )\, one obtains ¢~ € H? and

(1.11) N~ ez < vip™[m

where v = v(Q, H, ||u|| g2, d) with d the dimension of H~.

2. DISCRETE H-HARMONIC MAPS

For h > 0 let 7;, be a triangulation of 2 by triangles T" whose side
lengths are bounded above by ch for some ¢ independent of h and
whose interior angles are bounded away from zero uniformly and inde-
pendently of h. The intersection of any two different triangles is either
empty, a common vertex, or a common edge.

Let
Q=T

TeT),

Let
Xp = {un € COiR?) s uplr € P(T) VT €T},
Xno={pn € Xn:onloa, =0},

where Py (T') is the set of polynomials over T of degree at most one.
For some § > 0 and all sufficiently small A,

Q= {xeR*:d(x,Q) <6} DU

If u € H*(Q2) then by the C? regularity of ) there exists an extension
of u to €, also denoted by u, such that

(2.1) lull g2y < cllullmz@)-
Definition 2.1. The discrete H-Dirichlet integral is defined by

1
DH(uh; Qh) = 5/9 |Vuh|2 + QHV(U}L, Qh)
h

for u, € X,
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It follows from (1.5) and (1.7) with €2 replaced by 2, and a limit
argument, or by direct computation and noting that boundary integrals
on internal edges cancel, that

(2.2) (D (un; Qn), n) :/Q VUhVSOthQH/Q [©hs Ung, Uny,
h h
Dy (up; Q) (on, Pn) =
(2.3) /Q VoV, + 2[—[/Q [Uh, Phas Uny) + [Un, Vhas Ohyls
h h

for u, € X and wp, ¥, € Xpo.
Motivated by (1.6), one has

Definition 2.2. A function u; € X}, is discrete H-harmonic if
(2.4 | Vunion+ 2 [ June, unyy 0] =0,

Qp Qn
for all ¢, € Xpo.

We will prove the following.

Theorem 2.1. Let u € H*(Q;R3) be H-harmonic and u = u® on 0
where u® € H*(Q;R?). Assume u is nondegenerate with nondegeneracy
constant .

Let up € Xy, and assume |[u® — uf|| g1, < ah.

Then there exist constants hg = ho(||ul 2, ||u°|| g2, o, Q, d, H, M), g9 =
eo(H, ), and co = co(||ullg2, ||u®]| g2, o, H) such that if 0 < h < hg
then:

1. There exists a unique discrete H-harmonic function uy such that

up = u) on Oy, and

|l — unl| a1,y < €0
2. Moreover,

||u — uhHHl(Qh) S C())\_lh.

3. PROOF OF MAIN THEOREM
With u, u® and ) as in the main theorem define
(3.1) Jpu = uf) + I, (u — u°) € u) + Xpo,

where [j, is the standard nodal interpolation operator.

The proof of the main theorem will use the following quantitative
version of the Inverse Function Theorem with X = u? + X9, X = Xj0,
Y = X, (the dual space of Xy), o = Jpu, f = Dy(-; Q). The proof
of the lemma follows from that in [1] pp 113-114.

Lemma 3.1. Let X be an affine Banach space with Banach space X
as tangent space, and let Y be a Banach space. Suppose ro € X and
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feCYX,Y). Assume there are positive constants o, 3, § and & such
that

| f(@o)lly <6,
1" (o) Mlovx) <l
1" (z) = f'(zo)|lexyy < B for all x € B(x),

where
B<a, §<(a—Pe.
Then there exists a unique x, € B.(xo) such that f(x,) = 0.

Remark 3.1 (The Volume Functional). A fundamental result which is
due to Wente [12] states that for any u® € H' N L>(Q;R3) the func-
tional V' (and hence Dp) extends to an analytic functional on the affine
space u® + H}(Q;R3). This is perhaps surprising, since from (1.5)
and (1.7) one might expect bounds for the relevant integrals to also
involve [|¢||p~ and ||ul|z~ respectively.

More generally, one has the following.

For w,v,w € H' N L*(Q;R3) define the trilinear functional

1
(3.2) V(u,v,w) = V(u,v,w;Q) = G /Q[u, Vg, Wy + [, Wy, ).

Note that V(u) = V(u,u,u).

Assume now that at least one of u,v,w also belongs to H}(€2; R?).
Then V is invariant under cyclic permutations of its arguments, as
follows from integration by parts in the C? case and in general by a
limit argument, see [10, Remark III.1.1.iii]. Since V' is invariant under
permutation of its first two arguments, it then follows it is invariant
under any permutation of its arguments. Moreover under the same
assumptions, from an argument similar to that in [10, proof of Theo-
rem II1.2.3] which uses an isoperimetric inequality due to Radé [8], one
also has

(3-3) V(u,v,w) < C|U|H1(Q)|U’H1(ﬂ)\w\H1(Q)-

Similar remarks and estimates apply if 2 is everywhere replaced by €.
Assume now u,v € H' N L®(;R3) and ¢ € H} N L>®(R3). Tt

follows that

(3.4) (V'(u), ) = 3V (u,u, ) < clulipg)lela),

(3.5) V' (u)(v, 0) = 6V (u,v,0) < clulmo|vlm@lelr @,

(3.6) V" () (u,v,0) = 6V (u,v,9) < clulgoylv]moleln @)

(In particular, if u € H'NL>(); R?) these estimates allow one to define

the integrals in (1.5) and (1.7) for arbitrary o,v¢ € H}(;R?).) Similar
results also hold if €2 is replaced by (2.
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For the remainder of this section, u is as in the Main Theorem.
Extend u to € as in (2.1) and restrict to €2, as necessary. Both the
extension and restriction will also be denoted by w.

Lemma 3.2.
HU - JhuHHl(Qh) S Clh

where ¢ = ¢1(||ul m20), [|v° || m2(0), @).

Proof.
= Tl amany = [| (e = ) = (e =) = (w a0
< Ju® = up || manay,) + chlu — vl g2q)
< ch,
where ¢ = c(||u|| g2, |u®]| 2, ). Since
’|U||H1(Qh\§z) < Ch||u|\H2(Qh\Q) < Ch||u||H2(Q)
by elementary estimates and (2.1), the result follows. O

Lemma 3.3. If p, € X} then
(Dl (Jn; Qn), on)| < cahlonlmiay),
where ¢y = co(|[ull w2y, vl m2(0), @, H).
Proof.
(Dl (Jnus; ), on)
= SDH(JhU; Qn), n) = (Dl (1), n)) + (D (w5 ), o)
= A+ B

From the Taylor series expansion for V'(-;2;) and Remark 3.1

Al =| [ V= 0)Tn + 20 s @) o) = (V' (s ). )
h

< |Jhu — ulmaylenlme,) + 20H V" (@ Q) (Jpu — u, o)
+ [H||V" (u; Q) (Jpu — w, Jpu — u, )|

< [ Jhu — ul g lenlmr @)
+ o[ Hl[ul g @) | Jnw — ulm @y lenl @)
+ c|H||Jpu — u|%{1(Qh)|S0h|H1(Qh)

< chlonlar (),

from Lemma 3.2 and (2.1), where ¢ = c(||u| g2, |[v°||n2(), @, H).
Also,

/ Vquoh+2H/ [On, Ug, Uy
Qn Qp

/Qh\ﬂ(—Au +2Hu, X uy) - ¢y

where ¢ = c¢(||u||g2, H), as follows from (2.1), a Sobolev imbedding
theorem, and elementary calculus.
The required result follows. O

B =

/ (—Au+2Hu, X uy) - @p
Qp

< cllenll 20y < chllonllm@,)
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Remark 3.2 (A “Discrete Eigenspace” Decomposition). If ), € X let
¢p also denote the zero extension to Q U Q. Note that o, ¢ HJ(Q)
unless Q is convex. For this reason define P : X9 — Hi(€) to be the
| - |1 projection, i.e.

/ V(Ppp) Ve = / VoV
Q Q
for all p € HY(Q).

One has
(3.7) onlm@mn) < h?lonl o)
(3.8) |Ponlai) < onla @)
(3.9) lon — Ponlae) < ch'?|onlmq,)

To see (3.7) note that Ve, is constant on any triangle 7' € 7}, and
that |7°N (Qn\ Q)| < ch|T|. Inequality (3.8) is immediate, since P is
just | - |1 orthogonal projection onto Hj (). For (3.9) first note that
\on — Ponlma) < |on — @luiq) for any ¢ € Hg(Q), by orthogonality.
Now choose ¢ by suitably deforming ¢; in a boundary strip.

Let (Pon)™, (Pon)~ € HY(Q) be the components of Py, as in (1.9).
Note that (Pyp)~ is smooth, and in particular

(3.10) [(Pen)~ [m20) < vlenlma,)

since

[(Pen) " [l 2y < vI(Pon) ™ a1 < vIPenlai) < v]enme)
from (1.11), (1.9) and the | - | gi1-orthogonality of (Py,)™ and (Pyy) ™,
and (3.8).

Define a discrete analogue of (1.9) by

o) = I,(Ppy)™ € Xpo, saﬁf) = on — @\,

on =i + 1.

(3.11)

Taking the zero extension of (Py,)~ and (Pp,)T to €, and of o7
and o) to Q, we claim

(3.12) [(Pon)™ — @27)’H1(QUQ,L) < chlen|m @)
[(Pen)™ — 4"l auan < ch?[enlm ).
where ¢ = ¢(v)
Proof of claim.

(Pen)™ = ¢4l < chl(Peon) |y < chvlenlma
from (3.10). Also

[(Pon)” |m@an) < chl(Pen) a2 < chvlon|mqy)-

This gives the first result.
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For the second,
(Pen)* = 01" [
< |[Pon — onlm, + [(Pen)” — @2_)‘H1(Qh)
S C<h1/2 + hV)’@h’Hl(Qh)

from the first result and (3.9). On Q \ Qp, @5 = gpf) = 0 and so the
required estimate now follows from (3.9). O

We also have

3.13) [k Iy < (1+ eh) el
v ey < (1+ chY?)|nlmon

from (3.12), the orthogonal decomposition Py, = (Pyp)~ + (Pyp)™t
and (3.8).
Thus (3.11) is an “almost orthogonal” decomposition for small h.

Lemma 3.4. If p, € Xy then

_ 3\
DgI(JhU; Qh)(90h790§z+) - SO( )) > _‘Sﬁhﬁ{l(ﬂh)

provided h < hy where hy = hy(||ul g2, v |m20), @, 2, d, H, X).

Proof. Since V (-;£,) is cubic, from (2.3)

D (Jnu; Q) (o, 057 — 047
= D" (u; ) (n, 25" — o87) 4+ 2HV" (u; ) (Jnw — 1w, om0 — 047).

But
[2H V" (s Q) (T — u, 0n, 057 — 7))
< el Jyu = ulmay lenlm@nley” = ol < chlonlina,

where ¢ = c(|Jullg2(), |u°]|m2), @, v, H), from Remark 3.1, and also
from Lemma 3.2 and (3.13).
Now

D" (w; ) (on, 087 — o) = D" (u; Q) (on, 07 — 007 + By
where
1B1| < e(1+ Jlull ) |onlm @yl — 04 lm@ea) < chlonl?na,)

with ¢ = c(||ull g2, v, H), from (3.7) and (3.12), since (Pyp)" =
(PgOh)_ =01in Q,~ Q.
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Also
D" (u; Q) (pn, 24" — 047

= Dg" (u; Q) (P, (Pon)" — (Pen)”)

+ Du" (u; Q) (pn — Pon, (Pon)" — (Pn) ™)

+ D" (w; Do, (01,7 = (Peon)*) = (1, = (Peon)))
> A Ponltiq) + B2 + Es
from (1.10). But
| Esl, | Es| < c(1+ ||ull=)h'|onlHiq,)

from (3.9) and (3.8), and (3.12) respectively.
It follows that

Dl (s ) (ons 217 = 217) 2 APl @ = ' Plinlin o,
2
> Z|90h|H1(Qh)
from (39), for h < hl = hl(HUH}p(Q), ||UOHH2(Q), a, Q, d, H, )\) ]
Lemma 3.5. If v, € u) + Xpo and pp, v, € Xpo then

A
| D (vns Q) (0ns ) — Dl (Jnw; Q) (@ns ¥n)| < Z|90h|H1(Qh)|¢h|H1(Qh)
provided |v, — Jyulpi(q,) < €1 where ey = e (H, \).

Proof. This follows from

Dﬁr(wﬁ Qh)(SOfu wh) - D}/I(Jh“; Qh)(@m ?/fh)
= 2HV}:H(Jhu? Qh)(vh - Jhu7 Ph, wh)a

(3.6) and Lemma 3.2. O

Completion of proof of Main Theorem. We use Lemma 3.1 with X =
u) + Xno, X = Xpo, Y = X}, 2o = Jpu, f = Diy(-; Q). The norm on
Xho is | - |g1(q,) and on X}, is the corresponding dual norm. Note that

Dy (- Q) u% + Xno — Xpp
with derivative
DY (-5 Q) u) + Xpo — L(Xno, X))

using standard identifications.
From Lemma 3.3

(3.14) |1 D (Jnw; Q)| < e2h.

From Lemma 3.4, D} (Jyu; Q) is invertible and

- 3\ - !
H[D}Q(Jhu; )] IH < (Z |90h|H1(Qh)/‘30§z+) - 9051 )’Hl(Qh)>
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provided A < hy. But

et — o8 ey < 1(Pon)™ — (Pon) " lagam + 108 — (Pon)taon)
+ |80§1_) — (Pon) ™ |a1ap)
S (1 + Ch1/2)|§0h‘H1(Qh)

where ¢ = ¢(v), from (3.8) and (3.12). Hence
(3.15) Do < (3)

if h < hg where hg = h3(H'LL||H2(Q), ||u0||H2(Q), a, Q, d, H, )\)
Finally, from Lemma 3.5

(3.16) | D% (vn; Q) — Dy (Jnw; Q)| <

N

if |vp, — Juu|pio,) < €1 where &1 = &1(H, \).

Take 6 = coh, « = \/2, = A/4 and € = ¢;. Then from (3.14)—(3.16)
the hypotheses of Lemma 3.1 are satisfied provided h < hz, coh <
%61. This establishes the first (uniqueness) part of the main theorem
with Eo — &1 and ho = ho(h3,€1, )\, Cg) = hO(”uHH27 HUOHH2> a, vV, H, )\)

Taking § = coh, a = \/2, B = A4 and ¢ = A !¢yh the hy-
potheses of Lemma 3.1 are again satisfied from (3.14)—(3.16) provided
h < hs, ch < coh. This establishes the second (O(h) convergence)

part of the main theorem with hg = h3 and co = 4co. O

4. NUMERICAL RESULTS

In Tables 1 and 2 we present the results of test computations for
the explicitly known spherical solutions described in Example 1.1 with
H = 0.5 and Q = B;(0). Denote by e; the error between the contin-
uous solution and the discrete solution in the chosen norm. For two
successive grids with grid sizes h; and ho the experimental order of
convergence is

eoc = In o n ﬁ
6h2 hg
The test computations confirm the order 1 for the H'(Q)-norm and
additionally show the order 2 for the L*(2)-norm.

Figures 2 and 3 show computational results with Q = B(0), H =
0.5 and boundary values u(e’®) = (cos(¢),sin(¢), (2 + v/3) cos(2¢) —
0.5cos(6¢)) on a grid with 8192 triangles. For better visibility the
resulting surfaces are scaled, but the boundaries of the solution surfaces
are the same.

Figure 4 shows a solution for the annular domain Q@ = {z | 1 < |z| <
2} and boundary data which give knotted boundary curves.
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nodes level h L?-error L?-eoc H'-error H'-eoc
9 2 1.0000 1.0020e-1 - 0.2607 -

25 4 0.7368 3.9040e-2 3.09 0.1822 1.17

81 6 0.4203 1.0682e-2 2.31 9.6455e-2 1.13
289 8 0.2219 2.6916e-3 2.16 4.8223e-2 1.09

1089 10 0.1137 6.6871e-4 2.08  2.3909¢-2 1.05
4225 12 0.05736 1.6621e-4 2.04 1.1876e-2 1.03
16641 14  0.02893 4.1401e-5 2.02 5.9160e-3 1.01
TABLE 1. Small solution, H = 0.5
nodes level A L?-error L%-eoc H'-error H'-eoc
81 6 04203 12292 - 619015 -

289 8 0.2219 0.4677 1.51 2.9080 1.18
1089 10  0.1137 0.1610 1.60 1.3131 1.19
4225 12 0.05736 0.04707 1.81 0.5870 1.18

16641 14 0.02893 0.01239 1.94 0.2772 1.09
TABLE 2. Large solution, H = 0.5
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