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1 Introduction

We are interested in finding disc-like surfaces inR3 with a given smooth,
embedded and possibly knotted boundary curve� , and mean curvature at
each pointu prescribed by a smooth functionH(u). The classical Plateau
problem is the caseH � 0. Physical processes which can be modelled by
surfaces of prescribed mean curvature include hanging drops, soap films
and the limiting behaviour of phase transition interfaces in the Van der
Waals-Cahn-Hilliard theory.

We expect that the methods developed here can be extended to treat a
variety of geometric problems.

In order to explain our approach we introduce the following notation.
LetD � R

2 be the unit disc and let

S(� ) = fu 2 H1 \C0(D; IR3) j uj@D monotonely parametrises�g: (1)
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SupposeQ : IR3 ! IR3 is aC2 vector field and let divQ = 3H. For
u 2 S(� ) define the energy functional by

E(u) =
1

2

Z
D

jruj2 +
2

3

Z
D

Q(u) � ux ^ uy: (2)

If Q = �u for some constant� thenH = � and the second (“volume”)
term is2� times the volume of the cone from the origin to the surfaceu.

If u is stationary forE thenu conformally parametrises a surface span-
ning � with mean curvatureH(u). (For justification of this and the other
claims here and in the following paragraph see [St1] and [DHKW].) If�

has aCk;� monotone parametrisation for somek � 2 thenu is alsoCk;�.
The following Euler-Lagrange system of equations is satisfied byu:

�u = 2H(u)ux ^ uy;

juxj = juyj; ux � uy = 0:
(3)

Moreover, ifu 2 S(� ) satisfies the above system of equations thenu is sta-
tionary forE . Notice the nonlinearity in the equations and also in the bound-
ary condition on members ofS(� ). Conversely, ifv 2 S(� ) is a surface
spanning� with mean curvatureH(v) then any conformal reparametrisa-
tion u of the surface given byv will belong toS(� ) and is stationary for
E . Thus an advantage of working with the functionalE is that one obtains
conformalparametrisations of the prescribed mean curvature surfaces.

In this paper we give a method for finding finite element approximations
uh to functionsu stationary forE , and prove the estimate

ku� uhkH1(D) � ch; (4)

wherec depends onu.
In [DH3,DH4] we treated the caseH � 0. The methods there do not

extend to the present problem, as we discuss later, and so we develop a new
and more general framework. We note that for non-zeroH there may not
even exist a minimiser ofE , but if there is one then there typically also exists
a corresponding unstable stationary point (corresponding in some sense to
the cubic nature of the second integrand inE).

The difficulty of the problem arises through the nonlinearities of the
class of competing functions and of the Euler Lagrange equations, as re-
marked before. However, we can linearise the class of competing functions,
at the price of introducing further nonlinear (more precisely, non quadratic)
features into the energy functional.

For this purpose we letS1 denote the unit circle inR2, and consider a
fixed monotoneCk;� parametrisation


 : S1 ! � (5)
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for suitablek � 2. It will be convenient to distinguish between the circle
S1 and the boundary@D of the unit disc. Boundary mapsg : @D ! � will
be written in the formg = 
 Æ s wheres : @D ! S1.

In the caseQ = 0 of minimal surfaces, stationary points forE are
harmonic by (3). (We emphasise however that we arenot working with
Dirichlet boundary conditions; the (free type) boundary condition isuj@D :
@D ! � with uj@D monotone.) In this case it is permissible to look for
stationary solutions forE within the subclass of harmonic functions from
S(� ). The nonlinearity in this subclass due to the boundary condition was
removed in [DH3,DH4] by working with a suitable (affine) space of maps
s : @D ! S1 (having winding number one) and by considering the unique
harmonic extension�(
Æs) of 
Æs as well as its discrete analogue, c.f. (2).

The analogous approach here would be to considerH-harmonic func-
tions (i.e. solutions of the first equation in (3)) with boundary data
 Æ s.
But such extensions may not exist, nor be unique if they do exist and the
extension operator is itself nonlinear and its first and second variations are
quite complicated. In [DH2] we did treat the case of finite element approx-
imations to solutions of the first equation in (3) withDirichlet boundary
data. The analytic theory of such functions is treated in [St1].

In this paper we develop instead an idea from [St1, Section IV.4] and
linearise the class of competing surfaces by considering a suitable affine
space of pairs(s; ') with s as before and with' : D ! IR3 satisfying
'j@D = 0, and by taking the corresponding function

u = �(
 Æ s) + ' =: u0 + ': (6)

Thusu is decomposed into the sum of an harmonic function with the same
boundary data and a function with zero boundary data. Note that ifu is suf-
ficiently smooth anduj@D is one-one, thens and' are uniquely determined
by u from


 Æ s = uj@D; ' = u� �(
 Æ s); (7)

while u is clearly uniquely determined by(s; '). In [DH3,DH4] we in ef-
fect made the further restriction' � 0, but of course that is not possible
here. Here we need to consider the class ofall sufficiently smooth func-
tionsu : D ! R

3 for which uj@D is a (monotone) parametrisation of� .
The precise class of functions(s; ') is discussed in the following Section.

The energy functional is next defined by

E(s; ') =
1

2

Z
D

jruj2 +
2

3

Z
D

Q(u) � ux ^ uy; (8)

with u as in (6). The first and second variations are computed in (21) and
(22). One seeks solutions ofE0(s; ') = 0 and then the required prescribed
mean curvature surface is given byu as in (6).
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Fig. 1. Solutions of the Plateau Problem for the same boundary curve withH = 0 (left)
andH = 0:8 (right).

For numerical approximations we consider regular triangulationsDh of
D with grid sizeh and continuous piecewise linear finite elements(sh; 'h).
The'h are piecewise linear onDh with zero boundary values. Thesh :
@D ! S1 are piecewise linear (on@D not@Dh) in the sense of arc length;
this choice of domain forsh has the technical advantage that thesh form
a (affine) subspace of thes. However, the piecewise linear “interpolant”
Ih(
 Æ sh) is defined on@Dh (not on@D) in the natural manner, agrees
with 
 Æ sh on the boundary nodes, and in particular maps boundary nodes
onto� .

In analogy with (6) we define the piecewise linear function

uh = �h(Ih(
 Æ sh)) + 'h; (9)

where�h is the discrete harmonic extension operator defined for piecewise
lineargh on@Dh by

�h(gh) = vh ,

(
vh = gh on@Dh,R

h
rvhr h = 0;

(10)

for all  h continuous and piecewise linear onDh and zero on@Dh.
The discrete energy functional is then defined by (“^” is cross product)

Eh(sh; 'h) =
1

2

Z
Dh

jruhj
2 +

2

3

Z
Dh

Q(uh) � uhx ^ uhy: (11)

SettingE0

h to be the first variation ofEh, solutions ofE0

h(sh; 'h) =
0 can be found by standard Newton procedures. The existence of such a
(unique) discrete solution in a sufficiently small neighbourhood of a smooth
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solution (s; ') of the original problem is proved by an inverse function
theorem argument which also leads to estimates of the form

js� shjH1=2(@D) � ch; j'� 'hjH1(D) � ch;

and from which (4) then follows.
We remark that our method has the additional advantage of producing

particularly good triangulations of the resulting surfaces, namely a discrete
conformal mapping from the initial domain.

Acknowledgement: This research has been partially supported by the
Australian Research Council and the DFG Graduiertenkolleg “Nichtlineare
Differentialgleichungen: Modellierung, Theorie, Numerik, Visualisierung”
Freiburg. The program GRAPE was used for the graphical presentation.

2 The Variational Problem

In this and the following section we make precise the ideas from the Intro-
duction.

Throughout the paper� is an embedded curve inR3 with monotoneC4

parametrisation
 : S1 ! � . We assumeQ is aC2 vector field onR3 and
the prescribed mean curvature functionH is given bydivQ = 3H. Less
regularity is required for many of the estimates, as we will indicate.

2.1 Function Spaces

The setH of functionss : @D ! S1 natural for the problem as treated
here (see the Introduction) is given in (14). But it is convenient to first
describe the spaceH of allowable variations�, see (12) and (13). Whereas
s : @D ! S1, it is natural to take� : @D ! R. In particular such variations
will form a vector space, unlike the set ofswhich form only an affine space.
With the natural notion of addition one hass + � 2 H; see also (14) and
the subsequent comments.

It is well known that there is a three parameter family of conformal
parametrisationsu from the unit disc to any sufficiently smooth disc-like
surface. A unique conformal representative is usually selected by specify-
ing u(pi) for fixed pointsp1; p2; p3 2 @D. Here it is required instead that
with uj@D = 
 Æ s as in (7) thens should satisfy three integral conditions,
see (14) and also (12), (13). The justification for the existence and unique-
ness of a conformal reparametrisation of any givenu satisfying these con-
ditions follows from a topological fixed point argument, see the appendix
to the preprint version of [DH1].
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Thus we first define

H =
n
� : @D ! IR j � 2 H1=2 and (13) is satisfied

o
; (12)Z 2�

0

�(�) d� = 0;

Z 2�

0

�(�) cos � d� = 0;

Z 2�

0

�(�) sin � d� = 0: (13)

Note that the semi-normj � jH1=2 and the normk � kH1=2 are equivalent on
H by the first condition in (13).

Here and elsewhere we identify pointsei� 2 @D (or S1) with � 2
[0; 2�], functions� : @D ! R with 2�-periodic functions, and frequently
write � for ei�.

The affine space of appropriates is defined by

H = f s : @D ! S1 j s = id + �; � 2 H g (14)

where id : @D ! S1 is the “identity” map id(�) = � or equivalently,
id(ei�) = ei�. The sum in the above definition is defined in the natural way
by s(ei�) = ei(�+�(e

i�)), and should be thought of as mapping the point on
@D with angle� to the point onS1 with angle� + �(�).

2.2 Energy Functional and Variations

The energy functionalE is defined by

E(s; ') =
1

2

Z
D

jruj2 +
2

3

Z
D

Q(u) � ux ^ uy; (15)

where

(s; ') 2 (H \ C0)(@D;S1)� (H1
0 \ C

0)(D; IR3); (16)

u = �(
 Æ s) + ' =: u0 + '; � : C0(@D; IR3) ! C0(D; IR3) (17)

and� is the harmonic extension operator.
Variations of(s; ') are given by

(�;  ) 2 (H \ C0)(@D; IR)� (H1
0 \ C

0)(D; IR3); (18)

and the corresponding first and second variations ofu are denoted by

v =
d

dt

���
t=0

u(s+ t�; '+ t ) = �(� 
0 Æ s) +  =: v0 +  ; (19)

w =
d2

dt2

���
t=0

u(s+ t�; '+ t ) = �(�2 
00 Æ s): (20)
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The first and second variations ofE can then formally be computed to give

E0(s; ')(�;  ) =

Z
D

ru � rv + 2

Z
D

H(u)v � ux ^ uy (21)

E00(s; ')(�;  )2 =

Z
D

jrvj2 +

Z
D

ru � rw + 2

Z
D

H 0(u) � v v � ux ^ uy

+ 2

Z
D

H(u)
�
w � ux ^ uy + v � (vx ^ uy + ux ^ vy)

�
: (22)

The first variation is obtained using an integration by parts. Some decou-
pling of terms occurs sinceZ

D

ru � rv =

Z
D

ru0 � rv0 +

Z
D

r' � r ; (23)Z
D

jrvj2 +ru � rw =

Z
D

jrv0j
2 +

Z
D

jr j2 +

Z
D

ru0 � rw: (24)

There are significant technical difficulties concerning the appropriate
spaces in which to work in order to establish existence and regularity results
for stationary solutions of the above variational problem. For example, if
H(u) is constant thenE is continuous and bounded onH � H1

0 but C1

only on the smaller space(H \ C0) � (H1
0 \ C

0), see [St1] and [DH3,
DH4] (for H = 0). In the case of variableH(u) the situation is even more
complicated, see [St2, Section 4].

It is not difficult to show forc = c(kskC2 ; k'kC2 ) that

jE0(s; ')(�;  )j � c(j�jH1=2 + j jH1);

jE00(s; ')(�;  )2j � c(j�j2
H1=2 + j j2H1);

(25)

and hence thatE0(s; ') andE00(s; ') can be considered as bounded linear
and bilinear functionals respectively onH � H1

0 (c.f. [DH3, Proposition
3.9]; the additional terms in the current setting cause no extra difficulties).
Note thatH �H1

0 is an inner product space with norm

j(�;  )jH�H1 = (j�j2
H1=2 + j j2H1)

1=2: (26)

Definition 1 We sayu = �(
 Æ s) + ' is a (conformally parametrised)
surface spanning� with prescribed mean curvatureH if (s; ') 2 H�H1

0

is stationary forE, i.e. if

E0(s; ')(�;  ) = 0 (27)

for all (�;  ) 2 H �H1
0 . We sayu is non-degenerate if

� = inf
(�; )

sup
(�;�)

E00(s; ')
�
(�;  ); (�; �)

�
> 0; (28)

where(�;  ) 2 H �H1
0 , j�j2

H1=2 + j j2
H1 = 1, and similarly for(�; �).

We will assumeu; s; ' are allC2.
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The existence of suchu (which are monotone on@D) is established for
constantH in Struwe [St1] where the equivalence with the classical for-
mulation (3) is also shown. Struwe shows by Morse theory methods the
existence of both “small” and “large” solutions, and in particular of unsta-
ble solutions. See also [DH3,DH4] for further discussion and examples in
the minimal surface case. The existence of solutions for variableH in the
present setting is discussed in [St2, Section 4]. The regularity of solutions
is established in [St1], with a gap filled by [Imb], by reducing to the clas-
sical formulation and using earlier regularity results of Hildebrandt [Hil],
Nitsche [N1], Jäger [Ja] and Heinz [He]. A result sufficient for our pur-
poses is that if
 isCk;� andQ isCk+1;� for k � 2, thens, ' areCk;� and
u 2 Ck;�(D).

2.3 Positive and Negative Eigenspaces for the Second Variation

SinceE00(s; ') is symmetric, bounded and bilinear onH �H1
0 it induces

a bounded self-adjoint linear operator

r2E(s; ') : H �H1
0 ! H �H1

0 (29)

whose eigenvalues are real, and this gives a splitting ofH�H1
0 into positive

and negative eigenspaces (the null space being trivial as� > 0), denoted

H �H1
0 = (H �H1

0 )
� � (H �H1

0 )
+;

(�;  ) = (�;  )� + (�;  )+:
(30)

The non-degeneracy condition (28) is equivalent to

E00(s; ')((�;  ); (�;  )+ � (�;  )�)

= E00(s; ')((�;  )+)2 �E00(s; ')((�;  )�)2

� �(j�j2
H1=2 + j j2H1)

(31)

for all (�;  ) 2 H�H1
0 . It is also equivalent to the invertibility ofE00(s; ')

regarded as a mapE00(s; ') : H�H1
0 ! (H�H1

0 )
0 (the dual space) , with

�E00(s; ')

��1

 � ��1: (32)

Finally we assume(H �H1
0 )
� is finite dimensional and that if(�;  ) 2

(H �H1
0 )
� then for some�,

k�kH3=2 + k kH2 � �(j�jH1=2 + j jH1): (33)

If the negative eigenspace is trivial, i.e. the stationary point(s; ') is
stable, then non-degeneracy is usually calledstrict stability.
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The finite dimensionality of(H � H1
0 )
� follows by standard argu-

ments from a Garding type inequality forE00(s; '), c.f. [St1, Proposition
II.5.6]. Regularity follows as in [St1, Proposition II.5.6] and [Imb], since
each member of(H � H1

0 )
� is a finite sum of solutions of certain ellip-

tic partial differential equations. It is consistent with these results to take
� = �(k
kC4 ; kskC2 ;M; k'kC2 ; k(
0)�1kC0 ; d) whered is the dimension
of (H �H1

0 )
�.

3 The Discrete Variational Problem

3.1 Discrete Function Spaces

Let Gh be a quasi-uniform triangulation ofD with grid size comparable to
h. Let

Dh =
[
fG j G 2 Gh g; @Dh =

[
fEj j 1 � j �M g;

Bh = f�1; : : : ; �Mg (the set of boundary nodes),�M+1 = �1:
(34)

The projection� :@D ! @Dh is defined for0 � t � 1, 1 � j �M by

�
�
ei((1�t)�j+t�j+1)

�
= (1� t)ei�j + tei�j+1 : (35)

We define the discrete spaces:

Xh =
�
uh : Dh ! IR3 j uh continuous and piecewise linear

	
Xh0 = f h 2 Xh j  h = 0 on@Dh g

Hh = f �h : @D ! IR j �h continuous p.l., and satisfies (13)g

Hh =
�
sh : @D ! S1 j sh = id + �h for some�h 2 Hh

	
:

(36)

The domain of the discrete energy functional will be the affine spaceHh�
Xh0, which by extending members ofXh0 to be zero onD n Dh is a
subspace of the domain ofE. The domain of the set of variations for
(sh; 'h) 2 Hh �Xh0 is the vector spaceHh �Xh0, which is a subspace
of the corresponding space of variations (18) in the smooth setting.

For f 2 C0(@D; IR3) we define the twointerpolation functionsIhf
andI@Dh f , whose domains are@Dh and@D respectively, by

Ihf
�
(1� t)ei�j + tei�j+1

�
= I@Dh f

�
ei((1�t)�j+t�j+1)

�
= (1� t)f(ei�j ) + tf(ei�j+1);

(37)

where0 � t � 1, 1 � j �M . Clearly,

I@Dh f = Ihf Æ �: (38)
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For u 2 C0(D;R3) define thepiecewise linear interpolation function
Ihu 2 Xh in the usual way.

Concerning mapss : @D ! S1 and� : @D ! R, we linearly interpo-
late and thenL2 project ontoHh. The resulting linear operatorsph preserve
the integral conditions (13) and still satisfy the usual estimates, see [DH4,
Proposition 5.2]. In particular, for� 2 H\C0, k = 1; 3

2
; 2, ands 2 H\C0,

k� � ph�kH1=2 � chk�1=2k�kHk ; (39)

ks� phskC0;1 � chkskC2 ; kphskC0;1 � ckskC0;1 ;

ks� phskC0 � ch2kskC2 ; ks� phskC0 � chkskC1 :
(40)

3.2 The Discrete Energy Functional and Its Variations

If fh : @Dh ! IR3 is continuous and piecewise linear, itsdiscrete har-
monic extension�hfh 2 Xh is defined byZ

Dh

r(�hfh) � r h = 0 for all  h 2 Xh0;

�hfh = fh on @Dh:

(41)

For (sh; 'h) 2 Hh �Xh0, thediscrete energy functionalis defined by

Eh(sh; 'h) =
1

2

Z
Dh

jruhj
2 +

2

3

Z
Dh

Q(uh) � uhx ^ uhy; (42)

uh = �hIh(
 Æ sh) + 'h =: uh0 + 'h: (43)

Note thatEh is not the restriction ofE toHh �Xh0.
The first and second variations ofuh in the direction(�h;  h) 2 Hh �

Xh0 are easily computed to be

vh =
d

dt

���
t=0

uh(sh + t�h; 'h + t h) = �hIh(�h

0 Æ sh) +  h

=: vh0 +  h;

(44)

wh =
d2

dt2

���
t=0

uh(sh + t�h; 'h + t h) = �Ih(�
2
h


00 Æ sh): (45)

Denoting differentiation along@Dh by the subscript� , the first and second
variations ofEh are readily computed to be

E0

h(sh; 'h)(�h;  h) =

Z
Dh

ruh � rvh + 2

Z
Dh

H(u)v � ux ^ uy

�
2

3

Z
@Dh

Q(uh) � vh ^ uh� ;

(46)
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E00

h(sh; 'h)(�h;  h)
2 =

Z
Dh

jrvhj
2 +

Z
Dh

ruh � rwh

+ 2

Z
Dh

H 0(uh) � vh vh � uhx ^ uhy

+ 2

Z
Dh

H(uh)
�
wh � uhx ^ uhy + vh � (vhx ^ uhy + uhx ^ vhy)

�
�

2

3

Z
@Dh

(Q0(uh)vh) � vh ^ uh�

�
2

3

Z
@Dh

Q(uh) � (wh ^ uh� + vh ^ vh� ):

(47)

The first variation is obtained from an integration by parts, but unlike the
smooth case one also obtains a boundary term. Note the splitting of termsZ

Dh

ruh � rvh =

Z
Dh

ruh0 � rvh0 +

Z
Dh

r'h � r h (48)Z
Dh

jrvhj
2 +ruh � rwh =

Z
Dh

jrvh0j
2 +

Z
Dh

jr hj
2

+

Z
Dh

ruh0 � rwh: (49)

Definition 2 The functionuh = �hIh(
Æsh)+'h is a discrete (conformally
parametrised) surface spanning� with discrete prescribed mean curvature
given byH if (sh; 'h) 2 Hh �Xh0 is stationary forEh, i.e. if

E0

h(sh; 'h)(�h;  h) = 0 for all (�h;  h) 2 Hh �Xh0: (50)

We sayuh is non-degenerate with non-degeneracy constant�� if

�� = inf
(�h; h)

sup
(�h;�h)

E00

h(sh; 'h)
�
(�h;  h); (�h; �h)

�
> 0; (51)

where(�h;  h) 2 Hh�Xh0, j�hj2H1=2 + j hj
2
H1 = 1, similarly for (�h; �h).

Note that we do not require monotonicity of the discrete boundary map.

3.3 Discrete Approximations to the Eigenspace Decomposition

For (�h;  h) 2 Hh �Xh0 and(s; ') stationary and non-degenerate forE,
we define the projection of the decomposition (30):

(�h;  h)
(�) = ph(�h;  h)

� 2 Hh �Xh0;

(�h;  h)
(+) = ph(�h;  h)

+ 2 Hh �Xh0:
(52)
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Thus

(�h;  h) = (�h;  h)
(�) + (�h;  h)

(+): (53)

Note that(�h;  h)� and(�h;  h)+ do not normally belong toHh�Xh0, in
particular the first is a pair of smooth functions. However, if(H �H1

0 )
� is

trivial then(�h;  h) = (�h;  h)
+ = (�h;  h)

(+).
The decomposition (53) is “almost orthogonal” since

j(�h;  h)
� � (�h;  h)

(�)jH1=2�H1 � chj(�h;  h)jH1=2�H1 ;

j(�h;  h)
+ � (�h;  h)

(+)jH1=2�H1 � chj(�h;  h)jH1=2�H1 ;
(54)

wherec has the same dependencies as in (33). To see this, note from (39)
and (33) that

j(�h;  h)
�� (�h;  h)

(�)jH1=2�H1 = j(�h;  h)
�� ph(�h;  h)

�jH1=2�H1

� chj(�h;  h)
�jH3=2�H2 � chj(�h;  h)

�jH1=2�H1 :

This gives the first inequality and the second then follows since

(�h;  h)
+ � (�h;  h)

(+) = (�h;  h)
(�) � (�h;  h)

�:

It follows from (54) and the orthogonal decomposition (30) that

j(�h;  h)
(�)jH1=2�H1 � (1 + ch)j(�h;  h)

�jH1=2�H1

� (1 + ch)j(�h;  h)jH1=2�H1

j(�h;  h)
(+)jH1=2�H1 � (1 + ch)j(�h;  h)

+jH1=2�H1

� (1 + ch)j(�h;  h)jH1=2�H1 :

(55)

4 Estimates for Smooth and Discrete Functions and their Variations

In this section we estimate the difference between the functionu corre-
sponding to an arbitrary smooth pair(s; '), and the discrete functionuh
corresponding to the discrete interpolant pair(sh; 'h). Estimates compar-
ing the first and second variations ofu anduh are also obtained. Finally we
obtain estimates comparing variations at a discrete pair(sh+ �h; 'h+ h)
near the interpolant pair(sh; 'h).
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4.1 Notation

For future reference we gather together notation for this and the next sec-
tion.

The domain for norms and semi-norms overD, Dh and@Dh will usu-
ally be indicated explicitly, while those over@D will not. The main excep-
tion is thatj hjH1 will be written for j hjH1(Dh)

:

Fors 2 H it will be convenient to use the notation

ksk = 1 + k�k (56)

wheres = id + �, for various norms on�. Note thatksk � 1.
Following (17), (43), (19), (20), (44) and (45), we define the follow-

ing interpolants and first and second variations. Motivation for considering
these particular quantities and for their estimates is given prior to the rele-
vant lemmas.

sh = phs; 'h = Ih';

u = �(
 Æ s) + ' =: u0 + ';

uh = �hIh(
 Æ sh) + 'h =: uh0 + 'h:

(57)

v = �(�h

0 Æ s) +  h =: v0 +  h;

vh = �hIh(�h

0 Æ sh) +  h =: vh0 +  h;

w = �(�2h

00 Æ s);

wh = �hIh(�
2
h


00 Æ sh);

(58)

uh = �hIh(
 Æ (sh + �h)) + ('h + �h) = uh0 + ('h + �h);

vh = �hIh(�h 

0 Æ (sh + �h)) +  h = vh0 +  h;

wh = �hIh(�
2
h 


00 Æ (sh + �h)):

(59)

4.2 Preliminary Estimates

The following results for comparing harmonic and discrete harmonic ex-
tensions will be used often.

Proposition 3 If f 2 Hr(@D; IRn) wherer = 1; 3=2 then

j�(f)� �hIh(f)jH1(Dh)
� chr�1=2jf jHr ; (60)

j�hIh(f)jH1(Dh)
� jf jH1=2 + chr�1=2jf jHr ; (61)

k�(f)� �hIh(f)kL2(Dh)
� chr+1=2jf jHr + ckf � I@Dh fkL2 ; (62)

k�hIh(f)kL2(Dh)
� kfkL2 + chrjf jHr : (63)
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Proof The first two inequalities were proved in [DH4, Proposition 3.4].
We prove (62). It is sufficient to taken = 1. Let

u = �(f); uh = �hIh(f):

In order to apply an Aubin-Nitsche type argument, definez onDh by

�z = u� uh onDh; z = 0 on@Dh:

Denoting the pointwise interpolant ofz by Ihz,

ku�uhk
2
L2(Dh)

=

Z
Dh

(u� uh)�z

=

Z
@Dh

(u� uh)
@z

@�
�

Z
Dh

r(u� uh)rz

=

Z
@Dh

(u� uh)
@z

@�
�

Z
Dh

r(u� uh)r(z � Ihz)

� ku� uhkL2(@Dh)
krzkL2(@Dh)

+ ju� uhjH1(Dh)
jz � IhzjH1(Dh)

� ku� uhkL2(@Dh)
kzkH2(Dh)

+ chr�1=2jf jHr hjzjH2(Dh)

�
�
ku� uhkL2(@Dh)

+ chr+1=2jf jHr

�
ku� uhkL2(Dh)

;

by elliptic regularity on convex domains for the last inequality and by a
trace theorem, (60) and interpolation for the previous inequality.

Hence

ku� uhkL2(Dh)
� ku� uhkL2(@Dh)

+ chr+1=2jf jHr :

But

ku� uhkL2(@Dh)
� cku Æ � � uh Æ �kL2

� c
�
ku� u Æ �kL2 + ku� uh Æ �kL2

�
� ch2jf jH1 + kf � I@Dh fkL2

from (72), and since on@D one hasuh Æ � = Ihf Æ � = I@Dh f .
This gives the result, noting thatjf jH1(@D) � jf jH3=2(@D) and using

Poincaré’s inequality.
Then (63) follows from the triangle inequality as

k�(f)kL2(Dh)
� k�(f)kL2(D) � ck�(f)kH1=2(D) � ckfkL2 ;

now apply a standard interpolation inequality tokf � I@Dh fkL2 .
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One can estimate the termkf�I@Dh fkL2(@D) in (62) bychrjf jHr , but in
some applications it is important to estimate this term by a higher norm in
order to keep the coefficientchr+1=2, c.f. the estimate forA in Lemma 4. On
the other hand, at the end of the proof of (63) we do estimatekf�I@Dh fkL2
in this manner, as (63) will be applied in conjunction with interpolation or
inverse estimates forf , in which case the termchrjf jHr has the natural
power ofh to balance the termkfkL2 , c.f. the estimate forB in Lemma 4
and in Lemma 6.

We will need the inverse estimates (see [DH4, Proposition 5.3]):

k�hkC0 � cjlog hj1=2j�hjH1=2 if �h 2 Hh;

k hkC0 � c(k hkL2 + jlog hj1=2j hjH1) if  h 2 Xh:
(64)

We finally note some straightforward estimates from [DH4, Section 3].
If u : D ! IR is harmonic then

kukL2(DnDh)
� chkukL2(@D); jujH1(DnDh)

� chjujH1(@D): (65)

If f; g : @D ! IR then

jfgjH1=2 � kfkC0 jgjH1=2 + jf jH1=2kgkC0 ; (66)

kfgkH1=2 � ckfkC0;1kgkH1=2 : (67)

If si = id+ �i : @D ! S1 for i = 1; 2 andg :S1 ! IR, then

kg Æ s1kH1=2 � ckgkC1ks1kH1=2 (68)

jg Æ s1 � g Æ s2jH1=2 � ckgkC2 (ks1kC0;1 + ks1 � s2kC0)ks1 � s2kH1=2

(69)

4.3 Estimates foru anduh

We need to estimate the difference between the functionu corresponding
to a pair(s; ') and the discrete functionuh corresponding to the nearby
interpolation pair(sh; 'h).

Lemma 4 Withu anduh as in(57) andc = c(k
kC2 ; kskC2 ; k'kC2),

kukH1(D) � c; kuhkH1(D) � c; kukH1(DnDh)
� ch;

ku� uhkL2(Dh)
+ hju� uhjH1(Dh)

� ch2:

Proof The first and second estimates are immediate. The third follows from
(65):

kukH1(DnDh)
� ku0kH1(DnDh)

+ k'kH1(DnDh)
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� chk
 Æ skH1 + ch � ch:

For the fourth,

ku� uhkL2(Dh)
� k�(
 Æ s)� �hIh(
 Æ sh)kL2(Dh)

+ k'� 'hkL2(Dh)

� k�(
 Æ s)� �Ih(
 Æ s)kL2(Dh)

+ k�hIh(
 Æ s� 
 Æ sh)kL2(Dh)
+ ch2

=: A+B + ch2:

From (62) withr = 3=2,

A � ch2j
 Æ sjH3=2 + ck
 Æ s� I@Dh 
 Æ skL2 � ch2k
 Æ skH2 � ch2:

From (63) withr = 1,

B � ck
 Æ s� 
 Æ shkL2 + chk
 Æ s� 
 Æ shkH1

� cks� shkL2 + chks� shkH1 � ch2:

This proves theL2(Dh) estimate.
The proof of theH1(Dh) estimate follows in a similar way from (60)

and (61), see [DH4, (77)].

We also need the following pointwise bounds.

Lemma 5 For c = c(k
kC2 ; kskC2 ; k'kC2 ),

kuhkC0(Dh)
� c; kuhkC0;1(Dh)

� cjlog hj1=2:

Proof Writing Ihu for the pointwise interpolant,

kuhkC0(Dh)
� kIhukC0(Dh)

+ kIhu� uhkC0(Dh)

� kukC0(D) + cjlog hj1=2 kIhu� uhkH1(Dh)
by (64)

� c
�
1 + jlog hj1=2(kIhu� ukH1(Dh)

+ ku� uhkH1(Dh)
)
�

� c(1 + jlog hj1=2h) using Lemma 4

� c:

Moreover,

juhjC0;1(Dh)
� jIhujC0;1(Dh)

+ jIhu� uhjC0;1(Dh)

� jujC0;1(D) + ch�1kIhu� uhkC0(Dh)

� cjlog hj1=2;

as for theC0 estimate.
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4.4 Estimates forv andvh

The variation(�h;  h) 2 Hh � Xh0 is also a variation in the smooth set-
ting, see the remarks following (36). But when interpreted as variations of
discrete and smooth functions fromDh andD respectively intoR3, these
variations are no longer equal. We need to estimate the difference.

Lemma 6 For v andvh in (58) andc = c(k
kC2 ; kskC2),

kv0kH1(D) � cj�hjH1=2 ; kvh0kH1(Dh)
� cj�hjH1=2 ;

kvkL2(DnDh)
� chj�hjH1=2 ; kvkH1(DnDh)

� ch1=2j�hjH1=2 ;

kv � vhkL2(Dh)
� chj�hjH1=2 :

Proof For the first estimate, using (67),

kv0kH1(D) = k�(�h

0 Æ s)kH1(D) � ck�h


0 Æ skH1=2 � cj�hjH1=2 :

Forvh0,

kvh0kH1(Dh)
= k�hIh(�h


0 Æ sh)kH1(Dh)

� ck�h

0 Æ shkH1=2 + ch1=2k�h


0 Æ shkH1 from (61)

� ck
0 Æ shkC0;1

�
k�hkH1=2 + h1=2k�hkH1

�
from (67)

� cj�hjH1=2 ;

using an inverse estimate and notingkshkC0;1 � kskC0;1 � c.
For the third estimate we have from (65)

kvkL2(DnDh)
= kv0kL2(DnDh)

� chk�h

0 Æ shkL2

� chk�hkL2 � chj�hjH1=2 :

The fourth is similar, using an inverse estimate fromH1 toH1=2.
Finally,

kv � vhkL2(Dh)
= k�(�h


0 Æ s)� �hIh(�h

0 Æ sh)kL2(Dh)

� k�(�h

0 Æ s)� �Ih(�h


0 Æ s)kL2(Dh)

+ k�hIh(�h(

0 Æ s� 
0 Æ sh))kL2(Dh)

= A+B:

From (62) withs = 1,

A � ch3=2j�h

0 Æ sjH1 + ck�h


0 Æ s� I@Dh (�h

0 Æ s)kL2

� ch3=2k�hkH1 + ch2j�h

0 Æ sjH2 (piecewiseH2 semi-norm)

� ch3=2k�hkH1 + ch2k�hkH2
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� ch3=2k�hkH1 as�00h = 0 pointwise

� chj�hjH1=2 :

From (63)

B � ck�h(

0 Æ s� 
0 Æ sh)kL2 + chj�h(


0 Æ s� 
0 Æ sh)jH1

� ck
0 Æ s� 
0 Æ shkC0k�hkL2 + chk
0 Æ s� 
0 Æ shkC0;1k�hkH1

� cks� shkC0k�hkL2 + chks� shkC0;1k�hkH1

� ch2(k�hkL2 + k�hkH1) from (40)

� ch3=2j�hjH1=2 :

4.5 Estimates forw andwh

We first note for any�h 2 Hh:

k�2hkL2 � cj�hj
2
H1=2 ; j�2hjH1=2 � cjlog hj1=2j�hj

2
H1=2 ;

k�2hkH1 � ch�1=2jlog hj1=2j�hj
2

H1=2 ; k�2hkH2 � ch�3=2j�hj
2

H1=2 :
(70)

The first follows from the Sobolev inequalityk�hkL4 � cj�hjH1=2 . The
second from (66) and (64). The third sincek�2hkH1 � ch�1=2j�2hjH1=2 . And
the fourth since(�2h)

00 = (�0h)
2 and so

k�2hkH2 � ck�hk
2
W 1;4 � ch�1=2k�hk

2
H1 � ch�3=2k�hk

2

H1=2 ;

where inverse estimates were used for the second and third inequalities.

Lemma 7 Withw andwh as in(58), andc = c(k
kC4 ; kskC2),

kwkL2(D) � cj�hj
2
H1=2 ; jwjH1(D) � cjlog hj1=2j�hj

2
H1=2 ;

kw � whkL2(Dh)
� ch1=2j�hj

2
H1=2 ; jwhjH1(Dh)

� cjlog hj1=2j�hj
2
H1=2 ;

kwkL2(DnDh)
� chj�hjH1=2 :

Proof Forw we have from (70),

kwkL2(D) � k�2h

00 Æ skL2 � ck�2hkL2 � cj�hj

2
H1=2 ;

jwjH1(D) � k�2h

00 Æ skH1=2 � ck�2hkH1=2 � cjlog hj1=2j�hj

2
H1=2 :

Forw � wh we compute

kw � whkL2(Dh)
� k�(�2h


00 Æ s)� �hIh(�
2
h


00 Æ sh)kL2(Dh)

+ k�hIh(�
2
h(


00 Æ s� 
00 Æ sh))kL2(Dh)
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=: A+B:

From (62)

A � ch3=2j�2h

00 Æ sjH1 + ch2j�2h


00 Æ sjH2 (piecewiseH2 semi-norm)

� ch3=2k�2hkH1 + ch2k�2hkH2

� ch1=2j�hjH1=2 from (70):

From (63)

B � k�2h(

00 Æ s� 
00 Æ sh)kL2 + chj�2h(


00 Æ s� 
00 Æ sh)jH1

� k
00 Æ s� 
00 Æ sh)kC0k�2hkL2 + chk
00 Æ s� 
00 Æ sh)kC0;1k�2hkH1

� ch2k�2hkH1 from (40)

� ch3=2jlog hj1=2j�hj
2
H1=2 from (70):

This completes the estimate forw � wh.

Next from (61),

jwhjH1(Dh)
� j�2h


00 Æ shjH1=2 + ch1=2j�2h

00 Æ shjH1

� ck�2hkH1=2 + ch1=2k�2hkH1 from (69)

� cjlog hj1=2j�hj
2

H1=2 from (70):

Finally, from (65) and (70),

kwkL2(DnDh)
� chk�2h


00 Æ shkL2 � chk�2hkL2 � chj�hj
2

H1=2 :

4.6 Estimates near an Interpolant Pair

Again we consider a smooth pair(s; ') and its interpolant(sh; 'h). Con-
sider a (suitably small) discrete variation(�h; �h) 2 H � H1

0 . We need
to estimate the difference between the discrete functionsuh anduh corre-
sponding to the pairs(sh; 'h) and(sh+�h; 'h+�h) respectively. We also
need to estimate the difference between the first variationsvh andvh atuh
anduh respectively in the same direction(�h;  h); similarly for the second
variationswh andwh.

In the following Lemma, and in Proposition 11 where the Lemma is
applied, we impose the restrictionj(�h; �h)jH1=2�H1 � L=jlog hj1=2 for
some constantL. Although not necessary, this simplifies the statements
and proofs of results, and is the natural restriction (on�h) in order to give
estimates which have at most linear growth inj�hjH1=2 and also have the
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optimal power ofjlog hj as a coefficient for smallj�hjH1=2 . In addition,
this is no restriction when these results are applied in Theorem 51, as they
are required there only forj(�h; �h)jH1=2�H1 � ch in order to establish
the existence and convergence result for discrete stationary points, and for
j(�h; �h)jH1=2�H1 � "0=jlog hj in order to establish the uniqueness result.

Lemma 8 SupposeL > 0 and j�hjH1=2 jlog hj1=2 � L. Then for some con-
stantc = c(k
kC4 ; kskC2 ; k'kC2 ; L),

kuh0kH1(Dh)
� c(1 + j�hjH1=2); kuh0 � uh0kH1(Dh)

� cj�hjH1=2 ;

kvh0kL2(Dh)
+ jlog hj�1=2jvh0jH1(Dh)

� cj�hjH1=2 ;

kvh � vhkL2(Dh)
+ jlog hj�1=2jvh � vhjH1(Dh)

� cj�hjH1=2 j�hjH1=2 ;

kwhkL2(Dh)
+ jlog hj�1=2jwhjH1(Dh)

� cj�hj
2
H1=2 ;

kwh � whkL2(Dh)
+ jlog hj�1=2jwh � whjH1(Dh)

�

cjlog hj1=2j�hjH1=2 j�hj
2
H1=2 :

If we also assumej�hjH1 jlog hj1=2 � L, thenkuhkC0(Dh)
� c.

Proof For theuh0 estimates one has from (63)

kuh0 � uh0kL2(Dh)

� k�hIh(
 Æ (sh + �h)� 
 Æ sh)kL2(Dh)

� k
 Æ (sh + �h)� 
 Æ �hkL2 + chj
 Æ (sh + �h)� 
 Æ �hjH1

� ck�hkL2 + chk�hkH1

� cj�hjH1=2 :

The estimate forjuh0�uh0jH1(Dh)
is similar; using (61) instead of (63) (or

see the estimate forA1 in [DH4, Proposition 5.2]) one first obtains

juh0 � uh0jH1(Dh)
� c(1 + jlog hj1=2j�hjH1=2)j�hjH1=2 :

This gives the result. The estimate forkuh0kH1(Dh)
now follows from that

for kuh0kH1(Dh)
implicit in Lemma 4.

If also j�hjH1 � L=jlog hj1=2 then

kuhkC0(Dh)
� kuhkC0(Dh)

+ kuh � uhkC0(Dh)

� c+ cjlog hj1=2kuh � uhkH1(Dh)
from Lemma 5 and (64)

� c+ cjlog hj1=2j(�h; �h)jH1=2�H1 by the second estimate

� c by assumption:
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We next compute again from (63)

kvh � vhkL2(Dh)

= k�hIh(�h(

0 Æ (sh + �h)� 
0 Æ sh))kL2(Dh)

� k�h(

0 Æ (sh + �h)� 
0 Æ sh)kL2

+ chj�h(

0 Æ (sh + �h)� 
0 Æ sh)jH1

� k
0 Æ (sh + �h)� 
0 Æ shkL4k�hkL4

+ ch
�
k
0 Æ (sh + �h)� 
0 Æ shkC0 j�hjH1

+ j
0 Æ (sh + �h)� 
0 Æ shjH1k�hkC0

�
� ck�hkL4k�hkL4 + ch

�
k�hkC0 j�hjH1 + k�hkH1k�hkC0

�
� cj�hjH1=2 j�hjH1=2 + ch1=2jlog hj1=2j�hjH1=2 j�hjH1=2 from (70)

� cj�hjH1=2 j�hjH1=2 :

The estimate forjvh � vhjH1(Dh)
is again similar using (61) (or see the

estimates forA2 in [DH4, Proposition 5.2]). One first obtains

jvhjH1(Dh)
� c

�
jlog hj1=2(1 + j�hjH1=2)j�hjH1=2 + j hjH1

�
;

which gives the result. The estimate forkvhkH1(Dh)
follows from Lemma 6.

We finally compute from (63),

kwh � whkL2(Dh)

= k�hIh(�
2
h(


00 Æ (sh + �h)� 
00 Æ sh)kL2(Dh)

� k�2h(

00 Æ (sh + �h)� 
00 Æ sh)kL2

+ chj�2h(

00 Æ (sh + �h)� 
00 Æ sh)jH1

� ck�hk
2
L4k


00 Æ (sh + �h)� 
00 Æ shkC0

+ ch
�
k�2hkC0 j
00 Æ (sh + �h)� 
00 Æ shjH1

j�2hjH1k
00 Æ (sh + �h)� 
00 Æ shkC0

�
� cj�hj

2
H1=2 j�hjH1=2 jlog hj1=2 + ch1=2jlog hj1=2j�hj

2
H1=2

� cjlog hj1=2j�hjH1=2 j�hj
2

H1=2 :

Again, the estimate forjwh � whjH1(Dh)
follows similarly from (61) (or

see the estimate forA3 in [DH4, Proposition 5.2]). One obtains

jwh � whjH1(Dh)
� cjlog hj(1 + jlog hj1=2j�hjH1=2)j�hjH1=2 j�hj

2

H1=2 ;

which yields the result. Lemma 7 now gives the estimate forkwhkH1(Dh)
.
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5 Proof of Main Theorem

5.1 Notation

We continue to use the notation of Section 5.1.
By Lemma 5 we chooseR = R(k
kC2 ; kskC2 ; k'kC2 ) so that

kukC0 ; kuhkC0 � R:

In Proposition 11 we assumej(�h; �h)jH1=2�H1 � L=jlog hj1=2, and then
by Lemma 8 we chooseR = R(k
kC4 ; kskC2 ; k'kC2 ; L) so that also

kuhkC0 � R:

In either case, notingH isC2, we define

M = sup
jzj�R

fjH(z)j; jH 0(z)j; jH 00(z)jg:

5.2 First and Second Variation Estimates

We begin by showing that if(s; ') is stationary then the first variation of the
discrete functional at the interpolant pair(sh; 'h) isO(h). We next estab-
lish non-degeneracy of the discrete energy functional at(sh; 'h). Finally
we prove an estimate which then implies that the second variation at dis-
crete pairs near(sh; 'h) (more precisely, within distanceo(j log hj�3=2)) is
also non-degenerate.

Note that the proof of the following proposition establishes a similar
estimate for
jE0(s; ')(�h;  h)�E0

h(sh; 'h)(�h;  h)j if (s; ') is not stationary.

Proposition 9 Suppose(s; ') is stationary forE. Then for(�h;  h) 2 Hh�
Xh0 andc1 = c1(k
kC3 ; kskC2 ; k'kC2 ;M), one has

jE0

h(sh; 'h)(�h;  h)j � c1hj(�h;  h)jH1=2�H1 :

Proof It follows from the stationarity of(s; '), (23) and (48), that

E0

h(sh; 'h)(�h;  h) =

Z
Dh

ruh0 � rvh0 �

Z
D

ru0 � rv0

+

Z
Dh

r'h � r h �

Z
D

r' � r h

+ 2

Z
Dh

H(uh)vh � uhx ^ uhy �H(u)v � ux ^ uy
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� 2

Z
DnDh

H(u)v � ux ^ uy +
2

3

Z
@Dh

Q(uh) � vh ^ uh�

=: A+B + 2C � 2D +
2

3
E:

One can show by a rearrangement of the terms inA, Lemmas 4 and 6,
and an integration by parts and some boundary estimates to handle the fact
that no power ofh can be gained fromjv � v0jH1(Dh)

, that

jAj � chj�hjH1=2 ;

wherec here and subsequently has the same dependencies as in the state-
ment of the proposition. See [DH4, Proposition 4.2] for details.

We now proceed to estimate the new terms arising from the presence of
the mean curvature term. By a standard interpolation result,

jBj � chj hjH1 :

By adding and subtracting terms we can estimatejCj by a sum of terms
of the formc a1a2a3a4, where

a1 = kH(uh)kC0(Dh)
; kH(u)kC0(Dh)

or kuh � ukL2(Dh)
;

a2 = kvhkL2(Dh)
; kvkL2(Dh)

or kv � vhkL2(Dh)
;

a3; a4 = kruhkL1(Dh)
; krukC0(Dh)

or kru�ruhkL2(Dh)
;

and each such term contains exactly one factor which is a difference and at
most twoL2 type factors. From Lemmas 4, 5 and 6, it follows

jCj � chj�hjH1=2 :

From Lemma 6,
jDj � chj�jH1=2 :

Finally, for E, consider the boundary edgeEj of @Dh joining ei�j

to ei�j+1 . Let hj = j�j � �j+1j and setsj = s(�j), sj+1 = s(�j+1),
�j = �h(�j) and�j+1 = �h(�j+1). ByO(h�) denote any quantity which in
absolute value is bounded bych� for somec as above.

Then at the pointei�j + t(ei�j+1 � ei�j ) 2 @Dh, with 0 � t � 1,

jvh ^ uh� j

=
���(1� t)�j


0(sj) + t�j+1

0(sj+1)

�
^

1

hj

�

(sj+1)� 
(sj)

���
=
����(1� t)�j


0(sj) + t�j+1(

0(sj) +O(h))

�
^

1

hj

�
(sj+1 � sj)


0(sj) +O(h2)
����
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� ch(j�j j+ j�j+1j);

since
0(sj) ^ 
0(sj) = 0. In particular,

kvh ^ uh�kL2(@Dh)
� chk�hkL2 � chj�hjH1=2 : (71)

and so
jEj � chj�jH1=2 :

This completes the proof.

Proposition 10SupposeE00(s; ') is non-degenerate with non-degeneracy
constant� > 0. ThenE00

h(sh; 'h) is non-degenerate with non-degeneracy
constant� 3�=4 for all h � h1 = h1(k
kC4 ; kskC2 ; k'kC2 ;M; �), with �
as in(33).

Proof Suppose(�h;  h) 2 Hh �Xh0. From (22), (24), (47) and (49),�
E00(s; ')�E00

h(sh; 'h)
�
(�h;  h)

2

=
�Z

D

jrv0j
2 +

Z
D

ru0 � rw �

Z
Dh

jrvh0j
2 �

Z
Dh

ruh0 � rwh

�

+ 2

Z
DnDh

H(u)
�
w � ux ^ uy + v � (vx ^ uy + ux ^ vy)

�
+ 2

Z
DnDh

H 0(u) � v v � ux ^ uy

+ 2

Z
Dh

H(u)w � ux ^ uy �H(uh)wh � uhx ^ uhy

+ 2

Z
Dh

H(u)v � (vx ^ uy + ux ^ vy)

� 2

Z
Dh

H(uh)vh � (vhx ^ uhy + uhx ^ vhy)

+ 2

Z
Dh

H 0(u) � v v � ux ^ uy �H 0(uh) � vh vh � uhx ^ uhy

�
2

3

Z
@Dh

Q(uh) � (wh ^ uh� + vh ^ vh� )

�
2

3

Z
@Dh

(Q0(uh)vh) � vh ^ uh�

=: A+ 2B + 2C + 2D + 2E + 2F �
2

3
G�

2

3
H;

where the subscript� denotes differentiation along@Dh andQ0(uh)vh is
interpreted as matrix-vector multiplication.
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In [DH4, Proposition 4.3] we showed that

A = � jv0 � vh0j
2
H1(Dh)

+R0; jR0j � ch1=2jlog hj1=2j�hj
2

H1=2 ;

wherec = c(k
kC3 ; kskC2).
From Lemmas 5, 6 and 7,

jBj � c
�
hkwkL2(DnDh)

+ kvk2H1(DnDh)

�
� ch2j�hj

2
H1=2 :

Similarly,
jCj � ckvk2L2(DnDh)

� ch2j�hj
2
H1=2 :

By adding and subtracting terms we can estimatejDj by a sum of terms
of the formc a1a2a3a4, where

a1 = kH(u)kC0(Dh)
; kH(uh)kC0(Dh)

or kuh � ukL2(Dh)
;

a2 = kwkL2(Dh)
; kwhkL2(Dh)

or kw � whkL2(Dh)
;

a3; a4 = krukC0(Dh)
; kruhkL1(Dh)

or kru�ruhkL2(Dh)
;

and each such term contains exactly one factor which is a difference and at
most twoL2 type factors. From Lemmas 4 and 7 it follows that

jDj � ch(j�hj
2
H1=2 + j hj

2
H1);

where here and until further noticec = c(k
kC3 ; kskC2 ; k'kC2 ;M).
The difficulty in estimatingE is that we gain no power ofh from the

term jv � vhjH1(Dh)
. Setting

E� =

Z
Dh

H(u)v � (vx ^ uy + ux ^ vy � vhx ^ uhy � uhx ^ vhy);

and adding and subtracting terms we have

jEj � cku� uhkL4(Dh)
kvkL4(Dh)

krvkL2(Dh)

+ ckv � vhkL2(Dh)
krvkL2(Dh)

+ jE�j

� cku� uhkH1(Dh)
kvk2H1(Dh)

+ ckv � vhkL2(Dh)
krvkL2(Dh)

+ jE�j

� chj�hj
2
H1=2 + jE�j:

ForE�, integration by parts gives

E� =

Z
Dh

v �
�
(H(u)v)x ^ uy + ux ^ (H(u)v)y

�
�

Z
Dh

vh �
�
(H(u)v)x ^ uhy + uhx ^ (H(u)v)y

�
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�

Z
@Dh

H(u)v � vh ^ uh� :

(The integration by parts is valid for smooth functions, and hence for piece-
wise linear functions by approximation.) The difference of the first two in-
tegrals is bounded in absolute value bychjlog hj1=2 (j�hj2H1=2 + j hj

2
H1).

This comes from adding and subtracting terms as usual and using Lemmas
4 and 6 and the inverse estimatekvhkC0(Dh)

� jlog hj1=2kvhkH1(Dh)
. From

(71) we have thatkvh ^ uh�kL2(@Dh)
� chj�hjH1=2 . On the other hand

kvkL2(Dh)
� ckvkH1(Dh)

� c(j�hjH1=2 + j hjH1);

and so the boundary integral is bounded bych(j�hj
2

H1=2 + j hj
2
H1). Hence

jE�j � chjlog hj1=2 (j�hj
2
H1=2 + j hj

2
H1):

It follows that

jEj � chjlog hj1=2 (j�hj
2
H1=2 + j hj

2
H1):

The estimate forF follows in the usual way from Lemmas 4 and 6,
giving

jF j � ch(j�hj
2

H1=2 + j hj
2
H1):

The estimate forG is by a similar idea to that forE in the previous
proposition. LetEj be the boundary edge of@Dh joining ei�j to ei�j+1 . Let
hj = j�j � �j+1j and setsj = s(�j), sj+1 = s(�j+1), �j = �h(�j) and
�j+1 = �h(�j+1).

At the pointei�j + t(ei�j+1 � ei�j ) on the edgeEj,

wh ^ uh� + vh ^ vh�

=
�
(1� t)�2j 


00(sj) + t�2j+1

00(sj+1)

�
^

1

hj

�

(sj+1)� 
(sj)

�

+
1

hj
�j�j+1


0(sj) ^ 

0(sj+1)

=
�
(1� t)�2j 


00(sj) + t�2j+1
�

00(sj) +O(h)

��
^

1

hj

�
(sj+1 � sj)


0(sj) +O(h2)
�

+
1

hj
�j�j+1

�

0(sj) ^ (sj+1 � sj)


00(sj) +O(h2)
�

=
sj+1 � sj

hj

�
�j�j+1 � �2j + t�2j � t�2j+1

�

0(sj) ^ 


00(sj)

+O(h)
�
�2j + �2j+1

�
:
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Integrating with respect tot from 0 to 1, and notingjsj+1 � sjj=hj � c,

jGj � c
X
j

hj

�
(�j+1 � �j)

2 +O(h)(�2j+1 + �2j )
�

� ch2j�hj
2
H1 +O(h)k�hk

2
L2 � chj�hj

2
H1=2 :

Finally, forH note that onEj , jvhj � c(j�j j+ j�j+1j), hence

kvhkL2(@Dh)
� ck�hkL2(@D) � cj�hjH1=2 :

Together with (71) this implies

jHj � chj�hj
2

H1=2 :

Putting together the estimates forB–H, it follows that

E00

h(sh; 'h)(�h;  h)
2 = E00(s; ')(�h;  h)

2 + jv � vhj
2
H1(Dh)

+R

R � ch1=2jlog hj1=2(j�hj
2

H1=2 + j hj
2
H1):

(72)

If (s; ') is a strictly stable stationary point, this already implies the
stated result (withh0 independent of�).

For future reference we note from (72), (25) and Lemma 6, or it can be
checked directly, that

jE00

h(sh; 'h)(�h;  h)
2j � c(j�hj

2

H1=2 + j hj
2
H1)

jE00

h(sh; 'h)
�
(�h;  h); (�h; �h)

�
j � (73)

c
�
j�hjH1=2 + j hjH1

��
j�hjH1=2 + j�hjH1

�
:

If E00(s; ') has non-trivial negative eigenspace, then we compute

E00

h(sh; 'h)(�h;  h)
�
(�h;  h)

(+) � (�h;  h)
(+)
�

= E00

h(sh; 'h)
�
(�h;  h)

(+)
�2
�E00

h(sh; 'h)
�
(�h;  h)

(�)
�2

by (53)

�
�
E00(s; ')

�
(�h;  h)

(+)
�2
�E00(s; ')

�
(�h;  h)

(�)
�2�

� jv(�) � v
(�)

h j2H1(Dh)
� ch1=2jlog hj1=2(j�hj

2
H1=2 + j j2H1) by (72)

=: A�B � C;

where

v(�) = �(�
(�)

h 
0 Æ s); v
(�)

h = �hIh(�
(�)

h 
0 Æ sh);

(�
(�)

h ;  
(�)

h ) = (�h;  h)
(�):

But

A = E00(s; ')(�h;  h)
�
(�h;  h)

(+) � (�h;  h)
(�)
�

by (53)
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= E00(s; ')(�h;  h)
�
(�h;  h)

+ � (�h;  h)
�
�
+

E00(s; ')(�h;  h)
�
(�h;  h)

(+) � (�h;  h)
+ + (�h;  h)

(�) � (�h;  h)
�
�

� (�� ch)(j�hj
2
H1=2 + j hj

2
H1);

from (31), (73) and (54), where now and for the remainder of the proof,
c = c(k
kC3 ; kskC2 ; k'kC2 ;M; �).

Also,

B1=2 �
����(�(�)h 
0 Æ s)� �hIh(�

(�)

h 
0 Æ s)
��
H1(Dh)

+
���hIh��(�)h (
0 Æ s� 
0 Æ sh)

���
H1(Dh)

� ch1=2j�
(�)

h 
0 Æ s)jH1 j�
(�)

h (
0 Æ s� 
0 Æ sh)j
H1=2

+ ch1=2j�
(�)

h (
0 Æ s� 
0 Æ sh)jH1
from (60) and (61)

� ch1=2j�
(�)

h jH1

+ ck
0 Æ s� 
0 Æ shkC0;1

�
j�
(�)

h jH1=2 + h1=2j�
(�)

h jH1

�
by (67)

� ch1=2j�
(�)

h jH1=2 from (33) and sinceks� shkC0;1 � ch

� ch1=2(j�hjH1=2 + j hjH1) from (55):

It follows that

E00

h(sh; 'h)(�h;  h)
�
(�h;  h)

(+) � (�h;  h)
(+)
�
>

3�

4
(j�hj

2
H1=2 + j hj

2
H1)

for h � h1 = h1(k
kC3 ; kskC2 ; k'kC2 ;M; �). Finally,

j(�h;  h)
(+) � (�h;  h)

(�)j2
H1=2�H1 � (1 + ch2)j(�h;  h)j

2

H1=2�H1 ;

from (54) and the orthogonal decomposition (30). HenceE00

h(sh; 'h) is
non-degenerate by (51), with non-degeneracy constant� 3�=4, provided
h � h1 where
h1 = h1(k
kC3 ; kskC2 ; k'kC2 ;M; �).

Proposition 11SupposeL > 0 and j(�h; �h)jH1=2�H1 � L=jlog hj1=2.
Then for(�h;  h) 2 H � H1

0 and c2 = c2k
kC4 ; kskC2 ; k'kC2 ; L;M),
one has����E00

h(sh; 'h)�E00

h(sh + �h; 'h + �h)
�
(�h;  h)

2
���

� c2jlog hj
3=2j(�h; �h)jH1=2�H1 j(�h;  h)j

2

H1=2�H1 :
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Proof From (47) and (49)�
E00

h(sh; 'h)�E00

h(sh + �h; 'h + �h)
�
(�h;  h)

2

=

Z
Dh

jrvh0j
2 +ruh0 � rwh � jrvh0j

2 �ruh0 � rwh

+ 2

Z
Dh

H(uh)wh � uhx ^ uhy �H(uh)wh � uhx ^ uhy

+ 2

Z
Dh

H(uh)vh � (vhx ^ uhy + uhx ^ vhy)

� 2

Z
Dh

H(uh)vh � (vhx ^ uhy + uhx ^ vhy)

+ 2

Z
Dh

H 0(uh) � vh vh � uhx ^ uhy �H 0(uh) � vh vh � uhx ^ uhy

�
2

3

Z
@Dh

Q(uh) � (wh ^ uh� + vh ^ vh� )

+
2

3

Z
@Dh

Q(uh) � (wh ^ uh� + vh ^ vh� )

�
2

3

Z
@Dh

(Q0(uh)vh) � vh ^ uh� � (Q0(uh)vh) � vh ^ uh�

=: A+ 2B + 2C + 2D �
2

3
E �

2

3
F:

From Lemmas (4)–(8) (or [DH4, Proposition 5.2]) we estimateA by

jAj � kr(vh � vh)kL2(Dh)

�
krvhkL2(Dh)

+ krvhkL2(Dh)

�
+ kr(uh � uh)kL2(Dh)

krwhkL2(Dh)

+ kr(wh � wh)kL2(Dh)
kruhkL2(Dh)

� cjlog hj j(�h; �h)jH1=2�H1 j(�h;  h)j
2

H1=2�H1 ;

From Lemmas 4–8, the inverse estimate (64) to obtain

kwhkC0(Dh)
� cjlog hj1=2kwhkH1(Dh)

;

and notingjuhjH1(Dh)
is bounded from Lemma 8 and the assumption on

j(�h; �h)jH1=2�H1 , we obtain the following. The highest power ofjlog hj
comes from the second term.

jBj =

����
Z
Dh

(H(uh)�H(uh))wh � uhx ^ uhy

+H(uh)(wh � wh) � uhx ^ uhy

+H(uh)wh � (uhx � uhx) ^ uhy +H(uh)wh � uhx ^ (uhy � uhy)

����
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� ckuh � uhkL2(Dh)
kwhkL2(Dh)

juhj
2
C0;1(Dh)

+ ckwh � whkL2(Dh)
juhj

2
C0;1(Dh)

+ ckwhkL2(Dh)
juh � uhjH1(Dh)

juhjC0;1(Dh)

+ ckwhkC0(Dh)
juhjH1(Dh)

juh � uhjH1(Dh)

� cjlog hj3=2j(�h; �h)jH1=2�H1 j�hj
2

H1=2 ;

Similarly, using the same Lemmas and (64),

jCj =

����
Z
Dh

(H(uh)�H(uh))vh � vhx ^ uhy +H(uh)(vh � vh) � vhx ^ uhy

+H(uh)vh � (vhx � vhx) ^ uhy +H(uh)vh � vhx ^ (uhy � uhy)

+ (four similar terms)

����
� ckuh � uhkL2(Dh)

kvhkC0(Dh)
jvhjH1(Dh)

juhjC0;1(Dh)

+ ckvh � vhkL2(Dh)
jvhjH1(Dh)

juhjC0;1(Dh)

+ ckvhkL2(Dh)
jvh � vhjH1(Dh)

juhjC0;1(Dh)

+ ckvhkC0(Dh)
jvhjH1(Dh)

juh � uhjH1(Dh)

� cjlog hj3=2j(�h; �h)jH1=2�H1 j(�h;  h)j
2

H1=2�H1 :

Likewise,

jDj =

����
Z
Dh

(H 0(uh)�H 0(uh)) � vh vh � uhx ^ uhy

+H 0(uh) � (vh � vh) vh � uhx ^ uhy

+H 0(uh) � vh (vh � vh) � uhx ^ uhy

+H 0(uh) � vh vh � (uhx � uhx) ^ uhy

+H 0(uh) � vh vh � uhx ^ (uhx � uhx)

����
� ckuh � uhkL2(Dh)

kvhkL2(Dh)
kvhkC0(Dh)

juhj
2
C0;1(Dh)

+ ckvh � vhkL2(Dh)
kvhkL2(Dh)

juhj
2
C0;1(Dh)

+ ckvhkL2(Dh)
kvh � vhkL2(Dh)

juhj
2
C0;1(Dh)

+ ckvhkL2(Dh)
kvhkC0(Dh)

juh � uhjH1(Dh)
juhjC0;1(Dh)

+ ckvhk
2
C0(Dh)

juhjH1(Dh)
juh � uhjH1(Dh)

� cjlog hj3=2j(�h; �h)jH1=2�H1 j(�h;  h)j
2

H1=2�H1 :
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We have

E =

Z
@Dh

(Q(uh)�Q(uh)) � (wh ^ uh� + vh ^ vh� )

+Q(uh) �
�
(wh ^ uh� + vh ^ vh� )� (wh ^ uh� + vh ^ vh� )

�
=: E1 +E2:

As forG in the previous proposition, using Lemma 8 and (64)

jE1j � ckuh � uhkC0(Dh)
hj�hj

2

H1=2

� chjlog hj1=2j(�h; �h)jH1=2�H1 j�hj
2
H1=2 :

To estimateE2, let Ej be the boundary edge of@Dh joining ei�j to
ei�j+1 . Let hj = j�j � �j+1j and setsj = sh(�j), sj+1 = sh(�j+1), �j =
�h(�j), �j+1 = �h(�j+1), �j = �h(�j) and �j+1 = �h(�j+1). We first
compute

vh ^ vh� � vh ^ vh�

=
1

hj
�j�j+1

�

0(sj) ^ 


0(sj+1)� 
0(sj + �j) ^ 

0(sj+1 + �j+1)

�

=
1

hj
�j�j+1

�

0(sj) ^ (sj+1 � sj)

Z 1

0


00(sj + r(sj+1 � sj)) dr

� 
0(sj + �j) ^ (sj+1 + �j+1 � sj � �j)Z 1

0


00
�
sj + �j + r(sj+1 + �j+1 � sj � �j)

�
dr
�

= E1 + E2;

where (usingjsj+1 � sj j=hj � jsjC1 � c)

E1 = ��j�j+1
�j+1 � �j

hj

0(sj + �j)

^

Z 1

0


00
�
sj + �j + r(sj+1 + �j+1 � sj � �j)

�
dr;

jE2j � cj�j j j�j+1j (j�j j+ j�j+1j):

We similarly compute

wh ^ uh� � wh ^ uh�

= �
1

hj

�

(sj+1)� 
(sj)

�
^
�
(1� t)�2j 


00(sj) + t�2j+1

00(sj+1)

�
+

1

hj

�

(sj+1 + �j+1)� 
(sj + �j)

�
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^
�
(1� t)�2j 


00(sj + �j) + t�2j+1

00(sj+1 + �j+1)

�
= �

1

hj
(sj+1 � sj)

Z 1

0


0(sj + r(sj+1 � sj)) dr

^
�
(1� t)�2j 


00(sj) + t�2j+1

00(sj+1)

�
+

1

hj
(sj+1 + �j+1 � sj � �j)Z 1

0


0
�
sj + �j + r(sj+1 + �j+1 � sj � �j)

�
dr

^
�
(1� t)�2j 


00(sj + �j) + t�2j+1

00(sj+1 + �j+1)

�
= E3 + E4;

where

E3 =
1

hj
(�j+1 � �j)

Z 1

0


0
�
sj + �j + r(sj+1 + �j+1 � sj � �j)

�
dr

^
�
(1� t)�2j


00(sj + �j) + t�2j+1

00(sj+1 + �j+1)

�
;

jE4j � c(j�j j
2 + j�j+1j

2) (j�j j+ j�j+1j):

In order to estimateE1 + E3 pointwise on the edgeEj , consider����(1� t)E1 +
1

hj
(�j+1 � �j)

Z 1

0


0
�
sj + �j + r(sj+1 + �j+1 � sj � �j)

�
dr

^ (1� t)�2j

00(sj + �j)

����
=

���� (1� t)
�j+1 � �j

hj

�
��j�j+1


0(sj + �j)

^

Z 1

0


00
�
sj + �j + r(sj+1 + �j+1 � sj � �j)

�
dr

+ �2j

Z 1

0


0
�
sj + �j + r(sj+1 + �j+1 � sj � �j)

�
dr

^ 
00(sj + �j)

�����
=

���� (1� t)
�j+1 � �j

hj�
(��j�j+1 + �2j )


0(sj + �j) ^ 

00(sj + �j)

� �j�j+1

0(sj + �j) ^O(jsj+1 � sjj+ j�j+1 � �j j)

+ �2jO(jsj+1 � sjj+ j�j+1 � �jj) ^ 

00(sj + �j)

�����
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� c
j�j+1 � �jj

hj

�
j�jj j�j+1 � �jj+

�
j�jj j�j+1j+ j�jj

2
�

�
jsj+1 � sjj+ j�j+1 � �jj

��
� chjr�hj

�
k�hkC0 jr�hj+ k�hk

2
C0(1 + jr�hj)

�
;

where pointwise quantities in the last expression are taken on the arc corre-
sponding to the edgeEj.

We similarly estimate����tE1 + 1

hj
(�j+1 � �j)

Z 1

0


0
�
sj + �j + r(sj+1 + �j+1 � sj � �j)

�
dr

^ t�2j+1

00(sj+1 + �j+1)

����;
and hencejE1 + E3j, by the same quantity, and thence obtain��(wh ^ uh� + vh ^ vh� )� (wh ^ uh� + vh ^ vh� )

��
� jE1 + E3j+ jE2j+ jE4j

� chjr�hj
�
k�hkC0 jr�hj+ k�hk

2
C0(1 + jr�hj)

�
+ ck�hk

2
C0(j�j j+ j�j+1j):

It follows that

jE2j � chj�hjH1

�
jlog hj1=2j�hj

2
H1=2 + k�hkC0(1 + j�hjH1)

�
+ ck�hkC0k�hkL2

� cj�hjH1=2

�
jlog hj1=2j�hj

2

H1=2 + jlog hj j�hj
2

H1=2(h
1=2 + j�hjH1=2)

�
+ cjlog hj j�hj

2

H1=2 j�hjH1=2

� cjlog hj j�hjH1=2 j�hj
2
H1=2 ;

which together with the estimate forE1 implies

jEj � cjlog hj1=2j(�h; �h)jH1=2�H1 j�hj
2

H1=2 :

To estimateF we write

F =

Z
@Dh

(Q0(uh)vh �Q0(uh)vh) � vh ^ uh�Z
@Dh

(Q0(uh)vh) � (vh ^ uh� � vh ^ uh�

=: F1 + F2
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From (64), Lemmas 8 and 6, Section 5.1 and (71),

jF1j � c
�
kuh � uhkC0kvhkC0 + kvh � vhkC0kuhkC0

�
kvh ^ uh�kL1

� c
�
jlog hj j(�h; �h)jH1=2�H1 j(�h;  h)jH1=2�H1

+ jlog hj j�hjH1=2 j�hjH1=2

�
hj�hjH1=2

� chjlog hj j(�h;  h)j
2
H1=2�H1 j(�h; �h)jH1=2�H1 :

Using (64) and Lemma 8 to estimatekvhkC0 ,

jF2j � cjlog hj j(�h;  h)jH1=2�H1kvh ^ uh� � vh ^ uh�kL1(@Dh)
: (74)

Using the notation in the estimate forE, we have atei�j + t(ei�j+1 � ei�j )
on the edgeEj,

vh ^ uh� � vh ^ uh�

= �
1

hj
(
(sj+1)� 
(sj)) ^

�
(1� t)�j


0(sj) + t�j+1

0(sj+1)

�
+

1

hj
(
(sj+1 + �j+1)� 
(sj + �j))

^
�
(1� t)�j


0(sj + �j) + t�j+1

0(sj+1 + �j+1)

�
= �

1

hj
(sj+1 � sj)

Z 1

0


0(sj + r(sj+1 � sj)) dr

^
�
(1� t)�j


0(sj) + t�j+1

0(sj+1)

�
+

1

hj
(sj+1 + �j+1 � sj � �j)Z 1

0


0(sj + �j) + r(sj+1 + �j+1 � sj � �j)) dr

^
�
(1� t)�j


0(sj + �j) + t�j+1

0(sj+1 + �j+1)

�
=
�j+1 � �j

hj

Z 1

0


0(sj + �j + r(sj+1 + �j+1 � sj � �j)) dr

^ (1� t)�j

0(sj + �j)

+
�j+1 � �j

hj

Z 1

0


0(sj + �j + r(sj+1 + �j+1 � sj � �j)) dr

^ (1� t)�j+1

0(sj+1 + �j+1)

+
sj+1 � sj

hj

�Z 1

0


0(sj + �j + r(sj+1 + �j+1 � sj � �j)) dr

^
�
(1� t)�j


0(sj + �j) + t�j+1

0(sj+1 + �j+1)

�
�

Z 1

0


0(sj + r(sj+1 � sj)) dr
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^
�
(1� t)�j


0(sj) + t�j+1

0(sj+1)

��
=: F 1 + F 2 + F 3

The main point in order to estimateF 1 andF 2 is that, after integrating,
(�j+1��j)=hj leads toj�hjH1 (� ch�1=2j�hjH1=2), and so we need to gain
a factorh1=2. We have

F 1 = �
�j+1 � �j

hj
(1� t) �j


0(sj + �j)

^
�

0(sj + �j) + (sj+1 + �j+1 � sj � �j)Z 1

0

Z 1

0

r
00(sj + �j + pr(sj+1 + �j+1 � sj � �j)) dr dp
�

and so (evaluating quantities at the point with parametert)

jF 1j � chj�0hj(js
0

hj+ j�0hj)j�j j:

Similarly,

jF 2j � chj�0hj(js
0

hj+ j�0hj)j�j+1j:

Since
0 is Lipschitz, subtracting terms and estimating,

jF 3j � cjs0hj (j�j+1j+ j�j j) (j�j j+ j�j+1j):

From the pointwise estimates forjF 1j; jF 2j; jF 3j, using (40), the inverse
estimate fromH1 to H1=2, the bound onj�hjH1=2 from the hypothesis of
the theorem,(64) and (74), it follows that

jF2j � cjlog hj j(�h;  h)jH1=2�H1�
hj�hjH1

�
jshjH1 + j�hjH1

�
k�hkC0 + jshjC1k�hkL2k�hkL2

�
� cjlog hj j(�h;  h)jH1=2�H1�

j�hjH1=2

�
h1=2 + j�hjH1=2

�
jlog hj1=2j�hjH1=2 + j�hjH1=2 j�hjH1=2

�
� cjlog hj3=2j�hjH1=2 j(�h;  h)j

2

H1=2�H1 :

It now follows that

jF j � cjlog hj3=2j(�h;  h)j
2

H1=2�H1 j�hjH1=2 :

The Proposition follows by combining the estimates forA–F .
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The proof of the main theorem is now a consequence of the following
quantitative version of the Inverse Function Theorem, as follows for exam-
ple from the proof in [Be; pp 113–114]. The modifications necessary since
X is anaffinespace are trivial.

Lemma 12Let X be an affine Banach space with Banach spaceX as
tangent space, and letY be a Banach space. Supposex0 2 X and f 2
C1(X ; Y ). Assume there are positive constants�, �, Æ and� such that

kf(x0)kY � Æ; (75)

kf 0(x0)
�1kL(Y;X) � ��1; (76)

kf 0(x)� f 0(x0)kL(X;Y ) � � for all x 2 B�(x0), (77)

where

� < �; Æ � (�� �)�: (78)

Then there exists a uniquex� 2 B�(x0) such thatf(x�) = 0.

In the following, bykHkC2;loc we imply dependence onM as in Sec-
tion 5.1

Theorem 51. Assume� is a simple closed curve inR3 with C4 monotone
parametrisiation
 . Letu = �(
 Æ s) + ' be aC2 nondegenerate confor-
mally parametrised surface spanning� , with prescribed mean curvature
given by theC2 functionH, with nondegeneracy constant� and with� as
in (33).

Then there exist positive constantsc0, h0 and �0 depending onk
kC4 ,
k j
0j�1 kL1 , kskC2 , kHkC2;loc, and also on�, � in the case ofh0 and�0,
such that if0 < h � h0 then there is a discrete nondegenerate conformally
parametrised surfaceuh = �hIh(
 Æ sh) + 'h spanning� , with discrete
mean curvature given byH, satisfying

ks� shkH1=2(@Dh)
� c0�

�1h; k'� 'hkH1(Dh)
� c0�

�1h;

ku� uhkH1(Dh)
� c0�

�1h:
(79)

Moreover,uh is the unique discrete conformally parametrised surface span-
ning� , with discrete mean curvature given byH, satisfying

ks� shkH1=2(@D) � �0jlog hj
�3=2; k'� 'hkH1(Dh)

� �0jlog hj
�3=2:

Proof We apply the previous version of the Inverse Function Theorem with
X = Hh � Xh0, Y = (Hh � Xh0)

0 (the dual space),f = E0

h, f 0 = E00

h,
andx0 = (phs; Ih').

From Proposition 9, (75) holds withÆ = c1h.
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From Proposition 10, settingh0 = h1 and restrictingh to 0 < h � h0,
(76) holds with� = 3�=4.

From Proposition 11, choose�0 so jlog hj3=2j(�h; �h)jH1=2�H1 � �0
implies kE00

h(phs; Ih') � E00

h(phs + �h; Ih' + �h)k � �=2. Then (77)
holds with� = �=2 and� = �0=jlog hj

3=2, i.e.4c1h=� � �0=jlog hj
3=2.

By further restrictingh0 if necessary, (78) also holds and so by Lemma
12 there is a unique discrete solutionuh = �hIh(
 Æ sh) + 'h as in Defi-
nition 2 in the rangej(sh � phs; 'h � Ih')jH1=2�H1 � �0=jlog hj

3=2, for
0 < h � h0.

TakingÆ = c1h, � = 3�=4, � = �=2, and� = 4c1h=�, the hypotheses
of the Inverse Function Theorem again hold for0 < h � h0. recalling
that 4c1h=� � �0=jlog hj

3=2, it follows that the unique solution from the
previous paragraph also satisfiesj(sh�phs; 'h�Ih')jH1=2�H1 � 4c1h=�.

Using the interpolation estimate (39) completes the proof of the theorem
(with possibly newh0; �0; c0), except for the last inequality in (79). This
follows from the expressions foru anduh in terms of(s; ') and(sh; 'h),
Proposition 3 and the decoupling (23), and is otherwise almost exactly the
same as the proof of Theorem 5.5 in [DH4].

6 Numerical Implementation

Functions which are stationary for the discrete energy functionalEh can
be found directly by applying a Newton procedure in the classHh �Xh0.
Alternatively we here work in the subclass of pairs(sh; 'h) which are al-
ready stationary for theEh with respect to variations fixingsh, i.e. such
that@Eh=@'h(sh; 'h) = 0. Defininguh = �h(Ih(
 Æ sh)) + 'h as in (2),
we sayuh is discreteH-harmonic.

For sh in a neighourhood of a nondegenerate staionary function forE,
local uniqueness ofuh and hence of'h follows from the non-degeneracy
of the discrete functional in Proposition 10. Thus if we set

Fh(sh) = Eh(sh; 'h(sh))

then

F 0

h(sh) =
@Eh

@sh
(sh; 'h(sh));

andsh is stationary forFh iff (sh; 'h(sh)) is stationary forEh.

Algorithm 1 (Main Algorithm). For given initial guesssh 2 Hh and
tolerance" > 0

1. Computeuh 2 Xh with uh = Ih(
 Æ sh) on@Dh and stationary forF 0

h:Z
Dh

ruh � r h + 2

Z
Dh

H(uh) h � uhx ^ uhy = 0 8'h 2 Xh0: (80)
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2. Set up the right hand side of (82):

hF 0

h(sh); �hi =

Z
Dh

ruh � rv
0
h + 2

Z
Dh

H(uh)v
0
h � uhx ^ uhy

�
2

3

Z
@Dh

Q(uh) � v
0
h ^ uh� 8�h 2 Hh; (81)

with v0h any continuation ofIh(
0 Æ sh �h) toDh.
3. Solve the linear system�h 2 Hh

F 00

h (sh)�h = �F 0

h(sh) (82)

with a biconjugate gradient algorithm.
4. If k�hkH < ", then stop. Otherwise update the solution

sh := sh + �h (83)

and go to step 1.

For the first step we use the Newton method with a suitable initial guess
and then with the lastuh available in the algorithm. In order to keep the
computational complexity of the problem reasonable, in step 2 we use as
a special continuationv0h the discrete function which is zero at all interior
nodes inDh and equalsIh(
0 Æ sh�h) on the boundary@Dh. Thus each
component ofF 0

h(sh) is of complexitynb, wherenb is the number of nodes
on@Dh. The reduction of the general form ofF 0

h(sh) to the form which is
given in (81) is done with the use of equation (80).

The most important step in the Main Algorithm is the solution of the
linear system (82). The standard bicg method requires an algorithm for
matrix-vector multiplication. This step is described in the following Algo-
rithm. It shows how the multiplicationF 00(sh)�h for an arbitrary�h 2 Hh

is done. Here again we use the above mentioned reduction of complexity
by choosingv0h andw0

h from Xh such that they are zero at interior nodes
and have the correct boundary data.

Algorithm 2 (Matrix-vector multiplication). For givenuh 2 Xh, sh 2
Hh and�h 2 Hh

1. Computevh 2 Xh such thatvh = Ih(

0 Æ sh) on@Dh andZ

Dh

rvh � r'h + 2

Z
Dh

H(uh) (vhx ^ uhy + uhx ^ vhy) � 'h

+2

Z
Dh

H 0(uh) � vh 'h � uhx ^ uhy = 0 8'h 2 Xh0: (84)
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2. For arbitrary�h 2 Hh

F 00

h (sh)(�h; �h) =

Z
Dh

ruh � rw
0
h +

Z
Dh

rvh � rv
0
h

+ 2

Z
Dh

H(uh)w
0
h � uhx ^ uhy

+ 2

Z
Dh

H(uh)v
0
h � (vhx ^ uhy + uhx ^ vhy)

+ 2

Z
Dh

H 0(uh) � vhv
0
h � uhx ^ uhy

�
2

3

Z
@Dh

Q(uh) �
�
w0
h ^ uh� + v0h ^ vh�

�
�

2

3

Z
@Dh

Q0(uh)vh � v
0
h ^ uh� : (85)

wherev0h is a continuation ofIh(
0 Æ sh�h) andw0
h is a continuation of

Ih(

00 Æ sh�h�h) toDh.

The reduction of the general form of the second derivative ofFh to the
form used in (85) is done with the use of the equation (84).

We start with a test computation of a problem for which we know exact
small and large solutions. See Figure 2 for the discrete solutions. That the

Fig. 2. Small and large solution for circular boundary withH = 0:9 with 289 nodes.

large solution appears relatively coarsely approximated is a consequence of
the conformal parametrisation of the surface. Let the constant prescribed
mean curvatureH be positive and less than1. The boundary curve is� =
S1, the parametrisations is given bys(') = ' and

uj(x) =
1 + Æ2

jxj2 + Æ2
xj (j = 1; 2); u3(x) = Æ

jxj2 � 1

jxj2 + Æ2
; (86)
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h nodes L
1(D) eoc L

2(D) eoc H
1(D) eoc

1.0 9 0.1657e-1 - 0.1002 - 0.2607 -
0.7368 25 0.1616e-1 0.08 0.3900e-1 3.09 0.1816 1.18
0.4203 81 0.4568e-2 2.25 0.1070e-1 2.30 0.9624e-1 1.13
0.2219 289 0.1231e-2 2.05 0.2703e-2 2.15 0.4816e-1 1.08
0.1137 1089 0.3349e-3 1.95 0.6724e-3 2.08 0.2389e-1 1.05
0.5754e-1 4225 0.8949e-4 1.94 0.1673e-3 2.04 0.1187e-1 1.03

Table 1. Absolute errors for the small solution from (86) withH = 0:5.

h nodes L
1(D) eoc L

2(D) eoc H
1(D) eoc

0.4203 81 0.1299e1 - 0.1230e1 - 0.6188e1 -
0.2219 289 0.5629 1.31 0.4679 1.51 0.2908e1 1.18
0.1137 1089 0.1904 1.62 0.1611 1.60 0.1137e1 1.40
0.5754e-1 4225 0.5785e-1 1.75 0.4708e-1 1.81 0.5870 0.97

Table 2. Absolute errors for the Absolute errors for the large solution from (86) withH =

0:5.

whereÆ = H=(H2+
p
1�H2) for the small andÆ = H=(H2�

p
1�H2)

for the large solution respectively.
In Tables 1 and 2 we list the errors between the smooth solutionu and

the discrete solutionuh in the normsL1(D), L2(D) andH1(D) for dif-
ferent grid sizes. From the errorse(h1) ande(h2) for two successive grid
sizesh1 andh2 for a certain norm we computed the experimental order of
convergence

eoc = log
e(h1)

e(h2)

.
log

h1

h2
:

The results show that the theoretically proved order of convergence in the
H1(D)-norm is reproduced by the practical computations. In Figure 1 we
have shown two solutions of the Plateau Problem for the same boundary

y x
z

y x
z

y x
z

Fig. 3. Solutions for the boundary curve (87) withH = 0:0, 0:05, and0:1.
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curve


(s) = ((1 + 0:1 cos 3s) cos 2s; (1 + 0:1 cos 3s) sin 2s;� sin s)

but with the different constant curvaturesH = 0 andH = 0:8. Figure
3 shows the dependency of solutions on mean curvature for the boundary
curve


(s) =

�
R cos s�

R3

3
cos 3s;R sin s+

R3

3
sin 3s;R2 cos 2s

�
: (87)

with R = 2.
In Figure 4 we show a small and a large solution spanned in the curve

(87) forR = 0:75 with constant mean curvatureH = 0:5. The correspond-
ing parametrisationss = s(') are plotted in Figure 5 and exhibit interesting
symmetries.

Fig. 4. Small (graphically enlarged) and large solutions for the boundary curve (87) with
H = 0:5
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