1 Introduction

Suppose S C IR" is a smooth surface with boundary, having the same topo-
logical type as the closed unit disc D. Is there in some sense an “optimal”
parametrisation Y : Q — S where we consider both arbitrary (simply con-
nected) Q C IR? and arbitrary Y : Q — S? We give a positive answer to
various formulations of this question, which we call the Cartography Prob-
lem.

For any disc-like Q C IR? there is a conformal diffeomorphism Y :Q — S.
Moreover, such Y minimises [, |DY |> among all diffeomorphisms Y :Q — S
for which Y|sq is monotone. It is clear, however, from the invariance of
Jo |DY|* under conformal changes of the domain, that an optimal domain
Qo cannot be obtained by minimising [, |DY|? for different 2.

Instead, motivated by the idea that for an optimal representation (£2g, Y5)
the map Y should be as close to linear as possible, we consider minimising
the Hessian Functional

/Q | D2Y|2

over suitable (€,Y). But note that if p, : IR* — IR? is the scaling map
pr(x) = ra then
/ ID2(Y o p- )2 = 7’_2/ DY -0 as r — oo
r(€2) Q

For this reason we need to impose some further constraint on €.

We are thus led to the following minimisation problems:

M1 Suppose S C IR"™ is a smooth immersed surface with boundary and S
has the same topological type as the closed unit disc D.

/ |D2Y‘2
Q

over pairs (,Y), where Q C IR? is diffeomorphic to D, Y : Q — S is a
conformal diffeomorphism, and either |Q)] = 7 or H'(0Q) = 2.

Minimise

For example, let S C IR? be the surface given by
S = {(rcos@,rsinf,ef) : 1/v/3<r <1,0<6<3nr},

where € > (0. Then for € sufficiently small we expect the problem M1 to have
the solution (€, Yy) approximately described by

Qo ~ {(rcosh,rsinf) :1/v/3 <r<1,0<8<3r}C IR,

i.e. )y is counted with multiplicity 2 in the region corresponding to both
0<f<mand 27 < 6 < 3w, and

Yo(rcosf,rsinf) ~ (rcosf,rsinb,ed),
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i.e. Yy is a “multiple-valued” function.

Rather than vary the domain €2, and also in order to handle the difficulty
of domains counted with “multiplicity” as above, we reformulate the problem
as follows:

Let D be the open unit disc. Fiz a conformal diffeomorphism X:D — S.
For any disc-like Q C IR? there exists a conformal diffeomorphism F: D —
Q, and moreover Y(:= X o F71): Q0 — S is a conformal diffeomorphism.
Conversely, for any conformal diffeomorphism Y : Q — S the map F(:=
Y10 X):D — Qis a conformal diffeomorphism and Y = X o F~1.

For F' as above, let ezh(‘”)éij be the metric induced on D from F' and from

the standard metric on 2. Since th(Sij is a flat metric it follows Ah = 0.

Conversely, suppose Ak = 0 where h: D — IR. Define F: D — C =2 IR?
by F(z) = [; " where k is the harmonic conjugate of h for which £(0) = 0.
Then F is conformal and |F'(z)| = €”, so that e?'§;; is the metric induced on
D from F. Moreover, if h is defined from F as above, then F' and F agree
up to composition with an isometry.

With g = g;; = €205, let V2X be the covariant Hessian of X with respect
to g, and [V X| be the length of V2X with respect to the metric g on D and
the Euclidean metric on IR". Then [V2X|(w) = |[D?Y|(F(w)) by isometric
invariance (or by direct calculation).

Motivated by the preceding, we consider the following minimisation prob-
lems:

M2 Suppose S C IR"™ is a smooth immersed surface with boundary and
X:D — S is a fixed conformal diffeomorphism.
Minimaise

£(h) = /D V2X [2dg

over all functions h: D — IR, where g = g;; = €*'6;;, Ah = 0, and either
[pe?t = 7w (some fired p > 0), or [ypeP" = 2w (some fized p > 0), or
h(0) = 0.

We denote by M the class of competing functions h.

The problems M1 and M2 are essentially equivalent if we take the con-
straints [, e*" =7 or [, e" = 27 respectively.
We will initially not assume in M2 that the map X is conformal. The

problem analogous to M1 is then one of finding the “optimal” parametrisa-
tion of S in the conformal class corresponding to the pair (D, X).

Note that the trivial case for M1 is S C IR?. Suppose Q = pS where
p is chosen so |Q| = 7 or H(9Q) = 27. Let Y(x) = p~'z. Then clearly
Jo |D*Y]? =0 and (,Y) is the unique (up to isometry) minimiser for M1.
Similarly, for M2 suppose X : D — S(C IR?) is a conformal (for sim-
plicity) parametrisation. Then E(h) = 0 iff e* = ¢|/DX| for some con-



stant ¢ chosen so h € M. This follows from observing that X is a scal-
ing map with respect to the standard metric on S and the pull-back metric
g = e*'0;; = 3|DX|?6;; on D, and so V2X = 0. If F(z) := [5 e"** as before,
then F[D] is just a scaled version of S and F' is a constant multiple of X (up
to isometry).

The problem of minimising higher order geometric quantities involving
curvature has been considered recently in a number of situations. In [Hu] the
existence of a minimiser of functionals involving the second fundamental form
was shown in the context of curvature varifolds. See also [AST] and [Mal].
In [Si] the existence of a smooth torus minimising the Willmore functional
is established. The functional considered here is related, see in particular
Proposition 6.2.

The outline of the paper is as follows.

In Section 2 we consider some model linear problems (linear in the sense
of the associated Euler-Lagrange system). While these problems do not have
the same geometric content as the main problem, they are none-the-less
interesting and the arguments involved are much simpler. In particular,
existence, uniqueness, and regularity are relatively straightforward.

We next show that problems M1 and M2 have a solution. This is per-
haps somewhat surprising. The energy functional in M1 involves the second
derivatives of the map Y. However, passing to the equivalent problems in-
volving the metric h, the energy integrand E(h) in M2 is quadratic in e™"
and its first derivatives. The precise expression, see Proposition 4.2, is
‘2

E(h) = f: e"D*X* + D(e™") © DX" (1)

The quantity D(e™) ® DX is a type of symmetric product of the vectors
D(e™) and DX and is a 2 x 2 symmetric matrix (c.f. (5) in Section 3).

Our aim is to prove the existence of a minimiser of £(h) for h € M. One
could work with the function ¥ = e~", but this is not so convenient. In
particular, one then has the open constraint ¢ > 0 on D and the constraint
Ah = 0 becomes nonlinear in 1. These considerations are more important
when one considers the question of regularity of solutions.

The first problem then is to find some sort of coercivity type estimate for
the e™". This is not at all clear initially, and depends on an analysis of the
precise form of the energy integrand. See Proposition 4.7 (also Lemmas 4.4.3
and 4.5) for a pointwise estimate and Proposition 5.2 for the W12 estimate.
The latter estimate requires that the surface S not be flat, and in fact the
estimate degenerates as S becomes flat.

The existence of a minimiser is obtained by considering two cases, see
Theorem 5.3. If S is flat one can classify all minimisers. If S is not flat, the
problem is to show that a minimising sequence /; has a limit in M. It follows
from the estimates on e~" that the h; are bounded uniformly from below on
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compact subsets of D. The integral constraints imposed on members of M
together with Rouché’s theorem (or Harnack’s inequality) imply that the h;
are bounded uniformly from above on compact subsets. The existence of a
minimiser then follows from the particular form of the integral constraints.
Analogous results for branched immersions and for univalent maps are also
obtained.

In Section 6 we obtain expressions for the energy functional in the case X
is conformal. As a consequence the Weierstrass representation of Enneper’s
surface is shown to be the unique optimal parametrisation. Moreover, stere-
ographic projection of the unit disc onto a spherical cap is also optimal. For
the latter one first finds another appropriate form of the energy functional
and then, with Mathematica™ as a guide, shows the positivity of various
integrals.

Note that a minimising map h is analytic on D (being harmonic) and the
map F'is hence analytic and locally invertible on D. Thus we automatically
have full interior regularity of the minimising metric. In [FH] we consider
the question of boundary regularity of minimisers, as well as related Plateau
and Dirichlet type problems.

The authors would like to thank Min-Chun Hong, Gary Lieberman, Neil
Trudinger, and John Urbas for helpful remarks. This research was partially
supported by ARC grant A69131962.

2 Some Linear Model Problems

Let D = {x € IR*: |z|*> < 1} be the unit disk in IR Let X:D — IR" be a
fixed immersion and let S be the corresponding surface.

Let _ 9
e*h = §|DX|2. (2)

Thus in case X is conformal, e is the conformal factor of X.

The following result is completely straightforward. It shows that for any
function h in various function spaces there is a unique closest harmonic func-
tion A in the relevant norm.

Theorem 2.1 Suppose h € L*(D) or h € W42(D) respectively. Let
M = L3(D) {h: Ah =0}

or
M=W2D)n{h: Ah =0}
respectively. Let

gy =1 [ 1h =P (3)



or
1 — _
£(h) = —/ | — h|? + | Dh — Dh? (4)
2.Jp

respectively. Then there exists a unique h € M which minimises &.

PRrROOF: Let
v =inf{E(h) : h € M}.

Let (h;) be a minising sequence..

Passing to a subsequence, h; — h (say) weakly in L? or W2 respectively.
By regularity theory for harmonic functions, h; — h uniformly on compact
subsets of D, together with all derivatives. In particular Ah = 0. Moreover,
by Fatou’s Lemma, £(h) < 7, and so £(h) = v as h € M. Thus h is the
required minimiser.

Uniqueness follows from Taylor’s formula in the usual way. Thus in the
L? case we write

/D\k—m?:/D|h—m2+2(h—ﬁ)(k—h)+(k-h)?.

The second integrand on the right integrates to zero by the stationarity of h
and so £(k) > E(h) with equality iff & = h. The argument for the W? case
is similar. 1

Application Suppose h is defined as in (2). If & is the minimiser in either
of the previous problems, let k& be the harmonic conjugate of h (such that

k(0) = 0) and define
F(z) = / ohik
0

Then F[D] (which may be “multiple-valued” as discussed in the Introduc-
tion) together with the map X o F~! is a natural candidate for the optimal
parametrisation of S.

Note, however, that £(h) here only considers the intrinsic curvature of S,
unlike the functional considered elsewhere in the paper. One could attempt
to account for extrinsic curvature by including, for example, a term in the
energy functional of the form [, a?(z)h% But this is not so geometrically
natural. The more important point, however, is that the natural geometric
quantities are the conformal factors e” and e”, rather than h and h.

Regularity of solutions to the present problems follows from the appropri-
ate Euler-Lagrange system. Note that the Lagrange multiplier f is a member
of an appropriate function space.

Theorem 2.2 Suppose h € L*(D) and h is the minimiser of (3) in the
previous theorem. Then h satisfies the following system of equations:

(1) Nf = h—h inD

(i) Ah = 0 in D

(i17) f =20 on 0D

w of = 0 on 0D
ov



for some [ € W22(D), where the equations are interpreted in weak or trace
sense. If h € W*2(D) then f € Wkt22(D) and h € W*?(D).

PROOF: Define
A:L*(D) — W*(D)*
by
(DK, f) - / EAf
for all f € WJ*(D). By standard regularity theory, k € ker A iff Ak =0 in
the classical sense.

Extend & to all of L?>(D) by the same definition as in (3). The derivative
of £ at h is defined by

(dE(R), k) = % E(h+th)

= [ (n=hp.

and is a bounded linear operator on L?(D).

If h is the minimiser of £(h) in M, it follows

d€(h) ker A — {0},
and so
dE(h) =T oA
for some bounded linear operator T': Wa*(D)* — IR.

By the reflexivity of W02 ’Q(D), T corresponds to a function [ € W02 ’2(D)
and so for all k € L*(D),

(dE(h), k) = (T, k)
= (Ok, )

_ /kAf.

/D(h—ﬁ)k:/DkAf

for all k € L?*(D). The Euler-Lagrange system follows.

That is,

For the regularity, we note
N f = —

in weak form. If h € W*2(D) it follows, using (i) and (iv), that f €
Wk+22(D). Tt then follows from (i) that h € W*?2(D). |

We similarly have:



Theorem 2.3 Suppose h € WY2(D) and h is the minimiser of (4) in The-
orem 2.1. Then h satisfies the following system of equations:

(i) Nf+ADh—h = Ah—h inD
) Ah = 0 in D
(131) f=20_ on 0D
(iv) %(f%—h) = % on 0D.

for some f € W12(D), where the equations are interpreted in the appropriate
weak or trace sense. If h € W*2(D) then f € Wk2(D) and h € W*2(D).

PROOF: The proof is similar. But now
A:WH(D) — Wy (D)*
is defined by
(A, f) ::—/DDI@-Df
for all f € Wy?(D).

The derivative of £ at h is given by

(dE(h), k) = /D (h — h)k + (Dh — DR) - Dk .

The Lagrange multiplier f € Wy?(D) satisfies
/ (h—E)kJr(Dh—DE)-Dk:—/ Dk-Df
D D

for all K € W12(D). This is just the weak formulation of () and (iv).

If h € W32(D), it follows from (i) and (iv) that f+h € W32(D). Writing
(iii) in the form h = f + h, it follws from (i1) and (uii) that h € W32(D).

If h € W52(D), it now follows from (i) and (iv) that f + h € W53%(D).
It then follows as before that h € W>2(D), etc. |

3 Algebraic Preliminaries

In order to study the energy integrand E(h) in (1) we need a little algebra,
some of it not completely standard.

The Euclidean inner product and associated norm in IR? are denoted by
a-b and |al

respectively. The Euclidean inner product and norm on L(IR?; IR?) are de-
fined by
M-N=> M;N; and |M|= (M- M)
.3
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If M = (M',...,M") where each M* € L(IR?; IR?), then

[MJ* =) [Mef*.

The space of symmetric linear maps from IR? to IR? is denoted by
S(IR*; IR?).

For a = (aj,az), b = (by,by) € IR?, we define the symmetric product
a®b e S(IR?; IR?) to be the linear map with matrix

arby — agsby  a by + aghy (5)

a©b= a1by + ashy  ashy —aiby |-

(Note that this is different from the usual definition of symmetric product.)
It is easily checked that the definition is independent of choice of orthonormal
basis. The geometric interpretation is that a © b is reflection about the line
bisecting a and b, composed with the dilation |al |b|.

If a € IR? and ¢ = (c!,...,c") where each ¢® € IR? then we define

ac=(a®c,...,a0 ") € (S(]RQ;ZR2))n.

For any vector a € IR? let a = (ay, —ay) be the vector obtained by rotating
a through —7 /2. Then it is easy to check that

@ob)-(cod) = 2(a-c)b-d)+(a-&)b-d)
(@®b)-(c@b) = 2(a-c)bf
la®b| = v2[al[b]. (6)

If M € S(IR?; IR?) and b € IR? then we denote by M”"b the unique vector
such that
Mo-a=M-(a®b)

for all a € IR?. Tt follows )
M(b) = M"b,
where

M:[MH—MQQ M12+M211

Moy + My Moy — My,

and M = [M”} Moreover,
1 ~
[MP0? = (M = Ma2)? + (Mag + Mar)*) b = 2 M |b].

Clearly
M"b =2M (b) — (Tr M)b, (8)



where Tr denotes the trace. With respect to an orthonormal basis of eigen-
vectors of M we have

M= (M — \o) l _1’22 ] :

If

(MY, - M™), M* e S(IR?* IR?)
(b', - 0", b e IR?,

ot S
|

then we define .
M'b=3" M (e IR?). (9)

a=1

4 Properties of the Energy Integrand

Let D = {z € IR* : |z|*> < 1} be the unit disk in IR?. Let X : D — IR"
be a fixed immersion and let S be the corresponding surface. In particular
|IDX| > 0 on D. We will always assume that X € C%*(D;IR"). Let z =
(u,v) = (ul,u?), X1 = X = Xy, Xo = X2 = X, X120 = Xy, ete.

We will fix the following notation throughout the paper.

Definition 4.1 Suppose h: D — IR is harmonic.

Let g be the corresponding flat metric on D, conformally equivalent to
the standard metric, defined by g;; = €*'6;;.

Let M denote the class of harmonic h as above, subject to one of the
following additional constraints:

h(0) =0 or / e =1 or / e =21 (10)
D oD
for some fixed p > 0.

Let k be the conjugate harmonic function of i such that k(0) = 0.

Let . .
et FE) = [ dc
0

Remarks

1. The choice of constants 27 and 7 is merely a convenient normalisation
and implies that the only constant function in M is the zero function.
In particular, with this normalistion, if X : D — IR? is the identity map
then £(h) =0 iff h =0, i.e. iff g;; = 6;;. This is clear since

E(h) = z/D |De" 2

from (16) and (6). In particular, X is the unique (up to isometry)
optimal parametrisation of D.



2. We interpret [;p, eP" as follows. Since h is harmonic, it follows eP” is
subharmonic and hence
rt / Pl
oD,

where D, = {z € IR? : |z| < r}, is an increasing function of r for
0 <r < 1. Now define

/ ePh = limr_l/ e?h, (11)
oD r—1 D,

3. Recall from the discussion in the Introduction that g = €2"4;; is the
pullback metric from F. Thus F' is one-one means that the metric g
defines a domain in IR? which is diffeomorphic to D.

The Hessian or second covariant derivative of a function f:D — IR with
respect to the metric g, in the directions V;,V; € T,.(D), is defined by

Vif(Vi,Va) = (ViVa = Vi Va) f, (12)

where V is the Levi-Civita connection associated to g. The Hessian is sym-
metric and bilinear, and for fixed f the value at = is independent of the
extension of Vi and V5 to a neighbourhood of X used to evaluate the right
side of (12). In case g is the Euclidean metric, the Hessian is denoted by

D*f,

and is given by the usual matrix of second derivatives. The length of the
Hessian is defined by

V2 I = S0 V3 ()
2¥}

where (11, 72) is an orthonormal frame with respect to g.

The Hessian of X is defined componentwise by
VeX = (VoX', ... V2X"™), (13)
and the length of V2X is given by
IVEXP = VX' + .+ VX"
In case g is the standard metric, the Hessian is

D?*X = (D*X*,...,D*X™).

The Energy Functional is defined by
£(h) = / V2X 2dg = / VX7, (14)
D D

where g = g;; = €*"6;; and Ah = 0. Here and elsewhere, integration is with
respect to Lebesgue measure unless noted otherwise.

Finally, the Energy Integrand is denoted by
E(h) = *"|V2X . (15)
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Proposition 4.2 One has
VIX = (D’X - Dho DX),
and in particular

E(h) = ¢ |D*X — Dho DX| (16)
= [¢"D*X + D(¢ ") DX[ . (17)

PROOF: Let Ffj be the Christoffel symbols for g. Recall that
% 1 DL
Uik = 5 (939pk + Okgpj — Fpgin) 9

Standard calculations then give

Fh = _1—%2 = F%z = F%l = Iy = hy,

18
ng = _F% - F%z = F%l = hy2 = ha. (18)

Let (71, 72) be the orthonormal frame for g given by

0
out’

Since V_o_z2 = 3, Ik 22¢ it follows from (12), (13), (18) and the bilinearity
ou®
of V2X that

n=e" i=1,2.

V?JX(TMTI) ( )
VEX(Tl, 7'2) = e*% <X12 — thl — h1X2> s
ViX(r2m) =€ " (X2 — ho X1 — i X3),
VEX(TQ, Tg) = 672h (X22 + h1X1 — hQXQ)

Hence by (5)
V:X =¢ *(D’X — Dh® DX).

The result follows from (15). |

Because of the form of the energy integrand (16) we will be interested in
quadratic expressions in w € IR? of the following type:

Definition 4.3 Let

(MY, M™), M*>ec S(IR? IR?),
(b',---,0"), b* € IR

ot S
|
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Then for w € IR?,
Qw) =M -wodf =3 Q(w)
a=1

where
Q%(w) = [M* —w© b,

The minimum value of Q(w) is denoted by Qui,. If b # 0 it then follows
from Lemma 4.4.2(a) that Q(w) has a unique minimum point, denoted by
Wiyin. Similarly from Lemma 4.4.1(a), if b* # 0 the minimum value Q%,, of
Q“(w) is taken at a unique point w?, .

The following Lemma allows us to express Q(w) as a sum of various pos-
itive terms, and also gives some useful lower bounds for Q(w). In particular,
note 2(c¢) and the last inequality in 3.

Lemma 4.4

1. (a) Q*(w) = |M*|? — 2M*" b - w + 2[b*|*|w]|?.
(b) If b* # 0 then

Wy = MM 2l
= MO/ — (T M) (2l )
. M2 > 1(Tr Me)? b =0
© @ 2 Y s g 20

2. (a) Qw) = [M> — 20 b - w + 2|w|?[?
(b) If |b] # 0 then Q(w) takes its minimum at the unique point
Wmin = Za |ba 2rwfrélin/|b|2
— Za Ma/\ba/QlBP B
= o M(b)/1B]* = Lo (Tr M*)b*/(2]5]?)
(c) If |b| # 0 then
Q(w) = Z{a;bazo} |Ma’2
a0y (3T M) + 206 |win — i, )
+2|b]?|w — Wi |?

5. Qw) > Yo 2(TrM*)? + 2[b]*|w — Wiin|?
> (B2 |w — 2, Mo () [bf2]
B2 i — S50 MO (0%) /B + S (Tr M) (5)
> B2 [w — 2, Mo () b2

‘ 2

PROOF: We have

Q%w) = [MP—=2M* wo b +|we b
= M2 = 2M"b - w + 2|w]?|b* .
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Differentiating this and setting the derivative to zero gives the first expression
for w$,,; the second expression follows from (8).

The expression for Q“(w) when [b*| = 0 is trivial.
Since D*Q*(w) = 4]b*[*I, it follows from Taylor’s formula that if [6%] # 0
then
Q" (w) = Qnin + 2/0°*w — wi,|*.
Moreover,
glin = |M04 - wglin © ba|2‘

Straightforward calculations from (7) show
Ma/\ba o Y = Ma(ba) 0 Y — ’ba|2Ma7
and so

I Y|
M® — iy, @ = M* = SN = | 2

Hence 1
glin = 5 (TI' MOé)2 .

This gives the expression for Q*(w) if [b*| # 0.

The expression 2(a) for Q(w) follows from 1(a) and (9). The first expres-
sion for wy;, follows from differentiating the sum of the terms in 7(¢) and
setting the derivative to zero. The second expression follows from (8).

Since D?Q(w) = 4|b|*I from 2(a), we have
Q(w> = Qmin + 2|5|2|w - wmin|2'
The expression for Qu;, is obtained by setting w = wpy;, in 1(¢), and this

then gives 2(c).

Finally, the first inequality for Q(w) follows from 2(c). It then follows
from the third expression for wy,;, and the Cauchy-Schwartz inequality that

2

1 _ SO M) S, (Tr M) e

> =S (Tr M®)? + 2002 |w — =2 G "
Q(w) > 2%:( r M®)* + 2[b|" |w T e

1 _ SO M) P 1, [ (T M) b [P
- Tr M 2 b2 - a " - b2 a —

220;( r M*)* + [b]” |w TR 2\ | R

[0 (0% (03 (e 2
B2 | — o MO®Y) | Yo (Tr M)b
|62 |62

_ S Me(b) | S Me(b®) S, (Tr M) be |
> b2 _ « - b2 _ « i « _
> W= | P

(07 (0% 2

B |62
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Notation For x € D and w € IR? let Q(x,w) be the quadratic expression
in Definition 4.3 with M there replaced by D?X (z) and b replaced by DX.
Thus

E(h) = e "Q(-; Dh).

For fixed z let Qumin(z) denote the minimum value of Q(z;-) and (recall
|DX ()| # 0) let wmpin(z) be the unique point at which this minimum is
taken (see the previous Lemma).

The following observation is useful.

Lemma 4.5

D?*X*(DX*) = |DX®|D|DX% fora=1,....n
> D*X*(DX®) = |DX|D|DX]|.

PROOF:

D2XQ(DXQ) - ZDleaDan7 ZngXaDan>
J J

P —

— _ (Du(IDX°P), Do(IDX"))

(\V]

1
= §D|DX°V|2:|DX“|D|DX“|.

This gives the first result. The second follows from summing the penultimate
expression above. |

We now have various expressions involving the energy integrand.
Proposition 4.6
1 1
whin(1) = SIDX*|2D?X*"DX® = Dlog| DX*| - J|DX"|*AX" DX,

1 1
wan() = SIDX|?D’X"DX = Dlog|DX| ~ S |DX|?AX - DX,

2

1 DX
() = |D?X]2P—2|D|IDX| - =AX - ——
1 DX |?
E(h) = e 2Qun+2|D(IDX|e™") — e "AX - ——
(h) eQ+‘(| Ie)ze DX

where AX - DX := (3, AX*D1 X%, ¥, AXYDyX).

In case X is conformal, AX - DX = (0,0) and the corresponding expres-
sions simplify accordingly.
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PrOOF: The given expressions follow from Lemma 4.4, the previous Lemma
and (8).

In case X is conformal then AX - DX = (0,0), since the mean curvature
vector is the Laplacian on the surface S of the position vector and by confor-
mality this is a multiple of the Laplacian on the disc D. Alternatively, one
can differentiate the conformality relations X;- X, =0 and X;-X; = X5- X
and then add or subtract the appropriate equations. 1

The following pointwise coercivity type estimate is important.

Proposition 4.7

2

E(h) > |D (e7"|DX])|

PrRoOOF: From Lemmas 4.4.5 and 4.5 we have
E(h) = ¢*|D’X —Dho DX|

S, D*X(DX*)
|DX|
2
= ||IDX|D(e™) + " DIDX]|

2

> e ?"||DX|Dh —

= |D(e™"|DX])

’ 2

We next see how Qpin(+) measures the flatness of the immersion X. First
we have a pointwise result.

Lemma 4.8 Suppose x € D and Quin(xz) = 0. Then

1. if [IDX*(z)| = 0 then D*X*(x) =0,
2. if IDX*(x)| # 0 then AX*(x) =0 and Dlog |DX(x)| = Dlog |DX (z)|.

Moreover, wyin(x) = Dlog | DX (z)].
Conversely, if the implications 1 and 2 hold then Qi () = 0.

PROOF: Suppose Quin(x) = 0. The first implication is immediate from
Lemma 4.4.2(c). If |DX*(z)| # 0 then AX(xz) = 0 from Lemma 4.4.2(c).
From Proposition 4.6

we () = Dlog |DX“| and wym(-) = Dlog|DX]|.

min

The rest of the first part of the proposition follows from Lemma 4.4.2(c) and
by noting Proposition 4.6.

The converse is similar. |
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We now show that Quin(-) = 0 iff X is the composition of a flat conformal
map with an affine transformation.

Proposition 4.9 Suppose 2 C D 1is simply connected and open.

If Quin(-) =0 in Q then X[Q)] is contained in a plane. Moreover, X|q =
L o G where G : Q2 — C is holomorphic and L is affine. Also, wpyin(-) =
Dlog|DX| = Dlog|G'|.

Conversely, if X|q = Lo G where G:Q — C is holomorphic and L is
affine then Qumin(-) =0 in Q.

PROOF: Assume Quin(-) = 0 in Q. From the previous Lemma, AX = 0
in €. Without loss of generality we can assume 0 € 2 and X(0) = 0. For
o =1,...,nlet X* be the harmonic conjugate of X such that X(0) = 0.
Since X is an harmonic immersion we can assume |DX*(z)| > 0 except at
isolated points, as otherwise X is constant on €2 in which case we can ignore
the coordinate function X®.

On the set
QO ={xeQ:|DX%=x)| >0 Va}.

we have from Proposition 4.8 that
Dlog|DX% = Dlog|DX"|
for a = 2,...,n. hence there exist constants c, such that
|IDX®| = e | DX
on €Y, and hence on 2 by continuity.
Let ¢o = X* + i X and note that the ¢, are holomorphic. We have
|0,] = [DX%| = e |DX"| = e*|¢}].

Thus the holomorphic functions ¢/ /@) are constants, and so there exist real
constants A, and 6, and complex constants B, such that

d)a = Aaei9a¢1 + Ba'

Since ¢4(0) = ¢1(0) = 0, we have B, = 0. Taking the real part of each side
we have

X = (X' ..., XM
= (1,A3c080,,...,Aycos0,) X + (0, —Aysin by, ..., —A,sinf,) X",

That is, X is contained in the plane spanned by (1, Ay cosby, ..., A, cosb,)
and (0, —Aysinf,, ..., —A,sinb,).

By means of an orthonormal transformation of IR™ we may assume X [D] C
IR?. Then we can write

Xt 1 0 X!
X2 - Acos —Asinf X!

= Tod,
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where G = X' +4iX'. This establishes the required form for X|q. It follows
that |DX| = ¢|G’| for some constant ¢, and hence from Proposition 4.8 we
have wy,(2) = Dlog |DX| = Dlog|G'|.

For the converse assume X|g = L o G where G : ) — C is holomorphic
and L is affine. By means of an orthonormal transformation in IR" we may
assume X[Q)] C IR?. From the form of X|q there exist non-zero constants
C1, Gy such that

|IDX*| =¢,|DX|
and
AX*=0
for a = 1, 2. The result now follows from Proposition 4.8 since | DX“(z)| # 0.

5 Existence of a Minimiser
First we need an auxiliary lemma.

Lemma 5.1 LetQ C IR" be a bounded convex domain. Suppose u € WH2(Q)
and E C Q) a measurable set such that |E| > 0. Then

Ll < (1B [ a4 1E1 [ Jak),
Q Q E
where ¢ depends only on n and the diameter of €2.

Proor: From [GT] (Lemma 7.16, pp 162-3)

ol <y ([ 2y [ ).

Integrating over {2 with respect to z,

Lt < el ([ 1pal+ [ jul).

Replacing u by u?,

L < cp ([ alpal+ [ )
Q Q E

< e [ ulP+ Bl [ 1DuP + B [ Jul,
Q Q E

and the result follows. |

The following coercivity estimate is important, and depends on the vari-
ous hypotheses as noted in the subsequent remarks.

17



Proposition 5.2 Suppose h € M, X € C*(D;IR"), |DX| > 0 on D, and
Qmin(-) Z0 on D. Then

le 512y < cE(h),
where ¢ = ¢ (X).
PROOF: There is a measurable £ C D such that |E| > 0 and Quin > >0

on F. By the hypotheses on X there are positive constants 6§ and M such
that 0 < |DX| < M and |D|DX]|| < M on D.

In the following, constants ¢ will depend only on §, 8, M and |E|.

From Proposition 4.7 and the previous Lemma, and recalling the Notation
following Lemma 4.4, we have

/De—Qh < C/D|DX|2€_2h
< c(/D’D<|DX|eh)’2+/E\DX|262h>
c(g(h)+ / Qmin(-)e_2h>

c(em)+ [ Q¢ pme)
cE(h).

IN

IN

IA

[De”"| = |D(IDX|™")|DX]e™" + [DX[™'D (|DX]e™")]
c (e*h +D (|DX\e’h)) :

IA

it follows from Proposition 4.7 again that

/D D’ < e /D (wu\p(m,eh)f)

< c&(h).

This completes the proof. 1

Remarks 1 The hypothesis [DX|> 0 on D, and not just on D, is neces-
sary.

To see this let
X=G:D—-C=2IR?

be the holomorphic function given by G(z) = (1 — z)?. The pull-back metric
induced on D via G is

Gij = |G/|25ij = 4|1 — Z|25ij = 6210g(2‘1_2|)5ij.

18



Let h =log(2|1 — z|). Since X is an isometry from D (with the pull-back
metric g) to X[D] (with the standard metric), it follows that V2X = 0 on
D and so

£(h) = /D V2X[2dg = 0.
However, e " = 1|1 — z|~' & L*(D).
2 The condition Quin(xo) # 0 for some zy € D is also necessary. For
example, let X : D — IR? be the identity map. Then
Q(z;w) = [wO e > + |w® ex]* = 4|w|?,

where ey, e; are the usual basis vectors in IR?, and s0 Quin(-) = 0. Moreover,
if A is the zero function,

le™||r2py =7 and E(h) = 0.

We can now prove the following result, where M is any of the classes
from Definition 4.1.

Theorem 5.3 Suppose X : D — IR" is an immersion where X € C*(D; IR")
and |DX| > 0 on D. Then there exists hg € M such that

E(ho) = inf E(h).

PROOF: Recall
gy = [ e |D*x = pho DX[ = [ Qs Dh),
D D

using the Notation following Lemma 4.4.

We consider separately the cases Quin(z) = 0 for all z € D and Qun(z) >
0 for some x € D.

First suppose Qumin =0 in D.

Then from Proposition 4.9, X = L o G where G: D — C is holomorphic
and L is affine. Moreover, Q(-; Dhg) = 0 if hg = log |G’'|+¢ for some constant
c. Such hy is harmonic (note that |G’| # 0 since X is an immersion) and we
may choose ¢ so that hg € M. Thus hg is the required minimiser and in this

case E(hg) = 0.

Next suppose Quin(zo) > 0 for some xo € D.
Let

v = hlélja E(h).

Let {h;} be a minimising sequence. Let k; be the harmonic conjugate of
h; such that k;(0) = 0. Let

b; = e~ (hitik;)
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Then ¢; is holomorphic, |¢;| = e, |D¢;| = |De~"i|, and hence from Propo-
sition 5.2,

10llwr2py < M
for some M independent of j.

Passing to a subsequence,
¢; — ¢o (say) weakly in WhH3(D).
Moreover, ¢y is holomorphic and ¢; — ¢¢ uniformly on compact subsets of
D and similarly for their derivatives.

Since ¢; # 0 on D it follows from Rouché’s theorem that either ¢y = 0
on D or ¢gg#0on D. If g9 =0 on D then h; — oo uniformly on compact
subsets of D, contradicting h; € M (see Definition 4.1).

Hence ¢g # 0 on D and hg := —log |¢y]| is finite and harmonic. Moreover,
hj — hy uniformly on compact subsets and similarly for their derivatives.

By Fatou’s Lemma

E(hy) = /De_2h0

< lim [ e
j—o0 /D
7.
Note that v > 0 as otherwise £(hg) = 0. But then E(hg) = 0 and so
Qmin(-) = 0, contradiction.

D2X — Dhy © DX‘Q

D*X — Dh; ® DX|

Thus to show hg is the required minimiser we need only check that

ho € M.
If h;(0) = 0 for all j then clearly h(0) = 0.

If [pePi = for all j then [, eP™ = ¢y < 7 by Fatou’s Lemma. But if
co < 7 then

_ 1
ho := ho + - log ©
P C

/ ePho = 1,
D

B = (2)" e(ho) <.

using vy > 0. This contradicts the definition of v, and so [, eP" = 7.

satisfies

and

By a similar argument, if [;,, eP = 27 for all j then [, eP"0 = 27 (recall
the definition of [, eP" following Definition 4.1). |

Remark We have in fact shown that

either (i) infrepn E(h) = 0, which happens iff X = L o G where L is affine
and G: D — C is holomorphic, and in this case h = log|G’| + ¢ for
some constant c;
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or (i) infrepm E(R) > 0, in which case any minimising sequence has a
subsequence which converges uniformly on compact subsets, together
with all derivatives, to a minimiser h.

Extensions 1 With the normalisation condition [, eP* = 7 or [, eP" =
27 one can weaken the requirement |[DX| > 0 on D to |[DX| > 0 on D, thus
allowing boundary branch points.

Proposition 5.2 is no longer valid, but the proof of the previous Theorem
in case Qumin(ro) > 0 for some zy € D can be modified as follows.

First define
;= eP(hi+ik;)/2

where k; is the harmonic conjugate of h;. Then the 1; are uniformly bounded
in L*(D) (note that 4, e’ < 4, eP"). Hence, passing to a subsequence,

; — 1) (say) weakly in L*(D).

Moreover, 1) is holomorphic and 1; — 1 uniformly on compact subsets and
similarly for their derivatives.

Since 9; # 0 on D it follows from Rouché’s Theorem that either 1y = 0
on D or 9y # 0 on D. If ¢y = 0 then h; — —oo uniformly on compact
subsets of D. Since Qmin #Z 0, there is a compact £ C D such that |E| > 0
and Quin > 0 > 0 on E. Then

8<h]) > / eizthmin — 00,
E

contradicting the fact that h; is a minimising sequence. Hence 1y # 0 on D.

Thus hg = 2(log |1)o|)/p is finite and harmonic. The proof that hg is a
minimiser now proceeds as before.

2 With the same normalisation condition [, eP" = 1 or [, e’ = 27 and
assuming Qunin, Z 0 (in particular if the parametrised surface X[D] is not
flat), then one can completely drop the requirement |DX| > 0 on D in the
previous Theorem. In particular, one can allow interior branch points.

In particular, if X is a conformal branched immersion and F(z) :=
i e"oF*o where hg is the minimiser and kg is the harmonic conjugate, then
(F[D], X o F~!) can be taken as the optimal branched conformal immersion

for the surface X[D]. As in the case of no branch points, F[D] may be a
domain with “multiplicity”.

3 In case X is one-one it is natural to consider the class M* of h € M such
that if F' = [ e then F is one-one (since in this case the parametrisation
(F[D],X o F') is also one-one). One can then prove the existence of a
minimiser in M* as follows.

First suppose Qmin = 0. Then using the notation from the proof of the
Theorem, if Fy = [ et one has

Fy=¢G=¢"LoX.
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In particular, Fj is one-one.

If Quin(z0) > 0 for some zy € D, writing ¢g = e~ (hoFo) Jet

i(2) :/ ehitih :/ o; ', Fo(2) :/ ehotiho :/ ¢o .
0 0 0 0

Then F; — Fj uniformly on compact subsets of D. Hence if each F} is
one-one on D then Fj is also one-one on D by Rouché’s Theorem.

6 The Conformal Case and Examples

Let S be the surface given by the immersion X : D — IR". The metric on S
is given by g;; = X; - Xj. Let Ffj be the corresponding Christoffel symbols.
Let A be the second fundamental form. Then

Zr’ka+A (X4, Xj). (19)

If n = 3 then |A|* = k% + k3 where k; and k5 are the principal curvatures.
The mean curvature is H = (k1 +k2)/2 and the Gauss curvature is K = k1ks.

In the remainder of this section we assume X is conformal.

To simplify notation we set
= |DX|*/2,
so that v/A is the conformal factor associated with X.

We will derive several useful expressions for the energy integrand FE/(h).
First recall (see Proposition 4.6) that AX - X = (0,0) in this case. Moreover,
we have the following useful observation

Lemma 6.1 If X:D — IR"™ is conformal then
1
|ID?X|? = 2| D|DX| > + Z|DX|4|A|2.
Ifn =3, then
|ID2X|* = 4A’H? + AA.
PROOF: From the conformality of X, g;; = Ad;;. By standard computations
(as for (18)) we have

Fh = _F%Q = F%z = F%l = %DIA/Aa
F§2 - _P%l - F%z - F%l - %D2A/A~

By an orthonormal transformation of IR" we may assume at a fixed x € D

that X; = vVAey, Xo = vVAey. From (19) it follows that
|ID2X?2 = AYDAP? + A?|A]?
= 2|D|DX]||* + i[DX]‘*\A]Q.
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If n = 3, then
|ID?X|* = A DA + A*(4H? - 2K).

Since (e.g. [DHKW] pp 26,27)

1 1 1,
K=~ Alog VA = —— <AA— DA )

we have

|D2X|* = 4A’H? + AA.

Proposition 6.2 If X:D — IR" is conformal then
B(h) = ¢ (|D*X —2| DIDX| ) + 2| D(e | DX|)[
2

1
= Ze—2h|DX|4|A|2+2\D<e—h|pxy)\

If n =3 then
E(h) = 4e""A?H? + A(e7*"A).

PRrOOF: The first two formulae are immediate from Proposition 4.6, the fact
AX - DX = (0,0) and the previous Lemma.

For the third formula we compute using the previous Lemma that
B(h) = ¢ (ID?X> — 4 DVAP) +4|D(e"VA)[
= e (4N H? + AN — 4 DVAP) +
4| DV/A)? — 8¢ > DV/A - DhW/A + 4Ae™ | Dh)?
= ¢ " (4N°H* + AN — 4Dh - DA + 4A|Dh|?)
4e N2 H? + e AN+ 2De " . DA + Ale 2"
(noting Ae " = 4¢72"| Dh|? since Ah = 0)
= 4e7A2H? + A(e”?A).

This completes the proof. |

With the help of these expressions for a conformal immersion we now
show that the standard Weierstrass representation of Enneper’s surface is
optimal.

Proposition 6.3 For R >0 and z € D let

z /1 )
Xuz) = Re [ (G- R,
0 \2 2
be the standard parametrisation of a part of Enneper’s surface.
Then h = 0 is the unique minimiser of E(h). FEquivalently, (D, Xg) is
the unique optimal conformal parametrisation.

(1+ R2<2>,R<) ac,

23



PRrROOF: We have

1 1
A= GIDXR(z)P = (1= B2+ [1+ B2 + 4R%):f)
2 1

5 (1 + R2T2)2 ,

= L (L RP)

where r = |z|. In particular, A is rotationally symmetric.

From Proposition 6.2, if 0 denotes the zero function,

E(h) — £(0) = /DA((e‘Qh—l)A>

- /aDg Gy
_ g_ﬁ@)/m(e?h— D+AQ) [ ac )

The normalisation conditions [, e’ = 7 and [, e?" = 27 imply h(0) <
0 by the subharmonicity of e”*. Thus all three normalisation conditions
imply e~2*® — 1 > 0 and hence the first integrand in (20) is positive, again
by subharmonicity. The second integral is also positive. Finally g—ﬁ(l) =
2R*(1+ R?) > 0 and A(1) = (1 + R?)%/2 > 0.

It follows that the zero function is the unique minimiser, since Ae™?" =
4|Dh|?e=2 = 0 iff h = 0. |

Stereographic projection of the unit disc onto a spherical cap in S? is
given by
X=Xr:D — Sy

where

(szv 2Ry7 RQ(J;Q + y2) — 1))
1+ R*(22 + y?)
The image Sk = X|[D] is the lower spherical cap

XR<x7 y) =

R?—1
_ @2 :
Sp=2S ﬂ{(u,v,w).w< 2+1}.

Straightforward computations show that

AR?
Ap=—
BT 4R
32(—1+ 2rR?)R*
(1+ r2R2)*

A:

AN = N +r'N =

Denote by
Er(h)

the energy functional corresponding to Xg.

We first compute another form for the energy functional in the general
case that A is rotationally symmetric.
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Lemma 6.4 If X :D — IR? is conformal and A is rotationally symmetric,
then
£(h) = / (4A2H? + AN)e™? + / (2A(1) — A)Ae2h,
D D

PROOF: From Proposition 6.2,
g(h) = /46 2hA2H2_|_/ o2
- / (AA2H? + AN)e 2 + 2D(A — A(1)) - D=2 + ADe 2"
D
- / (AA2H? + AN)e™2 — 2(A — A1) Ae 2 + ADe2h
D

- / (AA2H? + AN)e 2 + (2A(1) — A)Ae 2",
D

Theorem 6.5 The function h = 0 is the unique minimiser of Er(h). Equiv-
alently, the map Xgr:D — Sg is the unique optimal conformal parametrisa-
tion of Sg.

PrOOF: From (21), (22) and the previous Lemma, if 0 denotes the zero
function, then

En(h) — Ex(0) = /h r) (e - 1) —i—/DgR(r)Ae 20

- th (/0 1) dr

+/ rgr(r (/ Ne™ 2hd9) dr. 23)
where
o =hat) = S
g(r) = gr(r) = 8L AR?

(1+R?)?  (1+r2R2)?

Note for future reference that

ha(r) >0 if0<r<1, (24)
1 2(1 — R2)R?
/0 rgr(r)dr = Ot Re (25)
and for r € [0, 1]
<0 ifr< — Y21
gr(r (26)




If R <1/2 — /2 then the second alternative in (26) holds for all € [0, 1].
Let k be the harmonic conjugate of h such that k£(0) = 0 and define

f — e—(h-‘rik). (27)
Then f is holomorphic, |f|? = e72"  and

0 0

De™ = AP = - (fT) = 4If* (28)

Since f is holomorphic we can write

Zanz —Zan (cosnf + isinnd).

n>0 n>0

Since |f(0)] = ¢ ™® and h(0) < 0 (see the penultimate paragraph of the
proof of Proposition 6.3) it follows

£ (0)] = |ao| = 1. (29)

Moreover

2T
[ = 2n 3 Jaafr,
0

n>0

27
/ |f'12do = 27an2|an|2r2”_2.
0

n>1

Hence (c.f. (23))

/Olth(r)</02W —1d0>dr>27r2]an|/ P2 ()

n>1

using (29). Also, using (28),

/TQR (/ Ae” 2hd9>dr—87r2|an|/ 2021 g (7).

n>1
Hence
Er(h) — Er(0) > 27 Y |an? / Fr(r (30)
n>1
where
Frn(r) = P2ty r(T) + 4n?p?n- Yar(r). (31)

For R < 1 it follows from (24), (25), (26) and the observation r* is a
positive increasing function of r € [0, 1] if £ > 0, that

1
/ Frn(r)dr>0 ifn>1.
0
This proves the Theorem in this case.
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For general R > 0, direct and tedious computation (see the following
Lemma) shows

1
/FRm(r)dr > 0 ifn=1,23 (32)
0

/01r7gR(T)d7’ > 0. (33)

It follows from this, (24), (31) and once again the fact that r* is a positive
increasing function of r, that

1
/ Frp(r)dr>0 ifn>1and R> 1.
0
This completes the proof of the Theorem. |

We remark that if n = 1,2,3 then in fact [y r>*~'gg(r)dr < 0 for suffi-
ciently large R. But this is compensated for by the positivity of the integral
Jy 72 hg(r)dr, c.f. (30) and (31).

The following result was first proved by Mathematica™.

Lemma 6.6 Using the notation of the previous Theorem, one has for R > 0
that

1
/ Fro(r)dr > 0 ifn=1,2,3 (34)
0
1
/ r gr(r)dr > 0. (35)
0
ProoF: With the aid of Mathematica™, one computes
~16 24 24 16 (1 + R2r2)
F r)dr = + — + ,
/ r(r) 3(1+ R?r2)° (14 R*r2)> 1+ R*r? (1+ R2)?
64R>r4 128 R4t 64 R6r4 16
2(1+ R?) 2(1+ R?) 2(1+ R?) 3R%(1 + R?r?)

32 L 48
R2(1+ R?r?)®>  R?(1+ R*r?)’

[ Frstridr = SRR (0 m)

((-14 _98R? — 14R* — 5AR%? — 108R%2 — 5410

—T2RYr* — 144R5* — T2R%r* — 27TR%° — 90 R®r®
—45R"r% 4 39R*r® — 30R'r® — 15R'%r®
+54R"r10 + 18R12r12>

+1210g(1 + R%?) (1 1+ 2R? + R* 4 3R%? + 6RY
+3R%? 4+ 3R"r" + 6R%r" + 3R*r" + R%r° 4 2R%"

+ R10r6)> .
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Differentiating back with Mathematica™, one checks these results.

Hence
1 8R* (3 + 3R? + 2R*
/ Frq(r)dr = ( 5 ),
0 3(1+ R?)
1 16R? (3 + 2R?
/ Fro(r)dr = ( 5 ),
0 3(1+ R?)
1 —
/ Frs(r)dr = 23—4(1 + R?) 3(—121-22 —30R* — 13R° + 3R®
0

+1210g(1 + R?) (1 +3R2 43R+ R6>>.

The first two of these expressions are clearly positive for all R. For the
third denote the numerator by p(R?). Then

p(z) = —12¢—30a" — 132" + 32" + 12 (1 4 32 + 32 + 2°) log(1 + 2)
p(r) = =36z — 272 + 122° + 36(1 + 2z + 2°) log(1 + )
p'(z) = —18x 4 362% + 72(1 + z)log(1 + )

p"(x) = b4+ T72x+ 72log(1l+ ).

Thus p(0) = p'(0) = p”(0) = 0 and p”(z) > 0 if z > 0. Tt follows p(R?) > 0
if R > 0. This completes the proof of (34).

We next compute with Mathematica™, differentiating back as a check,
that

/7’79R(7’)dr = R_6<1 + R2)_2 (1 + R2r2)_1 )
((—2 CAR? — OR' 4 AR + SRY? + ARS?

+3RY" + 6R°r" 4+ 3R*" — R°r® — 2R%°
_RlOrﬁ + R8T8 + R10T10>

—6log(1+ R*r?) (1 +2R* + R+ R*r* + 2RY? + R6r2>>.

Hence

6R? + 9R* + 2RS — 6log(1 + R?) (1 +2R? 4+ 34)
RS(1 + R?)? '

Denoting the numerator by ¢(R?) one obtains

1
/ r gr(r)dr =
0

() = 6z +92%+22° — 6(1 4 22 + 2%) log(1 + 1),
¢(r) = 1224 62% — 12log(1 + ) — 12z log(1 + ),
¢"(z) = 12z —12log(1 + x).
Thus ¢(0) = ¢’(0) = 0 and ¢"(z) > 0 if x > 0. Tt follows ¢(R?) > 0 if R > 0.
This completes the proof of the Lemma. 1
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