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GluCat

(Lounestoetal. 1987;Lounestol992;Rajal996;Bangerthetal.; Karmesinetal.; Sieketal.)

Generidlibrary of universalClifford algebra
templates

C++templatdibrary for usewith otherlibraries
suchasdeal.ll andPOOMA

For detalls,seent t p: // gl ucat . sf. net and
thethesis,'Practicalcomputationwith Clifford
algebras”
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M otivation

Thevectordervative V
Integral formulaein R"
Methodsfor PDEs

http://glucat.sf.net p.4/6



Thevector derivative V

(HestenesndSobczyck1984)
Appliesonleft or right

Multiplies lik e a vectorunderthe geometric
product

May have aleft or aright inverse
Canhave afunctionalcalculuswith f(V) etc.
ker V andV ker definemonayenicfunctions

Maxwell's equationsanbewritten as

VF=J=FV
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Integral formulae preliminaries

(HestenesndSobczyck1984)
Thesurfaceareaof aunit ball in n» dimensionss

272
T T(n)2)

Definethe Greens function

XL

) = Tl

A Lyapunw surfacels aclosedsurfacein R”
which hasa Holdercontinuousoutwardnormal v
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Integral formulaein R”

(HestenesndSobczyck1984)

Let (2 beadomainwhichis boundedoy a
piecavise Lyapun surfaceof). Then
Yu € C1(Q,R,0) N C(Q, R, )

Stoke’s theorem: / Vu(y)dy = / u(y) do,|
Q) oS

Caucly-Borel-Pompeidormula:

u(z) (z€Q),

[ 9= 0)Vu@dy = | gnla = pru)u) doy| = {0 e D)
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Methods for PDEs

Appropriatevectordervative obolashviiiogs)

Operatorcalculusandquadrature

(GurlebeckandSpro3igl997)

DiscreteoperatorSairiebeckandsprosig1997)

Functionspaces
« Galerkinmethod

o Clifford waveletSmitrea1994)
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Outer product

(LasenbyandDoran1999;Lounestol997)

For x andy In R", makingangled, theouter
productx A y Is adirectedareain theplaneof x
andy:

[z Ayl = |z] [y]sinb

Y
;7/;/\3//7 ///2/\x .
0 0
Y
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Properties of outer product

(LasenbyandDoran1999)

Theouterproductis anticommutativen vectors:
T NYy=—-yNx Va,y € R"
anddistributive
ctAN(y+z)=xANy+xANz Vr,y,z

x Ay IS a bivector for vectorsz #£ y

Bivectorsform alinearspace
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The geometric product

(LasenbyandDoran1999)

Thegeometricproductof vectorsin R" Is:
TY =2 -Y+T Ny Vr,y € R"

Sumof scalarandbivector

Encodegheanglebetweenr andy

yr =y - r+yNr=x-y—xTr Ny

1
z-y = 5(zy +yz)
1
x/\yzi(xy—ya:) Vr,y € R"
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Multivectors

(LasenbyandDoran1999)

A vectorspaceclosedunderthe geometric
productis a Clifford algebra

Elementsarecalledmultivectos

A multivectoris a 0-vector(scalar) plusa
1 -vector(vector),plusa 2-vector(bivector) plus
...an n-vector(pseudoscalar)

Formaldefinitionusesquadiatic forms
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Quadratic forms

(Lounestol997)

For vectorspaceV overfield I, characteristic£ 2:

Map f: V — [F, with
fOz) = f(z),VAEF,z €V
f(x) = b(x,x), where

b:V xV — F, givenby

|

b(z,y) = 5 (flz+y) = f(@) = [(y))

IS asymmetricbilinearform
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Quadr atic spaces, Clifford maps

(Porteousl 995;Lounesto1997)

A quadiatic spaceis thepair (V, f), where f is
aquadratidormon V

A Clifford mapis avectorspacenomomorphism
w:V — A
where A Is anassociatie algebraand

(pv)* = f(v) Vv eV
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Universal Clifford algebras

(Lounestol997)

Theuniversal Clifford algebra C'I(f) for the
quadraticspace(V, f) is thealgebragenerated
by theimageof the Clifford map ¢ suchthat
CI(f) istheuniversalinitial objectsuchthat v
suitablealgebrasA with Clifford mapy, 4 a
homomorphism

PA - Cl(f) — A
PA = PACYSf
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PDEs and quadratic forms

(Soboler 1964)

A secondorderPDEwith constantoeficients
determinesrealsymmetricmatrix, eg.

0°u 0°u 0°u

= - 2 2
/(@) 38:13% 01101 013
~13 1
=D Du(x) where
1 —2
DT = | 0 0
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Real quadratic forms

(Lounestol997)

A realsymmetricmatrix determinesreal

guadratidorm, eg.

f(z) := 327 + 23129 — 225

— ' Bz where

B =

3
|

1
—
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Canonical qguadratic forms

(Soboler 1964;Lipschutz1968)

A realsymmetricmatrix canbediagonalized

Sylvesters theoemimplies 3 uniqguecanonical
quadiatic form ¢(x), €g.

B =

sowe candefine¢(z) := 21 Qx = 2% — 23
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Notation for integer sets
For S C Z, define

S :={keS:k<0}
ST:={keS:k>0}

ST .=5"UsST
max S max S
kaiz Z Ik ka;: H Ik
keS k=min S keS k=min S
kcS kES

For m < n € Z, define

m...n]" i ={m,m+1,...,n—1,n}"
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Real Clifford algebras R, ,

(Porteousl995)

TherealquadraticspaceR?? is RPT? with

V p,q e N 3 R,, :therealuniversalClifford
algebrafor RP4

R, , IsIsomorphicto somematrix algebraover
oneof: R, ?R, C, H, *H

For example,R; ; = R(2)
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Notation for Clifford algebras

(HestenesandSobczyckl984;Wenel1992;Ashdavn)

Forfinite S C Z, p,q € N define
R[—qu-p]i . RPA

Rg := (RS, Rys+ 45, ©5)
R[—q...p]i = (R, Ryq. QOp,q)
wherevs : S — RS

pgs - RS — RHS+7HS—

(0s(vs)k)” = bs((ys)k) = signk
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Real frame groups

(Braden1985;Lam andSmith 1989)

A frameis anorderedbasis(vy_g, . .., ,) for RP4
which putsquadraticcorm into canonicaform ¢

V p,q 3 realframegroup GR, ,

Theframeand —1 generateherealframegroup
via thereal framegroup map

g - {_Q7 R 7p}i — GR}%Q

(96)% = &Vk> GrGm = —1gmgr Yk # m
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Canonical products

(Bergdolt 1996;Lounestol997;Dorst2001)
Therealframegroup GR,, , hasorder 27*¢*!

Eachmemberw canbeexpressedsthe
canonicallyorderedoroduct

wherea, b, = 0,1
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| ndex sets

(Lounestol997;Dorst2001)
For finite S C Z* definetheindex mapng

ns - P(S) — GRg

(US)T — H gk(XT)k, where
keS

P(S) isthepowersetof S
xr IS thecharacteristidunctionof T
Drop subscriptS whenit is understoodeg.

N{-1,2} = N{-1}7){2}
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Clifford algebra of frame group

(Braden1985;Lam andSmith 1989;Lounestal997;Dorst2001)

For finite S C Z* definethemap ag

g : GRS — Rg
0451 = 1, 045(—1) = —1
ASGr = PSVk, as(gh) = asgash

as(s)r = [Treg(@s7k) X
ed. ang_1.2y = (7-1)(¥72)
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Generators and basis elements

(Lounestol997;Dorst2001)

For finite S C Z= definethemapeg

g : S — RS
(es)k := as(vs)k
For finite S C Z* definethemap vg
Vg P(S) — RS

(vs)r == as(ns)r
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Summary diagram

-~ s
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Vector derivative

(LasenbyandDoran1999;Lounestol997)

Givenaframe (y_,, . ..,7,) for R??, thevector
derivativeV canbedefinedusingthereciprocal
frame

e, = OF
V= Z ekak
kel-q..p]"
1 D
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L aplacian = V?

(Lounestol997)

Thesignconventionfor ¢ usedhereagreeswith
Lounestol 997/

Zak+28k — A

k=—q

With the oppositesigncornvention,we would
have V2 = —A
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Subalgebras

(Porteousl995)

If A IsaClifford algebrafor arealquadratic
spaceX andl¥V isalinearsubspacef X, then
thesubalgebrgeneratedby W is a Clifford
algebrafor W' .

A subsebDf acanonicalframeof areal Clifford
algebraspansa subspacandgenerates
subalgebravhichis a Clifford algebrafor this
subspace.

T C finite S ¢ Z= = Ry C Ry
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| somor phisms

17T =457, 4T~ =45~ = Ry = Ry
Proof. Thefollowing diagramcommutes

T —)W RT —)W RﬂT+,HT_

|

S —— RS — Ru5+7u5—
Ys ¥s

Themap vrg Is aquadraticspacasomorphisni]
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Framed inner product, norm

(GilbertandMurray 1991)
We cantreatRs asaninnerproductspace.

{(vg)r : T C S} isa 2" elementasisfor Rg

For x = ZTQS TTUT, Y = ZTQS Yrur < Rg
« Therealframedinner productis

veyi= Y aryr

TCS

e Therealframednormis

D=

|2l g = (v 0 2)
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Framed notation
For finite S C Z* definetheframednotation

{k17 k27 * } . (US){k‘l,kQ,}

= eg. {—1,2} =vp g9y = {—1}{2}
c eg. 1+2{-3}+4{—2} +5{-3,—2,2} =
L 4= 2’0{_3} + 4’U{_Q} + 5”0{_37_272}

In handcalculation |t iIs corvenientto usean
underlinenotation

kla k?a Cee o {k17 k27 > } — (US){kl,kg,...}

eJ. —1,2 — {—1,2} — ’U{_Lz} — —_12
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Framed representation

For finite S C Z* define
lexicogaphicalordering

T<UCS:=minT < minU)V
(ke S:(Vm<kmeTomeU)Ak¢gTAkeU)

setvalueg : P(S) — N

setvalueg T C S ;= 2~ ™insS— Z Y e, gy w8 =l Z oG
keT — keT—

max ST —min S~
coord : Rg — R?

(coord E xT’UT> = X7
TeS setvalueg T
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Matrix representations

(CartanandStudy1908;Porteousl 995;Lounestcl997)

EachrealClifford algebraR, , canbe
representedy anendomorphisnalgebraover a
finite dimensionamoduleover oneof:

R, %R, C, H, *H.

Repesatationmap p, representatiommatrix R

A coord V1

/| |7

M > V2

reshape
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Matrix representationsof R,

(CartanandStudy1908;Porteousl 995;Lounestcl997)

q —

p 0 | 2 3 4 5 6 7 8

1 0 R C H ’H H(2) C(4) R(8) 2R(8) R(16)
1| °R R(2) C(2) H(2) 2H(2)  H(4) C(8) R(16)  2R(16)
2 | R(2) 2R(2) R(4) C(4) H(4)  2H(4)  H(8) C(16) R(32)
3| C2) R4) Z2RH4) R(8) C(8) H(8)  2H(8)  H(16) C(32)
4| H(2) C(4) R 2R(8) R(16) C(16) H(16) 2H(16) H(32)
5| 2H(2) H(4) C(8) R(16) 2R(16) R(32) C(32) H(32) 2H(32)
6 | H(4) Z2H(4) H(8) C(16) R(32) 2R(32) R(64) C(64) H(64)
7| C(8) H(8) 2H(8) H(16) C(32) R(32) 2R(64) R(128) C(128)
8 | R(16) C(16) H(16) 2H(16) H(32) C(64) R(64) 2R(128) R(256)

Notation R(N) meansMy y(R), i.e. RV

Periodicityof 8 andothersymmetries
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Real representationsof R, ,

(CartanandStudy1908;Porteousl 995;Lounestcl997)

q —
p o 1 2 3 4 5 6 1 8
;0 o 4| 8| 8 8 16
1| 2 4| 8| 16| 16 16 32
2 4 8| 16| 32| 32 32
3| 4 8 16| 32| 64| 64 64
4] 8 8 16 32 | 64| 128 | 128
5016 | 16 16 32 64 | 128 | 256
6| 16|32 |32 32 64 128 | 256
7116 (32(64| 64 64 128 256
8 32 | 64 | 128 | 128 128 256

Thetablelists NV for R(N)

R, , choosegeneratorérom Rp, with
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Complex representationsof R, ,

(CartanandStudy1908;Porteousl 995;Lounestcl997)

q —
p o 1 2 3 4 5 6 71 8
1 0] 1 2| 4| 4 8| 16| 16
1| 2| 2 41 8| 8 16 | 32
2| 2| 4| 4 8| 16| 16 )
3 4| 8| 8 16 | 32| 32
4| 4 8| 16 | 16 32| 64| 64
51 8| 8 16 | 32 | 32 64 | 128
6| 8| 16 | 16 32 | 64 | 64 128
7 16 | 32 | 32 64 | 128 | 128
8| 16 32 | 64 | 64 128 | 256 | 256

Thetablelists NV for C(N)

R, , choosegeneratorérom Rp, with
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Neutral matrix representations

(CartanandStudy1908;Porteousl 995;Lounestcl997)

Repesatationmap p,,, representatiormatrix
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Representations of generators

(Porteousl 995;Lounesto1997)
Proposition. For ead finite m, R, ,, = R(2™)

Proof. By induction,giving explicit representations
of generatorsp, := 0, For m > 0:

I I R R T

o {K) 0
mik} = —m< k<m,k#0
i 0 —pma{®) ] ’

wherel,,_; hereis theunit of R(2™~ 1), for m > 0.

I
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Generator sets, frame group

(Bradenl1985;Lam andSmith1989;Porteousl 995;Bergdolt 1996)

Thegeneratoset S,,, for the matrix
representatioof R,, ,,, Is asfollows:

Sy = @, Form > 0:
Sm = {pm{k} : —m < k <m,k # 0}

Thegeneratoset S,, generatesa matrix
representationf therealframegroup:
(Sm) = GR,,
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Matrix inner product, norm

(GolubandvanLoan1996)
We cantreatR(/N) asaninnerproductspace.

For A, B € R(N),
« ThenormalisedFrobeniusnner productis:

AeB .= %ZA*B where
N N
(ZA*B)j,k b— 22143,].33],].C
|

« ThenormalisedFrobeniusnormis:

1 1
A = A A_— — A*A_—— A
|Al|[NF:=VAe \/N E ’_NH | F

where||A||r is theFrobeniusnormof A.
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Basis matrices are orthonor mal

(Porteousl995)
Lemma. Thebasismatricesfor R,, ,, are

orthonormalwith respecto thenormalisedrFrobenius
iInner producte

1 A=2B
0 B#B

Proof. (Sketch)Useinductionon m. If m = 0 then
(Sm) = 0, soconclusionis trivial. Inductive stepuses
generatosetsandrepresentationf generatorg]

Corollary. Thereal representatiormatrix i, Is 2™
timesan orthogonal matrix.
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| nver se r epresentation maps
Corollary. For a,b € R, .,

pa e pvsg = aevg, paepb=aeb

Proposition. ThenormalizedFrobeniusnner product
canbeusedto determinghecoordinatesag of the
framedrepresentatiorof a € R, , fromthereal

maitrix representationpa asfollows: ag = pa e pvg

Proof. Usethecorollary NotethatR,, = A C R,, ,
for somem > max(p, q). Thebasismatricesof the
realrepresentationf R, , are &= the basismatrices
for someR,, ,,,, andareorthonornal with respecto

o.]
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Real representation matrix R;
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Real representation matrix Rs
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Real representation matrix R
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Real representation matrix R4

Real representation matrix R 4
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Real representation matrix R;

Real representation matrix R5
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Folding frames

f ol d minimizesthe sizeof matricesrequired

eg.
(-2,3}.fold({-4,-2,1,3})=={-1, - 2}
4 =3 EZ 119 T

/

/
/

]
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| somor phisms

17T =457, 4T~ =45~ = Ry = Ry
Proof. Thefollowing diagramcommutes

T 5 RT T Rypsyr-

|

S — RS — Rﬂ5+,ﬂ5_
Ys ¥s

Themapvrg Is aquadraticspacasomorphisni]
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Division and inver ses

(GolubandvanLoan1996,Higham1996)

Left andright division aredefineadvia theinverse
B/A:=BA A\B:=A"'B

Thematrix representatioganbe usedto compute
theinverse.Not all multivectorshave inverses.

GluCat 0.0.6implementgheinverseasaspecial
caseof division

DivisionusesL.U decompositioriollowed by
succeswe LU solwes,with iteratve refinement
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elliptic() =i

(Bradenl1985;Lam andSmith1989;Porteousl 995;Bergdolt 1996)

Definei to betheunit volumeelementi := v.5,
of thereal-complg algebra,Rg, suchthat:

i = —1 ix = xi Vz € Rg

GluCat 0.0.6providesel | 1 pti c(), which
returnsi
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Complex representationsof R, ,

(Porteousl 995;Lounesto1997)

q —
p o 1 2 3 4 5 6 71 8
1 0] 1 2| 4| 4 8| 16| 16
1| 2| 2 41 8| 8 16 | 32
2| 2| 4| 4 8| 16| 16 )
3 4| 8| 8 16 | 32| 32
4| 4 8| 16 | 16 32| 64| 64
5| 8| 8 16 | 32 | 32 64 | 128
6| 8| 16| 16 32 | 64 | 64 128
7 16 | 32 | 32 64 | 128 | 128
8 | 16 32 | 64 | 64 128 | 256 | 256

Thetablelists N for C(N)

R, , choosegeneratordrom Rp o with
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Functions of multivectors

(GolubandvanLoan1996;Rinehart1955)

Considerthereal Clifford algebraR,, , to bea
subalgebraf thereal-compl& Clifford algebra
Rp o Isomorphicto somecomplex matrix algebra
C(N). Try to defineafunctionof z € R, , in
termsof the correspondindunctionin C.

L _ )
f@)i= g [ £ =)z
UsenormequialencebetweenRk, , and C(N)
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Functions of matrices

(GolubandvanLoan1996;Rinehart1955)

In the matrix casewe have:

F) = 5 [ )T = X)

with €2 anopensubsebf C with smooth
boundaryof) and

o(X) CQ
whereo(X) isthespectrunof X .
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Taylor series of matrices

(GolubandvanLoan1996;Rinehart1955)

TheTaylor seriesfor f(X) allowsusto define
transcendentdlnctionsof matrices.

Theorem. If f(z) hasapowerseries
representation

f(z) =) 2" inanopendisk
k=0

containings(X),then f(X) =) X"
k=0
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Sguar e root

(GolubandvanLoan1996;GeraldandWheatley 1999;Cheng Higham,Kenng andLaub 1999)

GluCat 0.0.6useshefollowing algorithm:

Scaleby dividing by thenorm

If therealpartof thescalarpartis neg

ative,

negatethe argumentandmultiply theresultby i

If abs(val -1) < 1, usediagonalPade

approximation

Otherwiseuseproductform of Denman-Beaers

sqguareroot iteration
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Transcendental functions

(GolubandvanLoan1996;GeraldandWheatley 1999; Abramavicz andStegun 1965)

exp() useshescalingandsquaringPadé

approximation.

C0S, cosh, acos, etc.arebasednexp and

| 0Q.

Approximateadusingexpressionsvhich may

Involve theuseof 1.

Advantageof usingi Is thatsca

Disadwantagas thatit is possib
of thesubalgebra.

Ingis simplified.
eto “poke out”
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Cosine and sine

Proposition. Within a real-compl& Clifford algebra,
usingthereal framednorm,the definitionsof the
functionscos andsin In termsof exp agreewith
their definitionsasformal powerseries.

Proof. For cos:

I
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L ogarithm
(ChengHigham,Kenng andLaub1999)
GluCat 0.0.6 usesinversescalingand squaringusing
the iIncompleteDenman—Be&ers squareroot cascade
andthe diagonalPadeapproximation
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GluCat

(Lounestoetal. 1987;Lounestol992;Rajal996;Bangerthetal.; Karmesinetal.; Sieketal.)

Generidlibrary of universalClifford algebra
templates

C++templatdibrary for usewith otherlibraries
suchasdeal.ll andPOOMA

For detalls,seent t p: // gl ucat . sf. net and
thethesis,'Practicalcomputationwith Clifford
algebras”
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