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RZ Partition of §°
into 33 regions of equal area, showing the center point of each region.




The sphere S

De nition 1. For dimension , theunitsphee  embeddedh

IS de nedas
LT

De nition 2. Sphericalpolarcoordinatesiescribea point  of
usingonelongitude , and colatitudes,
for
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Equal-measule partitions

De nition 3. Let beameasuablesetand a measue with

Anequal-measurpartitionof for Isanonemptynite set of

measuablesubset®f |, sudthatfor eath Q with
Q :

Q
and
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Diameter boundedsetsof partitions

De nition 4. Thediameterof a region IS de ned by

whele IS the Euclideandistance

De nition 5. Aset of partitionsof IS saidto have
diametebound K If for all , for eath , for
N

KN

IS saidto bediametehoundedf there exists K sud that
hasdiameterbound K .
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Key propertiesof the RZ partition of S

Therecuisivezonal(RZ) partitionof  into IN regionsis denoted
as N

Thesetof partitions N N
TheRZ patrtitionsatis esthefollowing theorems.

Theorem 1. For dimension ,let  betheusualsurface
measueon IinheritedfromthelLebesgueneasueon viathe

usualembeddingf In .
Thenfor N , N Isanequal-measwpartition for

Theorem 2. For , IS diameterboundedn thesense
of De nition 5.
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Precedents

TheRZ partitionis basedn Zhou's (1995)constructiorfor  as

modi ed by Ed Saf, andon lan Sloans sketchof a partitionof
(2003).

Alexander(1972)useghe existenceof a diameterboundedsetof
equal-aregartitionsof  to analysehe maximumsumof
distancedetweerpoints. Alexander(1972)suggests construction
differentfrom Zhou(1995).

Equal-aregartitionsof  usedin thegeoscienceandastronomy
do not have a provenboundon the diameterof regions.
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Stolarsky's “Conjectur e”

Stolask (1973)assertshe existenceof a diameterboundedsetof

equal-measurpartitionsof  forall , but offersno construction
or existenceproof.

BeckandChen(1987)quotesStolarsl. Bourgain and
Lindenstraus$1988)quotesBeckandChen.

Wagner(1993)impliesthe existenceof an RZ-like constructiorfor
. BourgainandLindenstraus$1993)givesa partialconstruction.
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Spherical zones,capsand collars

For , azonecanbedescribedy
where
Is aNorth polarcapand IS a Southpolarcap.
If , IS acollar.
For , themeasuref asphericakcapof sphericakradius Is

/
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Outline of the RZ algorithm

TheRZ algorithmis recursve in dimension
Algorithm for N

N
Thereis asingleregionwhichis thewholesphere;

Dividethecircleinto IN equalsegments;

Divide thespheranto zones,
eachthesamemeasurasaninteger numberof regions:
North andSouthpolarsphericakcaps
anda numberof sphericakollars;

Partition eachsphericalkcollar into regionsof equalmeasure,
usingthe RZ algorithmfor dimension
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RZ(3,99) Steps 1to 2

RZ(3,99) Steps 6 to 7

q
> /
>

RZ(3,99) Steps 3to 5

I

/{1 = 14-.8.//[)\ .,

y,=33.7...
/2 DF \ .
D F.3
F
&/3 =33.7...
e 4
\Q_ 14-.8.\/
F,5
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(D




Rounding the number of regionsper collar

Similarly to Zhou(1995),giventhesequence for collars,with

> N

de ne thesequences and by:
, andfor ,

2

Then IS therequirednumberof regionsin collar , andwe can
shav that and
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Geometry of regions

Eachregion incollar of N isof theform

In sphericabolarcoordinateswhere
, With

We canshaw that

where and
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The inductive step

Assumingthat hasdiameterbound , de ne

Thenwe canshaw that

o))
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Continuous analogs

De ne ,
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RZ(3,99) Steps 1to 2

RZ(3,99) Steps 6 to 7
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Propertiesof continuousanalogs

For eachcollar If wede ne
. thenwe canshow that
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Feasibledomains

De ne thefeasibledomain . where
Assumingthat hasdiameterbound , thenfor
N for In collar of N ,wecanshov

() )
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Propertiesand estimatesof

IS smoothon andis monotonicincreasingn
D is positve andmonotonicincreasingn

D D
For and ,
D D
For , H . Where

— — and H —
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Cap, , bounds

We canusepropertiesandestimate®f  to show that:

Thereis aconstantK suchthatfor NV the
diameterof eachpolarcapof N is boundedby
K N
For f IS diameterboundedthen
thereareconstantsk’ K N N such
thatfor N with N N N |

K N

K N
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Outline of proof of Theorem 2

Assumethat NV and

De ne NV N N
Thenif A hasdiameterbound , andif
N N ,wehave N K N , Where
Thediameterof any region is boundecdby 2.
Therefordfor N NN N K N , Where
K N

N consistof N equalsegmentsso has

diameterbound . Theresultfollows by induction.
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Numerical results- constants

Zhouobtains K for his (1995)algorithm.
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Bounds on maximum diameter coefficient for RZ partition of S 2, 2004-09-22
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Bounds
8

on maximum diameter coefficient for RZ partition of S
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Stereographicprojectionof to

In Cartesiarcoordinatesthe stereographiprojection
— IS

If

l

l

Whenrestrictedo
Thenorthpoleprojectsto
Thesouthpolarcapprojectsto aball.
Collarsprojectto differencedetweerballs.
Spheregrojectto generalizespheres.
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lllustration of RZ partition of
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