LOOP REALIZATIONS OF QUANTUM AFFINE ALGEBRAS

SABIN CAUTIS AND ANTHONY LICATA

ABSTRACT. We give a simplified description of quantum affine algebras in their loop presentation.
This description is related to Drinfeld’s new realization via halves of vertex operators. We also define
an idempotent version of the quantum affine algebra which is suitable for categorification.
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1. INTRODUCTION

Let g be a finite dimensional simple simply-laced complex Lie algebra. There are two well-known
ways to add a parameter to g. The first is ¢g-deformation, where one deforms the enveloping algebra
U(g) to a new algebra Uy,(g), commonly known as a quantum group. The second is affinization, where
one replaces the Lie algebra g by the affine Lie algebra g := g ® k[t,t7!] @ ke. The Lie algebra g is a
central extension of the loop algebra of g. Both affine Lie algebras and quantum groups arise in repre-
sentation theory, low dimensional topology, algebraic geometry, and many other parts of mathematics
and mathematical physics.

The quantum affine algebra U,(g), which is a deformation of the enveloping algebra of g, combines
both ideas. However, the description of U,(g) is much more complicated than that of either U,(g) or g.
Perhaps on account of connections to physics, the relations in U, (g) are typically encoded in generating

functions (see Section 2.3), resulting in a presentation known as Drinfeld’s realization [D]. A central
role in this presentation is played by the quantum Heisenberg algebra E C U,(g), since many of the
relations in U,(g) are expressed using generating functions whose terms are in E

The main motivation for the current note comes from categorification in the representation theory
of quantum affine algebras. In the accompanying paper [CL2|, we construct a 2-representation of the

quantum affine (and quantum toroidal) algebra on the derived categories of Hilbert schemes of points

on the surface @, where I' C SLy(C) is the finite subgroup associated to g under the McKay
correspondence. After passing to equivariant K-theory, this gives a representation of U,(g). However,
the presentation of U,(g) which appears naturally in this construction is not identical to Drinfeld’s
new realization (though it is very similar). Thus, in the process of producing an action of U,(g) on
equivariant K-theory, we were forced to show an equivalence between various presentations of the
quantum affine algebra. Since these results seems to be of some independent interest and since they
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do not require 2-categories or algebraic geometry, we decided to write them down independently from
[CL2]. We emphasize, however, that this paper, and Theorem 2.1 in particular, has application to the
proof that quantum affine algebras act on the equivariant K-theory of Hilbert schemes.

We begin the current paper by rewriting the Drinfeld realization using halves of vertex operators.
This gives a different set of generators of the quantum Heisenberg subalgebra a (Section 2.4). Next we
describe an idempotent modification Uq (9) of the quantum affine algebra in Section 2.5. The idempotent
version Uq (g) is not a unital algebra anymore, but it has a somewhat simplified presentation. Moreover,
any representation of U (g) automatically gives rise to a representation of the quantum affine algebra.
The presentation of Uq (g) which we use in [CL2] is, up to a slight renomalization, the presentation in
Section 2.5. We describe this renormalized realization in Section 5.3.

Much of the content of this paper is known to experts working on quantum affine algebras. Our main

contribution is to explain how the relations in Drinfeld’s new realization (and also in our idempotent
modification) are far from being minimal. More precisely, in Section 2.6 we give a smaller set of
relations in Uq (g) and prove (Theorem 2.1) that all other relations are a consequence of these relations.
In the last section we speculate on a minimal realization of U,(g) (Conjecture 1) which is generated
only by E's and F's and contains just four kinds of relations.
Acknowledgments: We would like to thank Pavel Etingof, Sachin Gautam and David Hernandez
for some helpful discussions. S.C. was supported by NSF grants DMS-0964439, DMS-1101439 and the
Alfred P. Sloan foundation. A.L. would like to acknowledge the support of the Institute for Advanced
Study.

2. MAIN DEFINITIONS AND RESULTS

2.1. Dynkin data. We work over a base field k of characteristic zero. Fix a simply-laced Dynkin
diagram of finite type and denote its vertex set by I and the associated Lie algebra by g. We denote
the weight lattice of g by X and the root lattice of g by Y. Thus Y is a sublattice of X. We equip
X with the standard pairing (-,-). For i € I, o; € Y and A; € X will denote the simple roots and
fundamental weights. We will often write ¢ instead of «;, especially in the pairing; thus for A € X we
will write (\,4) instead of (A, a;).

The pairing of simple roots satisfies (i, j) = C; ;, where C; ; is the Cartan matrix of g. In particular,
we have:
(i,i) =2 for all i € I,
(1,7 = —1 when i # j € I are joined by an edge,
(1,7) = 0 when i # j € I are not joined by an edge, and
<Az;]> = (57;’]' for all i,] € I

Let g = g®klt,t 1] ke be the affine Lie algebra associated to g, and denote by X the affine weight
lattice. The affine root lattice is denoted Y. Note that Y =Y & Z4 where (i,d) = 0, (A;,0) =1 for all
i€, and (4,9) =0.

2.2. Graded vector spaces. Consider a Z-graded finite dimensional vector space V = @,V (7). One
can associate to V the polynomial fy := ", ¢ dim V' (i). This gives a bijection between isomorphism
classes of finite dimensional graded vector spaces and elements f € N[g, ¢~ !].

From V one can construct the associated Z-graded vector spaces Sym™(V) and A™*(V). If V has
graded dimension f € N[g,¢~!] then we denote by Sym"(f) and A™(f) the graded dimensions of
the Z-graded vector spaces Sym™(V) and A™(V). For example, if f = ¢ + ¢~! then Sym"(f) =
@+ q" %+ + ¢ "2 + ¢ " which is just the quantum integer [n + 1]. On the other hand, A™(f) is
1,[2],1if n=0,1,2, and is zero otherwise.
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2.3. The Drinfeld realization. We begin with the Drinfeld realization of the quantum affine algebra
as defined in [N1, Sec. 1.2]. It has generators e; .., fi (i € I, 7 € Z), ¢" (h € X*) and hj , g7, qtc/?
where ¢ € I and m € Z\ {0}. The set of relations are as follows:

+¢/2 is central

0=1,¢"q" =", [¢" him] =0, ¢% " =1, ¢*?¢ /> =1
203 (w) = ¥ (W) ()

)

_ 2—q 0D ) (z—q P g
izwﬂw):( Lt Lw)w w); (2)

) q

)

)

) (2—q9) qew) (2—q~ <‘J>q

5) [qd h] =0, qdhz,mq 4= q"hi i,m and q €ird 4= q" €i,ry qdfi,rqi = qrfi,r

)

)

)

)

)

d
g2 — ) () (w) = (¢509) g5/ 22 — w)aE ()3 (2) where s = £

5 ()] = 0y 5=t (8(q°wz" ")y (a5 w) — 8(q°zw ™" )by (g5 2))
2 — qPw)aE(2)2E (w) = (¢F22 — w)aE (w)zE(2)
Jai (2)ay (w) = a5 (W) (2)(¢F2 —w) if (i, §) = 1

Q
|
_

— ,> N
D (—1)sMmf(zd(l))...x;t(zc,(s))x;t(w)xii(z,,(sﬂ))...xzi(zc,(m):o.

oceSn s=0

In the above relations we have

i (z) = Z einz " z; (2) = Z fimz™"

nez nez
UE(z) = D E(En)T = ¢exp (£ (g—q7) D hienz™")
n>0 n>0
i(z) = z 2"
nez

Notice that we only deal with the case when the affine Lie algebra is simply laced.

2.4. The vertex realization. We now rewrite Drinfeld’s realization in terms of halves of vertex
operators. This means that instead of h’s we will use Ps and @s defined as homogeneous components
in z of generating functions:

Z an)z" = exp Z fE;L]n z" | and Z(—l)”len)z” =exp | — Z }E;T 2"

n>0 n>1 n>0 n>1
3 (n) n hi—n n ynp(™) n hi—n n
P72" :=exp Z z and Z P =exp | — Z z
n>0 n>1 [n] n>0 n>1 [n]
We will also define
(]-) Ei,r = (q_C/2>Tei,r and Fi,r = ( _0/2) fz T
For convenience we also define
Q=3 (@ QM and QM= Y (o) mlQ" QM
m=0 m=0

PIlﬂ] — Z (_q)fm[m}P.(ln m)P(m) and Pl[”] — Z (_q)fm[m]Pi("—m)PiUm)

m=0 m=0



Thus, we have generators FEj ., F; ., q"
i1 € I,7r € Z and n € N. The set of relations between these generators are now given by
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(1) ¢*¢/? is central
(2) ¢"=1,¢"¢"

(h € X7), q

=" (", P = 0= [¢", QM], ¢lq? =1, /¢ /? =1

:‘:d’ q:tc/Q,Pi(n)’Pi(ln) Qin) and len)

where

(3) The generators {Pi(n)7 Pi(ln)}iel commute among each other and likewise {QE"), le"')}iel com-

mute among each other.
(4) We have

Skso Sym”([2] [a])Pj"—’”Q("—k if i = j

Q" i

QUMp™

Zk>0

DFAF([) PP i

K2

PMQ if (i, j) =0

S im0 AR ([2)[c) P, m*“cz“""” ifi—j

Zk>0(

1)kSym ([ PP QM

PMQY it (i, 5) =0

and likewise if you exchange (a) and (1%) everywhere.

(5) [a%¢"] = 0, ¢?Q™
qd(Fi,r)qid = qr(Fi,r)
(6) We have

(1]

qc[Qi 7Ei,b]

(177

[Qi 7Fi,b]

[1a+1

[P; ],Ez’,b+1]

[1a+1

q [Py, Fipy]

while if (i, j) = —1 we have

[1a+1

¢°[Q;

[1a+1

[@Q;

[1““]
[ j z b+1

a+1
7C[Pj[1 L Pl

Q

if (i,

g4 = qmQ™

j) = 0 we have that P][la]

?

2Q[ ]Ez b+1 — @ QEz b+1Q

E;py1 ifa=0.

_2Q[ ]Fz b1 — ¢ F;, b+1Q

Fipy1ifa=0.

(i
o
{ 2B, , P
- {

—2P[1 ]Ezb
Zblfa—O
_2Fz bP 2P:[1Q]Fi’b
Fipifa=0.

qE;, b+1Q ]Jrq*lQ
Eipy1ifa=0.

+qQ
Fipy1ifa=0

qui(m)q—d — q—mP_(m

-1

(i j) =

)i (i, j) =

1fa>0

1fa>0

ifa>0

ifa>0

1b+1 ifa>0

1b+11fa>0

¢ B Pl qPM B i a > 0

s
{ QY]
it

Eiyifa=0

{—qu7bP][1“] +¢ ' PMIE ifa >0

Fipifa=0;

and Qg.la] both commute with

EU, and Fi,b~

-1

) and qd(Ei’r)q_d

qT(Ei,'r)a
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(7) We have
ac h; [1a+b] :
q*°q" Q; ifa+b>0
[Eia, Fip] = qbcq_hiPi[raib] ifa+b<0
9" if g4 b= 0.

q*cqhi—q—ac
q—q~1!

while if i # j then [E; 4, Fj ] = 0.
(8) For any m,n € Z we have

EimEin1+E Eim1 @ (EBim-1Fin + FEin-1Eim)
Finalim+FimFin = @ (FinFim+FmFin-1).
(9) For any m,n € Z, if (i,j) = —1 we have
EimEjna1+EinEim1 = q ! (Ejn-1Eim + Eim—1Ejn)
Fim-1Fjn+Fjn1Fmo1 = ¢ (FjpFim-1+FmFjn_1)

while if (i,7) = 0 then
Ei,mEjm = Ej,nEi,m and Fi,ij,n = Fj,nFi,m'
(10) If (i,4) = —1 then

E : (EjanEivm(r(l)Eiama(2) +Ei7m(r(l)Eiamﬂ(2)Ejan) = E [Q]Ei,mau)Ej,nEi,ma@)
oESs €Sy

and similarly if we replace all E's by F's.
Proposition 1. The Drinfeld and vertex realizations of quantum affine algebras are equivalent.

Proof. All but one of the relations in the vertex realization are obtained directly from the Drinfeld
realization by writing out the condition. The only exception is condition (4) involving the commutation
of Ps and @s. The fact that it is equivalent to condition (4) in the Drinfeld realization was checked
in [CL1] when ¢ =1 (i.e. in the level one case). The same proof extends without complications to an
arbitrary ¢ € N using the relation

o ] = bl )],

O

2.5. The idempotent realization. Any representation V = @, _¢V/()) of U,(g) with a weight space
decomposition has a natural collection of idempotent endomorphisms, namely, for each A € X there is
the endomorphism given by projection onto the weight space V(). It is therefore natural to consider an
idempotent modification Uq (9) of the quantum affine algebra, with the unit replaced by this collection
of idempotent endomorphisms, one for each weight A € X. Then giving a representation of Uq (g) will
be equivalent to giving a representation of U,(g) together with a weight space decomposition. This
point of view is used frequently in the literature on Kac-Moody categorification, since, so far at least,
all categorified representations have a weight space decomposition.

For any \ € X denote by 1, the idempotent which projects onto this weight space A\. We also fix ¢
to be a positive integer. We define the algebra Uq (g) via generators and relations as follows.

The generators are

Ei 1y Fioly, QU1 P71, QU 1y, PYV1,, where i € T and 1,k € Z.

Note that we no longer have generators ¢", g% or ¢+¢/2.

(1) This condition is redundant
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(2) {1, : A € X} are mutually orthogonal idempotents, moreover

Ei7T1)\ = luEiJlA = 1p,Ei7r
Fi,r]-,u, = ]-/\Ei,r]-# = lAEi,r
where = A+ o; +7cd
(3) Same as the corresponding vertex realization relation.

(4) Same as the corresponding vertex realization relations (equations (2) and (3)).
(5) We have

Py =1,PM1, =1,P"  and  PM1,=1,PM1, =1,
QM1 = 1QML, = 1@ and Q1 = 1,0, = 1@

where = X\ + ncé.
(6) Same as the corresponding vertex realization relation.
(7) We have

. a+b
qacq<k7l)Q£1 * ]1)\ if a +£5>0
. —a—b
[Eia, Fip)lx = qbcqfo‘vai[1 ]1>\ ifa+b<0
[((A i) +acllyifa+b=0
while if ¢ # j then [E; 4, F;3]1x = 0.
(8) Same as the corresponding vertex realization relation.
(9) Same as the corresponding vertex realization relation.
(10) Same as the corresponding vertex realization relation.
Now suppose that V is a representation of g with weight space decomposition V =@, ¢V (\). We
reXx

say that V is an integrable representation if for any A € X and root a € Y the weight space
V(A +na) is zero for n > 0 and n < 0. In an integrable highest weight representation of g, the central
element ¢ will act as (A, d)id, where A is the highest weight. The integer (A, d) is called the level of the
representation.

2.6. Redundancy in relations. Many of the relations in the presentation of Uq(fj) above turn out
to be redundant. We now summarize a smaller set of relations.

The generators are the same as those of the previous section. However, it suffices to consider the
following smaller set of relations.

(1) {1x: A € X} are mutually orthogonal idempotents with

Ei,rl)\ = 1/1,E7L,r1/\ = 1p,Ei,r
Fi,rl,u = ]-AEZ',T]-;L = 1)\Ei,r
where = A+ a; +rcd
(2) The Ps and Qs satisfy the same relations as before (conditions (4) and (5) above).
(3) We have
qacq<A,i>Q£1“+b]1A ifa+rb>0
[Eia, Fiplla = geq 0PV 1 ifa+b <0
[((Ai) +ac]lyifa+b=0
while if i # j then [E;q, Fjp]1x = 0.
(4) For any m,n € Z we have E; ,F; ,_11) = q2El-7n_1Ei7n1>\ and F; 1 F; p1x = qui,nﬂ,n—11A-
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(5) For any m,n € Z we have
EinEjly + Eja Bl = ¢~ (BjEijn Ly + BiEjp 1) if (i) = —1
EimEjnlx=E;n E; 1y if  (i,5) =0
and similarly
Fi 1Fjlx+F; 1 Fly=q ' (FjF;, 11\ + FFj_11y) if  (i,5) = -1
FimFinlx=F;,F; n1x if (4,5) =0.
(6) If (i,j) = —1 then
(Ej,n)(Ei,m)Qb\ + (Ei,m)z(Ej,n)lk = [2](Eiﬂn)(Ej,n)(Eiﬂn)l/\-
and similarly if we replace all E's by Fs.
Theorem 2.1. The relations above imply all of the relations in Drinfeld’s realization. Moreover, when

acting on an integrable representation, condition (6) is not necessary, since it follows formally from
the other relations.

3. PROOF OF THEOREM 2.1

We need to show that the relatons in U, (g) follow from the relations in Section 2.6. Conditions (1),
(2), (3) and (5) are easy to check. We will verify the rest of the relations. For simplicity we will often
omit the projectors 1y and write ¢™ instead of ¢ 1,.

3.1. Proof of (7). If i # j then this condition states that [xj(z),x; (w)] = 0 which means that E; ,
and F}; commute (as claimed).

We now deal with the case i = j. To simplify notation we drop the i subscripts everywhere. So h; ,,
becomes h,, ¥(2) is just ¥ (z) and so on. Condition (5) then becomes

@) (2 (2), 7" (w)) = fqﬂ (6gew=")e (gFw) — 8(g" w1~ (45 2))

where

oP) = D Wtz =d"exp [ (a—q )Y haz "

n>0 n>1

p(z) = Y v (-n)"=q "exp | —(g—q)D hon"
n>0 n>1

Now, the coefficient of z~%w =" of left side of equation (4) is (—q)~2° *(““’)C/Q[E F] (recall that we
have rescaled using equation (1)). On the other hand, the coefficient of z~%w~" on the right side of (4)
is

1 v EN—q— ¢/ EN—a—b | —

pp— (¢*(¢%) " "¢T(a+b) — ¢"(¢2) "¢ (a+1)).
Notice that if @ + b < 0 then the first term above vanishes while if a + b > 0 then the second term
vanishes.
Case a + b = 0. As expected, we end up with

E, F_,| = “¢" —q "),
BuFral = - )
Case a + b > 0. Expanding out everything we get
_ \a+b
[Ea,Fb] — %qacdfF(a + b)
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Now consider

First notice that

— — — — h’n n —-n —-n
"¢ (qz" o (¢ 27 = ¢"exp m(q —q M| =9T(2)
n>1
On the other hand, we also have
¢T(gz™") o7 = (" — ¢ QM=
n>0
— q-— q—l) Z[n]Q(n)Z—n.

n>0

If we multiply this by ¢~ (¢~ 127!) and use that ¢+¢~ =1 we get

6@z () -1 = (g—q ZZ QU™ (—g)m-n QU™ ")

n>0 m=0
= (g—q "> (M
n>0

which means that if a +b > 0 we have
_ )a—i—b

®) E]qquwa +0) =" QM.

Thus we get that
[anFb] — qacqhQ[laer].
Case a + b < 0. Expanding out we get

(_q)a+b

(B, ] = = — =xa""¥ " (a+b).

Now consider

o (2) = Z(—l)"P(ln)z" = exp ( Z h[;l]nz”)
n>1

n>0

First we have
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On the other hand, we also have

¢+(qilz) - ¢+(qz) = Z(qiﬂ — qn)P(n)Zn

= —(g—¢7") Y mP"em

n>0
If we multiply this by ¢~ (gz) and use that ¢T¢~ = 1 we get
¢t (g 20 (g2) -1 = —(g—q ), Z JPI) (—g)n—m p"T") 5n
n>0 m=0
= —(q—q¢ ")) (—q"PMzm
n>0

which means that if ¢ + b < 0 we have

(6) _ (_Q)aJrlb

— ¢ (a+b) =g P
q—q

Thus we get that
[Eaan] —_ qbcqfhp[l—(l—h].

3.2. Proof of (6). If we write out relation (6) from section 2.3 when s = + and i = j we get two
relations. In the first relation (where we take ;") consider the coefficient of 2~%w~" to obtain

¢ (a+ Deiy — ¢ (@)es i = ¢ et (a) — eiprtyf (a).
We show in the proof of relation (7) that if £ > 0 then
£
Uil =(g- ¢ )g"Q!"]
(see equation (5)) while ;7 (0) = ¢". Thus, if @ > 0 then we get (after simplifying and using (1))
a+1 a a+1 a
Q" By — QN N (Eipin) = ¢ EiQl 1 ¢2Ei 41 Q
while if a = 0 we get
¢“(¢— ¢ NQiEip — Eivi1 = ¢°(¢— ¢ VEipQi — ¢ *Eipy1.
Thus, we end up with

1M By = QN (Bipsr) — ¢ 2 (Eip)Q i a > 0
v [2](Eipt1) if a = 0.

Now we will show that this is a consequence of the other relations. To simplify notation we will
temporarily write E,,, for E; ,,, and F,,, for F; ,, and (@ instead of Q;.

Case a = 0. First we prove the case a = 0 which says that ¢°[Q, Ep] = [2]Ep+1. To do this we only
use the two relations

[Bpi1, F_p) = ¢"TV¢"Q and Eyi1Ey = ¢*EpEpy1.
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We have
¢"¢°1Q. Es] = 4¢°(¢"QE — ¢*Evd"Q)
= ch_(bH)C(EbHF—bEb — F 4Ey1 By — PEyEyi 1 Foy + P EyF_y By
= ¢ "(By1EyFoy — By [0+ bd) — ¢*F_yEyEpy1 — By By Fly
+¢°F_yEyEyy1 + ¢°Epy1 [0 + be + 2])

_ q—bc(Eb+1(qe+bc+3 +q£+bc+1)
= ¢"[2]Bpn

where £ := () a;) and ) is the weight space on the far right (i.e. the domain). Cancelling the ¢"

completes the proof.
Case a > 0. Here we need to show that

(7) (", B = *QU By — ¢ 2By Q1.
We begin by computing ¢" times the left side of (7). We have
a+1 a+1
" (LS) = ¢“(¢"Q" B, — @By Q")

= ¢°q TV ((Baspsr, Fop) By — P Ey[Easpir, Fop))
= ¢ Byrp 1 ByFy — Eqppi1 [0+ bc] — FyEqypi1 B
~PEyEoivir Fop + P F_yEyEqipy1 + ¢ Bagpi1 [0+ 2 + bC])
= ¢ “((=Bys1Bats + ¢ Earv By ) Foy + F_o(Eos1Eary — ¢ Earp Epi)
4gltEre 2)Eopi1)
where £ is as above. Here we used that [E,,, F,] = qmcqhQ“mM] to obtain the second equality (where

we take m = a+b+1 and n = —b), we use the standard relation for [Ej, F_p] to get the third equality,
and we use the relation

(8) EnEn 1+ EyEp 1= QQ(Em—lEn + En—lEm)
to conclude the last equality.

Remark 3.1. This relation appears as condition (8) in the vertex or idempotent realizations and is
proved in the next subsection. The argument we employ is not circular because in that proof we only
use the fact that [P;, E; ,,] = —[2](E; ,—1) which is the case a = 0 proved above. To deal with this case

we only use that Ep 1 Ep = qubEbH which is one of the relations included in the definition in section
2.6.

Similarly, we compute ¢" times the right side of (7). We have
¢"(RS) = ¢¢"QMEy11 — Eypag" QM
g [ (BarsFoy — F_yBaib)Epi1 — Eyy1(EBays Fop — F_yEqyp)]
¢ (BasvEor1Fop — Eaypq"tV¢"Q — FLyEqypEpia)
(—Bp11EaroFop + F_yEyy 1By + ¢ TV¢"QEo)].

Now, using the case a = 0 relation proved above we get

~¢*Fa44q"Q + ¢"QEuyy = ¢"[Q, Eats] = ¢ °¢" 2| Earor1 = "2 (2| Eapra.
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Substituting we get that

" (RS) = q “™[(EassEri1 — Bor1Bass)Fy + Fy(Eyi1Bart — ¢*EaspEpi1)
gttt 2] Eaybi1]
q" - (LS)

and we are done.
There are three other cases to prove, namely:

i a+ 1) fio— 20 (@) fisr = a ¢ Pt (@) = fipray (a)

¢ Y7 (—a)ein — U (ma—Veipsn = ¢°q ety (—a) —eipratyf (—a— 1)

¢ (~a)fip — a0 (ma=Dfiper = ¢ 2P findy (=a) = fipty (—a—1).
These follow in precisely the same way as the proof above.
3.2.1. Case 2: (i, j) = —1. If we write out relation (6) when s = + with ¢]" and consider the coefficient
of [z7][w™"] we get

¢*Vf (a4 Veiy — ¢ ) (@)eipin = ¢ ¢ Peinth) (a+1) — eipratf (a).

Substituting and simplifying leads to

F1OM T By = —Q(Ei,bﬂ)Qg-l Ly q_ng-1 (Bip) ifa >0
J T _(Ei,b+1) if a = 0.

Case a = 0. We need to show that ¢°[Q;, E; ] = —E; p+1. To do this we will use

9) [Ejpi1: Fjb) = 4"¢"Q,
(10) Eipi1Ejp +Ejp1Eiy = ¢ 'EjpEipi1 +q "EipEjpi1.
and that E;’s and F;’s commute. We have

" - (LS) = ¢°¢ " (Bjp1Fj—vEip — Fj_Ejpi1Eip

—q "EipEjp 1 Fj o+ 4 "EipFj _4Ej 1)
= ¢ (= Eip1EjpFj o+ Fj _yEipi1Ejp
+q "By Eipi1 Fj—p — ¢ Fj B p By p11)
= ¢ (= Eipralty + b + ¢ Eippall; — 1+ b))
—q "B pya g !
= —q" i,b+1
= ¢" - (RS)
where £; := (), j) and A is the weight space on the far right (i.e. the domain). Here we used (9) to get
the first equality and (10) to get the second.

Case a > 0. This proof is similar to the one in case 1 so we omit it.
There are also three other cases to consider, namely:

PPl a+ 1) fin — i (@) fiprr = aq*fivt) (a+1) = fipr1¥] (a)
g Y5 (—a)ein —q My (ma— Ve = ¢ ¢ ey (—a) — ety (—a—1)
QC/Q%'_(_a)fi,b —qv; (ma—=1)fipy1 = qqc/in,b%_(—a) = fipr1; (—a—1).

These follow in the same way as the proof above.
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3.2.2. Case 3: (i,j) = 0. Relation (6) immediately simplifies to 1(2)z; (w) = a7 (w)e3(z). This

implies that any Pi[la] or lea] commutes with any E;; or Fj .

3.3. Proof of (8). Writing out the condition gives:
(11) (Bism)(Bin—1) + (Bin)(Bim—1) = ¢ [Eim-1)(Ein) + (Bin-1)(Eim)] = 0.

Let us denote the left side of this equation by f(m,n). Note that it is symmetric in that f(m,n) =
f(n,m). Now, from condition (3) we know that

[Pi, Ei n] = —[2](E; n—1).
Multiplying (11) on the left by P; and using this relation repeatedly we get
(B3, f(m,n)] = —[2] [f(m = 1,n) + f(m,n —1)].

Thus f(m,n) = 0= f(m —1,n) 4+ f(m,n — 1) = 0. Applying Q; instead of P; likewise gives that
fm,n)=0= f(m+1,n)+ f(mn+1)=0.

Thus, if you know that f(n,n) = 0 then f(n — 1,n) = 0 since f(n — 1,n) = f(n,n — 1) and then
f(n,n)+ f(n—1,n+ 1) = 0 which means f(n — 1,n+ 1) = 0. Continuing in this way one finds that

f(n,n) =0= f(n+1,n)=0= f(n+1l,n—-1)=0= f(n+2,n—-1)=0= f(n+2,n—2)=0=...

which means that f(n,n) =0= f(n+k,n—k)=0and f(n+k+1,n—k) =0 for any k € Z. Thus
it suffices to know that f(n,n) =0 for all n € Z which is condition (4) from 2.4.

3.4. Proof of (9). Now suppose (i, j) = —1. Writing out condition (9) from section 2.3 gives
(Eim)(Ejn-1) + (Ejn) (Bign—1) = 4 [(Ejn-1)(Bim) + (Bin—1)(Ejn] = 0.
Again, let us denote the left hand side f(m,n). This time we will use that
[Pi, B m] = [2](Eim—1) and [P, Ej ) = —Ej —1.
Now, multiplying f(m,n) by P; and using these relations gives
[Py, f(m,m)] = [21f(m — 1,m) + g~ f(m,n — 1)
while multiplying by P; gives
[Py, fm,m)] = —g~ 1 f(m — 1,m) + [2]f(m,n — 1).
Putting this together gives
f(m,n)=0= f(m—1,n)=0and f(m,n—1)=0.
Using @; and @); instead of P; and P; also gives us
f(m,n)=0= f(m+1,n)=0and f(mn+1)=0.

From this it follows that we only need to know f(m,n) = 0 for one pair (m,n). Taking (m,n) = (1,1)
is precisely condition (9) from section 2.4.

Finally, if (7, j) = 0 then writing out the condition in (9) from section 2.3 immediately simplifies to
condition (9) in section 2.4.
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3.5. Proof of (10). The Drinfeld condition is equivalent to

(Ej n)(Ezm )(Eim )+
12 T IR T = 2/(Bimey 1)) (Ejin ) (Eim,
(12) 2 B} B () — 2 B Bimes) Ein) B
if (i,5) = —1.
Notice that we have
q_l(Ei,ml)(Ej,n>(Ei,m2)
= [(Bim+1)(Ejn-1) + (Ejn) Eimy) — ¢ (Ejn-1)(Eim,+1)] (Bims)

and likewise

4(Ei,my ) (Ejn) (Eim,)
= (Bim) [(Ejn-1)(Eima+1) + (Biim, ) (Ejn) — ¢(Eimy+1)(Ejn-1)] -

Adding and symmetrizing with respect to m; and mo we get the Drinfeld cond ition above but only if
we can show that

Z (Ei,mcr(l)+l)(Ejan_l)(Ei7mo'(2)) + (Ei7mo(l))(Ejan_l)(Ei7ma(2)+1)
g€S>

= Z q_l(Ejm—l)(Ei,ma(l)-i‘l)(Eiﬂﬂg(z)) + q<Ei7mo'(1))(Ei:ma(2)+1)(Ej7n_1)'
€S,

Now multiply both sides of this equation by g + ¢~!. If we collect the terms on the right side with
a coefficient of g2 or ¢~2 and use the appropriate commutator relation (11) (appropriate means that
we should get rid of the ¢ coefficients) then we find that the condition above is equivalent to condition
(12) for the values (n — 1,my,mg + 1) and (n — 1, my + 1, mya).

Equivalently, this means that if m; < mg then (12) for (n, mq, msg) is implied by (n+1,m; — 1,ms2)
and (n,m; — 1,mg + 1). Thus repeating the argument we can reduce to the case when m; = mq = m.
In this case (12) becomes

(Ejn)(Bin)® + (Bim)* (Ejn) = [2)(Bim)(Ejn) (Bim).
If m = n = 0 then this relation follows formally from the other relations (see for instance [N2]). But

in the more general case, £ := (E; ) and E} := (Ej ;) also generate an sl3 action (when combined
with F := (F; _mm) and Fj := (Fj _)) so the argument used in the case m = n = 0 still applies.

4. MINIMAL REALIZATION

The presentation from Section 2.6 can probably be stripped down even further. For generators,
consider the algebra generated by E; .1 and Fj; 1y, where 1, are idempotents as before and where
i1 € I and r € Z. The relations are as follows.

(1) {1x: A € X} are mutually orthogonal idempotents with
Ei,r]-)\ = 1;LE7L,T]-)\ = 1/,LE’i,T
Fi,rl,u = 1AE1',T1;L = lAEi,r

where = A+ a; + rcd
(2) For a,b,a’,b’ € Z we have

B Fiplly = ¢ V°[Bia, Fip]lyifat+b=d +b >0
q_bC[Ei’a, Fi’b}l)\ = q_b/c[Ei’a/, Fl-’b/]l)\ if a + b= a/ + bl <0
[Eio,Fiplly = [(N\i)+aclyifa+b=0.

If i # j then [Ejq, Fjp]1x = 0.
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(3) For any n € Z we have E; ,E; -1 = ¢*E; n—1E; , and F; ,_1F; ,, = ¢*F; o Fi p_1.
(4) For any i # j € I and n € Z we have
Ei1Ej\\+ E;1Eily = q ' (BjEi 1, + E;Ej11y) i (i,j) = —1
E,E;,1x=E;,E;1y if (i,5)=0
and similarly
Fy 1Fjlx+F; 1 F1y=q " (FjF;, 11\ + FFj11y) if  (i,5) =1
FF;,1y = F; o, F;1, it (4,5) =0.
Conjecture 1. In an integrable representation, all the Drinfeld relations are a consequence of the
relations above.

The most glaring omission above are the Ps and @Js. These can be defined using the E's and F's as
follows
1—a—b]

pl

Lemma 1. Let P; and Q; be defined by —q 'P; = Pi[l] and —qQ@Q; = le]. The relations between
E;, and F;p imply that [Q;, B;)1x = [2][c]1x, [Qs, Pj]1x = —[c]1 if (i,5) = —1, and [Q;, P;]1x =0
otherwise.

. a+b .
1y = ¢ ¢~ NI E; 4, Fi )1y and le My = g beg [Eias Fip)1x.

Proof. First we compute Q;P;1,. To do this we use
Pl =q°q MN(E; 1 Fi1\ — Fy, E; 1) and 1,Q; = ¢ “¢™M (B Fi 11y — Fi 1 Eily).
Thus
QiP1\=EF B 1 Fl\ - EF FE; 11, - F BB, _(Fly+F EFE; _11,.
Consider the first term. We have
EiFi B 1 F;1y
= EE, 1F1F1\—[(A—1,i) — |E;F;1y
= E; 1E;F;F;11\—[(\ i) —2—|E;F;1,
= E, 1 FEF1lx+[(A—4,9)E _1Fi11\ — [(A\, i) =2 = c]FEE Ly — [(A3) — 2 — ¢][(A, §)]1a.
Likewise, the other three terms give
—q 2 (FiEiE; 1 F;1 1\ — FE1L[(N i) — o + Ei —1F 1A 6] — [N )][(A 6) — ]1a)
~¢* (B, 1 F 1 FiE ) + Ei 1 F 116\ 8)] — [(A\,3) — | FiEi Ly — [(A,3) — ][\, 4)]1))
FiE; _1Fi1Eily — FELL(N ) +2—d + [(\d) + 2] Er 1 Fialy — [(A i) + 2)[(\, ) — |1,
Now consider the coefficient of F;F;1, after summing up these four expressions. It equals
=[N 8) =2 = +q*[(\ i) — ]+ @[\ i) — ] = [(A, i) +2— ] =0.
Likewise the coefficient of F; _; F; 1 is zero. The coefficient of 1, is
~[(\) =2 = [N )] + a2 [N DN ) — o] + @[ 8) — o = [\ d) + 2][(\,4) — ]
which simplifies to give [2][¢]. The remaining terms are grouped together to give P;Q;1,. Thus we end
up with Q; P, 1) = P;Q;1x + [2][c]1x.
An analogous but slightly longer calculation, which we omit, can be used to show that Q;P;1\ =

P;Q;15 — [c]1x when (i, j) = —1. The fact that Q; P;1x = P;Q;1x when (i, j) = 0 is immediate.
O

In general, the commutator relations beween Pi[ln] and len] can be read off from the Drinfeld
realization. They are defined recursively as follows.
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e If i =j and a,b > 0 then
P[l }Q[l ] (qq + qilqc)P[laH]Q[,lbﬂ} + P4[1a+2]Q['1b+2]
J 7 J
[1a+1] 1b+2] [1a+2]

b
QVTEM — (qtqe + qq)QM P 4 QI P

while [, PI) = —(q — ¢ )@ and [QI, P = (¢ — ¢~ 1)[] P unless b =0 in
which case [Q?LPF]} = —[q].
o If (i,j) = —1 and a,b > 0 then

(11 [1942] 5[1°+2]

a b a+1
Pz‘[l ]le I (qq—c + q—lqc)Pi[l ]Qj +P ;
4 a ) b1 a+1 b2 at2
le ]Pz[l ] (q—lq—c + qqc)Q[vl ]P[l ] + le ]Pz[l ]
while [Qg-leLPi[l]] = —(q— q_l)[c]QL ] and [Qm P ]] (g—q 1)[C]Pi[lb] unless b = 0 in

which case [Qm Pm} —[q].
(1°] _ H°] p[19]
oIf(zg)-OthenP Q =Q; P .
One would expect that the proof in Lemma 1 extends to deduce these relations as a formal consequence

of the commutator relations between Fs and F's. However, such a computation is much more complex
than the one in Lemma 1 and we did not perform it.

5. REMARKS

5.1. Break of symmetry. The algebra generated by Ps and @s is known as the quantum Heisenberg
algebra. It has a natural involution 1 defined by

Pi(ln) — (71)"Pi(") and Qf-ln) — (71)”625").
In terms of the generators h;,, this involution corresponds to h; ., — —h; . In section 2.4 we used
these Heisenberg generators to define two sets of algebra elements, {Pi[1 ],Q£1 ]} and {Pi["],QE"}}.

However, in subsequent presentations we used only {Pi[ln],len]} and never used {Pi[n],Qin}}. This
apparent break in symmetry is explained by the definition

F(2) =D e (En)ZT = g rexp (£(g— g7 Y hianzT)

n>0 n>0
from section 2.3. Changing h;,, to —h;,, in this deﬁnition would have the effect of exchanging
P o P and QU o QI because (PI) = (—1)" P and ¢(QI') = (—1)mQ!™.

K2

5.2. Divided powers. To define the quantum affine algebra over Z[q, ¢~*] one needs to include divided
powers, as observed by Lusztig. These divided powers are defined as follows

(r i,m (r) Firn
(13) E; ) =——and F;/ = =

' [r]! ' [r]!
where r > 0 (by convention, r = 0 gives the identity). Ideally one would like to understand the relations
involving these divided powers; these relations should be defined over Z[q, ¢~!], and they should arise in
geometric and categorical constructions. The lemma below gives some examples of relations involving
divided powers and Ps and @s.

Lemma 2. The following identities hold:

Qi EX)) = ¢ 2B,V E; b Qi F})) = q°q’ Y2 F i B Y

—c r— T r—1
[P“Elz( b)+1] =4q q 1[ 1E;, bE'L(b+1) [P, Fz(b)+1} = [Q]Fz(bH)Fi,b
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[Qj»Ez(Z)] == TﬁlEz(Tz‘;_l)El b+1 [Q;, F, (T)] =q°q"'F; b+1Fi(Z_1)
—c r— r—1 r T r—1
[P}, Ez( b)—i-l] =—-q q 'E; Ez( b+1) (7, Fz(b)Jrﬂ = le(b+1)F

Proof. We prove the first relation by induction on r (the others are proved in exactly the same way).
The base case r = 1 is part of the definition. To prove the induction step we have

QiEi(,Tb)Eiab = i(Tb)Qi E;p+ qrfl[Q]E‘(r_l)Ei b1 Eip
- EipQi + 2B Eipir + ¢ 2B, V By By
= szH-E )Ez 12 (1 + ¢ )
= B EpQi+ By Byl + 10
This means that [r + 1][Q;, E TH)] =q"[2][r + 1]Ei(;) E; p+1 which implies the induction step. O

Let UZ(g) be the subalgebra of U,(g) generated over Z[q, ¢~ '] by the divided powers E( ") and F(T)
together with Q"] and P[], One expects that the algebra UqZ( ) is free over Z[q, ¢! and that the

natural map UZ(§) ®z4,4-1) k(q) = Uy (@) should be an isomorphism. This observation appears in [CP]
and also in the remark in section 1 of [N1].

5.3. Renormalization. In [CL2] we construct a categorical action of the quantum affine algebra using
the Heisenberg algebra from [CL1]. However, the resulting decategorified relations do not match up
identically with those in the above presentations. More precisely, they are off by a sign or some power
of ¢ in a few instances. We now renormalize the generators of the idempotent vertex realization Uq (@)
of the quantum affine algebra so that the resulting presentation matches up with that in [CL2]. So the
point of this renormalized realization of Uq(ﬁ) is that it occurs naturally in categorification.

To define the renormalization we need an asymmetric pairing (-, -) on X. To define this pairing, fix
an orientation of the original Dynkin diagram of g, so that an edge between i and j in the Dynkin
diagram is now oriented ¢ — j or j — ¢, but not both. Then

Lifi=j
(i,7) =4 —1ifi —j

0 otherwise
while (¢,8) = 0 = (4,¢) and (6,9) = 0. Moreover, (A;,j) = 6;; and (j,A;) = 0 while (A;,d) =1 and
(0,A;) = 0. In particular, this means that if A is a weight appearing in the representation of level ¢
then (X, d) = c and (4, \) = 0. It is easy to check using this definition that (A1, A2) = (A1, A2) + (A2, A1)
for any \;1 € X and Ay € Y.

We define the renormalization as follows. It takes ¢ — —¢q and
By = ()N E 1y nFym = —(=1)"Y (=)™ 1\ Fy

Py = =Py Py s —P1, 100 s (1)1, 1,0 s —(—1)m1,Q8
where ¢ = (A, 0) is the level.
For example, the relation ¢°[Q;, E; p]1x = [2]E; p+11x becomes

(—q)° ((*DCHQi(*1)(>"i)quEi,b - (*1)(/\H’i)qbcEi,b(*l)CHQi) Iy = *[2](*1)(/\’i)q(b+1)cEi,b+11,\

which simplifies to give [Q;, Eip]1x = [2]E;p+11x. The resulting relations turn out to eb independent
of the choice of orientation of the Dynkin diagram. We summarize them below.
The renormalized (idempotent) vertex realization has generators

Ei 1y Fiply, Q™1 P11, Q1 1, PY 1y, where i € T and 1,k € Z.
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The P Q[ln] p Q[-"} are defined as before. The relations in this renormalized realization are then

modified as follows.
(1) This condition is redundant.
(2) This condition is unchanged.
(3) This condition is unchanged.
(4)

We have
(m—k) Q(n k)l)\ lfl_]

S0 Sy (2 P
(14) QYR = s Sym* (e )P ’“@” D1y if (i, ) = —1
PMQM, i (i, ) =
. Sz A (HH)P(’”’“ Q" iti=
(15) QP = IS AR PO i () = -1

P(ij(l 1, if (t,7) =0

and likewise if you exchange (a) with (1%) everywhere.

(5) We have
Py =1,PM1, =1,P"
QM1 =1,Q"M1, = 1,Q™  and  Q""1,

and P =1, P01, = 1, P
= 1,Q""1, = 1,Q""

where = X\ + ncé.

(6) We have
[Q[laJrl] ]Ez p+1ly — g~ El b+1Q[ ]1)\ ifa>0
‘ E; b+1h if a = 0.
0 [1““] _2Q [1* ]Fz pr1ly — ¢°F; b+1Q[ Nyifa>0
’ Fipp1lyifa=0.
1P B q Ez bP[ 1 —q 2PN Byl ifa> 0
! i, bl)\ lf a=20
1o+ *2Fl WP — 2P 1 i a > 0
[P[ ] z b+1
! i, b]-)\ 1f a = 0
while if (i, 7) = —1 we have
QI By 0Eip1Q) 1y — ¢ QB a1y ifa > 0
! ’ Eipi11x lf a= 0
q—c[Q[l"“] Fily = F; b+1Q[ I - Qg‘la]Fi,b-i-ll)\ ifa>0
Fipi1 1A ifa=0
a g ! 1] 7. :
qc[P[l 1 B b+1]]— _ Ez bP qu Ez,bl)\ ifa>0
! 7, bl,\ if a = 0
[1%] -1 p[17] .
(Pt FipP; 1y —q 'P; 'Fiplyifa >0
/ i, bl)\ ifa= 0
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(7) We have
g g™ QM Ny ifa+b> 0
[Eia; Fiplly = q_“cq_“\’i)Pi[raib]l,\ ifa+b<0
[(A3) +ac]ly if a+b=0.
while if ¢ # j then [E; o, F;p]1x = 0.
(8) This condition is unchanged.
(9) For any m,n € Z, if (i,7) = —1 we have
EimEjni1ly —qEjniiBimly = EjnEimi1ly — g 1 Ejnly
i1 Fjnly — qF5n s my1ly, = FjppiFimly — 5 mFj g1l
while if (i,7) = 0 then
EimEijnly = E;nEimly and Fy n Fj o1y = Fj o Fim 1.
(10) This condition is unchanged.
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