VERTEX OPERATORS AND 2-REPRESENTATIONS OF QUANTUM AFFINE
ALGEBRAS

SABIN CAUTIS AND ANTHONY LICATA

ABSTRACT. We construct 2-representations of quantum affine algebras from 2-representations of
Heisenberg algebras. The main tools in the construction are categorical vertex operators, which
are special complexes in a Heisenberg 2-representation that recover vertex operators after passing to
the Grothendieck group. As an application we categorify the Frenkel-Kac-Segal homogeneous real-
ization of the basic representation of quantum affine algebras of simply-laced type. This gives rise to
categorical actions of quantum affine (and toroidal) algebras on derived categories of coherent sheaves
on Hilbert schemes of points of ALE spaces.
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1. INTRODUCTION

Affine Lie algebras are central objects at the intersection of representation theory and mathematical
physics. They have a rich representation theory generalizing that of finite dimensional semi-simple
Lie algebras, and their integrable representations admit various explicit constructions. Distinguished
among these is the homogeneous vertex operator construction of the basic representation due to Frenkel-
Kac [FK] and Segal [S].

In this paper we categorify this construction. The key ingredients are the homogeneous Heisenberg
subalgebra, its Fock space representation, and the associated vertex operators. The first two ingredients
were categorified in [CLil]. The main result in this paper is a categorification of the vertex operators.

A geometric construction of the basic representation was given by Nakajima [N1, N2] and Grojnowski
[G]. In their setting, the underlying vector space of the basic representation is the cohomology of the

moduli spaces of rank one torsion-free sheaves on the resolution C2/T" of a singularity of type A, D
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or E. They define a Heisenberg algebra action on this cohomology and use the Frenkel-Kac-Segal
construction to induce an action of the affine Lie algebra.

In [CLil] we lift the Nakajima-Grojnowski Heisenberg action to a 2-representation of the quantum
Heisenberg algebra. This gives a 2-representation on the derived category of C*-equivariant coherent

sheaves on the Hilbert schemes of points of CZZ/\F . The current paper extends this to a 2-representation
of the entire quantum affine algebra. In fact, we can extend to a 2-representation of quantum toroidal
algebras. Subsequently, we recover quantum toroidal algebra actions on the C*-equivariant K-theory
of the moduli spaces of rank one sheaves, as conjectured by several mathematicians in the 1990s.

2-representations of quantum affine algebras have been studied in several circumstances [KL2, KL3,
R, CK, CKL3]. The 2-categories considered appear in the modular representation theory of symmetric
groups and of Hecke algebras at roots of unity, in the geometry of moduli spaces of sheaves on surfaces,
and elsewhere. However, all these examples use the Kac-Moody presentation of quantum affine alge-
bras. In this paper, the quantum affine algebra arises naturally in the alternative loop (or Drinfeld)
presentation. The higher representation theory of loop algebras is not well understood yet, and one
of our goals is to propose a definition for 2-representations of quantum affine algebras in their loop
realization.

The loop realization of quantum affine algebras is important if one wants to understand relationships
to conformal field theory and low dimensional topology (see section 1.1). A significant difference
between this realization and the Kac-Moody realization is that we must deal with 2-categories which
are triangulated rather than just additive. Nevertheless, our definition should be related (in a precise
but non-trivial way) to its Kac-Moody analogue.

We expect that this categorification of vertex operators in the Frenkel-Kac-Segal construction is
the beginning of a larger categorification program for vertex algebras. For example, the entire vertex
operator algebra structure in the basic representation, which contains not only the vertex operators of
this paper but also the Virasoro algebra and other structure, should be categorified. The problem of
categorifying vertex algebras was posed over ten years ago by Igor Frenkel.

1.1. Relations to mathematical physics and invariants in low dimensional topology. One
reason to be interested in categorifying representations of affine Lie algebra is the relationship to
conformal field theory. In particular, the Wess-Zumino-Witten model in conformal field theory take as
input the representation theory of affine Lie algebras. Spaces of conformal blocks are defined using the
fusion product on these representations giving vector bundles over a Riemann surface. Monodromy on
these bundles induces an action of the mapping class group which, in turn, gives rise to 3-manifold
invariants [Ko]. The existence of categorified vertex operators suggests that these 3-manifold invariants,
and perhaps much of conformal field theory itself, should be categorified.

The vertex operators used in the construction of the basic representation [FK, S] first arose in
physics literature of dual resonance models. We are curious about the physical significance, if any, of
the categorified vertex operators we consider here.

1.2. Vertex operators in the homogeneous realization. In the remainder of this introduction we
sketch the Frenkel-Kac-Segal homogeneous realization of the basic representation and our categorifica-
tion of it. Let g be a finite dimensional Lie algebra of type A, D or E, and let g = g ® C[t,t~!] @ Cc
be its affinization. The enveloping algebra U(g) contains a subalgebra i)\, known as the homogeneous
Heisenberg subalgebra. The algebra a has essentially one irreducible representation F, known as the
Fock space.

Let Vi, be the basic representation of g, that is, the highest weight irreducible representation of
highest weight Ag. The basic representation is the “simplest” of the representations of g that can be
integrated to the group. The Frenkel-Kac-Segal construction of Vj, begins with the observation that
the restriction of Vy, from g to the homogeneous Heisenberg algebra f)\ decomposes as a direct sum of
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copies of the Fock space
= @ F,
ey

with the summands indexed by the root lattice Y of g. Thus, in order to give an explicit construction
of Vi,, one can take a direct sum of copies of the Fock space, one for each element of the root lattice,
and explain how to extend the action on this space from E to g. R

Frenkel-Kac [FK] and Segal [S] show that the action of g can be constructed from the action of § and
translation in the root lattice Y via the use of vertex operators. A basic example of a vertex operator
is the formal series

2" z’”
X(i,2z) =exp Z - )exp ( Z - hin) exp(log z - o (0) + ;)

n=1

where h;, are generators of Ij and «; is a simple root of g. The above expression contains three
exponentials. The homogeneous components in z of the first two exponentials are endomorphisms of
the Fock space F, while the homogeneous components of the term exp(log z - a;(0) 4+ «;) are “lattice
translation” operators which moves the various copies of F along the lattice (we refer to [FK] for the
precise definition of the lattice translation operator). Each homogeneous component of X (i, z) is thus
an endomorphism of Vj,. These endomorphisms, together with their adjoints, generate the action of
the affine Lie algebra, giving an explicit construction of the basic representation.

It was later shown in [FJ] that this construction admits a ¢g-deformation. In this ¢-deformation, the
Heisenberg algebra E is replaced by the quantum Heisenberg algebra, and the vertex operators X (i, z)
are replaced by g-vertex operators

—n

Xq(i,2) = exp ( Z %hi7_n) exp (— Z Z[T]hm) exp(log z - a;(0) + ;)
n=1 n=1

where [n] = q;:qq_—ln is the quantum integer. The homogeneous components of the X, (i, z), together

with their adjoints, then give the basic representation of the quantum affine algebra U,(g).

In order to categorify the vertex operators X, (i, z) we use new operators Pi(") and len) defined by
the formulas

exp {32 M) 3 R0 exp (= 3 M ) 3 ayrgtn

m2>1 n>0 m2>1 n>0

In terms of these operators, a single homogeneous component in z of X, (4, z) becomes an expression
of the form

(1) S )P N,

n>0

where t; acts only in the lattice and ano(—l)"PZ—(nJrk)Ql(-ln) acts only in the Fock space. Thus, the ¢-
deformed Frenkel-Kac-Segal construction says that these alternating sums, together with their adjoints,
generate an action of the quantum affine Lie algebra U,(g).

1.3. Categorification of the basic representation. A categorification of the Heisenberg algebrai]\
and its Fock space representation was given in [CLil] (see also [K], [LS] for related definitions). We
recall this definition in section 3.2, where we also define a the notion of a 2-representations of E Very
roughly, a 2-representation of H consists of a 2-category K where the objects are indexed by the natural
numbers, the 1-morphisms are compositions of generating 1-morphisms P; and Q;, and there are 2-
morphisms with specified relations (these relations are described using a graphical calculus of planar
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diagrams). The relations for 2-morphisms imply that the 1-morphisms P; and Q; satisfy categorical
analogs of the relations in the Heisenberg algebra. Thus a 2-representation of E is a categorification of
a representation of the Heisenberg algebra.

To categorify the Frenkel-Kac-Segal construction of the basic representation of g we need to lift the
operators in (1) from vector spaces to categories. In a 2-representation K of E, the operators R(n) and

len) are lifted to indecomposable 1-morphisms in K. Thus, it is natural that alternating sums like
(1) should lift to complexes in the homotopy category Kom(K) of K,
n n+1
o PURQI gy s PUHEIQUTT I 1y
In Section 5.1 we define these complexes.

It is immediate from the definition that our complexes descend to the homogeneous components
of vertex operators after passing to the Grothendieck group. In fact, this would be true regardless
of the differentials we choose in our complex (indeed, even the zero differential would give a complex
which descends to the correct operator in the Grothendieck group). The interesting content is that
these complexes satisfy categorical relations of the quantum affine algebra inside Kom(K) itself, before
passing to the Grothendieck group. A summary of the relations we check is in the statement of Theorem
5.2.

The (somewhat long) list of relations satisfied by the complexes of Section 5.1 can be summarized by
saying that they define a 2-representation of g. More precisely, in section 4.2 we define what it means
to have a 2-representation of g. The content of our theorem 5.2 is then that, given a 2-representation
of /b\, our complexes define a 2-representation of g.

Our consﬁructions also apply with no extra work to give a 2-representation of the quantum toroidal
algebra U,(g). This algebra is a loop affinization of the quantum affine algebra in its Kac-Moody
presentation. In section 9 we explain how to obtain a 2-representation of the quantum toroidal algebra

—

on the derived categories of coherent sheaves on Hilbert schemes of points on C2/T.

1.4. Generalization to other Kac-Moody algebras. The essential idea at the core of our con-

struction is that 2-representations ofH (respectively H) give rise to 2-representation of g (respecitively

9). On the other hand, the only input data used to define 2-representations of /h\ is essentially the
finite dimensional algebra Br := C[['] x A*(C2), where I' C SLy(C) is the finite subgroup associated
to the Dynkin diagram of g using the McKay correspondence. Thus we obtain what can be viewed
as a categorical form of the McKay correspondence: starting from the finite subgroup I' C SLs(C),
we construct the finite-dimensional algebra Br, and using this algebra we construct 2-representations
of the associated quantum affine (and toroidal) algebra. Moreover, the algebra Br can be described
directly in terms of the underlying affine Dynkin diagram without direct reference to the finite group
I'. This description suggests how to generalize the constructions of this paper to other Kac-Moody
type. More general Kac-Moody algebras are not the main subject of this paper and will therefore be
discussed elsewhere, but we will briefly describe how to generalize the algebra Br to other Dynkin
type.

Fix a simply laced Dynkin diagram D, and choose an orientation of the edges. Let C[dD] denote
the path algebra of the doubled quiver dD. Thus a path in dD is described as a sequence of vertices
(a1|ag|...|ar) where a; and a;41 are connected by an edge in D. We define Bp to be the quotient of
C[dD] by the two sided ideal generated by

e (a|blc) if a # ¢ and

e (albla) + (alc|a) whenever a is connected to both b and c.
The algebra Bp can be used to define a 2-category which categorify the Heisenberg algebra hp associ-
ated to the root lattice of D. The constructions of this paper then categorify the Fock space modeled on



VERTEX OPERATORS AND 2-REPRESENTATIONS OF QUANTUM AFFINE ALGEBRAS 5

this lattice. In particular, the categorical vertex operators can be used to construct 2-representations
of the quantum group associated to D.

The algebra Bp appears in [HK], where it is called the skew zig-zag algebra. In that paper the zigzag
algebra is used to categorify the adjoint representation of g for g of finite type. Our categorification of
the basic representation is in fact an extension of their categorification of the adjoint representation: the
restriction of the basic representation Vj, of g to g contains the adjoint representation of g as a direct
summand. After restricting our categorification of V}, from g to the copy of the adjoint representation
of g sitting inside it, our complexes recover the categorification in [HK]. In this restricted construction,
the complexes have length at most two, which makes checking the relations in the adjoint representation
of g much easier than checking the relations in the basic representation of g.

Acknowledgments: The authors benefited from discussions with Mikhail Khovanov, Aaron Lauda,
Hiraku Nakajima, Raphael Rouquier, Travis Schedler and Joshua Sussan. S.C. was supported by NSF
grants DMS-0964439, DMS-1101439 and the Alfred P. Sloan foundation. A.L. would like to thank the
Institute for Advanced Study for support.

2. NOTATION AND TERMINOLOGY

For the entirety of this paper we let k denote a field of characteristic zero. We let k(gq) denote the
field of rational functions of one variable, q. We denote

] =gt gt 4 p i B g
the quantum integer. If j > 0 then Vj; denotes the graded vector space
(2) Vi=k{j)ok(j-2)&- - ok(-j+2) ok(-j)
where (1) is a shift of 1 in the grading.
If A= (A1 > Xy >+ > \p) is a partition then |A| := >, A\; denotes its size. We say that A" C X if

X is contained in A\, meaning that \; > X, for all i. We denote by A! the transposed partition of A (for
example, (n)! = (1")).

2.1. Dynkin data. From now on fix a simply-laced Dynkin diagram of affine type and denote its
vertex set by I. The special affine vertex in I is labeled 0 and we let I := I\ {0}. The subdiagram
whose vertex set is I is a Dynkin diagram of finite type A, D, E. We denote the Lie algebras associated
to these Dynkin diagrams by g and g.

We denote the weight lattice of g by X and the root lattice by Y. The standard pairing on the
weight lattice is denoted with brackets (-,-), which should not be confused with the grading shift on
categories. For i € I, o; € Y and A; € X will denote the simple roots and fundamental weights,
respectively. These satisfy the relation C; ; = (a;, ;) where C; ; is the Cartan matrix of g. In terms
of the Dynkin diagram, we have

2if i = j
(a,05) = ¢ =1 if i # j are joined by an edge
0 if 4 # j are not joined by an edge.

Moreover, (A;, ;) = §;; for all 4,5 € I. Sometimes, if we will write (i, j) instead of (o, ;). The
dominant weights in X are denoted X+ C X. Similarly, we denote by X the weight lattice of §, ¥ the
affine root lattice, etc. We use the same notation (-,-) for the pairing on the affine weight lattice as
for the finite weight lattice. The imaginary root, which is denoted ¢, satisfies (4, ;) = 0 for all 4. The
associated Weyl groups of X and X are denoted W and W.
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Fix an orientation e of the Dynkin diagram of g. If (i,j) = —1 then we set ¢;; = 1 if the edge is
oriented ¢ — j by € and ¢;; = —1 if it oriented j — 4. If (i, j) = O then we set ¢;; = 0. Notice that in
both cases we have €;; = —¢ ;.

2.2. Graded 2-categories. By a graded category we will mean a category equipped with an auto-
equivalence (1). We denote by (I) the auto-equivalence obtained by applying (1) a total of [ times. The
Grothendieck group K (C) of an additive category C is the abelian group generated the set {[A] : A €
Ob(C)} modulo the relation [A] + [A'] = [A"] if A” =2 A® A’. This group is a Z[q, ¢~ ]-module where
q acts by the shift (1). We usually tensor this with the field k(g) to obtain a k(g)-module.

A graded additive k-linear 2-category K is a category enriched over graded additive k-linear cat-
egories. This means that for any two objects A, B € K the Hom category Homg (A, B) is a graded
additive k-linear category. Moreover, the composition map Homy (A, B) x Homg (B, C) — Homg (A4, C)
is a graded additive k-linear functor.

A graded additive k-linear 2-functor F : K — K’ is a (weak) 2-functor that maps the Hom categories
Homg (A, B) to Homy: (F A, FB) by additive functors that commute with the auto-equivalence (1).

If K is an additive 2-category, the Grothendieck group Ky (K) is a k(g)-linear category whose objects
are the same as those of K and whose morphism spaces are

Hom g, (i) (4, A') = Ko(Homy (4, A')).

Example 1: Suppose B, is a sequence of graded k-algebras indexed by n € N. Then one can
define a 2-category K whose objects (0-morphisms) are indexed by N, the 1-morphisms are graded
(B, Bp)-bimodules and the 2-morphisms are maps of graded (B,,, By,)-bimodules.

2.2.1. Idempotent completeness. An additive category C is said to be idempotent complete when every
idempotent 1-morphism splits in C. The idempotent completion (or Karoubi envelope) Kar(C), of
an additive category C is defined as the category whose objects exactly the objects of C, and whose
1-morphisms are pairs (A, e) where e : A — A is an idempotent endomorphism, e = e. 2-morphisms
(Aye) — (A',¢') in Kar(C) are morphisms f : A — A’ in C such that the following diagram is
commutative.

ATy

/
A—>f A

The idempotent completion of C can be viewed as a minimal enlargement of the category C so that
idempotents split.

Similarly, we say that the additive 2-category K is idempotent complete when the Hom categories
Homy (A, B) are idempotent complete for any pair of objects A, B € K, (so that all idempotent 2-
morphisms split). The idempotent completion Kar(K) of a 2-category K is the 2-category with the
same objects as K, but with Hom categories given by Kar(Homy (A4, B)).

2.2.2. Triangulated 2-categories. A graded triangulated category is a graded category equipped with
a triangulated structure where the autoequivalence (1) takes exact triangles to exact triangles. We
denote the homological shift by [-] where [1] denotes a downward shift by one. The Grothendieck group
Ky(C) of a graded triangulated category C is the abelian group generated the set {[A] : A € Ob(C)}
modulo the relation [A] 4+ [A'] = [A”] if there exists a distinguished triangle A — A” — A’. As before,
this is a Z[q, ¢~ *]-module where g acts by (1).

A graded triangulated k-linear 2-category K’ is a category enriched over graded triangulated k-linear
categories. This means that for any two objects A, B € K’ the Hom category Homy/ (A, B) is a graded
additive k-linear triangulated category. Here are two examples to keep in mind.
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Example 2: the homotopy category K’ := Kom(K) of a graded additive k-linear 2-category K.
The objects of K’ are the same as the objects of K. The 1-morphisms of K’ are unbounded complexes
of 1-morphisms in K, and 2-morphisms are maps of complexes. Two complexes of 1-morphisms are
then deemed isomorphic if they are homotopy equivalent. This makes Homg (A, B) into a graded
triangulated category.

Example 3: the 2-category of Fourier-Mukai (FM) transforms. The objects are a set of varieties
{Y;}, where each variety defined over k. The 1-morphisms are objects in the derived category of
coherent sheaves DCoh(Y; x Y;) (these 1-morphisms are known as FM kernels). The 2-morphisms
are morphisms between these FM kernels. If all varieties also carry a k* action then considering
derived categories of k*-equivariant coherent sheaves allows for an extra grading and yields a graded
triangulated k-linear 2-category.

3. HEISENBERG ALGEBRAS AND 2-REPRESENTATIONS OF h

3.1. The quantum Heisenberg algebra. The quantum Heisenberg algebra, which we denote by H,
plays a central role in all of the constructions to come. We begin by describing this algebra and its
Fock space representation.

The traditional presentation for the quantum Heisenberg algebra is as a unital algebra generated by
hin, where i € I and n € Z\ {0}. The relations are

(3) [hi’m’hj’n] = 6m7*n[n<27]>]%

When g = 1, this presentation specializes to the standard presentation of the non-quantum Heisenberg
algebra. Sometimes, relation (3) appears in the literature with a minus sign on the right hand side,
though this does not change the isomorphism class of the algebra itself (just replace h; ,, with —h;
if m > 0).

Our preferred presentation of E is slightly less common. We use generators for PZ-(“) and QZ(-”) which
are obtained from the standard generators h; ,, via the generating functions

(4) exp Z h[ﬂ;]m 2" = ZPi(")z” and exp Z }E;T:T 2" = ZQEH)Z".

m>1 n>0 m>1 n>0

Lemma 3.1. The elements {Pi(n), an)}iel,nzo also generate 6 They satisfy the following relations:

PP = PP and QUM = QUMM for alli,j e I,
m—k n—k) .p. .
Sisolk+ IR TIQIT if i = j,
QMPM™ = S PMQM ¢ PIQIMTY Gf i e I with (i, f) = —1

PIMQM ifi# j € 1 with {i.j) = 0.

Proof. This is proved in Lemma 1 of [CLil]. Note Pi(o) = Q§O) =1 and Pi(k) = ng) =0 when k <0
so the summations in the relations above are all finite. O

There is an alternative generating set of E given by elements Pi(ln) and len). These are defined
using generating functions similar to (4) as follows

hi,— " h; n
(5) exp|-— Z —Lmmom ) Z(_l)npi(l )Zn and exp [ — Z [ﬂzm _ Z(_l)anl )Zn

m>1 [m] n>0 m>1 m] n>0
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The Heisenberg algebra admits an involution v : 6 — H defined by
pm L p™ Q(_n) . Q(l") pU™ . pm Q(_l") . Q(.”).

In particular, the commutation relations among the Pi(ln) and len) are the same as those between
the PZ-(“) and an) (just replace (n) by (1™) everywhere).

The involution 1) is essentially the standard involution on symmetric functions. More precisely, fix
1 € I and let a; - H denote the subalgebra generated by the {H(n)}. After setting ¢ = 1, there is an
isomorphism of algebras

l’); = SymzZ[hl,hg,...,hn,...]

which takes Pi(") to the homogeneous symmetric function h,,. This isomorphism intertwines ¢ with the
standard involution on symmetric functions which exchanges homogeneous and elementary symmetric
functions.

In addition to the relations from Lemma 3.1 we have the “mixed” relations

PPt = P ang QIMQI = UM Qim

i J
PMQU™ 4 P ) 4 pmD U i —
A pm)  _ J v k) A1) s ' '
Qi P - 2%;0%) )Qv(', i (i,7) =-1
n 1) . .o
PQ; it (i, 5) = 0.
These relations can be checked in the same way as those in Lemma 3.1.

The unital algebra h also admits an idempotent modification where the unit is replaced by a collection
of idempotents 1,,, n € Z. The relations between these idempotents and the generators Pi(") and Q§")
is

]-n+kpi(n) = 1n+kPi(n)1k = Pi(n)lk and 1kQ§”) = 1kQ§n)1n+k = an)1n+k

We also have that lmPi(")lk and leE”)lm is zero unless m = n+ k. Hence the idempotent Heisenberg
algebra can be thought of as a category, where the objects are the integers and the morphisms from
n to m are given by 1m61n~ From this point of view we should write P;1,, or 1, P; to make clear the
domain and codomain. However, the domain or codomain will often be obvious or irrelevant in which
case we just write P;.

A representation ofa is said to be integrable if the object 1,, is zero for n < 0. It is weakly integrable
if it is the direct sum of (possibly infinitely many) integrable representations.

3.1.1. The Fock space. The Heisenbeg algebra E has a natural integrable representation F, known as
the Fock space. Let h™ C b denotes the subalgebra generated by the Ql(-") for alli € I and n > 0. Let
trivg denote the trivial representation of h+, where all an) (n > 0) act by zero. Then

F = Indg+ (trivo)

is called the Fock space representation of 6 It inherits a Z grading F = @menF (m) by declaring trivg
to have degree zero, Pi(n) degree n and an) degree —n.

3.2. 2-representations of H We now explain what it means to have a 2-representation of E This

concept is closely related to the categorification of a defined in [CLil]. In that paper we defined a

graded additive k-linear 2-category H! together with an algebra isomorphism from Ky(#H!) to a (here

I' C SLy(C) is the finite group associated to our affine Dynkin diagram by McKay correspondence). In

essence, a 2-representation of H is a representation of the 2-category H' on a graded, k-linear 2-category.
A 2-representation of E consists of a graded, idempotent complete k-linear category K where
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e O-morphisms (objects) are denoted D(n) and are indexed by n € Z.
e l-morphisms include the identity 1-morphisms 1,, of n € Z (these are mutually orthogonal
idempotents) as well as

P:1,:D(n) - Dn+1), Ql,:D(n)—Dn—1).

Other 1-morphisms are obtained from these by taking compositions, direct sums and grading
shifts.

e 2-morphisms include the identity 2-morphisms, cups, caps and dots (see the pictures below).
Other 2-morphisms are obtained from these by composition.

3.2.1. 2-morphisms in K. We require that the space of 2-morphisms between any two 1-morphisms be
finite dimensional and that Hom(1,,1,(¢)) is zero if £ < 0 and one-dimensinal if ¢ = 0. Moreover, the
2-morphisms must satisfy the defining relations in the Heisenberg 2-category defined in [CLil]. We
now summarize these relations.

The 2-morphisms are encoded by a graphical calculus similar to ones used in the categorifications
of quatum groups and other Heisenberg algebras, for example [L, KL1, KL2, KL3, K, LS].

Strands will be used to denote 1-morphisms. More precisely, an upward pointing strand labeled
by i denotes P; while a downward pointing strand labeled i denotes Q;. Composition of 1-morphisms
is obtained by sideways concatenation of diagrams. The space of 2-morphisms between compositions
of P;s and Q;s is a k-algebra described by certain string diagrams with relations. By convention,
composition of 2-morphisms is done vertically from the bottom and going up.

We have the following generating 2-morphisms. For any 4,5 € I with (i,j) = —1 there is a 2-
morphism P; — P;(1) which is diagrammatically denoted by a solid dot:

i
i
Note that such an 7 — j dot is defined to have degree one. For each i € I there is also a 2-morphism

P, — P;(2) of degree two.
The other generators are given by caps, cups and crossings. These, together with their gradings, are

depicted below:
deg X = 0

deg\_J=degg N\ =-1
degR_J=deg (" =1

The diagrammatic relations include any planar isotopy which preserves the relative height of dots.
These planar isotopy relations imply that the caps and cups give canonical adjunctions, making P; and
Q; biadjoint up to a shift. Explicitly, using the gradings above we see that the right and left adjoints
of P; are

In addition to the isotopy relations we have the following extra relations. First, dots are allowed to
move freely through crossings. Next, degree one dots on different strands supercommute when they
pass each other, meaning that they pick up the sign (—1)* where a,b € {1,2} denotes their degree.
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For example, if ¢ # j and k # [ then we have

ik ik
since each of these dots has degree one. The above relation is technically not a local relation, since
there may be any number of vertical strands in between the dotted strands. The remaining relations
listed below are all local.
The relation which governs the composition of dots on the same strand is

k i
J| = dinesj
Next, for any 4, j,k € I we have
(7) 1 ] A J ) J k 7 J k

(8) !
Finally, if ¢ # j then

while
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Notice all the graphical relations are compatible with the grading assigned to generators. Relation
7 above implies that there is a natural map k[S,] — End(P?"), which will be important in the next
section.

3.3. Idempotent completeness. Since the underlying 2-category in a 2-representation of 6 is as-
sumed to be idempotent complete, any idempotent 2-morphism e of a 1-morphism A gives rise to a
direct sum decomposition A =2 Ae ® A(1 — e).

For example, since k[S,,] — End(P?"), each idempotent in k[S,] gives rise to a direct summand of
P?. We let P! be the 1-morphism of K corresponding to a minimal idempotent of k[S,,] associated to
the partition p of n. More explicitly, fix a labeling T of the boxes in a Young diagram of p with the
numbers 1,...,n. Corresponding to T there are the subgroups Sy, (1) and Seoy 7y of S, preserving
the rows and columns respectively. These subgroups have associated Young symmetrizers

ar= Y g Y, 6 (-1)Wg,

JESrow(T) JES oi(T)

where [(g) is the length of the permutation g.
We set cr = -“arbr, an idempotent in k[S,]. Here the scalar n, is defined as the cardinality of the
"

set {(s1,t1,82,t2) : 8 € row(T), t; € col(T), (—1)") = (=1)"*2) s1¢,59t5 = 1}. The idempotent cp
is used to construct the irreducible S, representation k[S,]er associated to the partition p. Note that
k[Sn)er 2 Kk[Splers if T and T” are different fillings of the same partition. Exchanging the roles of row
and column, one can also use instead the idempotent ¢ = ibTaT to construct the same irreducible
representation (see Chapter 7 of [F] for a discussion of the constructions of irreducible symmetric group
representations from tableaux).

In our case, ¢y and ¢ also define 1-morphisms P}cr,P;ér in K. Just as for representations of
the symmetric group, these 1-morphisms do not depend on the choice of labeling 7" but only on the
partition p in the sense that PPcp = PPeps if T and T” are different labelings of u; moreover, both of
these one-morphisms are isomorphic to P;ér. We will abuse notation slightly and write PY for Pcp
for an arbitrary choice of T. The 1-morphism P/ will generally be drawn as

T
[ ()i |

When the strand label i is understood, which is often the case in this paper, it will not be drawn. We
define Q¥ := Q%cr similarly and draw this 1-morphism with downward pointing arrows. In a few cases
we will need to emphasize the choice of the idempotent ¢, in which case we draw

é B
_ 1
= n,

Of particular importance are the elements Pgn), PZ(-ITL), QZ(-") and len) corresponding to the partitions
pw=(n)and p=(1") = (1,1,...,1) (i.e. corresponding to the trivial and sign representations of S,).
To emphasize the difference between Pgn) and Pgl ) in future calculations we will shade the box for

Pgln) while leaving the box for PE") unshaded (this shading of the boxes is for visual convenience only).
The Ps and the Qs are biadjoint to each other in K. Precisely, if p is an arbitrary partition then the
left and right adjoints are given by

(P)r = Qi (—|ul) and (P})L = Q' (|ul)

where || denotes the size of the partition.
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3.3.1. Integrability. A 2-representation ofa is said to be integrable if the object 1,, is zero for n < 0.
It is weakly integrable if it is the direct sum of (possibly infinitely many) integrable 2-representations.

In this paper, all 2-representations are assumed to be weakly integrable. An example of such a
2-representation of 6 was constructed in [CLil] on categories of coherent sheaves on Hilbert schemes

of points on the surface A2/T.

3.3.2. A symmetry of 2-representations. A 2-representation of E admits a covariant involution ¥ : L —
K. It is defined as the identity on objects and 1-morphisms and also the identity on cups, caps, and
dots while acting as multiplication by —1 on any crossing. This means that ¥ takes the idempotent
2-morphism c¢(1n) to ¢(,) and vice versa. Subsequently

w(P) =PI e =P, w(@”) =", w@{"™) = Qi

while more generally \IJ(PZ(-’\)) = PE’\t) and \I!(QEA)) = Qg)‘t). Thus ¥ categorifies the involution ¢ from
section 3.1.

3.3.3. Induced relations among 1-morphisms in KC. The relations among 2-morphisms in a 2-representation
of h imply certain isomorphisms between 1-morphisms. We recall some of these relations below.

Proposition 3.2. [CLil] We have the following direct sum decompositions of 1-morphisms in H.:

n m) ~u min n,m n+m—=k,k) ., . .
(1) Pimpin) ~ {P% ;P% ;:@k:o( Pl Vifi=j
? J n m) .p . .
P; Pj ifi#j 1
m,1" m~+1,1"" g .
(2) PIMPUT) {P%m )(69) " i
7 i v m) .p - .
Pj P, szz ;éjk
ErxoP" QT @ Vi if i =
n m) ~ m n m—1 n—1) . .o
(3) QP = L PIMQT @ PR if (i) = —1
PI™QY™ if (i, j) = 0
PrIQI" @ P Q" ) o, vy @ P iri =
1 m) ~u m— n—ky
(4) Q5P = Q@ P" QM if (i) = -1
PIMQS if (i, j) =0
In each case the direct summands on the right hand side are indecomposable 1-morphisms in K.

3.4. Technical lemmas. We now discuss a few technical lemmas dealing with 2-representations of H
These will be used later but can be skipped on a first reading of the paper.

Lemma 3.3. For an arbitrary partition A we have
QP = PiQY P Q" i Vi and QP = PVQ @ P @ 1o
NCA N CX
where the sums are over all X' C X with |N| = |A] — 1.

Proof. We prove only the first relation (the second one is proved similarly). First, using the fact that
PZ-QZO) is indecomposable and that Q;P;1,, & P,Q;1, & 1,, ® V1, it follows by induction that
QP = P.QY P Q™ @k Vi
nCA

for some graded vector spaces V,, . We will prove by induction on |A| that V,, » = V4 if ¢ C X and that
Vi,x = 0 otherwise.
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Note that if QE“) (l) is a summand of QE’\)Pi then we must have
Hom(QMP;, Q¥ (1)) # 0 and Hom(Q (1), QVP;) # 0.
Now, by adjunction
Hom(QVP;, Q" (1) = Hom(Q™,Q"Qi(l +1))
Hom(Q, @,cw Q{1+ 1))

1

and similarly

Hom(Q™ (1), QMP;) 2 Hom(e,,c,0 Q™ , QWM (=1 4 1)).
One of these two morphism spaces is zero unless | = —1 or [ = 1 and p C A in which case one of these
is one dimensional. Thus V), » = 0 unless ¢ C A in which case V), » C V1.

It remains to show that V, \ actually equals V;. We do this by counting dimensions. Take v C A
with |A\| = |v| 4+ 1. Then by induction

QP 2 P,QYQ ® QY @ Vi @urcy Q) Qi @k Vi
On the other hand, this equals

)

EBVC,\/QE- P, 2 ®ucn Pin(-A ) SN Ql(-/\ ) ®x Vi wr.

Comparing summands involving only Q;’s one can check that indeed dim(V), »/) = 2 for any p C X'.
The result follows. U

Lemma 3.4. Suppose M\, N,u and p' are partitions such that |A| > |N| and |u| > |W/|. Then
dimHorn(F’z(-/\)QE”)7 PZQ‘ )QEM )<1>) <1 with equality if and only if N C X and p/ C p with |A\| = |N|+1
and |p| = || + 1. In this case this space is spanned by the diagram given by a single cap.

Likewise, if |\| < |N| and |p| < || then dimHom(PE)‘)QE“), PEA )QEM )<1>) < 1 with equality if and
only if N D X and p' D p with |A| = |N| =1 and |u| = || — 1. In this case this space is spanned by
the diagram given by a single cup.

Proof. We prove only the first assertion (as the second one follows similarly). If |A| — |A'| > 2 then the
space of degree one maps is zero since any map requires at least two caps and thus has degree at least

two. So from now on we assume that |A| = |\ | 4 1 and hence || = |p/| + 1.
First we show by induction on |u| that if 4/ ¢ p then the space of maps is zero. Choose any X' C X

with |A| = |\’| 4+ 1. Since QiQEA”) contains QZ(-)‘/) as a direct summand it suffices to show that
Hom (P QM P,PYQ{M) (1)) = 0.
By adjunction and lemma 3.3 we have
Hom(PYVQ{, P,PI Q) (1))
>~ Hom(Q;PVQ!,P

i

A” ’
z( )Qf;” ))

= Hom(PIVQ,Q", PQM)) @) Hom(PPQM, PMIQM) @ 1h)

A///CA/
= @ Hom(PMQM, PYQM) @ Hom(P QY PYIQM) ey Va).
w'Cp NITCN

The terms in the first sum vanish since " and i/ are never equal, while those in the second sum vanish
by induction. Likewise, one can show that the space of maps is also zero if A ¢ .
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Now suppose ' C A and g/ C p. It follows from degree consideration that any map PE’\)Qz(“ )

PE)‘,)QZ(-“ ) (1) consists of a single cap composed with a diagram without local minima or local maxima.
Thus we have a diagram like the following

After possibly replacing the filling 7" by the filling g7” for some permutation g, we may assume that
the upward pointing strands do not intersect. Similarly, replacing S’ by hS’ for some permutation h
we can assume the downward strands do not intersect. Thus we must show that the diagram

a T’ a Sl
ANANAN
0gall 0g’/

mﬂf h A 4

ar as

(11) T S
which spans the space of maps.
It remains to show that dim Hom(PM Q¥ PMIQIM) (1)) = 1. Now
)\/ )\/ ’
Hom(P,PQ{", PMQ{ (1))
Hom(PQ, QPP Q{"))

Hom(PZ(-)\/)Q,(-”), PE)‘,)QZ'QZ(-H/)) @ Hom(PZ(-X)QZ(.”), PEA”)QEH/) ®k V1)
)\//C)\/

IR

Il

Now the left hand term is isomorphic to k while, by induction, the right hand term is isomorphic to
k¢ where ¢ is the number of X C \'. Thus

dim Hom (PP QM PAIQU) (1)) = ¢+ 1.
On the other hand, PiPE)‘/) = @,\rc,,Pl(-”). Since the number of such partitions v is £ 4+ 1 it follows that
dim Hom (P Q") PAIQW) (1)) = 1

for any v containing \. The result follows since we can take v = A. O

Lemma 3.5. Ifi# j then dim Hom(Pga) P;b)lec)Q§1d)7 Pga/)Pg-b/)lec )led )<1>) <1.
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Proof. Let D be a diagram depicting a 2-morphism in

Hom(Pga) P;b)lec)led), Pz('a/)P‘g'b/)QElC/)Q;ldl)<]_>).
Because all P’s occur to the left of all Q’s one can simplify D so that it has no right-pointing cups or
left-pointing caps. One can also get rid of all degree zero crossings. The remaining map is made up
of dots, cups and caps all of which have positive degree. Of these only the the ij dot, the ji dot, the
right cap and the left cup have degree one. It follows that D is made up precisely of one such map and
hence the Hom space is zero except in the following cases:

(1) (a/’b/ac/ad,) = (CL:l: 17b:F 1vca d)a

(@) (@0 d) = (a,bc+1,d 1)
(3) (o, ¥,c,d)=(ax1,b,c£t1,d)
(4) (a,V,c,d)=(a,bt1,¢c,d+ 1)

O

The proof above shows, for example, that Hom(Pga) P;b)lec)led),Pga_l)P§b+1)Q£16)Q§1d)<1>) is
spanned by the diagram

(12)

where the dot is an i — j dot. A basic question is how to check that the diagram above is a nonzero
2-morphism. There are two ways to do this. One way is to check directly in some 2-representation of
‘H that this diagram is represents a nonzero 2-morphism. A representation of H which is faithful on
2-morphisms was defined in [CLil], so in principle one can check that the above diagram becomes a
nonzero map in that representation.

A second proof that the above diagram is nonzero proceeds by closing off the diagram, simplifying
using the graphical relations, and then showing that the resulting diagram is nonzero. Since we use this
technique several times in future sections we now explain in this example how this procedure works.
First note that it suffices to show that the diagram

a1

AN

is nonzero. To do this we close it off as shown in figure 13 below to get an endomorphism of the identity.
Note that that there are two i — j dots in the diagram (the ones on the two diagonal line segments)
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while the remaining ones are either ¢ — ¢ or j — j dots.

(13)
This procedure can be thought of as defining a linear map

HOD’I(PEQ) Pgb)lnv Pga_l)P;b+l)1n<1>) SN Hom(ln, ]-n)

We now explain why this defines a nonzero multiple of the identity endomorphism of 1,,. First, the
idempotent labeled (a — 1) can be absorbed into the idempotent (a) and the idempotent (b) can be
absorbed into the idempotent (b + 1). Now, expanding the remaining idempotents (a) and (b + 1)
explicitly as a sum of permutations we see that almost all of the summands contain either two degree
2 dots on the same strand (giving zero) or a left-twist curl (which is also zero). Some of the remaining
terms may have double crossings between strands but these double crossings can all be removed using

the graphical relations.

The only remaining diagrams are a collection of disjoint counterclockwise circles with a degree 2 dot
on them. Each such circle is equal to the identity and hence can be erased. This leaves us with the

empty diagram, which is the identity endomorphism of 1,, and is therefore nonzero.

Lemma 3.6. Suppose 01 and J2 are nonzero 2-morphisms
c d ’ ’ <! da’
o, : P§“)P§”)Q§1 )le ) Pz(‘a )Pgb )le )le )<1>
c d " " < a’’
9, - PUPIIQITIQU" _, pleIp1IQ1 I 1),

Then there exist maps 07,05 that form a commutative square
PUPDQIIGE" i, pIpIIgI Il
Jaz laé
COPNCOPNEEPNCER 9, pla)pl") ) ")
PP QT Q1) —— PP Q) Qy (2)

so that the compositions 84 0 9y = 0] o Oy are nonzero.
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Proof. This follows from Lemma 3.5. For example, suppose 9 is the diagram consisting of an i — j dot
and 0, is the diagram consisting of a right cap labeled i. Then 05 is defined as a right cap while 9] is
now an ¢ — j dot.

In the composition 909, the dot lies below the right cap while in 9] 0 9 the right cap lies below the
dot. These diagrams are equivalent just because of the isotopy relation which allows one to slide the
portion of the diagram containing the dot past the portion containg the right cup. Similar equivalences
can be checked for any other pair of nonzero 2-morphisms 9, 9.

Finally, one can check that these compositions are nonzero just like we proved that the map (12) is
nonzero. (]

3.5. Complexes in a 2-representation of E Since the underlying 2-category K of a 2-representation
of E is a graded, additive, k-linear 2-category, its homotopy category Kom(K) is a graded, additive,
k-linear triangulated 2-category. The objects of Kom(K) are the objects of K, the 1-morphisms are
(possibly unbounded) complexes of 1-morphisms of K and 2-morphisms are chain maps up to homotopy.
Many such complexes arise naturally in categorification of quantum affine algebras. We give an
example of such a complex below. This complex will by useful later.
Fix i € I. We define complexes

7

(14) P = [P G2(k - 1)) = e o POy o PET 2 o P 1))

15) Q" = [a" 5@ @) 5 QP ) 5 o QP Gk - )] [-11(1)

where the right hand term in (14) and the left hand term in (15) are in cohomological degree zero. The
differential in the above complexes is (essentially) defined by a single dot. More precisely, consider a
filling of the hook partition (a, 1¥~%) with numbers 1,...,a in the row of the hook and a,a + 1,...,k
in the column (so that the unique box in the first row and first column is filled with a). Then the
idempotent defining Ql(va’kfa) is the product of the trivial idempotent of C[S,] C C[Si] (embedded as
permutations which fix a+1, ..., k) and the sign idempotent of C[Si_,+1] (embedded as permutations
which fix 1,...,a — 1). Diagrammatically we have

. . . (a,1%79) (a+1,1F—2"1) . [+ .
where all strands are labeled by ¢. The differential Q; - Q; in Q; ' is defined by the
diagram
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Notice that there is one degree two dot on the middle downward strand. To see that this defines a
differential (i.e. d*> = 0) note that the picture for d? is

Expanding the middle idempotents (1¥=+2) and (a — 1) explicitly as a sum of permutations we write
the above as a sum of diagrams where there are three (at least) three strands connecting the top
(1%¥=2+3) box and the bottom (a) box. Each of these three strands contains 0,1 or 2 dots but it is easy
to check that for any such configuration one gets zero because of the idempotents (1*~9*2) and (a —1).
Therefore all the expansion terms are zero and it follows that d? = 0.

Finally, we would like to check that d # 0. To see this consider the closure of the map with a dot on
each strand except for the strand already containing a dot (meaning that if we erased the idempotents
in the differential we would have a collection of counterclockwise circles each of which has a dot).
Expanding all the idempotents and using that a dot squares to zero one sees that all diagrams vanish
except for the ones containing k counterclockwise circles, each with one dot. Since each such circle is
the identity, it follows this map is nonzero and hence that d # 0.

4. QUANTUM AFFINE ALGEBRAS AND 2-REPRESENTATIONS OF g

4.1. The idempotent vertex presentation. The quantum Heisenberg algebra E plays an important

role in infinite dimensional representation theory in part because it occurs as a subalgebra of an

associated quantum affine algebra. In this section we will define an idempotent version of this quantum

affine Lie algebra, which we denote by Uq (g)- In general this definition involves a parameter ¢ known

as the level. Since we are primarily concerned with the basic representation, which is level one, we have

set ¢ = 1 in the definitions below. For the general definition involving an arbitrary level, see [CLi2].
We define the level one quantum affine algebra Uq (9) to be the k(q) algebra generated by

Ei 1y, Fo1y, QM1 P, QU 1y, Py, where i € I,r € Z and n € N.

By definition taking n = 0 gives the identity morphism.
We also define the following additional elements

n

QI = S (i@ and Q= 3 (Caml@ QU

m=0 m=0
Pi[ln] — Z (_q)—m[m]Pi(lnfm)Pi(m) and Pi[n] — Z (_q)—m[m]Pi("*m)Pi(pn)
m=0 m=0

Note that Pi[l] = —¢q~'P; and Q[l] = —¢'Q;. The relations in Uq(ﬁ) are as follows.
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(1) {1, : A € X} are mutually orthogonal idempotents, moreover
Ei,rl)\ = luEi,r1A = 1uEi,7‘
Fi,rl,u, = 1)\Ei,T1;L = lAEi,r

where = A\ + «; + rcd
(2) We have

Py =1,P1, =1,P™  and P71, =1,P0 1, =1,PM)
Q™M1 = 1,Q"1, = 1,Q"  and Q"1 =11, = 1,Q""
where = A+ ncd.

19

(3) The subalgebra generated by Ps and Qs is isomorphic to the quantum Heisenberg algebra H

(4) We have
[Q[1a+1] B b]l)\ _ q2Q[1u} ib+11)\ —q El b+1Q 1)\ ifa>0
¢ T zb+11>\ if a =0.
M E, ”Q[ ity = ?Fipa QM 1y it a > 0
¢ 1 b1 1)\ if a =0.
AP B 2El WP, — 2P E 1, ifa > 0
¢ nht 1 bl)\ ifa=0
[1a+1 _2Fl bP[ ]1>\ -[IHV]FZ}bl)\ ifa>0
[ i zb+1

i, bl)\ ifa = 0
while if (i, j) = —1 we have

zb+11)\ if a =0.

T 0 p 1y = “LF;, b+1Q QQ[ Fip1lyifa>0
J T zb+11)\ 1fa— 0
. ¢ By P — qPME 1 ifa > 0
P.[l +1 E, 1 _ b —qr; il
q[ J b+1] A zbl)\ 1fa—0
[P[laﬂ] Fipally = “’P 71P][ IF, Fiplxifa>0
J Bb+ =

(1] g ! ) ;
a+t1 El 4? 1 (;2 i 1 lfa>0
[le ) B, bl = {q bt A J A

zb]-)\ 1fa—0

If (i, 7) = 0 then PJ[ 1, and QE. ]1,\ commute with both E; ;15 and F; ;15.
(5) We have
gt if a4 b > 0
[Ei, Fipllx = g=oqg= M0 P if a4 b < 0
[(A, i) +a]lyifa+b=0.
while if i # j then [E; 4, Fj 15 = 0.
(6) For any m,n € Z we have
EimEin-ly+EinEim_1ly = ¢ (Eim-1Einly + Eipn_1E;ml))
FinaFplzx+Fim1Fnly = ¢ (FnFim1ly+ FmFin-11y).
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(7) For any m,n € Z, if (i, j) = —1 we have
EimEjnt1ly —qEjn1Eimly = EjnEimiily — qEimi1Ej 0l
Eimi1Finly — g0 i1l = Fjnia By — qF o Fjnia1y
while if (i,7) = 0 then
EimEinly = EjnEimly and F; p F 1y = Fj o Fi m 1.
(8) If (i,j) = —1 then

§ : (E]',nEi,mau)Ei,ma(z)l)\+Ei’mg(1)Ei7ma(2>Ejyn1)\) = E [2]Ei’mo(1)Ej’ﬂEi’ma(2)1)\
o€Sy g€Sy

and similarly if we replace all E's by Fs.

This definition is an idempotent modified version of Drinfeld’s new realization of the quantum affine
algebra. The modification is not entirely trivial. For example, we no longer have the generators ¢", ¢=¢
or ¢*¢/2 which are standard in the Drinfeld presentation. Our presentation also differs from Drinfeld’s
by a renormalization which includes certain sign changes. This presentation is described in the last
section of [CLi2] where we show that it is equivalent to Drinfeld’s new realization.

The fact that Uq(ﬁ) is idempotent means that we can think of it as a 1-category. The objects are
labeled by the weights of g while elements like F;1, are 1-morphisms between A and \ + «;.

4.1.1. The basic representation of Uy(g). The basic representation Vj, of the affine Lie algebra g is
characterized by the fact that it is irreducible and that there exists a vector v € V), such that

(g@C[t]) -v=0and ¢c-v=n.

It follows from this that the central element c acts by the identity on all of Vj,, so that V,, is a
level one irreducible representation. This representation deforms to give the basic representation of the
quantum affine algebra U, (g).

An explicit construction of V), was given by Frenkel-Kac [FK] and Segal [S] in the case of the
affine Lie algebra (¢ = 1). The construction, which is known as the homogeneous realization of V),
was extended to the quantum affine algebra in [FJ]. It begins by restricting Vi, to the homogeneous
Heisenberg subalgebra 6 C g. Each vector u € Vj, such that 6* -u = 0 generates a copy of the Fock
space F. The space of such vectors has a basis given by W v, namely the affine Weyl group orbit of
the highest weight vector v € V,(Ag). This orbit can be identified with the root lattice Y of g. Thus,
as an H module, V), decomposes as

VAO'E = -7:®]k(q) ]k(Q) [Y]

For @« = w- Ag € X, the summand F(n) ® « is the weight space in Vj, of weight w - Ag — nd. This
bijection between weight spaces of the basic representation and pairs (o, n) € Y x N will be used in
section 5.1. The Frenkel-Kac-Segal construction, as described in [FJ], then uses vertex operators to
extend the action of E on Vj, to the entire quantum affine algebra.

4.2. 2-representations of g. Since the affine Lie algebra g also has a description as a Kac-Moody
Lie algebra, there already exist several notions of a 2-representation of g [KL3, R, CK]. Although
the definitions in these papers are slightly different, they are all closely related, and are in some cases
equivalent. For example, the main result of [CKL2] shows that when g = sls, a 2-representation in the
sense of [CK] induces a 2-representation in the sense of [R]. Similarly, in [CLa] it is shown that a 2-
representation in the sense of [R], together with a mild additional hypothesis, induces a 2-representation
in the sense of [KL3].
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However, in this paper g and its g-deformation Uq (9) appear not in their Kac-Moody presentation,
but rather in their loop presentation. In particular, the Heisenberg algebra H C @, which does not
appear in the theory of Kac-Moody categorification, plays a prominent role. In this section we give
a definition of a 2-representation of g which is natural from the loop point of view. This definition is
independent from, but parallel to, the Kac-Moody theory.

Since the basic representation has level one, we consider here only the notion of a level one 2-
representation of g. Higher level 2-representations are also natural and will be discussed in future
work.

A level one 2-representation of g consists of a graded, triangulated, k-linear idempotent complete
2-category K where:

e 0-morphisms (objects) are denoted D(A) and are indexed by weights A € X,
e l-morphisms include
(1) the idempotent 1, which is the identity on D(\) and zero on D(u) if u # A
(2) Eg‘,)nlx :D(A) = DA+ ra; —mrd) and lAFE% : DA+ ra; + mrd) — D(N)
3) P™1,, P D(A) = DA + nd) and 1,Q, QM) : D(A 4 nd) — D(N)
where i € I, m € Z and r,n € N.
e 2-morphisms include a map 6; : 1, — 1,(2) for each i € I.

Note that if A, € X then Hom(D(A),D(p)) is a graded, triangulated, k-linear category where the
objects are the 1-morphisms from D(X) to D(u) and the morphisms are 2-morphisms between them.
By convention E™ 1, and 1,F"

and F{"”) for E{') and F{').

We say K is integrable if for any root o € X the objects D(A £ na) are zero for n > 0. Note that if
D(A) is zero then, by definition, Homy (1, 1x(l)) = 0 for all I. We say that K is weakly integrable if it
is the direct sum of (possibly infinitely many) integrable 2-representations.

On this data we impose the following conditions.

are zero if 7 < 0 and equal 1, if r = 0. Usually we will write EZ(-T)

(1) K is weakly integrable.

(2) If D(X) # 0 then Homy (1, 1,()) is zero if I < 0 and one-dimensional if [ = 0. Moreover, the
space of 2-morphisms between any two 1-morphisms is finite dimensional.

(3) Egj;)nb\ and 1, FE,Tlm are left and right adjoints of each other up to shift. More precisely
(a) (1) r = LF . (r((A aq) + 7+ m)), and
(b) (0 La)e = LiF, (—r(Aaq) + 7 m)).

(4) The P;’s and Q;’s define a (weakly integrable) 2-representation of b.

(5) We have

FiomBimIn = EimFi m1n @1 @k Vopra)—m—1 if (A, ;) +m <0,
EimFi,—mIxn = Fi_mEimlx® 1y @k Vina)+m—1 if (A, i) +m > 0.
(6) For m +n # 0 then there exist distinguished triangles
Q;

Fi,nEi,ml)\ — Ei,mFi,nl)\ —P

1"”*'"}1)\«)\,0[2.) —n) > EimFinlyx = FinEimly if m+4n>0,

El_m_n]b\(—(/\,ozi} -m) if m+n<0.
(7) For i € I and m € Z the maps
10,1 :F; _Eidx = Fi _pEin(2)1n i (A, a;) +m < 0 and
I0;1 :E; Fi —n1x = EinFi—in(2)1y if (N o) +m >0

induce an isomorphism between all summands 1,(-) of the same degree on either side.
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(8) If i # j then E; ,,, and F;,, commute.

(9) For i € I and m € Z we have
(2) EimEV )1y 2 EVTY1, @V, 2 B E; 1y and

i,m

(b) FimF" 15 = FU 1, @, v, 2 FO) Fy 1

(10) Forie [l and m € Z we have the distiﬁguished triangles
Eim—1 @k V1(=1)1\ — P£1]Ei7m1)\ N EmeEl]l)\
Ei,mQ,El]lA — le] Eimly — Eimi1 @k Vily

and their adjoints.
(11) If (i, j) = —1 and m € Z then there exist distinguished triangles

Eim—1[1)(~1)15 — E;mPV1y — PUE; 15

Eimt1ly — le] Eimly — Ei,ngl]l)\

and their adjoints. If (i,j) = 0 then E; ,,,1 and F; ,, 1 commute with Pg.l]l)\ and le]lx.
(12) For i € I and m € Z we have

Eim—1Eimlx = EimEim—1(—2)1
Fiom—1FimIx = FipFim—1(2)1x.

(13) In fact it follows from the relations above that if (i, j) = —1 and m € Z then
Hom(EiymEj,mH 1)\, E]’_’m+1 Ezm<1>1)\) and HOHI(EJ"mEi,m+11A7 Ei,m+1 Ej,m<]->1)\)

are both one-dimensional. If o and § are 2-morphisms which span these spaces, then we require
the relation Cone(a) 2 Cone(f3).
(14) If (i, j) = =1 and m,n € Z then

EimEjnEimly = Ez(‘iZLEj,n]-)\ & Ej,mEl(‘iZL]-A

and similarly if we replace E by F. Meanwhile, E; ;,, commutes with E;, and F; ,, commutes
with F; ,, if (7, j) = 0.

The 1-morphisms Pgln} and len] above denote the complexes defined in (14) and (15).

One difference between the definition above and that of Kac-Moody 2-representations is the appear-
ance of triangulated categories and distinguished triangles. It would be interesting to rephrase the
definition definition above to more closely resemble the defintions from [KL3, R], where all generat-
ing 2-morphisms are written explicitly, though it is not yet clear to us how to do this. Furthermore,
the presence of cones and exact triangles in the relations makes it unclear philosophically how to
conveniently encode the relations for 2-morphisms in a graphical calculus.

4.3. Decategorification. We now explain why a (level one) 2-representation of g decategorifies to
give a (level one) representation of U, (g). In other words, why there exists a map U,(g) — Ko(K). We
will denote the class of a 1-morphism by square brackets. For example, the class of P; is [P;].

Lemma 4.1. We have [Pgln]lﬂ = Pi[l"]lA and [len]b\] = len]l)\ and likewise if we replace [1"] by
[n].
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Proof. We prove that [P£1"}1 A = i[ln]l » (the other equalities follow similarly). First recall that
ptT) plm) — p(m 1) + P»(m+1’1n7M71). So we get
n n m,1n—m m n—m-—1
PR = 3 gy (RO 4 p)
m=1

P ()7 m = 1) + (—g) ™ [m])

K3

[
NE

3
I

(71)mq72m+lpl(m71nim)

I
NE

1
_ _qfl Z(—l)m71q72(m71)Pi(m’l =)
m=1

= [P

K2

3
I

where the last equality follows from the definition of Pgln]. O

The first five relations in Uq (g) hold as immediate consequences of the corresponding relations in
K. For example, relations (10) and (11) in K decategorify to give relation (4) in U,(g). In [CLi2] we
showed that relations (6) and (7) in U,(g) are implied by the for all m and n once they are known for
the case m = n. The case m = n, in turn, is an immediate consequence of relations (12) and (13) in K.

Finally, in [CLi2] we showed that relation (8) in U,(g) follows from other relations when working
in an integrable representation. Together with lemma 4.1, this completes the check that a level one
2-representation of g descends in the Grothendieck group to a representation of the quantum affine
algebra.

4.4. Toroidal modifications. All definitions above can be extended from the affine case to the
toroidal case as follows. First recall that the Heisenberg 2-category H! from [CLil] has 1-morphisms
P; and Q; for ¢ € I a node in the affine Dynkin diagram (not just the finite one); thus 2-morphisms in
the 2category HI also incldue generators Py and Qq, where 0 € [ is the affine node. The 2-category H'
categorifies the quantum toroidal Heisenberg algebra, which is a subalgebra of the idempotent quantum
toroidal algebra U, (g).

The definition of a 2-representation of E and ﬁ is then essentially the same as for i)\ and g, taking into
account the existence of new 1-morphisms Py, Qo, Eo ., Fos, etc. The categorified vertex operators of
this paper then produce the basic 2-representation of E from the Fock space 2-representations of H

In particular, the structure of the basic representation of Uq (g) is very similar to that of the basic
representation of U,(g). For example, the underlying vector space for the basic toroidal representation
is

Vao = F Qx(q) k(@)[Y]

where F is the Fock space representation of the quantum toroidal Heisenberg algebra and Y is the
affine root lattice, [FJW]. In section 9 we will give algebraic and geometric categorifications of the
basic representation of U, (g).

All the proofs to follow extend without extra work from the affine case to the toroidal case, with one

exception. The definition of a 2-representation of g[\g should be changed slightly, essentially because
the Dynkin diagram of sly is not simply-laced. The appropriate definition of Heisenberg category for
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this case is given in the appendix of [CLil], and after using that definition, all the theorems of the
current paper then carry over.

5. DEFINITIONS OF CATEGORIFIED VERTEX OPERATORS AND MAIN RESULTS

5.1. Categorified vertex operators. Let K denote the underlying 2-category of a 2-representation
of h. For any i € T we define the following complexes in the homotopy category Kom(K). We let

(16) Crlh) = [ PIFIQUIY () oo o PUFDQi(—1) = PU (k) K]

(3

a1 Gk o= [P s P 1) Q]

7

depending on whether £ < 0 or k > 0 respectively. Here the right most term is in cohomological degree
zero and the minus signs indicate that the complex is unbounded below. Likewise, we let

(18) k) = QM =PI oo PR 5 ] (R K
(19) k) = [P 5 PETIQu) - s PR

depending on whether £k < 0 or £ > 0. Here the left most term is in cohomological degree zero and
the plus signs indicate that the complex is unbounded above. The differentials in these complexes are
either given by a cap or a cup. For example, the differentials

POQM ™y — PEUQE™ (1 4+ 1) and
PglkH)QZ(,l) (l> N P§1k+z+1)Q§l+1)<l + 1>
in the definition of C; (k) and C;' (k) when k > 0 are given by

1]

A~

1k+l—1)

[+1

and

Lemma 5.1. The maps defined above define a differential (i.e. they square to zero).
Proof. We consider C;. Applying the differential twice gives the following

[ =2) | =

mUEs

l

The first and second equalities above follows from the fact for s > 0, if we denote by c(,) and c(;5) the
idempotents in k[Ss] corresponding to the trivial and sign representation, then after embedding k[S;]
into k[Sy4s] in the natural way we have

C(r)C(r+s5) = C(r+s) = C(r+s5)C(r) and C(1r)C(1r+s) = C(1r+s) = C(1r+s)C(1r)-
Now last equality in the proof of the Lemma follows from the fact that c(g)c12) = 0 € k[S3]. Thus C;°
is a chain complex. The proof that C;r is a chain complex is the same. O
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5.2. Defining a 2-representation of g. Suppose K is an integrable 2-representation of 6 Since the
object labeled n is zero for n < 0 we can relabel the objects of K so that 1,, = 0 if n < 0. We will
assume this from now on.

We now define a 2-representation of g by describing the objects, 1-morphisms and 2-morphisms. If
A € X does not occur in the basic representation VA, of g then we define D(A) := 0. On the other
hand, any nonzero weight space of V}, corresponds to a weight A € X of the form A = w-Ag—nd where
w € Wy and n € N (this w and n are uniquely determined by X). In this case we define D()) := D(n).
Since the Wy orbit of Ay is in bijection with the root lattice Y of g, it follows that nonzero objects of
are in bijection with pairs (a,n) where « € Y and n € N.

Next we define 1-morphisms E; ,,,1x and 1xF; ,, as 1-morphisms in Kom(K). We set

(20) Eimly— C (N a;)+1+m)1, and 1\F;, — 1,CH((\ i) +1—m).
The 1-morphisms Pgln]b\ and len]l,\ are defined as in (14) and (15).

7)

5.2.1. Divided powers. One can also define divided powers EZ(-QALL\ and 1>\F§’ in Kom(K), though

these will not play a role in what follows. If k := —({\,a;) + 7+ m) > 0 we define
Enly= = (D %““@?N4>+~-%PW“WA—U%P?”<—W‘<DHM+(D]
w(p) <r|ul=t
where the sum is over all partitions p of size |u| which fit in a box of width r (w(u) denotes the width
of p).
Similarly, if & := (A, ;) + 7+ m > 0 we define
T it rk, r’“,l rk r T
Ez(‘,r)n1>\ P I @ Pz(‘/ )Qg M)<_l>_>..._>PiQ§ )<_1>_>Qz( ) <_(2>>[<2)]

w(p)<r,|pl=l
The differentials are defined using caps as above. For example, in the first complex above there is a
map
™ t I t
PRI =) = PR (=14 1)

if and only if p is obtained from v by adding a box. Moreover, in this case, this map is unique up to
scalar and given by a cap. The scalar multiples need to be chosen so as to satisfy 92 = 0, but it is not
hard to see (using the same arguments as in lemmas 7.6 or 7.4) that any two such choices of scalars
yield homotopic complexes.

The divided powers 1) Fgrlm are defined as the appropriately shifted right (or equivalently left)

adjoints of the complexes above.

5.2.2. Definition of §. For each ¢ € I we have the following 2-morphism in K

iO’:ln—>1n<2>

Replacing 1,, by 1, defines the map 6;1, : 1, — 1,(2).

5.3. The main results. The main work in this paper is proving that the functors defined above satisfy
the relations required for a 2-representation of g. Below we summarize all the relations that we check
directly.

Theorem 5.2. In the homotopy 2-category Kom(K) we have the following relations.
e [Proposition 6.1] For i € I and m € Z, r € N we have
(1) (EVp 1) = 1aF (6 i) + 7+ m))

i,—m
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2) (EM 1)L 2 LFT (—r((\ ai) + 7 +m))
3) (P10 = Q) N (-n)
(4) (PP }lA)L = le ]<n>

e [Proposition 6.3] For i € I we have

Fi—mEimln = EimFi—mIn® 1a @k Vopray—m—1 if (A, a) +m <0
EimFi—mln = FimEimlx @ 1y ®x Vixai+m—1 if (A aq) +m > 0.
e [Proposition 6.12] Under the two isomorphisms above, for i € I and m € Z the maps
10,1 :F; _Ei Iy = Fi _nEi(2)1n if (M ay) +m <0 and
I0;I :E; Fi —n1x = EinFimm(2)1x if (M) +m >0

induce an isomorphism between all summands 15(-) of the same degree on either side.
e [Proposition 6.8] If m +n # 0 then for any i € I there exist distinguished triangles

QYA ((N 1) = 1) = EsmFinly = FinEimly  if m+n>0
FinBimlx = EimFinly — Pglimin]h(—()\, ay —m) if m+n<O0.
o [Proposition 8.1] For i # j € I and m,n € Z we have F; ,E; ,,1x = E;,,F; 1.
e [Proposition 7.3] For i € I and m € Z we have E; ;,E; ;1\ & Eg%(—lﬂ)\ &) Egi)n<1>1>\,
e [Proposition 7.1] For i € I and m € Z we have the distinguished triangles

Eim1 @ Vi(-1)1y = PUE, , 1, = E; Pl 1,
Ei,mQ£1]1>\ — le] Eimlx = Eimg1 ®x Vil
QUF; w1y = FimQM1y = Fynin @ Vi (1)1,
Fim_1 @ Vily — Fi P 1, — PUF, 15
e [Proposition 8.2] If (i,j) = —1 then there exist distinguished triangles
Eimo1[1)(~1)15 — E;mPV1y — PUE; 1)
Eimy1ly — le] Eimly — Ei,ng-l]l,\
FimQ 1y = QUF 1y = Fimga [-1)(1)15
PUF mly = FimP 1y = Fipnoily
while if (i, j) = 0 then E; ,,, and F; ., commute with Pgl] and le].
e [Proposition 7.5] For i € I and any m € Z we have
Eim—1EimIx = EimEim—1(—2)1,.
e [Proposition 8.3] If (i,j) = —1 then there exist unique (up to a multiple) nonzero maps
a € Hom(E; ;mEjm+11x, Ejmt1Eim(1)1)) and € Hom(E; mEi mt11x, Eimy1Ejm (1)12)

for any m € Z. The cones of these maps are isomorphic: Cone(a) = Cone(S). Meanwhile, if
(¢,7) =0 then E; ,,, and E;,, commute for any m,n € Z.

Corollary 5.3. Given a 2-representation KC off)\, the definitions of E’s and F’s from section 5.2 induce
a 2-representation of § on ey nezD(n).



VERTEX OPERATORS AND 2-REPRESENTATIONS OF QUANTUM AFFINE ALGEBRAS 27

Proof. The relations we need to check are a consequence of the relations in theorem 5.2, with two
exceptions.
First, the definition of a 2-representation of g from section 4.2 includes the condition E; ,, EETT)nl =

EET,: D ®k V,- although theorem 5.2 does not claim to prove this condition. The reason for this is that

the existence of these divided power as well as the relations they satisfy follow formally from the other
relations. This will be proved in [Cau]. For this reason we do not need to check this condition directly
in this paper (except when r = 1). Indeed, the somewhat complicated definition of EET)n indicates that
such a check would be quite tedious.

Since we do not check this condition it would have been more honest to remove the condition on
divided powers from our definition of a 2-representation of g. We have elected to leave it in, however,
since these divided powers are natural categorically and we prefer to emphasize their appearance at
the expense of some details.

Second, in theorem 5.2 we never check the Serre relation, namely that

EimEjnEimly = EE?T?@Ej,n]-)\ e Ej,mEl('i?rLl)\

if (i,j7) = —1. The reason is that this follows formally from the other relations. This should not
come as a complete surprise since it is known that (at the decategorified level) the Serre relation in an
integrable representation is redundant. The categorical analog of this fact is proved in [Cau]. (]

6. THE sl RELATIONS
In this section we prove the sl relations which appear in Theorem 5.2. Since we are only dealing

with sly we abbreviate P; by P, Q; by Q while A is now just the integer (), «;).

%

Proposition 6.1. The left and right adjoints of ng;)nlA and P[ln]lA are given by

ED IR ZLF, (b +r+m)  and (B 1) = LF (—r(A+7 +m))
P10 = L,QM (=) and (P11, = 1,Q0 (n).
Proof. This is a consequence of the fact that Pr = Q(—1) and Py = Q(1). O

6.1. Gaussian elimination. The following result is a slight generalization of a lemma which Bar-
Natan [BN] calls “Gaussian elimination”. We will use it to simplify complexes in the homotopy category
of H.

Lemma 6.2. Let X,Y, Z,W,U,V be four objects in an additive category and consider a complex

(21) s US XYL Zow SV o

A B
C D
homotopic to a complex

where f = > and u,v are arbitrary morphisms. If D : Y — W is an isomorphism, then (21) is

A-BD™'C v
—>Zl>V—>...

(22) s UL X
Proof. The key is the following commutative diagram:
"'4>U4u>X@Y4f>Z€BW4U>V4>"'

bk

-~*>Uﬂ>X€BY*>Z€BW*>V*>~-~
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_(A-BDC 0 (L0 4 _BD!
9= 0 D *=\p-1c 1 ~\o 1 '

The vertical map of complexes is a homotopy equivalence and it is straightforward to check that the
bottom row is homotopic to (22). O

where

6.2. The basic sl commutator relation.

Proposition 6.3. We have

(23) FiomEimly 2 EimFimly ® 1) @k Voromo1 if A+ m <0
(24) EimFimly = Fi pEimdx® 1y @k Vaemo1 if A+ m >0.

We will only prove (24) as (23) follows similarly. Because of the way E, ,,, is defined it suffices to
prove the case m = 0. To do this we identify in the following two propositions explicit expressions for
F;E;1, and E;F;1, which we then compare. For simplicity we will write E and F for E; and F;.

Proposition 6.4. The composition FE1) is homotopic to the complex
(25) oo @ PEHLITTIQUERLIMY gy L (N pEHLITEN QU g gy

i>0,—1 i>0,—1—1

where the nonzero part of the differential maps the summand P(”l’lHM)Q(””l’lHi)<l) to the two
terms
PUHLIN N QUATZIN) () | 1) g P IQUATLN T g )

using a cup and cap as in figures (26) and (27) below.

(26)

(27)

Proof. The composition FE1) is equal to the complex

(28) o @ POTTTTIQUFIPOQETT gy L
i>0,—1
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where the terms occurs in cohomological degree . One can decompose the QUFIP@ part of the
expression to obtain

(29) s @ PETTTIREEIQUAEAQUNTTT @y Vi) —
i>0,—1>j—i

where V; is the graded vector space in (2). Now, by Proposition 3.2, each term above breaks up into

four terms. Let us consider the term P(io_jo’p“ﬁlo“)Q(l°+i°_j°’1”1+io) for some fixed (i, jo, o). This

indecomposable 1-morphism occurs four times, namely, when
<3O> (i7j7 l) equals (i07j0a l()), (ZO + 17j0 + 27 l0)7 (ZU + 17j0 + 1,l0 - 1) or (ioajo + 1a lO + 1)

When —1 < jy < min(ig, ip + 1), these terms taken together form a subcomplex
C A 14igHl PREPREPER S
(31) plio=jo 1) QUotio =30 ) (1) @i (Vg1 (—1) = Vo @ Vigra = Vg1 (1))

We empose the restriction —1 < jo < min(ig, o + lp) because otherwise the term in (29) disappears for
at least one of the choices of (4, 7,1) in (30). In lemma 6.5 below, we show that the complex in equation
(31) exact. Thus we can cancel out such terms using the cancellation lemma 6.2.

If jo > min(ig,io + lp) then the term P(io_j"’1HZOHO+1)Q(AH"_j"’lHHm) vanishes because (29)
disappears for all choices of (i,7,1) in (30). So it remains to study the case jo = min(ig, g + lp). For
convenience let us assume ly > 0 so that jo = ig (the case Iy < 0 is similar).

1)\+1+i0+10)Q(l071>\+1+i0)

Case jy = ig, |lo| > 2. Here we are interested in terms of the form P( when

lop > 2. Looking again at (29), such terms occur when
(i,7,1) equals (ig,%0,10), (f0,%0 — 1,10 — 1), (ig + 1,30 + 1,1o — 1) or (ip + 1,40,l0 — 2).
So the resulting complex looks like
pUrTTOT QU (1) — 1) @y (Vig(—1) = Vigs1 @ Vig—1 — Vig(1)) .

The same type of argument used in lemma 6.5 works to show that it is exact.
Case jy = ig, lg = 0,1. Here we are looking at terms of the form PA")Q(*). Such terms occur in
(29) when

(i,7,0) equals (a —A\,a—A—1,—-1),(a— X a—X,0),(a—A—1,a—A—2,000or (a—A—1,a—A—1,1)

and again we get an exact complex.

Case jj = —2. So it seems like every complex is exact, but we missed one case, namely terms of
the form PEH+LITHQUAHHHLIMY which occur when jo = —2. Then three of the four terms in the
complex in (31) are zero and we are left with just one term P(“‘l’lpﬂ“)Q(H‘H‘UHI)(l> in degree .
Such indecomposable terms only occur once and hence cannot cancel out with anything else. Putting
all these terms together we obtain a complex like in (25).

Finally, we need to determine the differential

PUHLIN ) QUAHLINY (y _y pHLIM I QUi 2,24 () 4y
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For degree reasons it is not hard to see that the cancellation above does not alter the original differential
between such terms. This differential is given by the following composition

7

*(z%%ﬂ)h

Vv

B (A G -

D N ETED Dy

N

where the cup in the middle of the diagram comes from the differential in the complex for F. It is not
hard to check that this diagram simplifies to give the map in (26). Likewise, one has such a diagram
which simplifies to give the map in (27). Finally, all the other possible differential have to be zero by
lemma 3.4. Thus, in the end, we get the complex in (25). O

Lemma 6.5. The complex in (31) is exact.

Proof. We need to show that the complex

(32) pio—do 13T QAo —io 1M 10y @ (Vigar (1) = Vig @ Vigrz — Vg1 (1))

is exact. To do this we first show that the map a : Vj 4y1(—1) — Vj 42 at the bottom left of the
complex is injective. This map is given as a sum of the following compositions:
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!7’0_]07! ’ ”0 /LO_]O?! ,

Kio—Tjo—UtloHo—lJo—lJ h

Here there are jo + 1 right pointing cups in the bottom part of the above picture, one left pointing cup
in the middle, and jy + 2 left pointing caps in the top part. The sum is taken over a basis of the space
of solid dots on the right pointing cups (this space is Vj, 41 given by 0,1,...,jo + 1 dots) and a basis
for the space of solid dots on the left cups (this space is Vj 42 given by 0,1, ..., jo + 2 dots).

If there are k dots on the right pointing cups then the diagram evaluates to zero unless the left
pointing caps have either jo + 1 — k or jo + 2 — k dots. This is because of the following three facts:

e two dots on the same strand is zero
e a counter-clockwise circle with no dots is also zero
e a counter-clockwise loop on an upward strand is zero.

Now let us look at the two cases when the diagram is nonzero.
Case 1. In the first case, when the total number of dots is jy + 1 the diagram simplifies to

(o= J0, PFFFEYT [l o = Jo, 419
T i)

(30 — Jo — llo + 40 — jo — 1))

| (io — Jo) (o + o —}'0 —1)

In this simplification we use the fact that a counter-clockwise circle with a degree two dot is equal to
the identity and hence can be erased. Let us call the composition in the above diagram f;. Now, the
left part of the diagram, the part which involves only Ps, is the composition

p(a.1”) _, playp(®) _, pla=1)pp(1") _, pla=1)p1"*") _, p(a,1")
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where a = ig — jo and b = A+ 141+ 1. It is an exercise in the representation theory of the symmetric
group that this composition is a nonzero multiple of the identity. Thus f; is (a nonzero multiple of)
the identity.

Case 2. In the second case, when the total number of dots is jo + 2 the diagram simplifies to almost
the same thing, namely:

1 l

(io — jo — 1) {lo + io — jo — 1)

| (i — jo) Wo-i-io—}o—l]

Let us denote this map by fs.
In terms of f; =id and fo the matrix for a : Vi 41 — Vj 42 is

0 ... 0 f
0 ... f id
fo id 0 ...
id 0 ... o0

Note that there are jy + 2 rows and jp + 1 columns in the above matrix. Since this matrix has rank
Jo + 1, it follows that « : Vj 41(—1) — Vj 42 is injective.

An almost identical analysis shows that the second map 5 : Vj 42 — Vj,+1(1) in (32) is surjective.
Thus the complex in (32) is exact, since the first map is injective, the second is surjective and the
dimension of the middle term is the sum of the dimensions of the right and left terms. O

Proposition 6.6. The composition EF1y is homotopic to the complex in (25) direct sum 1) ®x Va_1.
Proof. The composition EF1} is given by
(33) N @ POQU T IPAMTTNQUD (1)
i>0
which we can rewrite as
(34) o @ POPWTTTINQUITTINQURD @y Vidl) - ...
,j>0

1>\—1+i0+l0—j0)Q(i0+l0’1)\—1+i0—j0

Now consider the term P ). Such a term occurs when

(4,4, k) equals (io, jolo), (0 — 1, jo — 2,l0), (i0,jo — 1,lo — 1) or (io — 1,jo — 1,10 + 1).
Thus we end up with a complex
(35) Pl IR QUoHo T (o) o (Vi1 (—1) = Vi @ Vig—a = Vjo1(1)).

The same argument as in lemma 6.5 shows that this complex is exact with the following possible
exceptions: ig = 0 or jo = 0.
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Case i = 0, jo > 0, lo > 2. Here we have terms of the form P 70770 QUo1*™ 770) 1 70 > 2
then one can check again by looking at (34) that there are four cases when such a term occurs, namely
when

(iajv l) equals (Oij, lO)a (O,jO - 13 lO - 1)3 (Oij + 13 ZO - 1) or (Oija lO - 2)
Thus we end up with a complex
A—141g—37 A—1—j
P(l ’ O)Q(lml O)<lO - 1> Ok (‘/}0<_1> - ijo*l ©® ‘/30+1 - ‘/Jo<1>)
and one can prove like before that if jo > 0 then it is exact. Likewise, one obtains an exact sequence
if [p < =2.

Case ig = 0, jo > 0, [ = —1,0, 1. This time we end up with terms of the form P1")Q(") for some
a. Such terms occur when

(i,4,1) equals (0,A—1—a,0),(L,A+1—a,0),(0,A—a,l) or (1, A —a,—1).
So again, if a > 0 we obtain a complex
PIIQMY) @y (Vaca(—1) = Va1 ® Vasi—a — Vaa(l))

which, by the same type of argument as in lemma 6.5, is exact. The reason a = 0 is special is that we
require that jo < min(A — 144, A — 144 +1). So if @ = 0 this condition is violated for three of the
terms in the complex above and we end up with only 1) ®, V) _1.

Case jo = 0. Finally, if jo = 0 then three of the four terms in the complex (35) become zero and
we end up with

plio 12O QUoHe LT (1) @ (0 — Vo @ 0 — 0) 22 Plo ™ TTOTI) QUote TR g,
Putting these terms together leaves us with a complex
oo @@ PETTTIHQEAITI Ny
i>1,-141

Notice that after replacing ¢ by ¢+ 1 the terms are the same terms as those in the complex (25). Tracing
through the differentials as before it is not hard to see that they are the same as those in (26) and (27),
at least up to a nonzero multiple. Although these nonzero multiples may differ, one can show that the
particular choice of multiples does not matter since any two such complexes must be homotopic.

Finally, one can check that the term 1) ®g Vy_1 is a direct summand (i.e. there are no differentials
into it or out of it). In fact, by adjunction one can check that

Hom (PO IQUIM ) (1) 1, @, Va_1) = 0 = Hom(1, @ Vy_1, PO TIQUHLI 1))
if ¢ > 1. For example, the left hand space is equal to
Hom(Q(i,1*+"’)<,1>’ (p(i+1,1*—1+i))R ®x Va1) = Hom(Q(i,lH'i), QUL Vao1(—A—2i+1))
)25 Hom(Q® P (21 - 2j)

1)\+i

)’ Q(i+1,

which is zero since 2¢ + 25 > 0if 5 > 0 and 7 > 1.
It follows that EF1) is a direct sum of the complex in (25) and 1) ®g V\_; which is what we needed
to prove. O

Remark 6.7. If A <0 the argument is the same. In that case one shows that EF1, is the complex
N @ P(—A+¢+2,1i+“1)Q(—A+¢+z+2,1i*1)<l> N @ P(—A+¢+2,1i+l)Q(—A+i+l+3,1“1)<l +1) ...
i>0,—1 i>0,—1—1

where the differentials are given by cups and caps like the ones in (26) and (27).
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6.3. The loop sl commutator relation.

Proposition 6.8. In Kom(K) there exist distinguished triangles
[177L+1L]

Q;
FimEinlx = EinFimly — PEI_M_R]<—)\ —m)ly if m+n<0
where X = (A, ;).

</\ — n>1>\ — E7;7mF,;7n1)\ — F,;7nE,;7m1)\ if m+n>0

Remark 6.9. It is possible to see in simple examples that the triangles above do not split. For
example, in order to split the first triangle we need (at least) a non-zero map F; ,E; 15 — E; i Fi 1.
Now, if we take m = 1,n = 0 then by adjunction and using that E;E; 1 = E; 1E;(—2) it is not difficult
to check that
HOIIl(I:Z‘IEi71:|_A7 Ei,l le)\) = Hom(EiEMl“, EiEi,1<_4>1u)

where 4 = A — ;. Now, you can choose p so that 1, = 1¢ and the complexes for E; ; and E; start
with P; and id respectively. Then, because Q;1, = 0, one can check that E;E; 11, = P;10[1] and
hence Hom(E;E; 11, EE; 1(—4)1,) = Hom(P;, P;(—4)) = 0. So, in this instance, the first triangle in
Proposition 6.8 does not split.

Proof. We prove only the first exact triangle (the second triangle follows by taking adjoints). We
assume that A > n + 1 (a similar proof works if A <n+ 1). As usual we write P and Q for P; and Q;.

First we identify F; ,E; 1) explicitly just like in the proof of proposition 6.3. The composition
FinEimly is equal to

o @ PWTTTITQUAIPOQUNTT I gy
i>0
just like the complex in equation (28). Then the same proof as that of proposition 6.4 shows that this
is homotopic to the complex
(36)
N @ P(7;+1,1>\+i+l7n)Q(l+i+1,1>\+7n+i)<l> = @ P(i+171)\+i+l+17’n)Q(l+i+2’1>\+7"+i)<l + 1> o
i>0,—1 i>0,—1—1
which is just like the complex in (25).
On the other hand, the composition E; ,,,F; 1, is given by

(37) RN @ P(i)Q(l)\—1+i+m)P(1/\71+i+l—n)Q(i+l) <l> Ly

i>0
just like in equation (33). Cancelling out terms as in proposition 6.6 they all cancel with the exception
of terms just like those appearing in (36) and terms involving only Q’s (this is in contrast with extra
copies of the identity in the computation of EF1y). Terms involving only Q’s can occur in (37) only
when ¢ =0 and [ =0,...,m. In other words, we get the complex

QU [P L PO Ty S QUIPITTT )

where the left-most term is in degree zero. By lemma 6.10 the terms involving only Q’s in this complex
cancel out to give QU™ I(A — n).

The left over terms in E; ,,,F; , 1 cancel out, just like in the proof of the [E;, F;] commutator relation,
to leave us with the complex for F; ,E; ;1 from (36). For the same degree reasons as in the proof of
lemma 6.10, this cancellation does not change the differentials in Q™" 1(\ — n).

Finally we show that, although Q[lmm](/\ —n) is not a direct summand of E; ,,,F; , 1, there is a
natural inclusion map

QLA = n) = EimFinla.



VERTEX OPERATORS AND 2-REPRESENTATIONS OF QUANTUM AFFINE ALGEBRAS 35

To see this one needs to check that there are no maps from the term Q(l’1m+n_l)<)\ — 1+ 2I) inside
Q™™ (M) (which lies in cohomological degree [ > 1) to a term in cohomological degree (I+1) in (36).
By adjunction we have:

Hom(QU" "D\ — 1 4 2), UL QUi 2 1m0 4y

= Hom(P(LiH’lHWH)Q(l’lmﬂil), QUHH’IHTH”“)(—)\ —1+2))

> Hom(QUHLIMHINQUATT (N 4 9i 4 14 2), QU L\ 4 a9y

= Hom(QUFLMTTINQUATTT QUETZINTTT (Lo(X i+ 1))
which is zero since A,¢ > 0 and [ > 1. Thus we end up with an exact triangle

Q[1m+n]<>\ - T’L>1)\ — Ei,mFi,n]-)\ — Fi,nEi,m]-)\
as in the statement of the proposition. O
Lemma 6.10. Modulo terms of the form PA™QUIMQM) where m > 0, the complex
Q™™ [p(la_b) o PAIQD ) — PATTIQUAD (h 4 1) 5 .. — PATTIQUH (4 1)

s homotopic to Q[le] (a—b+1).

Proof. Modulo terms involving P’s the complex is equal to

(38)

QU@ Vo = -+ = QUIQW @, V() X5 QIR @y Voya (b41) — -+ = QU @, Vg (b+1).
The map 7, is given by a sum of diagrams of the form

(b+1)

b+1)

)

with the summation being over the possible dots on the cups and caps. We denote the map above by
7% where there are 0 < j < a and 0 < k < a + 1 dots on the cups and caps respectively. Now

Q(ll)Q(b) ~ Q(b,ll) ® Q(b+1,1’*1) and Q(1l*1)Q(b+1) o Q(b+1,1’*1) ® Q(b+2,1l*2).
The composition
- - ik - _
QU 5 QUTHQUH o QTN (2(a 41— k) — QU 2+ 1~ j — )

can be shown, much like in the proof of lemma 6.5, to be an isomorphism if j + k = a + 1. Thus v,
induces an isomorphism between a + 1 summands of the form Q(bﬂ’ll_l)(.). The cancellation lemma
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then leaves us with only one such summand, namely Q(b‘*‘l’ll*l)(a + b+ 2) on the right hand side.
Similarly, one has such cancellations in every degree which leaves us with a complex

05 QY ™ N a—b+2) 5> Q" N a—b4+4) > - — QUL (g + b+ 21— 2) — QT (a+ b+ 20).

The terms here are the same as those in Q""" {(a—b+1). So we just need to check that the connecting
boundary maps are also the same. To see this we first note that the restriction of the original boundary
map to

QT N0 + b4+ 2) — QT2 (g 4+ b 4 4)

simplifies to give the map in the definition of QI given by a dot. The computation needed to prove
this is almost identical to the analysis of cases 1 and 2 in the proof of lemma 6.5 (so we omit it here).

The second step is to show that this map remains unchanged after applying the cancellation lemma
6.2 repeatedly. To do this we use that all the maps involved have even degree. Then, using the notation
from the cancellation lemma 6.2, we take X = Q®1) and Z = Q(b“’ll_l)@). It follows that either B
or C are degree zero. Suppose B is degree zero (the case of C' having degree zero is the same). Then
B =0 or B is an isomorphism. The latter is impossible since each indecomposable occurs at most once
in each degree in (38) and D is already an isomorphism. Thus B = 0 and the cancellation lemma does
not change the map A : X — Z given by a dot. O

6.4. The map 6. The map 6; : 1,4 — L,1m(2) gives a map

(39) 16,1 : QM™PM1,, = QM 1,4,PM — QM™1,,,,PM™ (2) =2 QMPM1,,(2).

Now recall that QP{"1,, = ar_ P" Q"™ g, vi1,,.

Lemma 6.11. The map 10,1 : Qg")PEn)lm — QE")PEn)1m<2> induces an isomorphism between n

summands of the form 1,,(-) on either side (in other words between all summands 1,,(-) of the same
degree on either side).

Proof. Note that we have a canonical inclusion and projection
vilp(n) = QP 7 QMPML,, = 1,,(n)

given by a cup and cap. The result follows if we can show that the composition 7 (16;1)": 1,, — 1,,
is (some nonzero multiple of) the identity.
Diagrammatically, w(I6;I)™¢ is given by the picture

where the n in the middle of the center circle indicates that there are n concentric circles corresponding
to (I6;1)™. Now, slide each of these circles from the inside towards the outside using that

ol-|o -
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This fact is an easy consequence of the relations among 2-morphisms in a Heisenberg 2-representation.
After moving all the circles to the outside we end up with a bunch of circles and solid dots. Using that

e a dot squares to zero
e a counter-clockwise circle with no dots is zero

this simplifies to give some nonzero multiple of

where there are n circles. The result follows since each of these circles evaluates to the identity. O

Proposition 6.12. The maps
10,1 :Fi _pEimdy = FimEim(21y  if A4+m<0
10,1 : E; Fi —pdx = EinFi —n(2)1y if A+m >0
induce an isomorphism between all summands 15(-) of the same degree on either side (here A\ = (\, a;) ).

Proof. We consider the case A+ m > 0 (the other case is very similar). Examining the proof of

proposition 6.6 shows that the direct sum 1) ®x VA_14m inside E; ,,F; 1\ comes from the term

QA=tHmIpA=14m) =~ 1, @, Vy_; @ A where the precise form of A is not important. The map 16,1

then restricts to the endomorphism 6,1 : Q(’\_H‘m)lHP()‘_l“‘m) — Q(/\_1+m)1HP(/\_1+m) (2) where p

is some weight. The result now follows by applying lemma 6.11. (]
7. THE LOOP RELATIONS

7.1. The [P, E]-type commutator. In this section we examine how the functors E; and F; commute
with P; and Q;. More precisely, we prove the following.

Proposition 7.1. In Kom(K) there exist exact triangles
Eim1 @ Vi(—1)15 = PME; 14 = E; Py,
Ei,ngl]l/\ — le] Eim1x = Eimi1 ®x Vil

as well as the triangles obtained by applying the (left or right) adjoint.

Proof. We prove the first relation (the second relation is similar). For simplicity we write P and Q for
P; and Q; and assume that m = 0.
Case )\ > 0. First note that

Eily 2. — POQl 1) == POQW™) 2y - Q) (—1) — Q
which means that PE;1, is isomorphic to the complex
(40) s PUDQL 1) @ PUHDQ( ) == PQ
It is easy to check that the diagonal maps in the differential, namely

pEDQ( 1) — p(l)Q(lHl)<_l +1) and pU+DQ( (=1) — pi-11)Q(

1>\+l+1)<_ 1A+

1>\+l+1)<_ 1>\+l+1)< 1>\+1).

1>\+l+1)<_ 1>\+l+1) 1A+l)

(—1+1)

are both zero.
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On the other hand, the general term of E;1545P is
POQU p(—py = pLHQEW™ ™)1y g PUHIQE (1) & POQI™) @, V1 (—1).
If we consider terms of the form P(Z)Q“HZ) which occur in this complex we get
POQM™) @y Vi (=1) = POQU™ (1 4 1).

The two differential maps here are given by the following composition where the number of dots is
either zero or one.

If there is no dot then the diagram simplifies to give the identity map on the terms P(l)Q(WFl)(fl +1)
on either side. Applying the cancellation lemma we find that E;1,P is homotopy equivalent to the
complex

A B
puHQE Ty \C D) pu-110Q0*" (14 1)

1)\
POQUM (—1 —1) PU-DQ ) () == QM @ 1.

(41) SN

where it is not difficult to check that A and D are given by the usual capping map as in (27), C =0
and B is some map whose precise form does not matter.
Now consider the following map of complexes from (40) to (41):

pUDQUAY (py PU-LDQUMN (14 1) PLLQUM) 1y RS
PUTDQUAH () T pOQUMT Ly 4 1) T p@Qe

l (id o) i (id 0) i <id o) l (a)
0 0 0 0 0 0 0

PLDQUMT) PU-11QUM (14 1) PLDQUM?) (1) QUM (1)
DA —— 1—1) A (1A -1 — —— 1A+ — 1>

P QC >(—l —1) pl-1)Q( ) (1) PQ( )(—2) Qf )<_1>

——pQ(

It is not difficult to check that this is a map of complexes. Now the map

PQU ) (—2) —» QU (1)
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induced by the bottom right arrow is given by

which simplifies to give zero. Thus we can apply lemma 7.2 below to find that the cone of this map of
complexes is homotopic to the direct sum of two complexes

POQIM gy — PE=DQE™ ™1 4 1) — ... —» PQW ™ (—1) - Q1Y

(one shifted by (—1) and the other by (1)) where the differential is induced by capping. Thus we get
a distinguished triangle

PEl'].)\ — Eipl)\ — Ei,—l Rk Vll)\.
The result follows since PP] = P[1](-1).

Case )\ < 0. We now only sketch the proof since it is similar to the one above. This time E;1) is
congruent to

[. c POATINQUN Ly 5 PEADQUN L2y 5 PNQ(-1) — p(*/\fl)} A+ 1)[~A — 1]
which means that

(=2 +2) (%) /_ (=2 +1)Q(_ (=2
(42)  PEi1, [ PO P URENE | PRV L a1

’ P(f)\+1,1)(:2(1f")<_2>_> P(*)\,l)Q<71> _>P(f)\71,1)

while E;P1, is isomorphic to the complex
[- o PEMDQUNP(_9) 5 PENQP(-1) — P(*’\*l)P} A+ 1)[=A — 1]

~ [ POMUPQUI(—2)e | PEVPQ(-1)®
B PEAMDIQ &y Vi(-2) PN @ Vi(-1)

Now cancelling terms as before this is homotopic to the complex

PAFLDQUN (—2yp PEADQ(-1)®
P(—A+1)Q<_3> - p(f/\)<_2>

N p(Al)P] A+ D=1 —1].

(43) E:P1y = [ N — PH—I»U] A+ 1D [-A—1].
Now, as before, one can write a natural map of complexes from (42) to (43) whose cone, after cancelling
the terms of the form P(*A*Hl’l)Q(ll)(—l), is isomorphic to

PAM2QUIN (—2yp  PAMIQ(-1)e PV

T peaQU (g T PEAIQ(-3) PN (—2) Y

A+ D[=A—1].

This is then isomorphic to E; _; ®k V11, and the result follows. Notice that it is important to have the
shifts (A 4+ 1)[—A — 1] in the definition of E or this calculation would be off by a shift. O



40 SABIN CAUTIS AND ANTHONY LICATA

Lemma 7.2. Consider the following map of complexes of objects in an additive category

A A Ay B
By B B, !
id 0 id 0 id 0 0
l 0 0 l 0 0 i 0 0)y\o
A A Ay By
@) Ci1 o Co

such that the maps satisfy the following conditions:

e in the top line all “diagonal” maps A; — By and Bjy1 — A;—1 are zero,
e Hom(B;y1,C;) =0 and Hom(A;,C;—1) =0 for alll and
e the map C1 — By is zero.

Then the restriction of the differentials to Be and Co give complexes and the cone of the vertical map
is homotopic to Be ® Cl.

Proof. Given all the zero maps above it is easy to verify that the restriction of the horizontal maps to
B, and C, yield complexes. Now, the cone of the vertical map is a complex

A A, A1 @A A1 @ By By
CieB, ~ Cri®B_, o, Co

where the differentials induce isomorphisms A;_1 — A;_; for all I. Also, the conditions above imply
that the following maps are zero

B — Cl—h Al_1 — Bl—l, Cl — Bj_4 for all [.

This means that using the cancellation lemma to cancel all the A’s does not change the differentials in
B, and C, leaving us with the direct sum Bo & C,. O

7.2. Divided powers.
Proposition 7.3. We have E; ,,Ej 15 = EE?T)TL<71>1A &) E§?731<1>1>\ and similarly for Fs.

Proof. The proof is actually very similar to that of Proposition (7.5). We assume m = 0 and that
A+ 1> 0 (the other cases are similar). Recall that EZ@)I A is given by the complex

PEQRIIN(_g)  pRIQE1%)(_g)

oA 2 1 gA+2
— @P(z’l)Q(2A+3’1)<—3> — @P(12)Q(2A+3)<_2> — PQ( )<—1> — Q( ) [1](71>

(44)

where the term in cohomological degree —(I — 1) is

@ pibtagE

k1+ko=l
k1 >ke

The differential out of P(kl_l’krl)Q@HszJklsz) is made up of two caps as depicted below.

(45) 1 — L, h2— 2 ﬂ 1T — Lyh2— 2 ﬂ
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Note that by lemma 7.4 it suffices to specify these two maps only up to a multiple. Now E;E;1) is
given by the composition of complexes

[. S PQICT) S Q(WS)} { S PQUTT1) o Q“*“)}
which means that the term in cohomological degree —I is
@ P(kz) (P(kl)Q(1A+3+k2) ® P(kl—l)Q(1A+2+k2) o Vi @ P(k1—2)Q(1A+1+k2)) Q(1A+l+k1)<—l>.
k1+ko=l

If we collect terms with a shift of (—I) they must occur in cohomological degrees (—I — 1), —I and
(=l +1). These are

(46) @ P(kz)P(kl72)Q(1>\+1+k2)Q(1X+1+k1) N @ P(k2)P(klil)Q(l)\+2+k2)Q(1>\+1+k1)
k1+ko=lI ki1+ko=Il—1

in cohomological degree —I and (—I + 1) and

(47) @ P(k2)P(kl_l)Q(l)\+2+k2)Q(1>\+l+k’1) N @ P(k;z)P(kl)Q(1>\+3+k2)Q(1>\+1+k1)
ki+ko=l4+1 k1+ko=l

occuring in cohomological degree (—I — 1) and —lI.

Calculation of (46). As we did in the proof of Proposition 7.5 where we showed that the map in
(52) was injective one can show (in a very similar manner) that the map in (46) is also injective. We
do not do this in detail again but instead just keep track of what terms we have left on the right hand
side of (46). First we rewrite (46) as

@ p(ka)p(kl*1)Q(1”1+’“2)Q(1””k1) SN @ p(kz)p(klfl)Q(l”sz)Q(l”l”l)
ki +ko=1—1 E1+ko=1—1
and then we cancel out to get
@ p(kz)p(krl)Q@““kl’1’“2_’“1_1) N @ p(kz)P(krl)Q(T““”“,1'“1_’“2_1).

k1t+ko=l—1 ki1+ko=I—1
ko>k1+1 k1>ko+1

Now we rewrite this again as
@ P(kl)P(k271)Q(2k+2+k2}1k1—k2—1) N @ P(klfl) P(kZ)Q(2X+2+kQ’11€1—k2—1)

k1+ko=l—1 kqthko=I1—1
k1>ka+1 k1>ka+1

which then cancels out to give

(48) @ P(klilykZ)Q(2A+2+k211k17k271)<_l> ~ @ P(k1717k271)Q(2A+1+k271k17)62)<—l>
ki+ko=1l—-1 k1+ko=l
k1>ko+1 k1>k2

in cohomological degree —(I — 1) (we added back in the shift (—I)). These are precisely the terms in
(44) shifted by (—1).

Calculation of (47). The map in (47) can be shown to be surjective. For simplicity we will just
keep track of the what terms survive after cancellation. First rewrite (47) as

@ P(k2)P(kl)Q(1>\+2+k2)Q(1>\+2+k1) _ @ P(k2)P(kl)Q(1>\+3+k2)Q(1>\+1+k1)
k1+ko=I k1+ko=Il
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and then cancelling terms we get

@ P(kQ)P(kl)Q(2>\+2+k1,1k2—k1) N @ P(k2)P(kl)Q(2A+1+k2’1k1fk2f2)

k1+ko=l k1+kao=l
k2 >k k1>ko+2

which we rewrite to obtain

@ P(k,Q)P(kl)Q(2A+2+k2’1k1—k2) s @ P(k271)P(k1+1)Q(2)\+2+k2’1k17k2).

k1+ko=l k1+ka=l
kl 2]{)2 kl 2k2

This map is surjective and we are left with

@ risigi

k1+ko=Il
k1>ko

in cohomological degree —(I + 1). Replacing k1, ke and [ by k1 — 1, ko — 1 and [ — 2 this is the same as
the terms in (44) shifted by (1).

To conclude that E;E;1, is homotopic to a direct sum of Ez(-2)<—1>1>\ and E§2)<1>1)\ one needs to
check that there are no cross differentials such as

P(k171,k271)Q(2*+1+’“2 S NN P(k172,k271)Q(2>‘+k2,1k2’k1+1) (3)

or P(kl—l,kg—l)Q(QMrl*’Q,1"'2*’“1)_>P(kl—l,kg—Q)Q(QMrl*kZ,1"2*’“1)<3>

Fortunately, such maps have degree three and cannot show up (even after various applications of the
cancellation lemma) because in the original complex for E;E;1,, all maps between irreducibles are
either isomorphisms or degree one maps given by a cap. (I

Lemma 7.4. Let C and C' be two complexes whose terms are as in (44) and whose differentials are
given by some nonzero multiples of the maps in (45). Then C and C' are homotopic.

Proof. The proof is similar (but easier) than that of lemma 7.6. Each term in (44) has either one or
two maps coming out (namely those in (45)). If there are two maps coming out (call them a; and as)
then these can always be completed to a complex
AS Lo
(e 2 B2

like that in (51) where Hom(A, By) = Hom(A, B2) & Hom(B,C) = Hom(B;,C) = Hom(A4,C) 2 k
are spanned by ay, as, 51, 82 and B o a; = —f5 o ap respectively.

Thus, starting from the right end of a complex like that in (44), one can can homotope it into
any other such complex using maps which act by multiples of the identity on each summand in the
complex. 0

7.3. Commutation of Es or Fs. In general E; ,,, and E; ,, do not commute. But in the simplest case
they do commute up to a shift.

Proposition 7.5. For any n € Z we have

Ein—1Einlx 2 EinEin—1(—2)1x and F; n_1F; 15 = F; 0 Fin—1(2)15.
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We use the rest of this section to prove the first relation above (the second relation is obtained by
taking the adjoint of the first relation). The idea of the proof is to show that both sides are homotopic
to a complex

P2IQE*1%) (_9)
(49) RN @P(lz)Q(2”+271)<_2> —
GP@QE) ()

PQE"1) (1)

@PQ(ZHQ)(—D — Q(2a+171) [1](—2)

where a := A+ n > 0. In the equation above, the term in cohomological degree (—I + 1) is

@ pllrke—1) Q@ 2187k gy @ plli—Lka) (@ ez 1782y gy
E1+ko=l—1 E1+ko=1—1
k12>ko k1>ko+1
Using lemma 3.4 one checks that there are three possible nonzero maps out of each summand above,
all of which are given by a cap:
f1 o P(kl’szl)Q(2a+l+k2711“1_'“2) SN p(klfl,szl)Q(zf‘““?,1’“1—kz—l)
f2 . P(k17k2_1)Q(2a+1+k271’“1*’62) N P(kl_17k2_1)Q(2a+k2,1k17k2+1)

f3 p(kukrl)Q(
. P(k,lil’k,z)Q(2a+l+k2’116171&'2) —> P(k1717k271)Q(2a+1+k271191716271)

2a+1+k271k177€2) 2a+k271k’1—k2+1)

N p(kukr?)Q(

g1
gy PUn—Lka) QT F2aM7R) L plki—Lka—1) Q272 1M 7R
gy PUn—Lka) QT F2 0782y p(ki—2.ka) (20T T2 1M TR T

The differential in (49) is of the form
(50) 0=a1f1 +azfa+asfs +bigr +bago +bsgs for some ay,az,as,by,b2,b3 €k

Using the following lemma we will check that ao = 0 = by and aq, as, b1, bs € k* which determines the
complex uniquely up to homotopy.

Lemma 7.6. Consider a complex as in (49) with differential O as in (50). If by, bz € k* then ay, a3 €
k* while ag = 0 = by. Moreover, any two such complexes with this property are homotopy equivalent.

Proof. Suppose we have a complex as in (49) where by, b3 € k*.
The first step is to show that as = 0 = bs. To see this consider the following three compositions

kl 1,ko— 1)Q(2a+1+k2 1k1—k2—1y

P(k1_17k2)Q(2a+1+k2 1h—k2y _ 7292 P(kl 1,ko— I)Q(2a+k2 1k1— k2+1) b3gs P(k1 2 ka— I)Q(2a+k2 1k1— k2)<2>

\ /

P(kl 2,k») Q(2a+1+k2 1k1—ky— 1)

By induction we can assume that by = 0. Looking at the top two compositions, this means that
ag fa 0 by g1 + bsgs o bhgs = 0. But one can check that the compositions fs o g1 and g3 o go are linearly
independent since they span the two dimensional vector space

Hom(P(ki— k) Q72,15 752) plhi—2ka= ) (252,15 752) 9y o 2.
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This space is 2-dimensional since the two boxes we add to go from partition (k1 —2,ka—1) to (k1 —1, ko)
and from (20+h2 1F1—k2) to (20+1Fhk2 1ki=h2) gecur in different columns and rows. This implies that
as = 0 and by = 0. Thus, by induction, we always have as = 0 = bs.

Next we show that ay, a3 € k*. First consider the following two compositions

P(k1717k271)Q(2a+1+k2 )1Ic1—k2—1) <1>

% a1 f1

P(k1_17k2)Q(2a+1+k271k17k2) P(k1_27k2_1)Q(2a+1+k2’1k17k272) <2>

b393 b1g1

P(kl_Q’kZ)Q(2a+l+k271k17k:271)<1>
These two compositions both span the one dimensional vector space
Hom (P(k1 =1k Q212141 742) plka=2ibam1) Q2" 42,08 74270) )y oo g

Since by, b5 are both nonzero this means a; # 0.
Similarly, we can consider the two compositions

Pl Lks 1) Q2 FE 1R k) 1y

plkika—1) Q(2F1FF2 181 752) plki—1ka—2)Q(2*+*2,11 —k2)<2>.

a3 f3 a1 f1

P(klxk2*2)Q(2a+k2 ’1k1—k2+1) <1>

These two compositions both span the one dimensional vector space

Hom(P(ki-ke—D QR 15752 plln—1hka=2) Q22,15 752) (9)) o )

We know that aj,a} are nonzero and by induction we can assume az # 0. This implies that af # 0
and hence, by induction, all ag are nonzero.

Finally we show that any two such complexes are homotopy equivalent to each other. The idea is
very simple. Suppose you have a complex

o B
(51) = SpeYe

a2 2 By
where Hom(A, B1) = Hom(A, By) & Hom(Bj,C) = Hom(B;,C) = Hom(A4,C) = k are spanned by
ay, s, B1, B2 and 81 0 a; = — 9 0 ap respectively. Then any other complex where the four maps above

are nonzero is homotopic to it via a map which acts by certain multiples of the identity on A, By, By
and C. This is a simple exercise which we leave to the reader.

If we now look at (49) and recall that each differential is made up of maps f1, f3 or g1, g3 it follows
that (49) is made up of little complexes like (51). Thus starting from the far right, we can repeatedly
apply the homotopy above to show that any two such complexes are homotopy equivalent. O

Computation of E; ,,_1E; ,1,. This composition is isomorphic to

[. 5 P@IQUT L9y L pQUTT (1) o Q(l““)} { o P@QAT(Lgy o pQUTT 11y Q“““)}
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which means that the term in cohomological degree —I is

D g mpg iy
k1+ko=I

@ P(kz) (P(k1)Q(1a+2+k2) ® P(kl—l)Q(1a+1+k2) Rk Vl ® P(k1—2)Q(1“+’€2)) Q(la+1+k1)<—l>.
k1+ko=l

Il

If we collect terms with a shift of (—I) they must occur in cohomological degrees (—I — 1), —I and
(=14 1). These are

(52) P plIpli-2QUe™)Qu ™™ (N plk)pha-H QT QT
ki+ko=l ki+ko=l-1

in cohomological degree —! and (—{ + 1) and

(53) @ P(kQ)P(kl71)Q(1a+1+k2)Q(1a+1+k1) . @ P(k2)P(kl)Q(1a+2+k2)Q(1a+l+k1)
k1+ko=Il+1 k1+ko=I

occuring in cohomological degree (—! — 1) and —I.
There are two parts to the differentials in (52). To describe the first we rewrite (52) as

(54) @ P(kQ)P(kl_l)Q(1a+k2)Q(1a+2+k1) N @ P(kQ)P(kl—1)Q(1a+1+k2)Q(1a+1+k1).
k1+ko=Il—1 ki+ko=Il—1

Then the first part of the differential is given by the composition

| (k) | | (1) |

To see the other part of the differential we can also rewrite (52) as

(55) @ P(k2)P(kl_l)Q(la+k2)Q(1a+2+k1) . @ P(kz_l)P(kl)Q(1a+k2)Q(la+2+kl)
k1+ko=l—-1 ki1+ko=l—1
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and then there is a similar map given by

(= ] [ )]
| k) | [ (1) |

Claim. The map in (52) is injective.

Let us consider a general indecomposable term on the left side of (54) or (55). Using proposition
3.2 such a term is of the form P Q™™™ 1"™™) where m < n and m +n =1 — 1 = 2m’ +n’. There
is one such summand for each (kq, ko) where

m < min(k; — 1, ko) and m’ < min(ky + 2, ks).
On the right hand side of (54) there is one such summand corresponding to each pair (ki, k2) where
m < min(k; — 1, k2) and m’ < min(k; + 1, ko + 1)

and the map in figure 7.3 induces an isomorphism between any two such summands corresponding to
the same pair (k1, ko). Likewise, on the right side of (55) there is one such summand corresponding to
each (k1, ko) where

m < min(ky, ko — 1) and m' < min(k; + 2, ko)

and the map in 7.3 also induces an isomorphism between summands corresponding to the same pair
(k17 k2)

Using the inequalities above and looking at (54), we see that the map in (7.3) is injective on

summands P(m’”)Q@”m,’laM/) unless k; +2 < ky in which case there is precisely one term, namely the
one corresponding to k1 +2 = m/ on the left, which maps to zero. Notice that for such a term to exist
on the left side of (54) we must also have m < min(m’ — 3,1+ 1 —m’) (and in particular m < m’ — 3).

On the other hand, looking at (55), we see that the map in (7.3) is an isomorphism between all

summands P(m’")Q(QHml’laJr",) unless ko < k1 — 1 in which case there is precisely one term mapped to
zero, namely the one corresponding to ko = m. This time such a term exists on the left hand side of
(55) only if m’ < min(l +1 —m,m) (and in particular m’ < m).

Since we cannot have both m < m/ —3 and m’ < m either (7.3) or (7.3) is injective on all summands
of the form P(m’")Q(2a+M/’1a+n/). The map in (52) is upper triangular and hence also injective.

Now we need to figure out what terms remain on the right hand side of (52) after cancelling terms.
We can replace (54) by

2 - + , 172 2 1— 15T
(56) @ P(k )P(kl 1)Q(2a 2+kq 1k2 k1 2) . @ P(k )P(k I)Q(2a+1+k2 1k:1 kz).
k1+ko=Il—1 ki1+ko=Il—1
ko>ki+2 ka<ki1

since, using proposition refprop:relsl, we have
QUITIQUTTT e QUITTEIQUITTII T IETI if fy > g 42
= 2 2> K1
Q(lar+1+k2)Q(1a+1+k1) ~ Q(1G+k2)Q(1a+2+kl) ® Q(2a+1+k2’1k1—k2) if k’g S kl
QUIQ QUTTIQUT iy = Ry 4 1.

Qatka 1et2th)
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Now, switching the roles of k1 and k3 on the left hand side and replacing the new ky by k1 + 1 and the
new ko by ko — 1 we get that (56) is equivalent to

(57) @ P(k1+1)P(k272)Q(2a+1+k2’1k1—k2) N @ P(k2)P(klfl)Q(2a+1+k2’1161_7@2).
k1+ko=l-1 k1+ka=1l—1
k1>ko k1>ko

Again, we can cancel terms using that

pki—1)p(k2) =~ phitl)p(k2=2) g p(krk2—1) gy p(ka=L1k2) §f ko > ko 4 1
phi—L)p(k2) ~ phitl)p(k2=2) g p(kikz2—1) 3¢ k= ko

to obtain

T R

ki1+ko=1—1 ki+ko=1—1
k1 >k k1>ko+1

in cohomological degree (—I + 1) (where we have added back the (—{) shift). Notice that these are the
same as the terms in the complex (49).
Now we also need to examine (53). Fortunately, things are much simpler here. We rewrite (53) as

(58) @ P(kz)P(kl)Q(1a+1+kz)Q(1a+2+k1) . @ P(kz)P(kl)Q(1a+2+k2)Q(1a+l+kl).
k1+ka=l k1+ko=l

Then the part of the differential which looks like that in (7.3) induces an isomorphism between the two
sides. The total differential is upper triangular and hence also induces an isomorphism. Thus all the
terms in (53) cancel out.

The differentials. Finally, we need to compute the differentials. In light of lemma 7.6 it suffices
to show that the differentials of the form ¢g; and g3 are nonzero.

This is trickier than it looks since the cancellation lemma was applied many times. Let us consider
the map g3. In the original complex for E; ,,_1E; ;1) we see this map show up as the composition
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which is equal to a scalar multiple of

TR R) T —

] w{—zﬂﬁ ey

N

[ (k) | [(i=1)]
1 1
| (k1 = 1, R2) |

The right hand side is clearly equal to the map
gs : P(klflykz)Q(QaJerZ>1k17k2) N P(klflka)Q(QaJerz71k17k271)<1>.

Thus g3 shows up as the map induced by the differential

Y
P(kQ)Q(laJrlJrkz)P(kl)Q(1a+1+k1) i P(kz)Q(1a+1+k2)P(k1—1)Q(1“+k1)<1>.

However, it is possible that in the cancellation process this map becomes zero. A little bit of reflection
convinces one that this can only happen if the other differential

Y
plka) QU7 H52) p (k) Q1+ 1+41) L pla=1) Q) pl) (¥4 11y

also induces the map g3 since then in the process of applying the cancellation lemma these two maps
could cancel. Fortunately, the right hand side Plka—1) QU™ ™ 2)p(k1) QL") does not contain any
summand P(k1—1k2) Q2172177270 0t his does not happen.

Similarly, one can show that g1 also occurs in the differential of (49). Thus E; ,_1E; 1, is indeed
homotopic to the (unique up to homotopy) complex (49) with nonzero multiples of g; and g3 in the
differential.

Computation of E; ,,E; ,—115. This is isomorphic to

{. S P@QUT) oy 1 pQUTT(Z1) Q(l"“‘)} [ 5 P@QET ) 5 PQUITT (1) — QUM
which simplifies to give
@ p(k2) [P(kl)Q(1a+k2+3) @ P(kl—l)Q(1a+k2+2) o Vi @ P(kl—z)Q(1a+k2+2) Q(1a+k1)<_l>

k1+ko=l

in cohomological degree —I. This computation is similar so we just sketch it. Again we collect terms
with a grading shift (—I) to obtain

(59> @ P(k2)P(kl_z)Q(1a+k2+1)Q(1a+k1) . @ P(kQ)P(kl_1)Q(1a+k2+2)Q(1a+kl)
ki+ko=l ki+ko=l—-1

and

(60) @ P(k2)P(kl_l)Q(1a+k2+2)Q(1a+k1) . @ P(k2)P(kl)Q(1a+k2+3)Q(1a+k1).
ki+ko=l—1 ki1+ko=l

It turns out that (59) is an isomorphism and that (60) is injective.
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Calculation of (59). We rewrite (59) as
ED plk) p(ki—1) QU Tr2r sttty ED plk2) p(ki—1) (1" TF2 ) (1)
ki+ke=l—1 kitke=l—1
and then cancel to get
@ plha)p(i—1) Q2  thate=r) @ pk2) p(ki—1) (2" FF2 T2 1l =2 =2)
k1+ko=I—1 k1+ke=l—1

ko>k1 ka+2<k;

We then rewrite this as
@ P(kz)P(k1fl)Q(2a+k1+1,1k2—k1) . @ P(klil)P(kQ)Q(2a+k1+171k2_k1)
ky+ko=I—1 ky+ko=1—1

k’gzk‘l k?ZZkl

which turns out to be an isomorphism. So (59) is homotopic to zero.

Calculation of (60). One can check using the same argument as before that the map in equation
(60) is surjective. We do not repeat this argument but instead just keep track of the terms left over
after cancellation. First we rewrite (60) as

@ P(kQ)P(kl)Q(1a+k2+2)Q(1a+k1+1) _ @ P(kQ)P(kl)Q(1a+k2+3)Q(1a+kl)
ki+ko=l ki+ko=l
which simplifies to
@ P(kQ)P(kl)Q(2a+k1+1,1k2—k1+l) _ @ P(k2)P(kl)Q(2a+k2+3’1k1fk‘2f3).

k1t+ko=l ki+ko=l
kgzkl—l k2+3Sk1

We then rewrite both sides to obtain

EB plhz+)p(ky) Q2 r2 2 ati=re) @ plka—1) plk1+2) (2" FF2 2 171 ~k2)

k1+ko=l-1 kqthko=I1—1
k]Zkz k12k2

This in turn simplifies to give

@ P(k1+1,k2)Q(2a+’€2+2,1’€2*’*‘1)<_l> @ P(k1,kz+1)Q(2“+"'2+2,1’*‘2*’“1)<_l>

ki+ko=Il—1 k1+ko=Il—1
k?lzkg kleZ“rl

in cohomological degree (—I — 1) (where we have added back the (—I) shift). Replacing I, k1, ks by
1—2,k1 —1, ko — 1 we see that these are the same terms as those in the complex (49) with the extra shift
(2). Onme can check as before that g1 and g3 appear in the differentials and hence E; ,E; ,—1(—2)1, is
also homotopic to (49). Thus we are done.

8. THE REMAINING RELATIONS

8.1. Commutation of E; and F;.

Proposition 8.1. For any i # j € I and m,n € Z we have F; ,E; 15 = E; p,Fj 1.
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Proof. There are two cases, depending of whether ¢ and j are connected by an edge. If they are not
connected then P; and Q; commute with P; and Q; and the result follows immediately. So suppose ¢
and j are connected by an edge. There are several cases to consider.

Case 1. Suppose that (X, a;) +m > —1 and (A, ;) —n < —1. This means that
1n+k)

(
Eimly 2 [ (k) = = P 1) - Q]
[

QW — P, Q“’*”(l} o P gy ] (b)[-0]

ij 1)\+ai +md

1%

Finly QY =Py Q§b><1> S o PUOQETHI gy } (b—1)[-b+1]

(1a+1+k/)

Ei,ml)\fajukné = i P

where a = (A, o) +1+m and b= —(\, a;) + n.
Now, the terms in F; ,E; ., 1 in cohomological degree (h + b) are

L a+k
D PUIQEIRMIQE I, (h + ).

l—k=h

k) == PQYT (1) - Q(ﬁl)]

Since Q;bH)PZ(-k) = ng)QE-bH) &) Pl(-kfl)Qg.bH*l) this simplifies to give

1 a+k l _ _ a+k
(61) @ [P§1 )ng)Q§b+Z)Q§1 )1,\69 P;l )Pz('k 1)Q§_b+l UQEl )h] (h+b>.

l—k=h
Likewise, the terms in E; ,,F; 1, in cohomological degree (W +b—1) are
@ P(k) 1a+1+k )P(ﬂ )Q(b 1+ )1 (h’ +b— 1>

V—k'=

which simplifies to give
() (1) (1) (b=141") 1 (k) p(17 1) 5(1HE) o (0—1+1)
V—k'=h

Now it is easy to see that the terms in (62) match up with the terms in (61) when A’ = h + 1 and
(K',1") = (k,l+1) or (K,l') = (k—1,1). Thus the complexes for E; ,,F; 15 and F; ,E; ,,,1x match up
term by term and it is not hard to check that the differentials are the same.

Case 2. Now, consider the case that (A, o;) + m > —1 but (A, ;) —n > 0. This means that:
1otk

Ei,mlA = - — P(k)Q( < k'> I PiQ§1a+1)<71> N lea)}

b+1 b+1
Finliraims = P§1>%P§1 Q1) - = PETRM W ]

IR

[ b+t b+2 b1l /
Finla P 5 PUTIQu1) — - PY )le)<l’>%...]

1a+1+k’)

Ei,m]-)\—oej—i-né

Ky = o P (—1) - le“*”}

where a = (A, ;) + 1 +m and b = (A, ;) —n. The terms in F; ,E; ,, 1 in cohomological degree h are

b+1 a+k
D P QP )

l—k=h
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which simplifies to give
) @ [POIPHQ0QE" 1, 0 PO IR DQIIQ 1, ),

l—k=h
Likewise, the terms in E; ,,F; 1 in cohomological degree h' are

@ PEIQETIRET QM )
U —k'=h'
which simplifies to give
’ b+141" at1+k’ ’ ’ b1’ atk’ ’
(64) B {Pg’“ PRI QL @ PFIPITIQMTTIQ L | (m).
U —k'=h'

It is easy to see that the terms in (63) match up with those in (64) via the identification (k',1") = (k,1)
or (k',l') = (k—1,1—1). Again, it is not hard to check that the differentials also match up.

Case 3 and 4. There are two further cases which to consider, namely when (X, a;) +m < 0 and
either (A, ;) —n < —1 or (A, ;) —n > 0. These are proven in exactly the same way as above and so
we omit the details. O

8.2. The [P;,E;]-type commutator.

Proposition 8.2. If (i,j) = —1 then we have the following exact triangles in Kom(H)
Eim-1[1)(~1)1x — E;mPU 1y — PUE; 15
Eimrily = QUE mly — E;mQT1y

a as well as the triangles obtained by applying the (left or right) adjoint.

Proof. We prove the first commutation relation (the other case is similar). For simplicity we assume
m = 0.
Case \ > 0. We have

P,;Eil) = |: RN PjP§2)Q§1A+3)<72> N PjPiQ§1x+2)<71> . Pngle)}
and

E:P,1

A+3 A+2 A1
[ PP IR (2) - P! R (1) 5 QP

2 1>\+2 1>\+1
{“%prw (-2) _ PP (-1) _ PiQ 1

1>\+3)

1%

oPPQ" I (-2) " ePQ" (-1 T el

One can check as in the proof of (7.1) that there is a natural map of complexes E;P;1, — P;E;1,
whose cone is isomorphic to

) Q!
[ - P,7Q;

1)\+2)

(=2) = PiQ" (1) 5 Q") 0]
which is isomorphic to E; _1[1]1. Thus we get a triangle
Ei,_ll,\ — Eipjl/\ — PjEi]_)\

and the result follows since Pgl] = P;[1|{—1).
Case )\ < 0. We have

Py 2 [ = PRPOAIQID 9y P pEVQ (—1) — PJPE***”} A+ 1A —1]
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and

1%

EiP,1, [ = PEMIQIIP (—2) = PIVQUP; (1) = PR (A 1)[-A - 1]

- P;p{TAY

pEAFD) A%, PN
- [...%PJPZ- QM (-2)  PPYQi(-) DDA 1

oP Qi) ePT V()

Again there is a natural map of complexes E;P;15 — P;E;1, whose cone is isomorphic to

[- o PEMIQ(=2) 5 PENY(-1) 5 0= 0] (A 1)[=A — 1.

Taking into account the shifts this is also isomorphic to E; _1[1]1 and the result follows as above.
O

8.3. The commutator type relation of E; and E;.

Proposition 8.3. If (i,j) = —1 and m € Z then there exist unique nonzero maps

B
Ei,mEj,7rL+11)\ = Ej,m+1Ei,m<1>1>\ and Ej,'rrin,7n+11)\ — Ei,m—i—lEj,m<1>1)\

in K and we have Cone(a) = Cone(f3). Meanwhile, if (i,j) = 0 then E; ,, and E;,, commute for any
m,n € 7.

The commutation of E; ,,, and E;, when (i,7) = 0 is obvious since P; commutes with Q, in this
case. It remains to prove the first assertion when (i, j) = —1.

8.3.1. The definition of a and . To simplify notation we assume m = 0 (the general case follows in
the same way). First we have the following formal result which shows that the maps « and § are
unique.

Lemma 8.4. If <’L,j> = —1 then HOII’I(EZ'E]'J]_A7 Ej71Ei<1>1)\) 2k End(EiEle)\).

Proof. This is a formal consequence of the other relations in a 2-representation, together with the
fact that End(1,) = k. More precisely, in [CK] Lemma 4.5 we prove that Hom(E;E;, E;E;(1)) is one-
dimensional. To do this we only used that the representation is integrable, biadjointness of E; and
E;, that E; and F; commute and the commutator relations of [E;, F;] and [E;,F;]. So the same proof
applies here if we replace E; by E; ;. O

We now give an explicit description of « and § as maps of complexes of 1-morphisms in Kom(K).
Let us suppose that (A, ;) =a—12> 0 and (A, ;) =b+1 > 0. Then the general terms of E; 11, and
Eilxia;+s are

('V'L) (1b+n+l) (n) (1a71+n)
PIVQ; (—n) and P;’'Q; (—n).

This means that E;E; ;1 is a complex which looks like

(65)
n+1 n
1—k qatn—Fk k 1b+1+k —k 1a—1+n—Fk k Qb1+
L @RI IRMIQUT Ly 1y s Y PeRIQU IR Ly s
k=0 k=0

where the right hand term is in cohomological degree —n.
Similarly, the general terms of E;1 and E; 11544, are

POIQUE™) () and PV

This means that E; 1E;(1)1, is a complex which looks like

1b+n)

(—n).

n+1
btk nl—
@0) - DPPIQ R
k=0

at+n+l—k n btk n— atn—k
' (—n) > @PIQRT PN V1)
k=0
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where the right hand term is in cohomological degree —n.
On the other hand, E;E; ;11 looks like

(67)
TN p(0) 9185 a1k o (1772 ) T plk) (17~ +) pn—k) (1 +17)

= PP P (—n—1) » @PEQUIphq (=) = ...
k=0 k=0

while E; 1E;(1)1y looks like

(68)
2 (n+1—k) QT TF) (k) A (1°FF) 2N (n—k) A (1% %) 5 (k) A (1°TF)
o PPV POQU™) () — PRI TIPMQI T 1) 5
k=0 k=0

We now write down the pictures which define the map of complexes E;E;1 — E;1 E;(1). The chain
map will take

(n+1=k) (177 7%) p () (1) () QLI H) p(n+1=K) (175178 L (k) 9(17F) p (k1) (17 1%
p! Q! e} — PWQTPS Q! aPH QP Q! :

The map to the first summand is

(69)

where the solid dot is a degree one ¢ — j dot. Similarly, the map to the second summand is

(70)

We need to check that these diagrams define a chain map, meaning that the map above commutes
with the differential. Diagrammatically, this amounts to checking that diagrams
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and

commute. To see this we simplify the second diagram. The two middle box idempotents in the middle
level (the 1(+1%%) and the (n — k)) can be absorbed into the idempotents in the bottom level. Now
slide the cap downwards. It moves through the first line for free. To pass it through the second line
involves creating a sum of two diagrams, the first term of which just moves the cap through; the second
term creates a subdiagram

’ (2); ‘ ’ (2); ‘ ’ (2); ‘ ’ (2)i ‘

;] @, ] 2, ] ;]

In the above graphical computation the minus sign comes from the two degree one dots passing one
another with respect to the horizontal; from the above computation we see that this subdiagram is
ZEro.

We conclude that we have a map of complexes E;E; 1 — E;1E;(1). A straightforward check shows
that this map of complexes is nonzero. This defines the chain map «, and we define the chain map 8
similarly.

8.3.2. Proof of proposition 8.3. Looking at equations (65) and (66) we see that Cone(«) is a complex
where

n n+1
n— a—1l4+n—k b+1+k b+k n _ at+n+l—k
M DRI R e Ry el e
k=0 k=0

is the term appearing in cohomological degree —n — 1. The second term above can be rewritten as

+1
b—14k atntl—k btk atntl—k
(72) @P(k)Q(l ) (n k)Q(l ) @P(k) (n+1 k)Q(l )Q(l )< n>
k=0 k=0

On the other hand, looking at equations (67) and (68) we find that Cone(f3) is a complex where

n+1
(73) @P QU Ipm QU @p(nﬂ DU IR QU™ ()

is the term appearing in cohomological degree —n — 1. The second term above can be rewritten as

n n+1
n—k qatn—k—1 k 1b+E+1 nal—=k k Qatntl—k 1o+
T PG R (@ pI T RQU Ig  ,
k=0 k=0
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Let us denote by A="~! the direct sum of the first term in (71) and all of (72) and likewise by B="~! the
direct sum of the first term in (73) and all of (74). These are the degree —n — 1 terms in the complexes
Cone(a) and Cone(f). It is straight-forward to check that A="~1 = B="~! by just matching terms.

It remains to show that the differentials in Cone(a) and Cone(8) agree. We do this by applying
Lemma 8.5. The first and second conditions in Lemma 8.5 follow from Lemmas 3.5 and 3.6. The
third condition follows from a computation almost identical to that used for the proof of the relations
in section 7.3. We include the indecomposable 1-morphism PEGH)Pglb)QElC)Q;d) into the appropriate
term of Cone(«), apply the boundary map and then project onto each indecomposable summand. The
composition is a collection of diagrams which can be simplified. Doing this we find the degree one
map from Lemma 3.5. This map can be shown to be nonzero by taking its closure as explained in the
example of section 3.5.

Lemma 8.5. Consider a finite complex
A= ... — @A A — L — DAY

in the homotopy category of some additive category. Suppose that it satisfies the following:

(1) Hom(A; ", A"t is either zero or one-dimensional for all £,0',n
(2) for any £,¢1,02,n such that

Hom(A; ", A;") =k = Hom(A; "', A,")

there exists £ and a nonzero map in Hom(A; "', A" 1) which factors through A" and AL
(3) for any £,n # 0 there exists a nonzero map with domain A" .

Now suppose B® is another complex such that A™™ = B™"™ for all n and B® satisfies the same conditions
as A® above. Then A® = B®.

Proof. The proof is similar to that of lemma 7.4. It is based on the same observation that given a

complex

Az v
az P2 g,

where Hom(A4, B1) & Hom(A4, By) = Hom(By,C) = Hom(Bs,C) = Hom(A,C) = k are spanned by

a1, e, 81, B2 and By o = —f o g then any three of the maps determines uniquely the fourth.

We now apply this to our problem. Fix an isomorphism A= = B~" and proceed by induction
starting from the far right. For the base case we note that A} = 0 so there is a unique nonzero map
out of each A[l. Acting by a multiple of the identity on A[l this map can be scaled so that it equals
to that in B®. For the induction step consider a nonzero map A[”fl — A, and rescale AZ”fl so that
this map agrees with that in B®. Then using the observation above (and induction) it follows that all
the other maps out of A;’“l must also agree with those in B®. U

9. APPLICATIONS, CONJECTURES AND FURTHER COMMENTS

In this section, we set the field k = C to be the complex numbers. Fix I' C SLy(C), a non-trivial
finite subgroup. By the McKay correspondence, such subgroups are classified by finite Dynkin diagrams
of type A, D or E. To such a diagram there are three associated Lie algebras: a finite dimensional
simply-laced Lie algebra g, the affine Lie algebra g and the associated toroidal Lie algebra ﬁ with
gCcgcC E We now describe two (essentially equivalent) categorifications of the basic representation
of U, (E) using the finite subgroup I' C SLy(C).
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9.1. 2-representations via Hilbert schemes. Let Xt = @ﬁ‘ denote the minimal resolution of the
quotient singularity C2/I" and denote by Xan] the Hilbert scheme of n points on Xr. The diagonal
C*-action on C? induces a C*-action on X%n]. Let DCoh®” (Xt) denote the derived category of C*-
equivariant coherent sheaves on Xp. Its Grothendieck group (tensored with C(q)) is denoted K ¢ (Xr).
In [CLi1] we constructed a level one integrable 2-representation of § on PB,.cn DC’oh(X%n]) where
is the toroidal Heisenberg algebra. Corollary 5.3 explains how we obtain a 2-representation of g from
one of 6 Adding the extra affine vertex to the story this immediately implies the following theorem.

Theorem 9.1. The action ofﬁ on @neNDCoh(Xan]) induces a 2-representation ofﬁ on

P DCoh(x[M).

aE?,nEN

Corollary 9.2. The quantum toroidal algebra Uq (E) acts on
B T =P ET G e, C@lY]
aeY neN n>0
The resulting module is the basic representation.
Theorem 9.1 and Corollary 9.2 were conjectured by Nakajima in [N4]. Moreover, Corollary 9.2 is

both an affinization and a g-deformation of the work of Nakajima and Grojnowski which gives affine
Lie algebra actions on cohomology of Hilbert schemes.

9.2. 2-representations via wreath products. A 2-representation of g can also be constructed using
the representation theory of finite dimensional superalgebras. Let Br := C[[']x A*(C?) and set Br(n) =
C[S,] x BE™ (we include n = 0 in this definition, setting Br(0) = C). The natural Z grading on A*(C?)
makes Br(n) into a Z-graded superalgebra. Let Br(n) denote the category of finitely generated, graded
Br(n) supermodules.

In [CLil], a level one 2-representation of b was constructed on D, Br(n) categorifying the Fock

space representation of E We do not need to use derived categories of modules since, in contrast to
the action on Hilbert schemes, the Heisenberg generators P; and Q; act by exact functors. However,

to obtain a 2-representation of ﬁ we still need to pass to the homotopy category Kom(Br(n)), since E;
and F; are given by complexes.

Theorem 9.3. The 2-representation off)\ on Br(n) induces a 2-representation ofﬁ on
@ Kom(Br(n)).
aé}/;,nEN
Theorem 9.3 is very similar in spirit to the constructions of toroidal basic representations in [FJW].
9.3. The Kac-Moody description. The affine Lie algebra g = g@k|t,t ] @ ke is also a Kac-Moody
Lie algebra. This Kac-Moody presentation has generators {e;, f;, h;} The isomorphism between
the Kac-Moody and loop presentations is defined as follows.

Let 0 denote the highest root of g and gy the associated root space. Choose elements Fy € g_g,
Fy € gy such that 0(Hy) = —2, where Hy := [Ep, Fy]. Then we define

o~ Eg®t, forrFyat™' and hg— Hg®1+c
WhllGGZHEz andleFl ifiel.

iel*
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Categorifications of Kac-Moody algebras have been defined by Khovanov-Lauda [KL1, KL2, KL3]
and Rouquier [R]. They are given by a 2-category Uo(g) k mr which depends on some scalars Q (we use
the notation from [CLal). The 2-category in [KL3] corresponds to a particular choice of such scalars.
Although many of these 2-categories are isomorphic this is not always the case. In general the space
of isomorphism classes of these 2-categories is the first homology of the associated Dynking diagram.

We next describe a (conjectural) relationship between the categorification of the basic representation
constructed in the Kac-Moody setting and the categorification in the current paper. We do this from
a geometric and then an algebraic point of view.

9.3.1. Quiver varieties. The basic representation of g was constructed geometrically by Nakajima using

the T-equivariant geometry of the Hilbert scheme of points on C? (see [N1]). More precisely, I' C SLs

acts on C2? and hence on all the Hilbert schemes C2™. The fixed point components (Cz[n])r are

Nakajima quiver varieties of affine type. Nakajima defines an action of g on @, oy Hmia((A? [n])r, C),
where H,,;q denotes the middle cohomology, giving the basic representation. One can also carry out
this construction by replacing homology with C*-equivariant K-theory, in which case the quantum
affine Kac-Moody algebra U,(g) acts.

This action was lifted to derived categories of coherent sheaves in [CKL3].

Theorem 9.4. [CKL3] There exists a geometric categorical g action on @, oy DCoh®” (((CZM)F).

A geometric categorical action is a notion introduced in [CKL2, CK] which enhances that of a naive
categorical action in the context of geometry. In [CKL2] we studied the relationship between geometric
categorical sly actions and 2-representations of sl; in the sense of Khovanov-Lauda and Rouquier. More
precisely, we showed that a geometric categorical sl action induces an action of Rouquier’s 2-category
(in particular, there is an action of the nilHecke algebra). In [Cau], we plan to prove an analogous result
for any simply laced Kac-Moody algebra. In conjunction with [CLa] this will imply that geometric
categorical g action in Theorem 9.4 extends to give a 2-representation of the 2-category Uqg(g) ks (for
some choice of scalars Q).

The Grothendieck group of DCohCX(((CQ[n])F) contains more than just the basic representation

of U,(g). This is because the entire quantum toroidal algebra U,(g) acts and this gives its basic
representation [N1]. In light of this we conjecture the following.

Conjecture 9.5. The geometric categorical § action in Theorem 9.4 extends to a 2-representation of
the toroidal algebra.

Remark 9.6. The toroidal algebra in the conjecture above should be thought of as the loop algebra
of the Kac-Moody quantum affine algebra. In particular, Ug(g) xar should act (for some choice of Q)
together with the loop algebra part which acts like in the definition in section 4.2 but at level zero
rather than level one. This conjecture was not proven in [CKL3] in part because there was no such
definition of a 2-representation of toroidal algebras.

So there are two possible categorifications of the basic representation of Uq (ﬁ) using derived categories
of coherent sheaves, that of Theorem 9.1 and that of Conjecture 9.5. These categorifications are in
some ways quite different. For example, in the categorification involving ((CQ[H])F, the Kac-Moody
generators E; and F; are explicitly described, while the homogeneous Heisenberg generators P; and Q;

—— [n]
are not as easily visible. On the other hand, in the categorification involving C2/T" = the Heisenberg
generators P; and Q; acquire a simpler geometric interpretation while the Kac-Moody generators E;
and F; are given by more complicated categorified vertex operators.
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—— [K]
However, the varieties (C? [n])r and C2/T"  are closely related. Both can be realized as Nakajima
quiver varieties, but for different stability conditions and hence are derived equivalent. Subsequently
one can conjecture the following.

Conjecture 9.7. There is an equivalence between the 2-representations ofﬁ from Theorem 9.1 and
Conjecture 9.5.

The above conjecture is complicated by the fact that the isomorphism between the loop and Kac-
Moody presentations of the quantum affine algebra is somewhat subtle. In particular, to prove conjec-
ture 9.7 one should assign endofunctors to the Kac-Moody 1-morphism e lifting the relation eg = Ey®t
between the Kac-Moody and loop descriptions of this operator. Such an assignment is not given in the
current paper.

9.3.2. Cyclotomic KLR algebras and wreath products. There is a parallel algebraic version of these
categorifications. In [KL1, KL3] a family of cyclotomic quiver Hecke algebras — also known as cyclotomic
KLR algebras — were defined. In particular, the following theorem was conjectured in [KL1, KL3] and
subsequently proven in [KK, W].

Theorem 9.8. The 2-categories Ug (@) knm act on 69)\1%220A — mod where Rg"/\ is the cyclotomic KLR
algebra for the weight space X in the basic representation Vi, (and for some choice of scalars Q).

In light of the connections between KLR algebras and quiver varieties [VV, R] this theorem is an
algebraic analogue of Theorem 9.4. Subsequently we expect that Theorem 9.8 can be extended to give
a 2-representation of quantum toroidal algebras. Then there should be an equivalence between the
categorification of the basic representation of Uq (9) using toroidal cyclotomic KLR algebras and the
categorification of Theorem 9.3.

However, since toroidal cyclotomic KLR algebras have not been defined, we now restrict the con-
struction of Theorem 9.3 from the quantum toroidal algebra to the quantum affine algebra in order to
formulate a precise conjecture relating cyclotomic KLR algebras to the algebras Br(n) of section 9.

The isomorphism classes of indecomposable projective Br modules, {Pi}ie 7 are in bijection with
the nodes of the affine Dynkin diagram. The endomorphism algebra

Br := Endp, (®icrPi)

where we omit the projective module correponding to the affine node, is a subalgebra of Br. Let
Bp(n) =Kk[S,] x BR®".

Conjecture 9.9. For each n € N there is some weight A of the form A = w- Ay —nd (and some choice
of scalars Q) such that Rg%\ is Morita equivalent to Bf.(n).

Remark 9.10. Note that there is a braid group acting and hence, assuming the conjecture above,
there is a derived Morita equivalence between Rg"/\ and the algebra Bf(n) for any A = w - Ag — nd.
Part of the content of Conjecture 9.9 is that this equivalence is non-derived for an appropriate .

9.4. Braid groups. An application of 2-representations of quantum groups in the Kac-Moody setting
is that they induce actions of the associated braid group [CR, CK]. More precisely, in [CK] we defined
the concept of a geometric categorical action and showed that it induces braid group actions. In the
last section of that paper we give a version of a strong categorical g action and explain that the same
proof implies that such an action also induces a braid group action. More generally, we expect the
following.

Conjecture 9.11. A 2-representation ofﬁ (in the sense of this paper) induces an action of the double
affine braid group Bﬁ'
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9.5. Work of Carlsson-Okounkov. In [CO, Car] Carlsson and Okounkov describe an operator,
denoted W, on the cohomology of Hilbert schemes of points on a surface. This operator is defined
using the Chern class of a virtual bundle over these Hilbert schemes, and their main theorem states
that W can be expressed as a vertex operator. It would be interesting to understand their result at the
categorified level, and to define an analogue of their operator W as a functor between derived categories
of coherent sheaves on Hilbert schemes. For ALE spaces, the resulting functor should be related to the
higher vertex operators of this paper.

[BN]
[Car]
[CO]
[Cau]
[CK]
[CKL1]

[CKL2]
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