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ABSTRACT. In this paper we study a class of contracting flows of closed, convex hyper-
surfaces in the Euclidean space R™*! with speed r®o},, where o}, is the k-th elementary
symmetric polynomial of the principal curvatures, a € R!, and 7 is the distance from
the hypersurface to the origin. If & > k + 1, we prove that the flow exists for all time,
preserves the convexity and converges smoothly after normalisation to a sphere centred
at the origin. If & < k 4+ 1, a counterexample is given for the above convergence. In
the case k = 1 and o > 2, we also prove that the flow converges to a round point if the
initial hypersurface is weakly mean-convex and star-shaped.

1. INTRODUCTION

Flows of convex hypersurfaces in the Euclidean space R™™! by functions of the prin-
cipal curvatures have been extensively studied in the past four decades. Well-known
examples include the mean curvature flow [25], and the Gauss curvature flow [12] [16].
Given a smooth and uniformly convex initial hypersurface, Huisken [25] proved that
the mean curvature flow contracts to a point in finite time, and after a time-dependent
rescaling, the flow converges smoothly to a sphere. This property was extended to other
geometric flows where the speed is a homogeneous of degree one function of the principal
curvatures [3, [13], [14]. For the Gauss curvature flow, Andrews [2] proved that the flow
deforms a uniformly convex hypersurface into a round point when n = 2. In higher
dimensions, this result was obtained recently by combining a soliton convergence result
[21] and a uniqueness result for the soliton [g].

There is a growing interest in the asymptotic behaviour of geometric flows in which
the speed is a more general curvature function, in particular the cases when the speed
is a homogeneous curvature function of degree not equal to 1. For examples, in [4] [6] [§]
the authors studied curvature flows where the speed is a power of the Gauss curvature;
and in [T, 5] [7, 11 [15] 17, 18], 32, B33, [36] the authors studied flows by different curvature
functions. In many of the above mentioned paper it was proved that the flow converges
to a round point in the limit, which is the most interesting property of curvature flows
of closed convex hypersurfaces.
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Let M, be a smooth, closed and convex hypersurface in R"*! which encloses the
origin, n > 1. In this paper we study the following geometric flow,

L S —

(1.1) ot
X(z,0) = Xo(x),

where oy, is the k-curvature, given by

o, 1) = Z Riy *+r Rig,
i< <
and k; = K;(+,t) are the principal curvatures of the hypersurface M;, parametrized by
X(,t) : S* — R and v(-,t) is the unit outer normal of M; at X(-,t). We denote
by r = | X (z,t)| the distance from the point X (z,t) to the origin. We shall call it the
radial function of M; in this paper.

Flow with speed depending not only on the curvatures has recently begun to be
considered. For example, flows that deform hypersurfaces by their curvature and support
function were studied in [9, 26]. In this paper, our flow is driven by curvature and radial
function. The study of is also motivated by its background in convex geometry. One
of the main problems in convex geometry is to characterise various geometric measures,
such as the area measures Sy introduced by Fenchel-Jessen and Aleksandrov and the
curvature measures Cy introduced by Federer [31]. Let 2 be a convex body containing
the origin in its interior. Assume 02 is uniformly convex, namely 952 is C? with positive
principal curvatures. There is an interesting relation Cy (2, -) = Sk(£2, 2% (+)), where o7,
is the radial Gauss mapping of 2 [24]. More precisely we have for any k = 1,...,n,

(1.2) Cr(Qw) = / 0k (Aq)dCy(£2,-), V¥ Borel set w C S",

where Ao = (Aq1,- .., an) are the principal radii of curvature of 2. In [22] 23], the
L, Christoffel-Minkowski problem was studied, which is to prescribe the k-th p-area
measure given by

Sip(Qw) = / WS, )
(1.3) = /an_k(/m)ds(p)(ﬁ, -), V Borel set w C S",

where uq denotes the support function of Q, kg = (kq1, ..., k) are the principal cur-
vatures of (2, and S®(Q, ) is the L, area measure introduced by Lutwak [30]. Analogous
to ((1.2)) and (|1.3)), it is interesting to consider the following measure

(1.4) Crg(Qw) 1= / ot (Aa)dCy(,-), V Borel set w C S”,
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where C, (€2, -) is the dual curvature measure introduced by Huang et al. [24]. In smooth
category, CN'q(Q, -) is absolutely continuous w.r.t. the standard spherical measure og», and
déq(Q, )/dosn = 97"ty /K, where r, u, K are respectively the radial function, support
function and Gauss curvature of 2. Given a measure dp = fdos», with positive function
f € C>=(S"), the problem of prescribing %}, measure is to find a convex body (2 such

that €14(Q, ) = p. It is equivalent to solving the following equation

(1.5) "0y (ko) = %(x), xr e S

In particular, the dual Minkowski problem proposed in [24] is equivalently to solve ([1.5])
with £ =n. When f is a constant, equation characterises the self-similar solutions
to our flow (L.1)). Indeed it is not hard to see that if  is a convex body satisfying (1.5]
with constant f, then after a proper rescaling if necessary M = 0f is steady under the
normalised flow below with a =n+1 —gq.

In our previous paper [28], we studied the associated anisotropic version of in
the case k = n, and proved that the flow converges to solutions to the Aleksandrov
problem and the dual Minkowski problem introduced in [24]. In the case k = n, the flow
(1.1)) is a decent gradient flow of an associated functional, which implies the asymptotic
convergence of the normalised flow in [28] once the a priori estimates are established.
For the cases 1 < k < n studied in this paper, we are unaware of the existence of
the functional, and so we only consider without an anisotropic factor f. We are
mainly interested in the spherical asymptotic behaviour of the flow. We prove that,
when a > k + 1, the solution M, preserves the convexity, and converges smoothly after
normalisation to a sphere.

Theorem 1.1. Let M be a smooth, closed and uniformly convex hypersurface in R
enclosing the origin. If o« > k+1, then the flow has a unique smooth and uniformly
convex solution My for all time t > 0, which converges to the origin. After a proper
rescaling X — ¢~1(t) X, where

o(t) = e, ifa=k+1,

(1.6) L
o(t) =1+ (a—k—1)pt]i=e, if a# k+1,

and = ox(1,---,1), the hypersurface ./\715 = ¢~ (t)M; converges exponentially to a
sphere centred at the origin in the C* topology.

For k = 1, we can also prove the convergence for weakly mean-convex and star-shaped
initial hypersurfaces. We say a hypersurface is weakly mean-convex if its mean curvature
is non-negative everywhere.



Theorem 1.2. Let Mgy be a smooth, closed and weakly mean-convex hypersurface in
R™ . Suppose that M, is star-shaped with respect to the origin. If k = 1 and o > 2,
then the mean curvature flow has a unique smooth solution M, for all time t > 0,
and M, converges to the origin. After a proper rescaling X — ¢~1(t)X, where ¢ is given
by , the hypersurface Mt = ¢~ 1(t)M; converges exponentially to a sphere centred
at the origin in the C'*° topology.

The study of the asymptotic behaviour of the flow ([1.1)) is equivalent to the long time
behaviour of the normalised flow. Let

(17) X(',T) = ¢_1(t)X(7t)7
where

t ifa=k+1,

7= log[l+ (a—k—-1)8t] .
f k+ 1.
(a—k-1)p o skt
Then X (-, 7) satisfies the following normalised flow
0X
(18) W(x7t) = —T’aO'k(ZE,t)V—i-ﬁX(ZE,t),
X(+,0) = Xo.

For convenience we still use ¢ instead of 7 to denote the time variable and omit the
“tilde” if no confusions arise. In order to prove Theorems & [1.2], we shall establish
the a priori estimates for the normalised flow (L.8)), and show that if X (-, ¢) solves (L.8),
then | X| converges exponentially to a constant as t — co.

When o < k4 1, we find that the hypersurface evolving by (1.1) may reach the
origin in finite time, before the hypersurface shrinks to a point. Hence the flow does not
converge to a round sphere centred at the origin in general.

Theorem 1.3. Suppose o« < k + 1. There exists a smooth, closed, uniformly convex
hypersurface My, such that under the flow (|1.1)),

(1.9) R(X(-1)) := rrr:j;::—:((:’tt)) —o00 as t =T

for some T > 0.

This paper is organised as follows. In Section 2 we collect some properties of star-
shaped hypersurfaces, and show that the flow can be reduced to a parabolic equa-
tion of the radial function, or a parabolic equation of the support function provided M,
is uniformly convex. We will also derive the evolution equations for various geometric
quantities in Section 2. In Section 3 we establish the needed a priori estimates, which

ensure the longtime existence of the normalised flow (1.8). Section 4 is devoted to the
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sphere convergence result. The proofs of Theorems & will be presented in this
section. Finally in Section 5 we prove Theorem [I.3]

2. PRELIMINARIES

Let us recall some relevant geometric quantities of a smooth and star-shaped hyper-
surface M in R""1. Given £ € S”, the ray {t£ : t > 0} intersects with M at exactly one
point p(§). Hence M can be regarded as a spherical radial graph via the mapping

PiEeS s p(€) € M.

Let (&) = |p(€)| be the radial function, which is the distance from the origin to p(¢). We
now give the expressions of the induced metric, second fundamental form, Weingarten
curvatures of M in terms of the radial function. These formulae can be found in a
number of papers, for example [20, 35].

Let eq,--- ,e, be a smooth local orthonormal frame field on S”, and let V be the
covariant derivative on S”. We denote by g¢;;,¢",v, h;; the metric, the inverse of the
metric, the unit outer normal and the second fundamental form of M, respectively.
Then, in terms of r, we have

gij = T25ij + vﬂ’vj’f’,

y V.V
U=r2(6;; — ——=—),
J ( T2y |Vr|2)
(2.1) yo eV
\/ T2+ |V
1 - _
hij = (T25ij + 2Vﬂ“er — T’V?jT’).

The principal curvatures of M are the eigenvalues of h;; with respect to g;;, namely the
solutions of

0 = det(gilhlj — Héi]’) = det(aij — /Qéij),

where the symmetric matrix {a;;} is given by

(2.2) aij = (972) hum(g™2)™.
Here {(g72)"} is the square root of the matrix {g’} and is given explicitly by
(23) (9747 =3 - o |

/T2 VT 2(r 4+ /12 + | Vr?)
5



We call {a;;} the Weingarten matrix of M. Throughout this paper, we will use the
Einstein summation convention for convenience.

Suppose X (-, t) is an embedding of a time-dependent family of smooth, closed hyper-
surface M, which is star-shaped with respect the origin. For a suitable diffeomorphism
£(-,t) : S™ — S™, we have

X(z,t) = r((x,1),t)€(x, 1),
where r(+,t) : S" — R, is the radial function of M;. Then we have
or 0¢t Or o€
X = . — —.
O (agz ot at>5 "ot

Hence by ([2.1)

— i Or O or =. 0
_ 2 2\y—1 _ .
(2.4) O.X,v) = (P +[Vr]) [agi e 7’<Vr atﬂ
— 187’
. 2 A
= r(r*+|Vr)) 5

where (-,-) denotes the standard inner product on R"™'. If X(z,t) satisfies the nor-

malised flow (1.8]), then by ([2.1)
(2.5) (O X,v) = —r%+ (X, v)
= 1o+ Bre o)
\/12 4 |Vr|?
= %y + Bri(r? + |W|2)—%.
By (2.4) and (2.5, we conclude that the normalised flow ([1.8) can be reduced to the
following scalar equation for r(-,t),

%(f,t) =—(1+ |Vlog'r\2)%7’°‘ak(§,t) + Br(&,t) on S" x [0, 00),

r(-,0) = ro,
where 7 is the radial function of My, and o4 (,t) denotes the k-curvature at r(&,t)€ €
M.
When k =1, (2.6) is a quasi-linear parabolic equation. For k > 2, the equation (12.6))
is parabolic, as long as M, is k-convex. Namely

(2.7) (k1(z,t), - kn(z,t) €T ={k € R" 1 0yp(k) >0, Vm=1,---  k},

(2.6)

where k;(z,t) are the principal curvatures of M, at X (z,t¢). In what follows we shall
say that X(-,t) (respectively r(-,t)) is a uniformly convex solution of the flow (|1.8))
(respectively the equation (2.6)), if for each ¢, M, is uniformly convex. When M; is

closed, this means the principal curvatures of M, are positive everywhere.
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It is sometimes more convenient to study the equation for the quantity
(2.8) o(&,t) =logr(&,1).
By 1), 2) and @3), we find that

Q55 = 6_'9(1 + \vg|2)_%5ij,

where

(2.9) aij = Yit(Oum + VioVmo — lemQ)'Vmb
and

(2.10) Yij = 0ij — LA

It then follows from ([2.6)) that

9 e )
(211) a_§(€7t) :_(1+|V9|2) 2 6( F I)QO'k(aij)—i—ﬂ on S" x [0,00),

o(+,0) = logr,
where
Uk(aij) = Z iy * '%ik
1<iy <--<i<n
and k; are the eigenvalues of the matrix {a;;}.

If the hypersurface M is furthermore uniformly convex, then the geometry of M can
be also characterised by its support function. Let v=! : S® — M be the inverse Gauss
map, namely v~ !(z) is the point p(x) € M such that the unit outer normal of M at
p(z) is equal to x. The support function u of M is function defined on the unit sphere
S™, given by

(2.12) u(z) = (z, v ().

For a parametrisation of M, : = — X(z,t), in the following we may also use u(z,t) =
(X (z,t),v(x,t)) to denote the support function, if no confusion arises. It is easy to
verify that

(2.13) v Hx) = u(x)z + Vu(z).
and the principal radii of curvature of M at v~!(x) are the eigenvalues of the matrix
=2

where the derivatives are taken with respect to an orthonormal frame on S™. The

formulae (2.13)) and (2.14) can be found in for example [3] 36].
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Let X (-,t) be a smooth and uniformly convex solution to the normalised flow (1.8])
and let u(-,t) be its support function. Let ¢(-,t) : S* — S" be the diffeomorphism such
that the unit outer normal at X (¢(x,t),t) is . Then

u(e,t) = (X (ple, 1), 1), 7).
It follows that

ou 70X 0y  0X
a <c‘9soi ot )
- < — [ X (o(z,1),t)|"opx + ﬁX,x>

(2.15) = Xl £), B0 + B,
where oy, is the k-curvature of M; at X (p(z,t),t). By (2.14]), we have
On—k =2
o = Z iy - Ky = — (Vu+ul).

1<iy <<ip<n n

By (2.13) and ({2.15]), the normalised flow (1.8]) can be described by the following scalar

equation of the support function u(-,t),

ou o =2 n
(2.16) E(m,t) = —r n;l_k(viju + udi;)(x,t) + Pu(x,t) on S" x [0, 00),
u(+,0) = up,

where ug is the support function of the initial hypersurface My, and

r=Ju + [Vul2(@,t), Quu = —"

On—k

We now derive some evolution equations for our normalised flow (|1.8). Pick any local

coordinate chart {z;}? , of S*. Denote 0; = 8%1-’ X, = 0,X and X;; = 0,0;X — Fijk,

where Ffj is the Christoffel symbol of the metric of M;. Recall the following identities

Xij = —hyv, (Gauss formula)
517 v, = hijgﬂXl, (Weingarten equation)
(2.17) hiji = hij, (Codazzi formula)

Rijrs = hirhjs — hishjr, (Gauss equation)
where h;;; = Vih;j, V denotes the derivative with respect to the metric of M,, and R;j

is the Riemannian curvature tensor. Making use of the Ricci identity to interchange
the order of the derivatives and employing the Codazzi formula and Gauss equation in

(2.17), we also obtain
(218) stthj = V]vzhrs + (h‘Q)ijh‘T‘s — (h’Q)ishjr + his(th)jr _ hij<h/2)rs,
where (h?);; = hyh}, and b} = g"h,;. For convenience, the Einstein summation conven-

tion is used.
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1
Lemma 2.1. Denote ® = r*F*, and F = of. Then under the normalised flow (L.g),

we have

(2.19) rgij = —2®hi; + 2895,
(2.20) oy =V,

and

(2.21)  Ohy = kOF'EVZ hij — (k+ 1)®(h?),; + k®hy F~ F*(h?),,
FROFLFTS (B2)ishyy — his(h);) + By
+k®F T F PR, by, i+ k(k— 1)@V, log FV; log F
+ak®(V;logrV;log F' 4+ V,logrV;log F)
+ao(a —1)®V;logrV;logr + a@r‘lvlzjr,

rs _ OF rS,pq __ oF
where F™® = s and F = B

Proof. As (X;,v) =0, by the Weingarten equation in ([2.17)),
Orgi; = 01 (0: X, an>
This proves (2.19)).
Since v is a unit vector filed, 0,v has only tangential part. Hence
atl/ = <3tu, 31X>g”8]X
— (v, 0;(—=Pv + BX))g70; X
= Vo.
This verifies the second evolution equation in the lemma.
Using the Gauss formula in (2.17)), we have
(222) 6th,-j = 8t<8ian, —V>
= (0:0;(Pv — BX),v) — (T50,X — hyjv, Ov)
= V50 + ®(0:;(h0nX), v) + Bhy
= V5@ — Ohyht + Bh;.
9



By (2.18)), it is readily seen that
Vi@ = kOF ' (F™V}hes + F*Phygihpg ;) + k(k — 1)®V;log FV;log F
+ak®(V;logrV log F' + V;logrV,log F)
+a(a— 1)®V;logrV;logr + a®r ' Vir
= kO®F 'F"V2 hij — k®(h?);; + k®hy F1E™(h?),,

+EOF T F™ ((B?)ishjr — his(h?);)
+k®F T E PR, By s+ k(k— 1)@V, log FV; log F
+ak®(V;logrV;log F + V,logrV,log F)
+a(o—1)®V;logrV;logr + a®r='Vir.

This together with (2.22)) implies ([2.21)).

3. A PRIORI ESTIMATES

In this section we establish the priori estimates and show that the normalised flow
exists for long time. We first derive the L>°-norm estimate for the radial function.

Lemma 3.1. Let r(-,t) be a positive, k-convex smooth solution to (2.6) on S™ x [0,T).
If « > k + 1, then there is a positive constant C' depending only on maxg» r(-,0) and
mingn 7(-,0) such that

(3.1) 1/C<r(t)<C Vitelo,T).

Proof. First we consider the case a > k + 1. For the first equality of (3.1)), let rpn(¢) =
mingesn 7(z,t). By (2.1)), (2.2) and (2.3]), we infer that, at the point where r attains its

spatial minimum,

Jk(la ) 1) B
Jk(aij) S Trknin N T]rfiin
From ([2.6) it then follows that
d
(32) %Tmin Z _/B(Tro;li_nk_l - ]-)Tmin-

Since a > k + 1, we may assume that ry;,(t) < 1, otherwise we are through. Hence
%rmin > 0. This implies

r(-,t) > min {1,Hglriln7”(-,0)}.
We obtain the first equality of (3.1)). The second inequality can be proved similarly. In
fact one can verify, as above,

L) < 1 - 0)¢.
T( 9 ) = max{ 71%%XT( ) )}
10



This proves (3.1)) for the case a > k + 1.
If o =k+1, then (3.2) gives %rmin > 0. Similarly we have %rmax < 0. Therefore

Hsljlnfr('?O) < T(-,t) < I%%XT‘(-7O).

O

For convex hypersurface, the gradient estimate is a direct consequence of the L>-norm
estimate.

Lemma 3.2. Let r(-,t) be a positive, smooth, uniformly convex solution to (2.6 on
S* x [0, T). We have the gradient estimate

(3.3) Vr(,t)| <C Vt<T,

where C > 0 depends only on mingn o) 7 and maxgn o) 7

Proof. This lemma is due to the convexity. Given x € S", by ([2.13)), we have
(3.4) X(z,t) = u(x, t)x + Vu(x,t),

where X (z,t) is the point at where the unit outer normal of M; is z. Let { =
X(x,t)/| X (x,t)]. Then X(z,t) = r(£,t)¢. Multiplying £ to both sides of the third
formula in (2.1]), and noting that v =  in our current situation, one concludes that

(3.5) —— =7 — =
\/r2+ | Vr|? "

where (3.4) was used in the second equality. This implies

T X U
’

2
maxsn « [0,T) r

.
u MiNgn o) T

Note that in the second inequality we have used the fact

(3.6) n;yilnu(-,t) = n%inr(-,t), and I%%XU(-,t) = I%%XT(-,t),

which can be easily derived from the formula

(3.7) 1X| = \/u? + |[Vul2.

Similarly we have the estimates for the support function (-, ).
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Lemma 3.3. Let X (-,t) be a positive, smooth, uniformly convex solution to (2.16|) on
S™ x [0,T). Let w and r be its support function and radial function respectively. Then
forallt <T

(3.8) min r <wu(-,t) < max r,
S x[0,T) S x[0,T)
and
: Vau(-,t)| < :
(3.9) [Vu(-, 1) < G v
Proof. The estimates (3.8]) and (3.9) follows from ({3.6)) and (3.7 respectivly. O

Next we show that under the normalised flow, the hypersurface M; are “uniformly
star-shaped”.

Lemma 3.4. Let X(-,t) be a positive, smooth, uniformly conver hypersurface which
solves the normalised flow (2.16) on S™ x [0,T), and encloses the origin. Then for any
t €[0,T) and p € My, and any unit tangential vector e(p) € T,M;, we have

p 2
(3.10) (Celp), m» < 1 — do,
where 69 > 0 is a small constant only depending on o, mingn (o) r and maxgn (o) T

Proof. Let r(-,t) and u(-,t) be the radial function and support function of X (-, ) re-
spectively. For any ¢ < T and £ € S™, let x € S” be the unit outer normal of X (-,¢) at

r(&,t)€. For (3.10), it suffices show
(& 7) > /oo,
This follows from (3.5)), since

(€ 7) =

u(gj’ﬂf) > mingnx[(]’T)T

r(€,t) T maxgnyjor) T

We next derive an upper bound for the k-curvature
O'k:O'k[FL]: E Riy * o R,
1<iy <--<ix<n

where k; = k;(x,t) are the principal curvatures of M, at X (z,1).

Lemma 3.5. Let X(+,t) be a smooth, closed, uniformly convez solution to the normalised
flow (1.8) fort € [0,T), which encloses the origin. Then there is a positive constant C
depending only on o, Mg, mingn(o,7) 7, MaXsnx[o,7) 7, such that

(3.11) on(- 1) < C, Y te[0,T).
12



Proof. Consider the auxiliary function

— reQ-t 72u+ul — Bu
G(l’,t): Uy _ n,n—kz( ) B :

u — €p U — €

where

€ — min wu > 0.
0= 2 snx[0,T)

We shall apply the maximum principle to G' and show that G is bounded from above.

At the point where G attains its spatial maximum, we have

= — Ut Uy
3.12 0=V,G = )
(312) u—60+(u—60)2
and
=2 — Ut Ui Uy + Ut Usg + UtU4j QUtUZ’Uj
3.13 0>V..G = —
(3:.13) = Vi —e  (u-e) (4 — co)?

—Utij Uil
+ 39
u — € (U — 60)

where ([3.12)) was used in the second equality above, and V; V are covariant derivatives
with respect to the standard metric of S™.

By (3.12)) and (3.13)), we infer that

(3.14) — wij < Gugy,
By (3.7) and (3.12)),
uug + > Uplpe  €gu — 12

(3 5) Tt , , G

Making use of (2.16), (3.14]) and (3.15]), we obtain

—Utt

(3.16) 0,G = +G?
u—€0
Uit + U0y a-—1
_ n,n— ann k( Jt t ]) —f—OdT Ok +6G+G2
U—EO U — €
< aan k<Ynn— k(GuZJ ut(sij) +a7ﬂa717ﬂto-k —|—ﬁG+G2
u — € U — €
r®o, G

- ( QY Q. k)+0(1+G2)

te 13



where o, = oy [k] in (3.16]) is the k-curvature. By Newton and Maclaurin’s inequalities,
we have

o ng,k =2
1 = =1 1) — Vv I
= I FPu+ul) — (k+ 1)+ ul)
On On—k
ka—n 1

>

(V u+ul) = Sal[n]

n o,

> k(};’)iaé ]

Without loss of generality we assume that ox[x] & G > 1. Plugging (3.17) into (3.16)),
we obtain

0,G < CoG*(Cy — €GF)

for some Cp, C; depending on o and the L*°-norm of u only. We therefore conclude that
G < C. Our a priori bound (3.11]) follows consequently. O

Next we prove that if M is uniformly convex, then along the normalised flow ((1.8)
the principal curvatures of M; remains uniformly positive. We will need the following
algebra lemma.

Lemma 3.6. Let F = o] (h;;), and {h} be the inverse matriz of {hij}. Then
(3.18) (F7% 4 2F " 13y ms > 2F 71 (Fny;)2.

Proof. This lemma can be found in [36]. We include a proof here for reader’s convenience.
Let

=

() = (77 (0%)"

Obviously,
Flhy) = ———.
F(hii)
Therefore
(3.19) Fi = F2Frapripd,
and
(3:20)  FUr -2 g e

R e 9 -3 Fim s i
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Multiplying 7;;1,s to both sides of (3.20]), and using (3.19)) and the symmetry of F Pd. we

obtain

Fr s = —2F "W nimy — F2 PO PRI s, 4 2 (Fmy)2,
By the concavity of F , we get . 0
Lemma 3.7. Let X(-,t) be a smooth, closed and uniformly convex solution to the nor-
malised flow fort € [0,T), which encloses the origin. Assume o > k + 1. Then

there is a positive constant C depending only on o, Mo, mingn (o) 7 and maxsn o) T
such that the principal curvatures of X (-,t) are bounded from below

(3.21) ki(+,t) >1/C, Vte|0,T)andi=1,--- n.

Proof. Let {h"} be the inverse matrix of {h;;}. The principal radii of curvatures of M,
are the eigenvalues of {Tlll gi;}. To derive a positive lower bound of principal curvatures,
it suffices to prove that the eigenvalues of {E’l gij } are bounded from above. For this, we
consider the following quantity

W(z,t) =log A(z,t) — logu(z,t),
where

Az, t) = maX{Eij(ifat)QCj g7 (2, 1)GG = 1Y,
and u = (X, v) is the support function of M.

Fix an arbitrary 7" € (0,7") and assume that ¥ attains its maximum on S™ x [0, 7]
at Py = (zo,t9) with 5 > 0 (otherwise W is bounded by its initial value and we are
done). We choose a local orthonormal frame eq,--- ,e, on M, such that V.e; =0 at
X(zo,to) for all 4,j = 1,--- ,n, and {h;;} is diagonal at this point. By a rotation, we
may also suppose that A(zg,tg) = Eij(xo,to)g(’j with ¢ = (1,0,---,0).

Let

w(z,t) =log Az, t) — logu(z,1t),
where A(z,t) = h''/g''. Then maxXgn«jo,r/] W = maxgnyjojw and so w achieves its
maximum at Py. In the following we prove an upper bound for w (independent of 7).
This is sufficient for Lemma [3.7, as 7" is arbitrary.

By virtue of Lemma [2.1 we have, at Fp,
oA = —(B")?0hn + B Oygn
(3.22) = —(h")? - kOF'FIVihy + (k — 1)@ + Bh" — k@R F FR,
—(B)2 - ROF T FI by — (2@ [k(k — 1)(Vy log F)?

+2akV1logrVilog F + a(a — 1)(V; log 7")2} — a®r 'V (hM1)2
15



Note that

(3.23) VA = —(h'")2hyy,
V?j>\ = —Vj (%lphpl,i%u) = _%mhpl,ijﬁu - QVjﬁlphpl»iEu
= —(ﬁ11)2h117i]~ + Q%Imﬁpqhmq’jhpuzll
(3.24) = —(h")VEhay + 2(h' 2R Ry 1 heja.

Plugging into , and then employing , we obtain
ON = KOF T FIVEN = ()2 kOF ™ (F9 hijahng + 2F 7 iy 1)
(k= 1)® + R — kORULFLRIR2 (R [k(k —1)(V, log F)?
+2akV; logrV; log F + a(a — 1)(V, log r)ﬂ — a®r V2 (12
(3.25) < k®F'FIVIA+ (k—1)® + ' — a®r'Vir - (hM)?
—@(7111)2 [k(k +1)(Vilog F)? 4 20kV1logrVilog F + ala — 1)(Vilogr)?|.

Clearly

2

k
(3.26) — 20kV, logrVy log F < k(k + 1)(Vy log F)? + =

1 2,
k+1(Vl Ogr)

Direct computation gives
Vir =r HX1, X),
and
Vir = T ({(X, X) + gu — (Var)?)
= r ' (—uhi + g — (Vir)?).
At the point Py, r~!X and X are two unit vectors, and X is tangential, so we infer by

Lemma [3.4] that

g — (Vir)> =1— ({Xq, §>)2 > 0o

for some 0y > 0. Hence

(3.27) V21 > ——hyy + Gor
T

By (3.26)) and (3.27]), we can estimate (3.25)) as

~1 ij 72 U _\711 D~
O\ < k®FFIVIA+ (k—1)® + <ﬁ+aﬁ<1>)h — ady (i)
ala—k—=1)_ ~1., )
—— 9 1 .
1 (h)*(Vilogr)

16



Since o« > k + 1, we conclude that
0y log A\ ady
)

r2

(3.28)

By using , we find that
Viu = V(X kX))
(3.29) = hijmg™ (X, X1) — hihju+ hy;.
This together with implies
ou = (X,VP)+ (—Pv + X, v)

—1 g2 —1 i 2
< kFTUFIVZlog A+ kFTUF(Vlog \)? —

= kOF "FYhij (X, X) + a®g” (X, X/|X|)(X;, X/|X]) —

—1 pijor2
Consequently

O logu k+1

(3.30)

Note that, at F,
VilogA =V;logu, Vi=1,--- n,
and
2
0> Vi;(log A —logu).
Combining (3.28)) and (3.30]), we conclude that, at P,

Ow  Oglog A — dylogu
o )

[N

0

S -
7”2

Hence h!! is bounded. This completes the proof.

As a consequence of Lemma (3.5l and Lemma [3.7] we obtain the corollary below.

Corollary 3.1. Let X(-,t) be a smooth, closed, uniformly convez solution to the nor-
malised flow (1.8)) for t € [0,T), which encloses the origin. Assume o > k + 1. Then
there is a constant C' depending only on o, Mg, mingn (o) 7 and maxgn (o) 7 such that

the principal curvatures of X (-,t) are bounded from above and below

(3.31) Cl<rm( ) <O, Vte|0,T) andi=1,--- ,n.

The estimates obtained in Lemma [3.] Lemma [3.2] and Corollary [3.1] depend only on
n,a, and the geometry of the initial data M. They are independent of 7. By (3.1)),

(3.3) and (3.31]), we conclude that the equation ({2.6]) is uniformly parabolic. By applying

17
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—1 pij2 —1 i 2
> kF FYVi logu + kF~ F"(V;logu) —T—l—

B
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the Krylov-Safonov’s Harnack inequality [27] to the linearised equation satisfied by ry,
we obtain the space-time Holder estimates for d;r. We then apply the Evans-Krylov
theorem (e.g., see [10], 19]) to the uniformly elliptic equation (as a PDE of —r)

1 < Br —ry >%
Jk - —
roq/1+|Viogr|?

by taking exponent % to the equation (2.6), which implies a space Holder estimate
for v2r(~,t) for each t. The Holder estimate for ¥V r in ¢ can be obtained as in [34].
Estimates for higher order derivatives then follow from the bootstrap argument using
the Schauder estimates. See also [12] for the regularity theory. Hence we obtain the
long time existence and C'*°-smoothness of solutions for the normalised flow . The
uniqueness of smooth solutions also follows from the parabolic theory. In summary, we
have proved the following theorem.

Theorem 3.1. Let My be a smooth, closed, uniformly convex hypersurface in R,
n > 1, which encloses the origin. If a > k + 1, then the normalised flow has a
unique smooth, closed and uniformly convex solution M, for all time t > 0. Moreover,
the radial function of My satisfies the a priori estimates

17l s sty <

where the constant C' > 0 depends only on n, k, 5, and the geometry of M.

4. PROOFS OF THEOREMS [I.1] -

In this section we prove the asymptotical convergence of solutions to the normalised
flow . By Theorem (3.1} it is known that the flow exists for all time ¢t > 0 and
remains smooth and uniformly convex, provided M, is smooth, uniformly convex and
encloses the origin. We need the following lemma.

Lemma 4.1. Let r(-,t) be a smooth and uniformly convez solution to (2.6)). Ifa > k+1,
then there exist positive constants C' and vy, depending only on n,« and the geometry of
My, such that

(4.1) maxM <Ce, Vi>0.
sm T('at)

Proof. Consider the auxiliary function
1 —
Gzva,
where ¢ = logr as in (2.8)). At the point where G attains its spatial maximum, we have

(4.2) 0=V,G= Z 0101
18



and
(4.3) 0> V?jG = Z 01015 + Z 0i101;-
By differentiating (2.11]) and using (4.2)), we obtain at this point

G = Z 0101t

(4.4) = —(1+ |79|2)%e(0‘_k_1)9 [(oz —k—1)|Vol|*or + Z a,ijvl'dijgl].
Note that by (4.2]),

YoV ==Y 70V 0mm;.
By the Ricci identity, we have
V. 0im = Vonir + 01 0m — O 07
Hence
(4.5) o oViay = =Y i0r0m + 010m — S| Vol*) Ym;
> - Z%l(—&?lr@rm + 010m — Otm |V 0*) Yy
where we have used in . Plugging into , we deduce that
(4.6) 0,G<(1+ \vg|2)%e(o‘_k_1)g((k +1—0a)|Vol*or + Z A" 010 — A|v912>,
where A = >~ A% and {A"™} is the positive definition symmetric matrix given by
A" = oY jm.
If n > 2, by Corollary 3.1, we infer that
max AP — A< —C.
It then follows by and using the assumption o > k + 1 that
(4.7) 0,G < —G,
for some positive constant . This proves .

For n =1 (hence k = 1), when a > k + 1 = 2, we still have (4.7)) by using (4.6) and
Corollary (which gives a positive lower bound for o). Hence it suffices to consider
the case @« = k + 1 = 2. Then the equation (2.11)) becomes quasi-linear

QCCI
(4.8) 0= T 2 on S' x [0, 00).
Let
0= — t)d
0=o0 | o(z,t)dx

19



be the average of o. By the divergence theorem,
d 1
%@ =5 Sl(arctan(gx)):cda: = 0.

Hence p is a constant. Then it is simple to calculate

d /1 . B
E(E /Sl(g_ 0) ) = /Sl(Q— 0)(arctan g, ), dx
= —/ 0, arctan o, dx.
St

Note that, g, arctan g, > dpo> for some &y > 0 depending only on the upper bound of
|oz|. We deduce that, by the Poincaré inequality,

d (1 12 2 2
2(= _ < - < - — )2
dt(2/81<g 9)) < 50/Slgmdl’_ C/SI(Q 0)

This implies ¢ exponentially converges to a constant in L?-norm as ¢t — co. The expo-
nential decay of |V | now follows from the interpolation. O

Remark 4.1. In the above argument, we have actually proved the following gradient
estimate. Let r(-,t) be a positive, k-conver solution of (2.6) on S" x[0,T). Ifa« > k+1,

then
(4.9) mauxM < maXM, Vi<T.
sn T('at) sn T('70)

In fact, maxsn G(+,t) is non-increasing in t. This can be seen from (4.6)) and by noticing
> A0, < AVl
From estimate (4.9) and Lemma we infer that maxg. |Vr(-,t)] < C for all t <

T. When r(-,t) is a convex solution, this gradient bound follows immediately from the
convezity as shown in Lemma[3.3.

We are now in position to prove Theorem [L.1]

Proof of Theorem[1.1l Case (i): a >k + 1.

Let r(-,t) be the solution to (2.6). By making a rescaling of M, if necessary, we may
assume

a:= ITSliIlT(-,O) <1< I%axr(-, 0) =:b.

Let us introduce two time-dependent functions
ri=[1-(1- aq)eqw]l/q,

ry = [1— (1 —b7)e?]Ma,
20



where ¢ = k+ 1 — a < 0. It is easy to check that both r; and ry satisfy equation ([2.6]),
and the spheres of radii r; and ry are solutions of (|1.8). By the comparison principle,
r1(t) < r(-,t) < ro(t). Hence

(b7 —1)e?" < rf —1 < (a? — 1)e?”,
Thus r converges to 1 exponentially.

By the interpolation and the a priori estimates established in Section 3, we see that
|7(-,t) = 1| cr(sny — 0 exponentially for all integers k > 1. This shows that M, converges
to the unit sphere centred at the origin.

Case (ii): @ = k + 1. We see from that |Vr| — 0 exponentially as ¢t — oo.
Hence by the interpolation and the a priori estimates in Section 3 we conclude that r
converges exponentially to a constant in the C'*° topology as t — oo. This completes
the proof. O

In the rest of this section, we shall prove Theorem [1.2] We first show that the mean-
convexity is preserved.

Lemma 4.2. Let Mg be a smooth, closed and weakly mean-convex hypersurface in R,
n > 1. Suppose that M is star-shaped with respect to the origin. Let My be a solution of
(1.8) on S™x[0,T). Then for allt € [0,T), the hypersurface M, is weakly mean-convez.

Proof. By Lemma [2.1] we obtain
oH = gijathij - gikgﬂatgklhij
= A®+ O|AP —nH
= r*AH +2(Vr*, VH) + (Ar* +r*|A]* — n)H.
This implies that ming» H(-,t) > 0 for all t < T.. O

Proof of Theorem[1.2. When k = 1, by (2.1)), equation (2.6) becomes
(4.10)

87‘ a—2 Tirj 2 a—1 |vr|2 n
o= O ) Vo e ] o o8 o)
r(-,0) = ro,

This is a quasi-linear parabolic equation. From the proof of Lemma 3.1, we infer that
1/C < r(,t) < C,

as long as the flow exists, where C'is a constant depending only on the geometry of M.

By Lemma [1.2] r(-,¢) remains weakly mean-convex. We have the following estimate, if

either i) n>1& a>k+1=2o0r (li)n=1&a=k+1=2,

(4.11) Vr| < Ce™ .
21



This can be seen from (4.6) in the proof of Lemma Indeed, when £ = 1 and
a > k+1 =2, by the weak mean-convexity, the differential inequality (4.6 gives

X712 7,2
(4.12) at(l [Vr ) < —(n—1ye2VE

2 72 r?
This gives (4.11]) for n > 1. When n = 1 and o = 2, (4.11]) follows from the 1D parabolic

equation ([4.8), as in the proof of Lemmad.1] Inequality (4.12) also implies, for alln > 1,
maxgn |V7(-,t)|/r(-,t) is non-increasing in ¢, and therefore

(4.13) |Vr| < Co

for some Cy > 0 depending on the initial data M. Hence M, are uniformly star-shaped
as long as the flow exists. Indeed, by ({3.4]),

X
S >, V>0,

" \/ 12+ V2

where dg > 0 is a small constant only depending on « and the initial data M.

By (4.13]), we infer that (4.10)) is uniformly parabolic. It follows from (3.1]), (4.13]), and

the regularity theory of quasi-linear uniformly parabolic equations (see e.g. Theorem 12.3
in [29]) that V7 is uniformly Holder continuous in space-time. Therefore the coefficients
of are uniformly Holder continuous, and we can apply the standard Schauder
estimates (see e.g. Theorem 4.9 in [29]) to conclude the C*®-estimates of r. Higher
order a priori estimates follow from the standard bootstrap argument. Hence we obtain
the long time existence and C'* regularity for the normalised flow ([1.8)).

Arguing as in the proof of Theorem we deduce that r converges exponentially to
a constant in the C'*° topology as t — o0o. Note that estimate (4.11]) is used for the case
a=k+1=2 0

5. PROOF OF THEOREM [L.3]

In this section we show that if & < k + 1 then the flow (1.1) may have unbounded
ratio of radii, namely

maxgn (-, t)

(5.1) R(X (1) = —o00 as t =T

mingn 7 (-, t)

for some 7" > 0. Our idea is to show that ming. r(-,¢) — 0 in finite time while
maxgn 7'(+,t) remains positive. The argument below is similar to that in our previous
paper [28], with some necessary modifications. In [28], the result was proved for the case

k =n.
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Let X(-,t) be a convex solution to ([l1.1). Then its radial function r satisfies the
equation

or
Z(r.t) = —r©
52) " (0.8) = —roulil]),
r(-,0) = ro,
where k[r| = (K1, , kn), and k; are the principal curvatures of the hypersurface whose

radial function is r(-,¢), namely the eigenvalues to the matrix a;; defined in (2.2)). Given
a smooth, closed, uniformly convex hypersurface My, our a priori estimates in Section
3 imply the existence of a smooth, closed, uniformly convex solution to the flow
for small ¢ > 0.

Definition 5.1. A time dependent family of convex hypersurfaces Y (-, t) is a sub-solution
to (L.1)) if its radial function w satisfies

(5.3) aa_ff 2 —r%on(slwl),
w(-,0) = wy.

By definition, the hypersurface M (independent of ¢), whose radial function is o, is
a sub-solution to ((5.2). We will use the following comparison principle.

Lemma 5.1. Let X (-,t) be a solution to (1.1) and Y (-, t) a sub-solution. Suppose X (-,0)
is contained in the interior Y (-,0). Then X(-,t) is contained in the interior Y (-,t) for
allt > 0, as long as the solutions exist.

We omit the proof of Lemma here, as a comparison principle like this is well
known in geometric analysis. Note that in Lemma we do not require that Y (-, ¢) is
shrinking. Moreover, it suffices to assume that Y'(-,¢) is a sub-solution in the viscosity
sense. In particular Lemma applies if Y(+,t) is CY! smooth.

To prove Theorem , by the comparison principle (Lemma , it suffices to con-
struct a sub-solution Y(-,t) such that ming» w(-,¢) — 0 but maxge r(+,¢) remains posi-

tive, as t — T for some finite time 7" > 0. By a translation of time, we show below that
there is a sub-solution Y'(+,t) for ¢ € (—1,0) such that (5.1)) holds as t 0.

Lemma 5.2. There is a sub-solution Y (-,t), where t € (—1,0), to

ar
(5.4) ot
r(-,0) = ro.

= —ar®o(k[r]),

for a sufficiently large constant a > 0, such that mings w(-,t) — 0 but maxg. w(-,t)

remains positive, ast /0.
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Proof. The sub-solution we constructed is a family of closed convex hypersurfaces ./\//\lt =
Y (S™,t). First note that it suffices to prove Lemma when

g=k+1—a>0

is very small. Indeed, if Y(S",¢) is a sub-solution to (5.4 for some «, it is also a sub-
solution to (5.4)) for o/ < a, provided we replace a by asup{|p|*~*; p € M, t € (—1,0)}.

Let M\t be the graph of the function
= [t” 0%, if p < 2

5.5 o(p,t) = 1—
( ) ( ) _ |t|9 . H—Z|t|9(1+d) + H_O_pl-i-o" if |t|6 S p S 1’
where x € R", p = |z|, and 0 = % and 6 > % is a constant. It is easy to verify that ¢

is strictly convex, and ¢ € C11(B;(0)).

By direct computation, we have,
(i) if 0 < p < [t|?, then

T’aO'k > C’t|a9|t|k9(0_1) _ C|t|0_1,

(5.6) 0
Y < 9—1‘

where p = (x, ¢(|x|,t)) is a point on the graph of ¢ and oy, is the k-curvature of
the graph of ¢ at p.
(ii) if [t]? < p < 1, then

Tao,k > pao_k > Cpap(o—l)k _ Cpl_% > C’t|9—17
(5.7) P
—Y(p,t)] <[t
2y (p.1)| < o

Hence the graph of ¢(-,t) is a sub-solution to (5.4)), provided a is sufficiently large.

Next we extend the graph of ¢ to a closed convex hypersurface M\t, such that it
is C*! smooth, uniformly convex, rotationally symmetric, and depends smoothly on t.
Moreover we may assume that the ball B;(z) is contained in the interior of M\t, for
all t € (—1,0), where z = (0,---,0,10) is a point on the z,;-axis. Then M, is a
sub-solution to , for sufficiently large a. O

We are in position to prove Theorem . For a given 7 € (—1,0), let M be a smooth,
closed, uniformly convex hypersurface inside /QT and enclosing the ball B(z). Let M;
be the solution to the flow with initial data M. By Lemma M, touches the
origin at t = ty, for some ¢y € (7,0). We choose T very close to 0, so that ¢y is sufficiently

small.
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On the other hand, let X(-,t) be the solution to

(5.8)

2
ot

o ~
= —bar®oyv,

with initial condition X (-,7) = dBy(z), where b = 2%sup{|p|* : p € My, 7 <t < to},
and 7 = |X — z| is the distance from z to X. We can choose 7 so small that the ball
Bis(2) is contained in the interior of X(-,¢) for all ¢ € (7,t;). By the comparison
principle (Lemma , we see that the ball By/y(2) is contained in the interior of M,
for all t € (7,t9). Hence as t  ty, we have minr(-,¢) — 0 and maxr(-,t) > |z| = 10.
Hence is proved for M,.

We have proved Theorem when r%o is replaced by ar®o, for large constant a > 0.
Making the rescaling M, = a~"/9M,, one easily verifies that M, solves the flow (T.1) .
Theorem [1.3]is proved.
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