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Abstract

We use the isomorphic method to study exact and non-exact oracle
inequalities for empirical risk minimization in classes of functions that
satisfy a subgaussian condition. We show that the “isomorphic profile”
of the corresponding squared-loss classes may be characterized using
properties of the gaussian process indexed by the underlying base class.
We use this information to obtain the oracle inequalities and to show
that these are the sharpest that one may obtain using the isomorphic
method.

We also show that in very general situations, there is a true gap
between the resulting exact and non-exact inequalities, and that the
reason the oracle inequalities can not be improved further using the
isomorphic method is structural: typical coordinate projections of the
given base class contain extremal coordinate cubes.

1 Introduction

Oracle inequalities play an important part in modern learning theory and
nonparametric statistics. Roughly put, given a class of functions F' on a
probability space (£, 1), an unknown target Y and a loss function £ : R? —
R, one tries to find a function in F' that approximates Y almost as well as the
best possible function in the class, relative to the loss; that is, almost as well
as the minimizer in F' of E{(f(X),Y'), where X is distributed according to p.
The given data at one’s disposal is an independent sample D = (X, Yi),f\il,
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selected according to the joint distribution of X and Y. Setting f to be
the (random) function selected using the data, an oracle inequality with
parameter A > 1 ensures that with probability at least 1 — 4,

E(0(f,Y)|D) < A inf EU(f,Y) + 6(F.N,9),

where ¢ is the “price” one has to pay for selecting an almost optimal function
in F'. This price should depend on the “richness” of F', the sample size N
and the desired high probability 1 —4. It should also be noted that since the
measure p is unknown, as is the target Y, one would like ¢ to hold uniformly
for every reasonable joint distribution (X,Y).

One of the main methods used to prove oracle inequalities is based on the
comparison of the two structures involved: the random, visible structure, en-
dowed on the class by the sample (X;, Yi)g\’:l, and the actual structure, given
by the unknown, underlying joint distribution (X, Y’). Such an “isomorphic”
argument, introduced in this context in [3], is based on the following simple
observation.

Let H be a class of functions on a probability space (£2,v) and let Z
be distributed according to v. If there is some 0 < ¢ < 1 for which, with
probability at least 1 — 4,

N
(1 —¢e)Eh < % z; hZi) < (1+¢)Eh

on the set {h : Eh > Ay}, then functions in H can either have a small
expectation (smaller than Ay ), or alternatively, satisfy that their empirical
means are equivalent to the actual means.

It should be noted that one way of obtaining an upper bound on the “iso-
morphic profile” of the class (i.e., the function Ay (H,e,d)) is using peeling,
which is a standard method in statistical literature. Therefore, even if it is
not stated in this way, the isomorphic method is at the heart of many fun-
damental results in modern learning theory/nonparametric statistics (even
though, at times, peeling need not be the optimal way of controlling the
isomorphic profile of the class).

As will be explained in Section 5, the isomorphic method allows one to
obtain oracle inequalities for the empirical risk minimizer - (ERM), which
is the function that best approximates Y on the data: i.e., the function f is
a minimizer in F' of the functional le\il 0 f(Xi),Ys).

There is very extensive literature on ERM-based oracle inequalities (for
example, see the books [4, 33, 1, 32, 11] and [10, 16]). In general, one would



like an oracle inequality to satisfy three main properties. First, that the
way ¢ depends on the complexity of the given class F' is reasonable (and, of
course, one would like to understand the correct notion of complexity and
when a class is not too “rich” from that point of view). Second, that ¢
decreases quickly as a function of the sample size N, where the term “fast
rates” is often used to describe a rate of decay faster than 1/v/N - and
hopefully, of the order of 1/N, perhaps up to logarithmic factors. Finally,
that the constant A equals 1; such oracle inequalities are called ezxact, and
when A > 1 they are called non-ezxact.

The motivation for this article was the observation that in essentially
all known examples, when using the isomorphic method there is a real gap
between the complexity functional ¢ one can have in exact and non-exact
oracle inequalities.

It is well known [1, 20, 14] that unless F' has a reasonable structure
(for example, when F' is a convex class), then even in the simplest of cases,
when |F| = 2 and /(z,y) = (x — y)?, it is impossible to obtain an exact
oracle inequality with a rate better than 1/ V/N, while the rate in a non-
exact inequality is much faster. Therefore, it seems reasonable to compare
the behavior of exact and non-exact inequalities only in cases in which the
geometry of F' is not an obvious obstacle for obtaining a fast rate in an exact
inequality. But even for classes with a “nice geometry”, the situation, as
reflected in known examples, is unchanged: while one can obtain non-exact
inequalities with fast rates, the exact ones have considerably slower ones.

Having this in mind, our aim here is to study the following three ques-
tions.

1. What sort of oracle inequalities (exact and non-exact) can one obtain
using the isomorphic method, and what aspects in the structure of a
given class govern the resulting “price” functionals ¢?

2. Is there a real gap between the exact and non-exact inequalities that
are derived using the isomorphic method?

3. If the estimates from (1) are indeed optimal, is there an underlying
structural phenomenon that exhibits this optimality?

We will consider the case when ¢ is the squared loss, F' is a convex,
symmetric (i.e., if f € F then —f € F') and L-subgaussian class of func-
tions, where by L-subgaussian we mean that the Lo(u) and (1) norms are
equivalent on F' with a constant L — see Definition 2.1. We will also assume



that Y is well bounded in Ly,.!

It turns out that for both oracle inequalities, the key parameters that
appear when applying the isomorphic method are the levels pi at which the
canonical gaussian process Gy indexed by {f € F: || f||1,(u) < p} are of the

order of pVk; k*(F') is the first integer for which such a value exists, i.e., k*

is of the order of
< Esup; Gy >2
supfep | fll, )

Note that by the results of [19], if F' is a subgaussian class then k* is equiv-
alent to the smallest cardinality of a sample N for which

N
1 2 2
sup |[— > f7(Xi) —Ef~|
fer N; Z

exhibits a non-trivial concentration — that is, when this supremum is smaller
than ~ sup;cp E f?; and clearly, below the “level” at which concentration
begins, there is no hope of obtaining any useful bound in our context.

As we will explain, for k > k*, each p, measures the “maximal complex-
ity” of a typical k-dimensional coordinate projections of F, {(f(X;))¥, :
[ € F} (see Definition 4.1).

Although the same parameters play a central role in both types of oracle

inequalities, there are clear differences in the resulting complexities.

Theorem A. For every L > 1, there exist constants cg, c1, co, c3 and ¢4
that depend only on L for which the following holds. Let F' be a convex,
symmetric, L-subgaussian class. For every integer N > k*(F) set ¢1 =
co(pglN +1/N), k1 = max{k* <k < caN : py > c3\/k/N}, and ¢o = 03,0%1.
If |Y |l <1, then with probability at least 1 —exp(—c4/N), ERM satisfies a
non-exact oracle inequality with constant A = 2 and a complexity term of ¢ .
It also satisfies an exact inequality with probability at least 1 — exp(—c4k1)
with (the much larger) complexity term ¢s.

Note that the constant A = 2 can be replaced by any A > 1 and Y €
By, by Y € MB,y,, both at a price of modifying the constants ci, ..., cs.
Also, observe that if the sequence (px) is even mildly regular, then ¢o ~
mink*SkSCN(pi + ki/N)

! Although many of the results may be extended beyond this case, the technical cost is
rather high and we decided not to pursue this direction here.



Theorem A answers Question (1) in the subgaussian case, and the or-
acle inequalities are given using the “localized” structure of the canonical
gaussian process indexed by F.

What is more surprising is that under additional mild structural assump-
tions on F', the estimate on the rate of the exact inequality that one may
obtain using the isomorphic method is optimal. Therefore, the sequence
(pr) determines the limitation of the isomorphic method, and there is a real
gap between the exact and non-exact oracle inequalities that one may obtain
using the isomorphic method — resolving Question (2).

To formulate this result, recall that ¢ is the squared loss, let f* =

argmin pe pIR0(f(X),Y) and set Ly = £(f(X),Y) — £(f*(X),Y).

Theorem B. Under mild assumptions on F'; X and Y (see Assumption 6.1
for an exact formulation), if N > k*(F) and A < max{p? : pr < c11/k/N},
then

EL (X, Ys)
E sup Z EL/(X: Vi) -1/ >1,
(epmiony | N ELy

and a similar estimate holds with probablhty at least c3.

In particular, under the mildest regularity assumptions on (pg) and as
will be explained in Section 5 and Section 6, Theorem B implies that the
isomorphic method can not yield an exact oracle inequality with a better
complexity term than c; ming-<p<e, N(pi + k/N), showing that the upper
bound from Theorem A is sharp.

Finally, turning to Question (3), we will focus on the case Y = 0. It was
conjectured that the limitation of the isomorphic method in this case should
be attributed to some natural geometric phenomenon in F, and, in view of
classical results in empirical processes theory (see, for example, the books
[33, 5]), it should not be surprising that this phenomenon is connected with
the combinatorial dimension.

Definition 1.1 For every ¢ > 0, a set I C {1,...,m} is e-shattered by
V C R™ if there is some function s : I — R, satisfying that for every J C I
there is some vy € V' for which vy(i) > s(i)+c ifi € J, and v;(i) < s(i) —¢
if i € I\J. The combinatorial dimension of V is the function

ve(Vye) = sup{|I| : I is e—shattered by V'}.

With obvious modifications, one may define the combinatorial dimension for
a class of functions F.



Note that the combinatorial dimension at scale € measures the largest
dimension of a “coordinate cube” of size € that can be found in a coordinate
projection of V' (or of the class F'). Moreover, it is standard to verify that
if V' is convex and symmetric and o is e-shattered by V', then the e-cube on
the coordinates o, e BY,, satisfies that

eB, C P,V ={(vi)ico : v €V},

It is well known [2] that a class of uniformly bounded functions satisfies
the uniform law of large numbers if and only if vc(F,¢) is finite for every
e > 0. Moreover, by the Giné-Zinn symmetrization method [8], if F' is a
class of mean-zero functions and (ai)f\il are independent, symmetric {—1, 1}-
valued random variables, then

1 & 1 &
Esup| ;f(Xl) Ef|~Esup | ;ezf(Xl)l-
Therefore, if the law of large numbers “breaks down” at some dimension/sample
size N, then with high probability, a typical coordinate projection V =
P,F = {(f(X;))X, : f € F} satisfies that E. SupvepaF|Zf\i1 gvi| > ON.
By the main result of [17], if F' consists of uniformly bounded functions, this
“break-down” is exhibited by the fact that ve(P,F,c16) > 262N, i.e., that
P, F contains a large (~ §), high dimensional (~ §2N) coordinate cube.

We will show that under reasonable assumptions on F, if N > k > k*
then with pV-high probability, a typical further k-dimensional projection
of F'NprB(L2) is an extremal set in some sense: although it is contained
in C3pk\/EB§, it has a coordinate projection of dimension proportional to k
that contains a coordinate cube of size ~ py (which is the “largest” coordi-
nate cube a proportional coordinate projection of a subset of pk\/%Bé‘ can
contain). We will show that the appearance of this structure exhibits the
break-down in the isomorphic condition and thus it resolves Question (3).

Below we have formulated a slightly weaker version of this result (see
Theorem 4.5 for the full statement).

Theorem C. Under mild assumptions on F' (see Definition 4.4), if F' is
convex, symmetric and L-subgaussian, then with probability at least 1 —
exp(—c1N),

ve(Py(F 1 pa B(La(1))), c2p) = csN.

Besides resolving Question (3), Theorem C has interesting implications
on the geometry of random polytopes. When applied to F' = {<t, > 1t e



BT}, then for |o| = k < n, P,F is the symmetric convex hull of the n
vertices {((Xi,e;))f_; : 1 < j < n}, which we denote by K, ;. In [15],
the authors show that 1f ¢ is a mean-zero, variance 1, subgaussian random
variable, X = (&), is a vector with independent coordinates distributed
according to ¢, and (X;)¥_, are independent copies of X, then with high

probability,

er(BE, 1 \/Tog(en/R)B) € Ko,
and in particular,
log(en/k)

k

Here, Theorem C implies a subgaussian version of (1.1). We will show that
F= {<t, > :t € B} satisfies the assumptions of Theorem C, and therefore,
if X is an isotropic, (i.e., E|[(X,¢)[* = |[t||3), L-subgaussian vector (rather
than a vector with i.i.d, mean-zero, subgaussian coordinates), there is a
subset I of {1,...,k} of proportional cardinality for which the coordinate
projection PrK, j satisfies that

¢ BY C K. (1.1)

log(en/k)

C3 & Bgo C PIKn,k'

The proofs of Theorems A, B and C are based on the following steps.
First, one has to extend the results from [19] and obtain high probability
estimates on the empirical process

sup rf Z f(x ~Efh|

feFheH

for reasonable classes F' and H.

The required extension follows the path of [23] and [25], by obtaining
accurate information on the structure of the random sets P,F and P,H,
and is presented in Section 3.

In Section 4 we will study properties of the fixed points pg, and focus on
situations in which the gaussian complexities Esup ¢ pn,p(r,) G originate
from “finite dimensional” skeletons of F. In particular, we will prove the
extended version of Theorem C and its corollary on the geometry of random
polytopes. We will also show that in such cases, if (g;)X; are independent,
standard gaussian random variables, then

1
E sup Gy~E, sup — Z GiV;
fEFNpLB(L2) vEPy (FpB(L2)) VN



with high probability. And, what is more important for the proof of the lower
bound, we will show is that the Bernoulli process indexed by P, (FNprB(L2))
is also equivalent to the corresponding gaussian process (whereas for arbi-
trary subsets of RY there could be a y/log N gap between the expected
supremum of the Bernoulli process and the gaussian one). The proof will
be based on the “good geometry” of P,(F N ppB(La2)), which allows one to
construct an optimal admissible sequence for that set.

Finally, using the results of Section 3 and Section 4 we will present
the sharp upper and lower bounds resulting from the isomorphic method
(Theorem A and Theorem B) in Section 5 and Section 6 respectively.

2 Notation

This section is devoted to various definitions and notation that will be used
throughout the article. Many results and methods used here are standard
in the areas of probability in Banach spaces and empirical processes. We
refer the reader to [13] and to [33, 5] as general references on these topics.

Absolute constants are denoted by ¢y, ¢, ... and their value may change
from line to line. We write A < B if there is an absolute constant ¢; for
which A < ¢;B. A ~ B means that ¢c; A < B < ¢y A for absolute constants ¢;
and co. If the constants depend on some parameter r we will write A <, B
or A ~, B.

We will consider various normed spaces. Given a probability measure p,
denote by B(La(p)) or by D the unit ball of the space La(u). For o > 1,
Ly, is the Orlicz space of all measurable functions for which the ), norm,
defined by

[fllpe = inf{c>0:Eexp(|f/c]*) < 2},

is finite. For basic facts on Orlicz spaces we refer the reader to [28, 33].
Here, we will only require the observation that ||f||,, is equivalent to the
smallest constant x for which, for every t > 1, Pr(|f| > t) < 2exp(—(t/k)%).

Let £} be R™ endowed with the £, norm and set L) to be R" when viewed
as the L, space of functions on {1, ...,n}, relative to the uniform probability
measure on that set. £7 . is R" endowed with the weak ¢, (quasi)-norm:
|2[lp.co = Sup;sq i/Pa¥, where () is a monotone non-increasing rearrange-
ment of (|z;|). If I C {1,...,n}, o . is R! endowed with the weak £, norm.

Put || [[y» to be the ¥, Orlicz norm on R"™, which is viewed as a space
of functions on {1,...,n} endowed with the uniform probability measure. In
particular, using the characterization of the 1, norm, it follows that for
x € R, xf < ||2|lyn log!/“(en/i).

)



We will denote by By, B ., and By the unit balls of R" endowed with
the corresponding /,,, weak-£,, and 1), norms, respectively. For other normed
spaces X, set Bx to be the unit ball and let Sx be the unit sphere.

Given an independent sample o = (X1, ..., Xx) selected according to p,
set || fllLg = (+ sz\il f2(X;))Y/?, and given a class F let

PoF ={(f(X)L,: f e F} CRY

be the coordinate projection of F' generated by the sample (coordinates) o.

We will also be interested in further coordinate projections of P, F' that
are given by selectors. Let 1 <k < N, set 6 = k/N and put d1,...,0x to be
independent, {0, 1}-valued random variables with mean §. Let J = {i : §; =
1} and set

PrPoF = {(f(Xi))ies - [ € F}.
A standard concentration argument shows that with probability at least
1 — 2exp(—cok), |J| ~ k.
Our main interest will be subgaussian classes:

Definition 2.1 Let F be a class of functions on a probability space (2, ).
We say that F is L-subgaussian if for every f,h € F, ||f=h|y, < L||f=h||L,
and || flly, < L||fllL,, where both norms are relative to the measure p.

Theorem 2.2 There exists an absolute constant ci for which the follow-
ing holds. If f € Ly, and Xi,..., Xy are independent random variables
distributed according to p, then for every u > 0,

N
Pr (\;f S F(Xs) —Ef| > u\|f||w1> < 2exp(—e1 N min{u2, u}).
=1

In particular, if f € Ly, then

N
Pr (;f > (X)) -Ef’ > u|yfy@2> < 2exp(—e; N min{u?, u}).
=1

The first part of Theorem 2.2 is a 11 version of Bernstein’s inequality (see,
for example, [33]). The second one is an immediate outcome of the first
claim, because || f2|y, = || f ||12p2 Theorem 2.2 will be used extensively in the
chaining processes that is at the heart of our proofs.



2.0.1 Chaining

Chaining based methods play a central role in the study of certain stochastic
processes, and in particular, in the study of gaussian and empirical processes.
Chaining allows one to translate the probabilistic structure of the given pro-
cess to a metric invariant of the indexing set, using Talagrand’s v functionals
[31].

Definition 2.3 [31] For a metric space (F,d), an admissible sequence of
F is a collection of subsets of F', {Fs : s > 0}, such that for every s > 1,
|Fy| <22 and |Fy| = 1. For 3> 1 and j > 0, define the vg,; functional by

8,4 (F,d) = inf sup »  2°/%d(f, F.),
jer =

where the infimum is taken with respect to all admissible sequences of F'. If
J = 0 we will write vg instead of v ;. Given an admissible sequence (Fs)s>0
we denote by wsf a nearest point to f in Fy relative to the metric d, and for
§>0, let Asf =msf —ms_1f.

When considered for a set F' C Ly (or £3), 72 is determined by properties
of the canonical gaussian process indexed by F' (see [5, 31] for detailed
expositions on these connections). Indeed, under certain mild measurability
assumptions, if {Gy : f € F} is a centered gaussian process indexed by a
set F' then

c172(F,d) < Esup Gy < cay2(F, d),
feF
where c; and ¢y are absolute constants, and for every f,h € F, d*(f, h) =
E|Gf — Gp|?. The upper bound is due to Fernique [6] and the lower bound
is Talagrand’s Majorizing Measures Theorem [30].

Note that if T C £, (gi)fil are independent, standard gaussians and

Gt = > giti, then d(s,t) = ||s — t||2, and therefore

n
c172(T, 05) < Esup Zgiti < coye (T, 03). (2.1)
teT $—

The understanding of empirical processes is far less complete, because
there is no single metric that captures the tail behavior of a sum of iid
random variables. A very simple case is the subgaussian one, in which a

10



standard chaining argument may be used to show that if ' C Ly, is a class
of mean-zero functions, then

Esup\Zf i) S (F¢2)VN,
=1

and similar bounds hold with high probability.
Here, to study the squared loss, we will need a stronger result — estimates
on the quadratic process

sup | Zf? —Ef

fer 4

using a metric structure on F. This problem has been studied in the sub-
gaussian context in [19] — which is the case that will interest us here, and in
far more general situations in [22, 23, 25].

Theorem 2.4 [19] There exist absolute constants ¢y and ca for which the
following holds. Let F' C S, be a symmetric class and set dp(i2) =
supep || fllg,- Then, with probability at least 1—2 exp (—cy min{ N, 73 (F,42)/dF(¢2) }),

2(x,) Y2 (F, 2) 722(F7w2)>
Jsgelg\ Zf 1!§C2<dF(1/)2) N + ,

and

2
By Zf 1)< (a2 A E )

The main result of Section 3 below is a stronger version of Theorem 2.4, still
in the subgaussian context.

3 Bounds on empirical processes

This section is devoted to the proof of the following extension of Theorem
2.4.

Theorem 3.1 There exist absolute constants c1, co and cg for which the
following holds. Let F and H be classes of functions of cardinality at least 2

11



on (0. 1) and assume that 2o (F,n) | dp(s) > ~a(H, 4a) [diz (42). For cvery
integer N > (7y2(F,19)/dr(12))? and u > c1, with probability at least

Yo (F,402)\”
tozew <_02“2< dr(s) ) )
N

3 F(X)R(X) —Efh
=1

sup
feF, heH

< e () 2022, B0D),

In particular, if H = F then with the same probability,

+
VN N

Although Theorem 3.1 seems similar to Theorem 2.4, with the major im-
provement (which is essential to our analysis) is in the probability estimate
for “large values” of u, the proofs of Theorem 2.4 and Theorem 3.1 are very
different, and the latter is based on a more subtle decomposition of F' — as
will be explained below.

When studying empirical processes, a very significant observation is due
to Giné and Zinn [8] — that instead of the supremum of the empirical pro-
cess, it suffices to bound the supremum of the Bernoulli process indexed by
a typical coordinate projection of the given class. Therefore, and follow-
ing ideas from [23], we will study the structure of such random coordinate
projections and the way their geometry is dictated by the structure of the
class.

A very general notion of a “well behaved structure” of a coordinate
projection has been introduced in [25], but we will need it in a much simpler
(subgaussian) situation, leading to the following definition. To formulate it,
let o0 = (X1,...,Xy) and consider V = P,F. If v = P, f = (f(X;))X,, we
will abuse notation by writing msv both for 74 f and for P,7sf, and Asv for
Asf and PoAgf. Also, set dy = supsep || f|| = dp. This way V' is endowed
with the metric structure from F', as well as having a natural ¢, structure
through the coordinate system on RY.

sup
fer

< 03u3 <dF(7,Z)2)FY2(F’ @Z}Z) 7%(F¢ ¢2)) ) (32)

1 N
~ 2 (X)) —Ef?
i=1

Definition 3.2 Let V. C RY be a coordinate projection of a class of func-
tions F', and assume that the metric on F is endowed by a norm || ||. Given
an integer 1 < j < logy N and a,v; > 0, we say that V = P,F admits a
(4,0, 7;) decomposition with respect to the norm if it satisfies the following
properties:

12



1. F has an admissible sequence (Fs)s>o for which

sup » 2% Ay(f)] < -

fer s>7

2. For everyv = P,f, v eV, every 7 < s < logg N and every subset
Ic{l,., N}

1/2
(Z(Asvﬁ) < al|Ag]| (272 + /[T log"2(eN/1]))

icl

and for every j < s <logy N and every I C {1,...,N}

1/2
(Z@rsv)?) < allmool] (272 + VT og!2(eN/ 1))

i€l

3. For every v € V and every s > logy N,

N 1/2
(Z(Asv)?> < a2?[|A 0]

i=1

The reason we chose to emphasize the set V' rather than F' in Definition
3.2, is that the structural results of this section remain true (with the obvious
adjustments) for an arbitrary V C RY that admits such a decomposition
— which is very useful when studying various processes indexed by V. In
our case, the fact that V is a coordinate projection of F' is only used to
decompose V using the structure of F'.

The “local” properties (1), (2) and (3) imply “global” information on
the structure of V', which will be referred to in what follows as property

(4)-

Lemma 3.3 If V = P,F admits a (j,«,7;) decomposition with respect to
the norm || ||, then for every v € V and every I C {1,...,N},

1/2
(Z ) S a (v + drmax {2772, /Tog"2(eN/ 1) } )

el

where dp = supsep || 1.

13



Proof. We will separate the proof to two cases. First, if exp(||log(eN/|I|)) >
22" (i.e., if |I| = 27/log(eN/27)), then there is some j < sy < logy N
for which 2% ~ [I|log(eN/|I]). Since f = > . . Asf + s f, then if
v=Pof, v =73, Asv+ msv. Therefore, by (2) and (3), and recall-
ing that [Aqel| = [Aef], and [[reel] = .||, then

ollgg Sa D 120272 + V/1]1og(eN/1])) + I msqul (272 + /[1] log(eN/[1]))

$>50

Sa 75+ sup [[f[[V/ [ log(eN/[1]).
fer

If, on the other hand, exp(|I|log(eN/|I|)) < 2%’ then we repeat the chaining
argument with sg = j. The rest of the proof is identical. [

Although this notion of decomposition appears strange, we will show in
the next section that for every j > 1, a typical coordinate projection P,F
of a subgaussian class F' admits such a decomposition, with || - || = || - ||y,
v; = 72,5(F,12), and « that depends on the desired probability.

Property (2) implies that for “small” values of s (2° < N), each w = Agv
can be written as a sum of two vectors: a “peaky” part and a “regular” part
— Prw + Prew. The first, “peaky” vector is supported on relatively few
coordinates and

|Prolley S 022 ul,

while the “regular” part satisfies that || Prew|| W < aljlw||, since a monotone
rearrangement of the coordinates of (|Prew|); satisfies that

(Prew); S aflwl/log!/?(eN/i).

Indeed, this decomposition is evident from (2), by considering the i largest
coordinates of w, where i is the largest integer in {1,..., N} for which 2% >
ilog(eN/1).

Next, by (3), one can control the £ norm of all the increments Agv for
large values of s, (i.e., 2° > N), uniformly.

Finally, the local estimates imply a “global” property — that V is con-
tained in a Minkowski sum of Kév and wév , using the global parameters -;
and dy instead of the local parameters 2%/2| || or | |/[I]log?(eN/|I|)
used in properties (2) or (3):

Lemma 3.4 There exist absolute constants c1, co and c3 for which the fol-
lowing holds. IfV satisfies property (4) and 3; = ~; +21/2dy, | then for every
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v €V there is some I C {1,...,N}, of cardinality
1] < e1(33/d} log (e2v/Ny /%)

for which
||P1v\|,5év < c3a; and ||PIC’U”,¢J£] < czady .

Proof. Let k be the largest integer satisfying that 3; > dy +/klog(eN/k),
and if &k > N set k = N. Hence,

k ~ min {N, (2 /2 )log (x/erV /ryj) } .

For every v let I be the set of the largest k coordinates of (|v;|)Y,. If k < N
then by property (4), HPIUHZé\T < a4, while for i > k, v} < ady/log(eN/i),
and thus HPICUH@’ Sady. If k= N then I¢ = ) and the claim follows from
property (4). |

It should be noted that more complicated decompositions of F' are needed
when more than a single norm on F has to be used. This is the case, for
example, when elements of F' do not exhibit a purely subgaussian behavior,
which is the situation in [23, 25].

This notion of decomposition allows one to study the Bernoulli process
indexed by V2 = {(v?)X, : v € V}. The following theorem follows an almost
identical path to the proofs of Theorem 3.2 and Corollary 3.3 in [25]. Since
the modifications needed to adjust these proofs to our setup are minor and
a complete proof is rather lengthy, we will not present it here.

Theorem 3.5 There exist absolute constants c¢1, co and cs for which the
following holds. Assume that V = P,F admits a (j,a,v;(V')) decomposition
and that W = P,H admits a (j,3,7;(W)) decomposition, both with respect
to the norm || || on the classes F' and H. Then for every r > c1, with
probability at least 1 — 2 exp(—car?27),

N

sup
veVweW

€U Wy
i=1

<csafr <\/ﬁ <dw’Yj(V) + dyy; (V) + 2j/2dvdw> + ’Yj(V)’Yj(W)> :

15



3.1 Decomposition of coordinate projections

The main results of this article depend on the ability to decompose coor-
dinate projections in the sense of Definition 3.2. Here, we will show that
a typical coordinate projection does admit a decomposition with respect to
the norm || - ||,, and for 1 < j <logy N,

7j = inf Jsfu?ZQs/zHAswag = 72, (F, ¥2).
S

5>7

Theorem 3.6 There exist absolute constants ¢y and co for which the follow-
ing holds. If F' C Ly, then for every u > c¢1 and every 1 < j <logy N, with
probability at least 1 —2 exp(—ca2/u?), P, F admits a (j,u,~;) decomposition
with respect to the 1o norm.

Proof. Let (Fs)s>0 be an almost optimal admissible sequence of F' with
respect to the 19 norm and put Vy = P, Fj.

Recall that for every f € Ly,, || %[y, = Hf||12p2 and || ||z, < coll £y, for
an absolute constant c¢y. Hence, by Theorem 2.2, for every I C {1,..., N},

Pr (ﬁ,‘ S X)) > (t2+03)\f\@2> <Pr ( |}|§jf2<xi> _Ef > tZHf\@z)
el el
<2exp(—ci |[I| min{t*,t?}). (3.3)

If u>1and t = uy/log(eN/|I]) > 1, then with probability at least 1 —
2exp(—cru?|I]log(eN/|I])),

1/2
(Z fQ(Xi)> < couy/|I[log(eN/I[)[[ £l -

el
For every 1 < k < N, let Ej be the collection of all subsets of {1, ..., N} of
cardinality k£ and let s be the first integer satisfying that
22" > exp(klog(eN/k)) > |Ey|.

Assume that k£ = 2", let s € [son,Son+1] and observe that this interval
contains at most two integers. Since |AgF|, |Up<i Ex| < exp(csklog(eN/k)),
then for every u > ¢4, with probability at least 1 —2exp(—csu?klog(eN/k)),
for every I € Uy<}Ey and every f € F,

1/2
(Z (Asf)? (Xz')> Su2° 2| A £l (3.4)

i€l
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Using the same argument, if m = 2¢ for ¢ > n, then with probability at least
1 — 2exp(—cgu’mlog(eN/m)), for every I € E,,, and every f € F,

1/2
(Z (Asf)? (Xz')> Sul|As fly, v mlog(eN/m). (3.5)

el
Combining (3.4) and (3.5), it follows that with probability at least 1 —

2exp(—cru’klog(eN/k)), for every f € F, every s € [son, sont1] and every
Ic{1,..,N},

1/2
<Z(Asf)2(Xi)> S (272 + VITToB(eNIID) 1Al
el

Let kg = 27, ky = 2% . ky = 2" where N/2 < k, < N. Applying (3.4)
and (3.5) to ko, ..., k¢, and since

L

S exp(—cruki log(eN/ky)) < exp(—csu®2" log(eN/2")),
=0

then with probability at least 1 — 2 exp(—csu?2" log(eN/2")), for every f €
F,every I C {1,..., N} and every 2° > 2" log(eN/2"),

1/2
(Z (Auf)? <Xz->> S ullAsfllys (272 + V/ITTog(eN/TTI))

el

Letting 2/ ~ 2" log(eN/2") proves the “small s” component in Definition
3.2 for Asv = P,Asf and a ~ u. The same argument can be used to prove
the “small s” component for P,7sf as well.

To prove the “large s” part, observe that if u > ¢g and 2° > N, then by
(3.3) for t = u/25/N and since |Fy| < 2%°, then with probability at least
1 — 2exp(—c1ou?2®), for every f € F,

N 1/2
(Z (Asf)? (Xi)> < 1122 (| A fl - (3.6)

=1

Therefore, summing over 2° > N, with probability at least 1—2 exp(—ciaNu?),
(3.6) holds for every f € F and every such s, which concludes the proof. m
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3.2 Empirical Processes

The main application of Theorem 3.5 is a bound on the supremum of an
empirical process indexed by {fh : f € F, h € H}, where F and H are
reasonable classes of functions. This will be achieved by applying Theorem
3.5 to sets that are random coordinate projections of F' and H, followed by
the Giné-Zinn symmetrization Theorem [8, 33].

Theorem 3.7 Let F be a class of functions and set 0% = SUp fep E(f-Ef)2.
For every integer N and any t > v/20+/N,

N
Pry (]Sflelﬁp’ ;(f(X) Ef)| > t) < 4Prxg. <Jsclelg ;azf > t/4>

To apply the Giné-Zinn theorem to our case, let F, H be classes of functions
endowed with a the 12 norm. Thus, for every f € F and h € H, ||f||r, <
coll fllw, and |||, < collh||y, for a suitable absolute constant cq. For every
o= (X1,..Xn), let V=P, Fand W = P,H. For 1 < j <logy N, set
Vi(F) = 72, (F.tb2), dp = supgep || flly, and v (H) = v2,5(H,v2), dg =
suPper |7y, Let

pi = (dm(F) + dpy(H) + 22 dpdyy ) VN + 75 (F) (H).

Corollary 3.8 There exist absolute constants c1,co and c3 for which the
following holds. If F and H are classes of functions as above, then for every
1 < j <logy N and everyu > c1, with probability at least 1—2 exp(—c22/u?),

sup < 03u3]p\;

1 N
o N;fm)h(X) Efh

Proof. Let p = p; and set 6 = supy ,(E(fh — Efh)?)Y/2. By the Giné-Zinn
symmetrization Theorem, for u,t > 1 to be named later,

> ut,o>

> ut,o/4>

Z f(x —Efh)

Z&f

provided that utp > v/26v/N. Observe that p > v Ndydp, and since || ||y,
dominates the Ly norm on H and on F, then 6 < cdrdy. Therefore, if
t > ¢ then utp > V20+/N.

Prx sup
feFheH

<4APrxwe sup
feF,heH
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Let C, C QY be the set of all (X7, ..., Xn) for which P, F has a (j, u, v (F))
decomposition and P, H has a (j, u,~;(H)) decomposition. By Theorem 3.6,
Pr(C¢) < 2exp(—co2/u?), and applying Theorem 3.5 for ¢ = u?,

N
P7“X®e< sup Ze?if(Xi)h(Xz-) >utp/4>
feFheH |

<Pr(C;)+Ex

1e, Pre sup
ferheH | —

<dexp(—c32u?).

Proof of Theorem 3.1. Set vp = y2(F,12) and dp = supscp || |y, (resp.
vi and dg). Assume without loss of generality that vp/dr > vi/dm, note
that v; < v and that p; < 2dH(7F+2j/2dF)\/N+WF7H. The claim follows
by applying Corollary 3.8 for (yg/dr)? < N and 2/ ~ (yp/dr)?. |

Comparing the second part of Theorem 3.1 with Theorem 2.4, one should
note that the method used in [19] to prove Theorem 2.4 does not give the
same high probability estimates beyond the case u ~ 1. The reason for
the improved bound is the different method of analysis used here. In [19] a
Bernstein type inequality is used to control the increments in the range 2% <
N, which corresponds to information on ”(Asf(Xi))Hgé\’, rather than to the
more accurate “local” structural information obtained here on the monotone
rearrangement of the coordinates of each (Asf(X;))X, and (msf(X;))Y,.

Another corollary that will be used later in the analysis of the ERM
algorithm, is the following:

Corollary 3.9 Let H = {&, ¢} and N > (y2(F,102)/dr(12))%. Since

Y2 (F, 1b2) S Yo ({€, =€}, 12)

=2
dr(¥2) — €l

then with probability at least 1 — 2 exp (—clu2 (72(F, ¢2)/dp(¢2))2) ,

2
S T s S L)

sup

1 N
S |7 ; &F(Xi) —E(f)
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4 The geometry of the fixed point

Let F© C La(p) be a convex and symmetric class of functions, set D =
B(Ly(p)) and put {G¢ : f € F} to be the gaussian process indexed by F
with a covariance structure endowed by Lo(u). Assume that {Gy: f € F}
is continuous almost surely and let H(p) = Esupscopn,p Gy. Since the
gaussian process is continuous, lim, o H(p) = 0.

As explained in the introduction, the main parameters that will be used
here are the following fixed points of the gaussian process indexed by F'.

Definition 4.1 For every integer x > 0 and QQ > 1 let

<oh

pZ7Q:inf{0<p§dF(L2) : H(p) 0

If the set above is empty, set py.o = dp(L2).

Our first observation is that the parameters py g can be used to identify
subsets of F' on which the random coordinate projection f — P, f is a good
isomorphism between (F, L) and (F, LY).

Lemma 4.2 For every L > 1 there exist constants ¢; = c1(L) and Q =
Q(L) for which the following holds. If F is a convex and symmetric class
which is L-subgaussian, then for every integer N, with probability at least
1 —2exp(—c1N), for every f,h € F

1 3
oI = Wz, = i < I1P(f = W)liy < oIf = hlIz, + Pk

Since the proof of Lemma 4.2 is rather standard (see, for example, [19]), we
will only sketch it here.
Sketch of Proof. First, assume that

sup < p*/2. (4.1)

| X
2 2

— g u“(X;) — Eu

ue2FnpD | N — (i)

For every u € 2F with ||u||z, > p, consider v = pu/||u||r, € 2F N pD (since
F is convex and symmetric). If HuH%g =Nt Zfil u?(X;) then by applying
(4.1) to v, it is evident that

1 3
Slhull3, < llulg < Sl
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whereas if u € 2F N pD then
lullzg < lullz, + p°/2.

Finally, by Theorem 3.1, there is a constant @Q = Q(L) ~ L? for which, with
probability at least 1 — 2 exp(—c1(L)N),

N
1 2 2 2
sup — u(X;) —Eu®| <p 2,
wE2FApN D N ; ( Z) N7Q/
and the claim follows because F' — F C 2F. [ ]

The main goal of this section is to study basic properties of the fixed
points (pr,Q)r>1-

Lemma 4.3 The function H(p) = Esup scopr,p Gy is increasing and p~* H(p)
is decreasing. Moreover, for every fixzed Q and every x, setting py = pz.Q
then H(py)/pe = Q\/x. Finally, if m < M then pyr < (m/M)Y2p,,.

Proof. The first part follows immediately by inclusion. For the second,
note that if p’ = vp for v > 1 then H(p') < vH(p). Indeed, since F is
star-shaped then 2F N~ypD C v(2F N pD) and thus H(yp)/(vp) < H(p)/p.
Therefore, if p' > p, H(p) < H(p') < (p'/p)H(p), implying that H(p) is
continuous and p,+/z/Q = H(p;).

Finally, if m < M then pp; < py, and hence, 1 < H(py,)/H(pr) =
(pmm!/2) [ (prs M'/2). m

From here on ) will denote the value given by Lemma 4.2. We will omit
the subscript ) and write py instead of py g.
Note the by Lemma 4.3, the set

{o<pzantta) o < 207

Q

is nonempty only if 2o (Esup;cp Gy/dp(Lz))?. Indeed, since H(p)/p is
decreasing then H(p)/p > H(dp(L2))/dr(L2). Having this observation in
mind, let £* be the first integer for which the set is nonempty, i.e., satisfying
that k* Zq (Esupscp Gy/dp(La))?.

k* is a well known parameter in Asymptotic Geometric Analysis. Indeed,
if F={(t,-):t€T}and T CR"is a convex and symmetric set, then k*
is the Dvoretzky number of T, introduced by Milman [26] in his general
version of the Dvoretzky Theorem (see [27] for more details).
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We will show that if F' is rich enough at the level py then for |o| ~ k, a
typical coordinate projection P,(F NpgD) will be extremal, and when |o| >
k, a typical further k-dimensional coordinate projection of Py (F N pxD) will
also be extremal.

To explain what we mean by “rich enough” and “extremal”, consider
the following two finite dimensional examples. First, let 77 C B3 be a
1/10-separated set of cardinality exp(k) for k < n. If T} is supported on
the coordinates {ei,...,ex}, then one can show that absconv(7}) contains
a coordinate cube of dimension ~ k and scale ~ 1/vVk (see the precise
statement in Theorem 4.9). For the second set, let \/k/n < e < 1, and
consider Ty C (¢/4/n){—1,1}", which is €/10-separated set relative to the
% norm, and of cardinality ~ 2¥/ e (it is straightforward to verify that such
a set exists). Let Tp = T4 U {e1, —e1}, and clearly, the largest coordinate
cube of dimension greater than 1 that can be found in absconv(72) is of
scale €/y/n, and thus is contained in a Euclidean ball of radius ~ e.

In both cases, pr ~ 1, and the reason for the difference in the structure of
the two sets is that the richness of T} is actually exhibited at the “Euclidean
level” pi while for T5 it appears because of some structure at a much smaller
Euclidean level, of ~ .

We will be interested in classes where py is exhibited by a structure at
a level proportional to pg, and properties of such sets is the subject of the
next section.

4.1 Skeletal sets and their coordinate projections

Definition 4.4 Given 0 < r,c < 1, a class F' C Lo(u) has a (r,k,c)-
skeleton if it has a subset Fy, C F, |Fy| < exp(k/c) for which

rEsup Gy < E sup Gy.
fer feF

A class F is (r,c)-skeletal if for every integer k* < k, F N ppD has a
(r, k, c)-skeleton.

Of course, we will be interested in situations where r and ¢ are both
appropriate absolute constants.
The main observation of this section is the following:

Theorem 4.5 Let F' be convex, symmetric and L-subgaussian, that has an
(r,k, c) skeleton, and let (6;)Y, be selectors with mean k/N. If J = {i: 6; =

)
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1}, then with probability at least 1 — 2 exp(—c1k) with respect to both (X;)Y,
and (8;).,, there is J' C J, |J'| > cok for which

cspr B, C Py Py(F N pyD),
and c1,co and cg depend on r,c and L.

In other words, if F' has a skeleton then it is exhibited in typical coordinate
projections P;P,(F N prD) by the existence of a coordinate cube, which is
maximal because P;P,(F N piD) C \/%pkBQI with high probability relative
to (Xi)[¥,.

The notion of a skeleton is connected with the modulus of continuity of
the gaussian process indexed by F'. Indeed, assume for example that there

are @ < 1 and 0 < # < 1/2 such that for every 0 < p < dp(L2),

E sup Gy<pPE sup Gy. (4.2)
feFNapD feFNpD

Lemma 4.6 Let F C La(p) be conver and symmetric. Under (4.2), there
are constants ¢ and co that depend only on o and 3, for which F is a
(c1,co)-skeletal set.

Proof. Fix an integer k > k* and let A be a maximal apg-separated subset
of F N ppD with respect to Lo. Then F N ppD C (A+ apiD), and thus

E sup Gy<EsupGy+2E sup Gy.

fEFNpD feA fEFNapr D
<Esup Gy +20E sup Gjy.
feA feFNpyD

Therefore, Esupsec 4 Gy Zp Esuprepn, p G 2 Vkpi. On the other hand,
by Sudakov’s minoration [13],

2,52 ~

k 2
log|A| < (Esup Gy/ap)? <~k < kjo?.
feA =Py,

An example of a set that does not satisfy (4.2) with constants that are
dimension independent, but is still skeletal, is 7' = B{* when p is an isotropic
measure on R”, i.e., when {t € R™ : ||(¢,)||, < 1} = By. Indeed, it is
standard to verify that for every 1/y/n < p <1,

E sup Gy~ +/log(enp?)
t€BPNpBY
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(see, for example, [9]), while for p < 1/v/n, Esup,cpnn,py Gt ~ /np. There-

fore, if k* < k < n, then pp ~ M. For every I C {1,...,n}, set
ST = {x € S"! : supp(x) = I}. Then J;c1prST C B N ppBY with the
union taken over all subsets of {1,...,n} of cardinality ~ k/log(en/k) and
c1 is an appropriate absolute constant. A standard argument (see, e.g. [18],
Lemma 3.6) shows that there is a collection B of subsets of {1,...,n} of car-
dinality m ~ k/log(en/k) that is com separated in the Hamming distance,
and log |B| 2 k. The set {copp//m > ,crei : I € B} is the desired skeleton
for k < n. Clearly, for k 2 n a skeleton exists trivially.

It turns out that subgaussian projections of skeletal sets inherit many of
the properties of the original set. For example, that for every |o| = k, with
plol-high probability,

Yo (P (F' N pp D), LT) ~ vo(F N prD, La).

The upper estimate follows without any additional assumption, because with
the necessary high probability, P,(F N ppD) C Vi + Vi, where (V1, L) is
isomorphic to a subset of (F' N pD, La), and Vo C cya(F N pr D, La)BY (see
[24]). Our proof of the lower bound requires the existence of a skeleton and
is based on the following simple observation.

Lemma 4.7 For every L > 1 there exist constants cy,ca, c3 that depend on
L and an absolute constant c4 for which the following holds. Let H be an
L-subgaussian class of functions with |H| < exp(k).

1. For every N > cik, with ¥ probability at least 1 —exp(—caN), the map
h — (Pyh) is a v/3-isomorphism between (H, L) and (H,L3).

2. If (6:;))., are independent selectors with mean § = csk/N, then with
probability a least 1 — 2exp(—cak), if J = {i : 0; = 1}, then (1/2)k <
|J| < (3/2)k and h — PjP,h is a 3-isomorphism from (H, Ls) to
(H,L3).

Sketch of proof. The first part of the proof follows from a standard
concentration argument and is omitted. For the second part, observe that
for every h € H, PyP,h = (6;h(X;))Y,, and for every fixed J C {1,..., N},
one may use the same concentration argument as long as |J| > ck. But |J| >
ck with high probability by a straightforward application of the classical
Bernstein’s inequality to vaz 1 0. [ |

24



Corollary 4.8 For every L > 1 and 0 < r,c < 1 there are constants ¢y, c1
and co that depend on L, v and c for which the following holds. If F' has an
(r,k,c) skeleton, N > cok and V = P,(F N ppD), then with p™ -probability
at least 1 — 2 exp(—c1k),

N
diam(V, LY) ~f pr  Esup| Zgwﬂ ~err VNVEpy.

veV i—1

Moreover, with probability at least 1—2 exp(—cak), (over (X;)N., and (6;)X,,
and for 6 = k/N ), if V.= PyP,(F N piD), then

diam(V, L3) ~r p Esug Zgjvj ~eLr PV | J|VE. (4.3)
ve .
jeJ

Proof. To prove the first part, observe that by the estimate from [24] men-
tioned above, and the Majorizing Measures Theorem, it suffices to show that
Yo (F NprD, La) < 42(Py(FNppD), LY), with a constant that depends only
on 7, ¢ and L. To that end, let A be a skeleton of F' N prD. By Lemma
4.7, with probability at least 1 — 2 exp(—cok), (P,.A, L)) is 3-isomorphic to
(A, Ly). Therefore, applying Slepian’s Lemma, Yo ( Py A, £2) ~1, vV N72(A, Ls),
but since A is a skeleton of F' then vo(A, La) ~pc v2(F N ppD, La) ~ VEpi,
as claimed. The second part of the proof is identical by considering a fixed
J ={i:8; =1} for |J| 2 k and using the first part for (X;);c. |

The final component needed in the proof of Theorem 4.5 is due to Rudel-
son and Vershynin [29]. Although it was not stated in exactly this language
in [29] its proof is an immediate outcome of Theorem 7.4 there.

Theorem 4.9 There exist absolute constants ¢; and co for which the fol-
lowing holds. If V. C B3 and Esup,cy | > vy givi| > m/m, there is some
ar/ym <t <1 for which

T‘2m

t?ve Vit) > co—rn——.
WVot) 2 o o)

Proof of Theorem 4.5. First, by Corollary 4.8, one may apply Theo-
rem 4.9 to V = p—i/gabsconv(PJPUFk) and m = |J| ~ k to show that
k

ve(V, e1/Vk) > gk for suitable constants that depends on L, ¢ and r. Ob-
serve that if V' C R™ is convex and symmetric and [ is the t-shattered set,
then tBL, C P;V, proving our claim. [
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We will present two applications of Theorem 4.5. First, the proof of The-
orem 4.5 shows why for N > k*, p is the best estimate one can obtain on the
“isomorphic profile” of F' for a sample of cardinality V. Indeed, if F' has an
N-skeleton then a typical projection P,(FNpxD) contains a coordinate cube
c1pn B with |J| ~ N. By the contraction principle for Bernoulli processes
[13], and selecting for every (¢;),c the vector (f(X;))ics € PrPy(FNpnD)

which is 0 if e; = —1 and c1py if g; = 1,
1 & 1
ExE. sup —ZsifQ(Xi) >ExE;. sup —Zsij(Xj)
rernpnD | N = feFrpnD | N Iy
ZL,C,?" p?\f

On the other hand, v2(F N pyD) ~ VNpy, and by the Giné-Zinn sym-
metrization argument and Theorem 3.1,

N N
1 1
ExE. sup N ZgifQ(Xi) <E sup N ZfZ(XZ-) ~Ef*+ sup Ef?
feFrpnD | N = feFronD | N = feFNpnD
VNpn  Np%

+p¥ Sk

SLON +

p N N
Hence, as long as F' is skeletal, this estimate is sharp and is exhibited by
the existence of a large coordinate cube in a typical P,(F N pnD). [

Remark 4.10 We will actually need more accurate information on the way
the k-dimensional complexity of F' is exhibited in N dimensional projections
for N > k: while a skeletal set satisfies that for every k > k*

N
ExE,  sup | gwil 2 VNVip,

vEPU(Fﬂka) =1

one would like to show that the same lower bound is true for the Bernoulli
process indexed by P,(F N piD), since this will be essential in establishing
a lower bound on the corresponding empirical process and on the oracle in-
equalities one may derive using the isomorphic method. This will be studied
in the next section.

The second application of Theorem 4.5 has to do with the structure of
random polytopes. Recall the following result from [15]:
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Theorem 4.11 For every L > 1 there exist constants ¢y and co that depend
on L and for which the following holds. Let & be mean-zero, variance one,
L-subgaussian random variable, set X = (&), a vector with independent
coordinates, distributed according to &, and put I' = Z§:1<XZ-, ->ei, where
(X;)F_, are independent copies of X. Then, for 0 < 3 < 1/2, with probability
at least 1 — 2exp(—c kPn'=F),

log(en/k)

- BY cI'B}.

C2

The following is a subgaussian version of Theorem 4.11.

Corollary 4.12 Let j1 be an isotropic, L-subgaussian measure on R™, (X;)F_,

are independent, distributed according to u, I' = Zf:1<XZ-, ->ei and K, |, =
I'BY. If cilogn < k < cin, then with probability at least 1 — 2 exp(—c2k),
there is I C {1,...,k}, |I| ~ k for which

log(en/k)

C3 L

Bl C PiK, .

Proof. Recall that B} is skeletal with absolute constants c¢; and ¢y, and

that for cglogn < k < eqn, pg ~ M. The claim now follows from
Theorem 4.5. [ |

4.2 Bernoulli processes indexed by random projections

The goal of this section is to lower bound the expectation of the supremum
of the Bernoulli process indexed by a set that is a subgaussian coordinate
projection of a function class with a skeleton. This is possible because a
subgaussian projection of such a class is a set in a “good position”, and thus
the Bernoulli process indexed by it should be as large as the corresponding
gaussian process.

Theorem 4.13 For every L > 1, 0 < ¢ < 1 and 0 < r < 1, there exist
constants cg, ..., cq that depend on L, ¢ and r for which the following holds.
Let F be a convex, symmetric and L-subgaussian class that has an (r,k,c)
skeleton. If k* < k < ¢oIN and 8 < c¢1, then with uN—probabz'lity at least
1 —2exp(—c2k), for every |I| > (1 — )N,

E EiUj

i€l

1
—FE. sup

> ¢5v9(F. Ly). 4.4
\/N veP.F sl 372( 2) ( )
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Also, if A is a skeleton of F 0 piD and Ay = {f € A:||f|| > capr}, then
with the same probability estimate, for every |I| > (1 — B)N,

E &5

iel

1
E. sup

\/N vEP; Ay

> e3v2(F N piD, La).

To prove Theorem 4.13 we will need the following version of Sudakov’s
minoration for a Bernoulli process, which is due to Talagrand (see, e.g. [13]).

For V.C R¥, set 7(V) = Esup,cy | Zf\il e;v;| and for every ¢ > 0 and
co let K. o, be the Minkowski sum cor(V)BYY + ¢BY.

Theorem 4.14 [13] There exist absolute constants cy and ¢y for which the
following holds. If V.C RN then for every e > 0,

elog'? N(V, K. .,) < exr(V).

An equivalent formulation of Theorem 4.14 which will be used here, is
based on the moments of the random variable Zf\i 1 €iv;, rather than on the
interpolation norm defined by K. .

Corollary 4.15 There exist absolute constants ¢; and co for which the fol-
lowing holds. Let V.C RYN. For every e < sup,cy HUH@’ and 2 <p <N, if

|[V| > exp(p) and the set {sz\il giv; : v € V'} is cie\/p-separated in L, then
(V) > cae /-
Proof. Let ¢y and c¢; be as in Theorem 4.14. Recall that for 2 <p < N,

1/2

N p
1D " ewilln, ~ > vi+vp [ D 0)?
=1 =1

1>p

(see, e.g. [12, 7]). Therefore, there are constants ca and Co for which
B, ={veRN:| Zfil €ivil|, < 1}, the unit ball of the L, norm endowed
on RV satisfies

er (BY + (1/yp)BY) € B, € Co (BY + (1/\/p)BY) .
Hence, /pB, is equivalent to \/I)B{V + BY, implying that for every ¢ > 2
and every p > c3q, \/qBy C \/DBp.
Since K. ¢, = cor(V)(BY + (¢/7(V))BY) then setting

Va=cr(V)/e > C4T(V)/Su5 lolley > V2,
ve
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it is evident that K ., is equivalent to £,/qB,, and in particular, is contained
in c5e,/qB, for a suitable absolute constant c5. By Theorem 4.14,

log N (V, cse4/qBy) < log N(V, K¢ ¢y) < (e17(V)/2)? = coq.
Recalling that for c3q < p, \/qB, C \/pB, then

log N(V, cs5e/pBy) < log N(V, cse\/qB,) < coq;

and if [V| > exp(p) and V is 2c5e,/p-separated in L, then p < cgq. There-
fore, c3qg < p < cgq, implying that 7(V') 2 e,/p, as claimed. |

Lemma 4.16 For every 0 < 6 < 1 there exists a constant co = co(0) for
which the following holds. Let V. C R™ and assume that there is p > 0
satisfying that for every v,w € V and every 1 < p < Om, || > i~ (v —
w)illz, = pll 327 9i(v — w)illr,. Then

m m
E sup Z g;v; > copE sup Z GiV;.
veV i—1 veV i—1

The proof of Lemma 4.16 follows from a construction of an admissible se-
quence using the mechanism developed by Talagrand (see [31]), by showing
that the functional ¢(V) = Esup,cy Y v, €:0; satisfies the following growth
condition:

Definition 4.17 Let (V,d) be a metric space. The functional ¢ satisfies the
growth condition if there are v > 4 and cy such that for every integer s, every
m = 2% and every a > 0 the following holds. If v € V', vi,...,vy € B(v,ra)
are a-separated and H; C'V N B(v;,a/r) then

¢ U Hy | > coa2’/? + ?%172 P(Hy).

<m

The growth condition was used by Talagrand to construct an admissible
sequence for the metric space (V,d).

Theorem 4.18 [31] There exists a constat ¢1 = c1(r, co) for which the fol-
lowing holds. If (V,d) satisfies Definition 4.17 with parameters r and co
then

12(V,d) < e1(6(V) + diam(V, d)).
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Proof of Lemma 4.16. We will use Theorem 4.18 for V' C ¢3' and up-
per bound ~,(V, ¢5*). First, observe that it is enough to prove the claim
when V' C R™ satisfies that |V| < exp(cym), where ¢; is a suitable ab-
solute constant. Indeed, by Sudakov’s minoration, V' contains an e-cover
V' of cardinality at most exp(cym) for ¢ ~ Esup,cy Gy/(c1m)/2. Since
Esup,e.pp Gu < ev/m < (1/2)Esup,ey Gy for an appropriate choice of ¢,
it follows that Esup,cy: Gy > (1/2)Esup,cy Gy ~ 72(V, £5").

The proof itself is almost identical to the proof of the gaussian case from
[31]. Consider such a set V' C R™, and we will show that it satisfies the
growth condition. Let k& < exp(cym), assume that (vg),<j are a-separated
in 45", set Hy C B(vg,0) for 0 < a to be named later and put H = Up< Hy.

For every v € V, let X, = 371" giv, Yo = (sup,ep, Xo) — Xy, and
W = maxy<y, |Y? —EY;|. Applying the concentration inequality for Bernoulli
processes [13], it follows that for every w > 0, Pr(|Y; — EY;| > u) <
2exp(—cou?/0?) for a suitable absolute constant cz. Therefore, Pr(W >
u) < 2k exp(—cou?/0?), and thus EW < o/logk.

Note that

EEBXU > r?éaéche + %QEW - W,

and integrating,
o(H) > EI??;(XW + Igl<111€1 ¢(Hy) — cso/logk.

Hence, it suffices to show that Emax,<j X,, 2 av/logk to prove the growth
condition, by selecting o < a.

For 1 </ <k, let up = vy — v1, and note that

Esup X,, = Esup X,,, ~ Esup |X,,],
<k <k <k

since EX,,, =0 and X,,, = 0. Also, u; —u; = v; —v;, and thus {uy: 1 < £ <
k} is a-separated in £3".

Let . be the measure endowed on R by the random vector (e, ..., )
and set pug to be the standard Gaussian measure on R™. Since (ug)i<y is

a-separated in ¢35 then by the assumptions, for every i # j, 4,7 # 0 and
every 2 < p < 6m,

lwi = will L, (o) = Pl = uillL,(ue) ~ PVPI% — Wil Ly(ue) ~ Pay/p- (4.5)

Thus, applying Corollary 4.15, for p ~ logk, Esup,<y | Xy, | 2 paviogk,
which concludes the proof of the growth condition for & < exp(f#m). Since
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k < exp(cim), it remains to consider the case Om < logk < ¢;m, and show
that a similar estimate to (4.5) is true in this range. To that end, observe
that for Om < p < m,

i = sl 1) =i = will g, o) = Pllus = will g, ue)

NPM H“z UJHLp (ua) >P\[Huz uJHLp(uG

Hence, the same estimate as in (4.5) holds with a constant that depends
only on 6, concluding the proof. ]

Proof of Theorem 4.13. Fix an integer k, let N > ci1k where ¢; is a
constant to be named later and let A be an (r, k, ¢)-skeleton of F. By Lemma
4.7, since |A| < exp(k/c), then with probability at least 1 — 2exp(—caN),
(P, A, LY) is 3-isomorphic to (A, L2). Moreover, just as in the proof of
Theorem 3.6, with probability at least 1 — 2exp(—csk), for every f,h € A
and every I C {1,...,N},

1/2
(Z(f - h>2<xi>> Sellf = hllzy (VE+v/TTlog(eN/T])) -

i€l

Let v = P, f and w = P,h and fix 0 < 3 < ¢4 for a constant ¢4 to be named
later. If J C {1,..., N}, |J| > (1 — B)N then

1/2

lo —wllyy =l —wllyy — | 3 (v~ w)?)*

i<BN
> ((1/3)VN = (Vi + VBN Tog(e/B)) ) If = bl = (VN/6)|f = hl|L,.

provided that 8 < ¢4 and ¢; is large enough.
On the other hand, for 1 <p < (1 — )N,

1/2

(- < eolLVEIT-hl, <\/§ /2 log<e/<p/N>>> -

i<p

If £ <r N and p/N < ¢g(L) then

L) (\/E /2 \/1og<e/<p/N>>) <112
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Therefore, if p < ¢gN and |J| > (1 — §)N then

1/2
1Y i —willz, 2 Vo | D_((Pr(v —w)))
ieJ i>p
» 1/2
2 VP I1Ps(v—w)llyy — (Z((v - w)?)2>
=1

2 (1/6 = 1/12)V N/l f = ke, 2 1Y gi(vi = wi)llz,,

e

proving the first part by applying Lemma 4.16.

For the second part, let A be the (7, k, c)-skeleton of F'N prD. Since
N 2 k then P, : (A, Ly) — LY is a 3-isomorphism with probability greater
than 1 — 2exp(—coN). Hence, for 0 < 0 < 1,

12(Ps(ANGD), L) ~ 72(AN 6D, Ly),
and since |A| < exp(k/c), then

Y2(ANOpD, Ly) S\/log [ Alopr <c 0puVk
§L70972(F N ka,LQ).
Therefore, by the first part, if 6 is small enough and A" = {f € A: |||z, >
Opr} there is ¢; = ¢7(L, ¢) for which, if |I| > (1 — §)N, then

E. sup Zslvl| >E. sup ’Z&%‘ —c7 -0y (FNppD, Lg)\/ﬁ
ve crA T UEPGA

> et ¥2(F N ppD, Lo)VN.

Remark 4.19 The proof actually shows that one can have a better proba-
bility estimate of 1 — 2exp(—coN) for co = co(L, ¢, ), a fact we shall not
use here.

5 Upper bounds on ERM

In this section we will prove the first of our two main results (Theorem A),
and establish general exact and non-exact oracle inequalities in the subgaus-
sian case.
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Let F be a class of functions and denote by ¢ the squared loss function.
Set £y = £(f(X),Y) = (f(X)—Y)? put f* = argmin; pEl; and let {p =
{€; : f € F} be the loss class associated with F' (or alternatively, if Ly =
Uy — Ly, then Lp = {Ly : f € F} is the excess loss class associated with
F). Given the data D = (X;,Y;)Y,, the empirical minimization algorithm
produces

N
f=argmingcpPnly = argminfeF% Z;E(f(Xi),Yi),
=
and the hope is that the error of the empirical minimizer E(¢ f|D) will be
close to minscp El; (assuming, as we do, that the minimum exists).
Recall that using the isomorphic method for H = £p, one ensures that
for some 0 < € < 1, with high probability, (1 —)Eh < Pyh < (1+¢)Eh for
every h in the set {h € {r : Eh > Ax}. On that event, for every h € {p,

Pnh
1+e¢

Pyh
—ANgEhgl—f_VngAN,

and therefore, since £ consists of nonnegative functions, then

1—¢

Since f is an empirical minimizer, then PNEf < Pylpe < (1+¢e)(Elp+AN)

and thus

1+ 2¢
E(¢ID) < 5

142
Elp. + (1 + 1+_ ;) AN, (5.1)

—€
which is a non-exact oracle inequality with a constant that tends to 1 as ¢
tends to zero (i.e., as the “isomorphic” condition approaches an “isometry”).

A similar argument applied to the excess loss class shows that since
PyL; <0, then E(Efﬂ)) < Av (where Ay is defined relative to the excess
loss class). Hence,

E(¢4|D) < Eép- + Aw, (5.2)

which is an exact oracle inequality.

Having this in mind, it is clear that to obtain exact and non-exact oracle
inequalities it is enough to identify the “isomorphic profiles” of F' — the levels
Ay for fp and Lp, at which an isomorphic estimate on the corresponding
loss or excess loss classes is possible.

We will show that in a subgaussian situation, this parameter is deter-
mined by the fixed points py of the corresponding gaussian process indexed
by F.
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Definition 5.1 Let H be a class of functions. For every integer N and
0<nd<l,let

An(H,n,8) = inf {)\ >0:Pr <sup |Py(h/ER) — 1| < n) >1- 5} .
ER>A
(5.3)

Clearly, if Eh > Ay then with probability 1 — §

1j—PNh <Eh < %PNh
which is the desired isomorphic condition. Therefore, high probability bounds
on the ratios
sup |Py (h/ER) 1|
Eh>A
for H=/{p or H= L lead to the isomorphic profile of F'.
Here, we will assume that the La(u) and t9(p) norms are L-equivalent
on the closed span of F' and that the unknown target is bounded in Ly, (e.g.
Y € By, 11)2). Moreover, since our goal is to study ERM when the structure of
the base class F' is not an obstacle for obtaining an exact oracle inequality
with fast rates, we will assume further that F' is a compact, convex set.
Thus, f* = argmingerE(f(X) — Y)? exists and is unique.
Let 1 be either £; or L; and set ¢p = {¢¢ : f € F'}. For every A > 0,
put

Ffy={f€F:Ey; >} and F) = (2FNcVAD),

where ¢ is a constant that will be named later.

Our first observation is that the both £y and £ can be decomposed into
two parts: a quadratic term, that has a very weak dependence on the target
Y, and an affine or linear one, which will turn out to be the dominating
term in the ratio estimate.

Set £ = f*(X)—Y and we will assume that £ # 0. If £ = 0 the treatment
is much simpler and will not be presented here.

For every f € F, put Q¢ = f*(X) and Uy = £f(X). Note that for every
fer, Ef = Qf,f* +2Us_ ¢+ and ef = Qf,f* +2Up_p + 52. Indeed,

Ly(X,Y) = (f = X)) ((f + [)X) - 2Y)
=(f =X (f = X)) +2(7(X) = Y))

=(f = X +2(f - [H)X)(f(X)=Y) = Qs—y- +2Uf(f*,)
54
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and thus
H(X,Y) = Qp_pr +2Us_ e + €%
For ¢p = ¢ or v = L, set
_ =7 + _[r=r +

To obtain the ratio estimate for the excess loss class L, one has to
establish high probability bounds on

N
1 Lp(Xi,Y:)
N> wr, !

sup = sup |(Pnv —P)(Qs—p +2Us_s+)/ELy]|
ELp2>A i=1 f feFZ')‘
(5.5)
f=7r f=F
= sup |[(Pv—P) ( —|— 2¢
fert, (ELf)Y/? EL;
N
< sup | > v*(X;) —Ev?| 4+ sup &w(X;) — BEw(X)|.
’UEVL:’A ; ’U)EWE A Z

In a similar fashion, for the loss ¢ one has to bound

N
1 (X5, Y5) 1
su — —_——— — 1 = Ssu P P * +2U * +
Sup |y E_ R, Dy, (Pn — P)(Qf—y f+ &%)
f i=1 feF

(5.6)
f-f f-r &
= sup |[(Py—P) (( _|_ 26 4+ >
rerp, (EL;)1/2 El; | B
L X
< sup |— Y 0*(X;) —Ev?| + sup &w — Eéw
vEVy A N; weWp \ ;
1)1 &
+ | osup | |5 D (X0, Ye) — EE?.
rer, Bz N;

To control (5.5) and (5.6), one has to identify the sets Vi, x and Wy 5.

Lemma 5.2 There exists an absolute constant ci for which the following
holds. Let 1 be either £ of L and assume that there is a constant B > 0 such
that for every f € F, || f — f"‘H%2 < BE«s. Then for every A > 0,

Vi C % (2PN VABD).
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Moreover,

W C % (2PN VABD) and Wi, C 2FNVABD).

\fHLQ\f(

Remark 5.3 The assumption that for every f € F, || f — f*H%2 < BEyy, is
the “significant” part of the so-called Bernstein condition [3, 21, 20]. This
condition is satisfied in a wide variety of cases and for many loss functionals.
For example, when F' is a compact, convex set, then the squared loss and
excess squared loss classes satisfy it with B = 1 because of the characteriza-
tion of the nearest point map onto such sets in a Hilbert space. We refer the
reader to [21] for more details on the Bernstein condition in more general
situations.

Proof of Lemma 5.2. Clearly, |(f — f*)/(Evf)'/?||1, < VB, and thus
(f — £*)/(Eyy)/? € VBD. Since F is convex and symmetric and Eypy > A
then
A e R2)
Eyp)/2 VX (Eapy)l/?
and the first part of the claim follows.
If 1 = £ then 1/(EL;)Y/? < 1/v/X and thus

€ 2F/V\,

W C % (QFm \/ED) .

Finally, since €y > || f — f*[|2, + l€]17,, then 1/(E€)Y* S 1/(€]lz, + IIf —
f*llr,) and thus

Wea C HfIILQ\f (sz/ED)

Let us reformulate Theorem A:

Theorem 5.4 For every 0 < n < 1 and L > 1, there are constants cgy, c1,
c2, c3 and c4 that depend on L., ||&|y, and |||\, for which the following
holds. For every L-subgaussian class F', Y € By, and N > k*(F), let
k1 = max{k* < k < cn : pr > c1\/k/N}, put 51 = 2exp(—caN), and set
0o = 2exp(—ceoky). Then,

1
AN(EFanaé‘l) <cs3 <PE4N + N)
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and
AN(Lp,n,02) < cs3pp,
Therefore, with probability at least 1 — 2exp(—caN),
1
Eéf < (14 2n)El 4¢3 <,034N + N> )

and with probability at least 1 — 2 exp(—caoky),
El; < Elp + c3py, -
Observe that if the sequence is even remotely regular, than

2 . 2
Pry ~ . Iin oy + B/N).
Also, note that the sequence py/ V'k decreases with k, and thus k; grows
with N — as should be expected.
The ratio estimate leading to the oracle inequality follows from Theorem
5.5 below. To formulate it, set A = (1/v/A\)Fy and put L' = max{L, |||y, /1], }-

Theorem 5.5 There exist constants c1,ca,c3 and cq4 that depend only on
L' and for which the following holds. If N > ~v3(A,9)/da(v2), then for

u > c1, with probability at least 1 — 2 exp <702u2 (72(A, ¢2)/dA(¢2))2) ,

sup

N

1 Ly(Xi,Y)

L
=1

EL ;> ELy
2
<cgu® <d,4(1/}2)72(:;17ﬁw2) + 72(“;‘\]’,%) + Hfﬂ%ﬁz 72(:/4]%/}2» )

Also, for u > c¢1 and w > 0, with probability at least

1= 2exp (—c3u? (12(A, 12) /da(12))*) — 2exp(—caN min{w?, w}),

sup | L a Cp(Xi,Y5) _q
Eyon|N & El
2
<cyu? ((dA(¢2) + ”?"?) 72(:/4#2) + 72(“;{\;%))
+w||f||12¢2
€12,
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Proof. In light of Lemma 5.2, the three processes one has to study are
given by (5.5) and (5.6):

N
1
(1) sup  |= ) 3(X;) — Eo?,
vEATL/2F, N ; Z
N
(2): sup |= Z{iw(Xi) — Eéw

WEATIF) i=1

1 1

=—— sup
\/X 1)6)\_1/21‘7)\

i=1
and

1 N
v > &u(X;) — Eu

i=1

zléz <|rf§rfL2”<X”> oF <H£!§L2U(X)> ‘ |

Since A = (1/V/A)F, all of the above may be bounded using Theorem
3.1 and Corollary 3.9. Also, |[N~1 ZZ]\LI £2(X;) — E€?| can be estimated by
Theorem 2.2, proving the desired result. [

(3): sup
u€lléllp AT/ 2Fy

= sup
’UG)\_I/2F)\

Let us estimate the parameters appearing in Theorem 5.5. Since p is
L-subgaussian, then d4(3) < Ld(Ls), and since \"Y/2F, C ¢, D, then
da(19) < e1L. Also, by the Majorizing Measures Theorem, yo (A2 Fy, ) <
LA"Y2H(V/)). Finally, if A < dp(Ls) then

12(A ) o H(VA)
da(¥2) ~ LV

Hence, by Theorem 5.5, if H?(v/A)/A < N then with probability at least

1-2 eXp(—C5(L)U2(H2(\/X)/)‘))7

< (H(ﬁ) L (V)

~L U

N
1 L(X;,Y5)
sup |— E — -1 +

EL;>A ELy

H(ﬁ))
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Lp(Xi,Ys
and to ensure that supg, > + sz\il s Xi¥i)

— 1‘ < 7 it suffices that

EL:
H(V)) H(V})
oV Sen/3 and that €]y, Wi <t n/3.

Observe that if one sets k1 ~ max{k* < k < cgN : pp 2 /k/N} and \ ~
pil, for constants that depend on L, n and ||{]|y,, then the two conditions
hold. Indeed, recall that for every y > p,, H(y) Sr yv/x. Hence, if v > 1

and A = 72,0%1,
BN _ apuvE_ [l
VAVN 7 o, VN N 3

provided that k1 < ¢1(L,n)N. Also, since 1/pg, < +/N/k; then

HWVA) _ n
||£”’lﬁ2 )\\/ﬁ SL 3’

if v > ca(L, €]y, m). Finally, the probability estimate clearly holds because

H(ypry /(VPry) 2oy Vo1

Turning to the loss class, if w ~ (||€]lL,/1€]lw)?n and H2(VA)/A <
N, then there is a constant c3 that depends on L’ and 7, for which with
probability at least 1 — 2exp(—c3H?(VA)/A),

) HO) | 7/
€l ) VAVA T AN

Hence, it suffices to ensure that H(v/A)/v N\ <ps 1, which concludes the
proof by taking A ~ piN +1/N. [ |

1 imxz-,m

PN E;

-1
B >x [N

+n/3.

St <1 +
=1

6 Lower bounds

Here, we will show that if (pg) is even slightly regular, then the estimate of
ming<k<e,n(ps + k/N) for an exact inequality can not be improved using
the isomorphic method if F' is skeletal and Y is reasonable.

Assumption 6.1 Let F' C Lo(pu) be a compact, convex, symmetric, L-
subgaussian and skeletal class with parameters r and c. Also, assume that
|Ylp, <1, thatY is orthogonal to span(F'), and that there is some v > 0
satisfying that for every e > 0,

Pr(Y| <e) <.
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Note that since Y is orthogonal to span(F) and 0 € F', then f* = 0 and
thus f(X)é = — f(X)Y

Theorem 6.1 For every L > 1, r,c € (0,1) and~y > 0, there exist constants
c1,c2 and c3 that depend on L, r, ¢ and ~y for which the following holds. If
F, X and Y are as in Assumption 6.1 and X\ < max{p} : pr, < ca\/k/N},
then

1
sup |— —1| > 1.
BTN

Note if the sequence (pk)zozzi* is reasonable, for example, in the sense that

there is some 0 < a < 1 for which p; and p,; are proportional for every
k* <k <cyN, then

max{p} : pi < er/B/N} ~ min{pf s pi = co/k/N} ~ | min(pf+k/N),

showing that the upper bound is sharp.

Recall that f* =0, and thus ELy = Hf”%2 and

1 o 2 1
N;L:f(Xi,Y;) = I II%, + Nizlf(xi)&- + (Nizlf%xi) —Ef2> :

Therefore,

N
1 Z Lp(Xi,Ys) 1
N pa EL;

>

1 o fA(X)
N; Ef2 -1

2 <L f(X)

By the convexity and symmetry of F,

s € F: 1l > VA} € %mﬁm VAD),

Hence, if £* < k and A = pi, then by Theorem 3.1,

E sup
{fEF:EL; >N}

1 2(X;
—Zf(zz)—l <E sup
N i=1 Ef heA—1/2(2FNV/AD)

<72(2FQ\FD,¢2) n v3(2F NV/AD, 1)
~ VAN AN

k k
< _ _
SN TN (6.1)
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Thus, to prove Theorem 6.1 it suffices to bound

2 o f(X)

E
sup N 2 B2

{feF:IfllL,>VA}

&i

from below. To that end, recall that by Theorem 4.13, if N 2 k then with
u™N-probability at least 1 — 2exp(—cik), if 3 < ¢z and |I| > (1 — B)N,

E E;U;

el

1
—=E. sup > c372(F, La),

\/N veP; A

where A C {f € F: || f|lz, > capr} and c1, ..., c4 depend on L, ¢ and r.

Lemma 6.2 There are constants cy,ca,cs and c4 depending on the param-
eters of Assumption 6.1 such that, for every integer k* <k < c1N,

N
X; kN

. s f g)ﬁizcﬁﬁ.
{FFnpDil flln, >eson} = B P

Proof. Let Fi ={f € F:cipr <|fllz, < pr}. Since f(X)Y is centered, a
standard symmetrization argument shows that

E sup
fer

i f(Xi)Y;

N
sup » &l f(X;)Yi]

Ly

1
~ —ExyE:
Py,

Fix u to be named later and note that by Assumption 6.1, for every G > 0,
with probability at least 1 — exp(—c2GN),

{i < N : Y| 2 28/7}] = (1 - BN (6.2)

Indeed, for every t > 0 and 0 < 8 < 1,

Pr({i: Vil <t} > 6N) < ( N )(w)ﬁN < exp(— N log(3/ent)).

BN

Take (3 to be the constant as in Theorem 4.13, let I = {i : |Y;| > 28/~},
and since |Y;| > 1;(#)2(3/~, then by the contraction principle for Bernoulli
processes [13], conditioned on the event from (6.2)

E. sup
fem

N
> ailYif (X

=1

25 Besup | Y eif (Xi)-
feFl iel
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Applying Theorem 4.13, with p/V probability at least 1 — 2 exp(—c4k), and
since |I| > (1 — )N then

ExE. sup Zfif(Xi) 2y VNY(F N piD) ~1 piVEVN,
fer ey
which concludes the proof. [

Proof of Theorem 6.1. Combining the linear estimate (Lemma 6.2) and
the quadratic one from (6.1), it follows that for every k* < k < ¢yN,

oo/E2-aEaoyE-2

as long as pp < cs. Also, y/k/(Np2) > 1/cs provided that pr < \/k/N.
Hence,

‘Cf(XMY;

E
oo N i,

{LrELy>p}}

L LK YD)

>1
" ELy

E sup
{Lp:Lr>N}

for any A ~ pi that satisfies that py < ¢54/k/N, and c5 that depends on the
parameters of Assumption 6.1. [ |

Remark 6.3 A similar argument shows that there are constants ¢y, c; and
¢, depending on the parameters of Assumption 6.1 for which, if A < ¢ max{p% :
pr < c1/k/N}, then with probability at least co,

['f XZ’Y;
sup —1| > 1.
(Ly:Lp>A} NZ ELy
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