ON BOURGAIN’S COUNTEREXAMPLE FOR THE
SCHRODINGER MAXIMAL FUNCTION

PO-LAM YUNG

Below I write up, for my own benefit, Bourgain’s counterexample [1] for the Schrodinger maximal
function. The exposition follows closely the excellent survey article [3] by Pierce.'

For every n > 2 and every s < % — m, Bourgain [1] constructed a family of functions
Fr € H*(R™), such that
I supg<i<1/r le " Fr(z)|l| L1 (B(0,1))

(1) lim =00

R—o ||FRHH5(R”)

Here B(0,1) is the unit ball in R™ centered at 0, and [|Fg| gs®n) is the Sobolev norm given by
(I — A)S/2FR”L2(Rn). We will repeat this construction, with a bit more detail than in [1].

Notation. Throughout we will fix a Schwartz function ¢ on R so that ¢ is supported in the unit
interval [—1, 1], and so that ¢(0) = 1, and write

e(z) := €.

We will allow all implicit constants to depend on ¢ as necessary.

1. COUNTEREXAMPLE IN DIMENSION 1 = 1

First, it helps to understand what happens in dimension n = 1. Let R > 1. We will choose a
parameter S = S(R) such that 1 < S < R, and set

(2) fr(z) = e(Rz)p(Sx), xe€R.

It follows that E is contained in the set where |¢| ~ R, and

(3) | £ Rl sy = R2S™V2.
Now let

ug(x,t) = e*itagfpb(x).
Then 1
une.t) = 5= | FEE(SE+ Rya + (S -+ R0
S0
unlz,t) = e(Re + R2) / B(E)e(€ (S + 25 RE))e( S2E24)dE
We write e(S262t) = 14+ O(S?€?|t|) and appls Fourier inversion for the main term. We then obtain
(4) up(z,t) = e(Rx + R*)p(Sx + 2SRt) + O(S%t).

T am very grateful to Lillian B. Pierce and Keith Rogers for discussions about the proof presented here. It is
worth pointing out that Luca and Rogers [2] gave another proof of (1) using ergodic considerations in lieu of number
theoretic estimates.
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If |z| < ¢ for some sufficiently small constant ¢ > 0 and
1

ti=——
oR™

then as long as
(5) 5% <R,

we have

N[

jure, )] 2 16(0)] - 5 =

We fix such ¢ for the remainder of this section. Then under assumption (5),

sup |ug(z,t)| > 3
0<t<1/R

for every x satisfying |z| < ¢, which implies

>
LY(B(0,1))

sup ur(, )| c

0<t<1/R

N | =

Recall the H® norm of fr in (3). As a result, under assumption (5),

| suPo<i<1/r lur(z, )|l L1(B0,1)) . Lopsgl/2
I fRI| s (mm) 2

We now take S = R'/2, so that the lower bound above is maximized under assumption (5). This
gives
[ supg<i<1/r lur(@, )|l L1 (B(0,1))
I Rl s mm)
which tends to +00 as R — +oo if s < 1/4.

1 1
> _cR1™*
= 2C )

2. ANOTHER CONSTRUCTION IN DIMENSION 1

To prove Bourgain’s theorem in dimensions n > 2, it is perhaps natural to try tensor product
of the 1-dimensional example with something else. Bourgain’s insight is that you can tensor with
essentially sums of well-spaced Dirac delta’s in the frequency space and use bounds for exponential
sums from number theory. At its root we should consider the following 1-dimensional construction.

Again let R > 1. We will choose an integer D = D(R) such that 1 < D < R, and write A as a
shorthand for the integer part of R/2D. Let

(6) gr(@) = ¢(z) Y e(Dtw), zeR,
A<t<2A
Then the support of gg is contained in the set |¢| ~ R, and
gzl ms(z) = REAY2.

Moreover, let

v(z,t) = e "% gp(x).
Then

1 ~ 2
vr(et) =5 | 2O > e((€+ DOz + (x + De)*t)ds

2
A<t<2A
2
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1

vR(z,t) = G

/R P& Y elé(z+2Dit))e(Dlx + D*(*t)e(£*t)de.

A<C<2A
We write e(£2t) = 1 + O(£2t) and obtain

1l
one,t) =5 /R 3(6) M;M e(€(x + 2D0r))e(Dlx + D202t)dg

+O | |t| sup Z e(lz + D*(*t)
#€[0.27] | A cp<an

Then we apply the summation by parts formula
(7) Z aeby = ag Z by + Z (ap41—ar) Z by
A<l<2A A<l<2A A<L<2A A<t<LL

with ay = e(é(x + 2Dft)) and by = e(Dlx + D?(?t), and then integrate in ¢ using the Fourier
inversion formula. We obtain

vr(z,t) =p(z +4ADt) Y e(Dlx+D*Ct)+ O (|t| sup | > e(lz + D*(*t)
A<I<2A 2€[0,27] | A cp<op

(8)

+ O | AD|t| sup Z e(Dlx + D*0?t)
A<LS2A |\ 572,

At this point we can bring in exponential sum estimates from number theory.

Lemma 1. If there exist integers q,a,b € N with q odd and (a,q) = 1 such that D*t = 27a/q and
Dz = 2mb/q, then for A < L < 2A,

L-A
3" e(Dtx + D) = {J q'”? + 0(q"*(log 9)'/?).
A<t<LL 1

Proof. This is because we can split the sum on the left hand side into [%J many complete Gauss

sums modulo ¢, each of which is equal to ¢'/2, and the remaining incomplete Gauss sum can be
bounded by an estimate of Weyl. See Lemma 3.1(1) and Lemma 3.2 of [3]. O

Furthermore, we may perturb x a bit and the error would still be under control:

Lemma 2. If there exist integers q,a,b € N with q odd and (a,q) = 1 such that

27b

D* =" and ‘D:c— < 0,
q q

then

Y e(Dtx + D*t) =e <L (Dx = b)) LL_AJ "% + 0(q"*(log q)'/?)
A<t<LL 1 q

o~ & (|55 |07+ 0w ozar ™) ).



Proof. Indeed, we write the sum on the left hand side as

2mh 2mh 2
3 e<g<m_ﬂ>)e<ﬂ+gz@
A<t<L q q q

and apply summation by parts (7) with a; = e <€ (Dx - Q%b)» bp=ce (27r (K% + 52%»; we obtain

3" e(Dtx + D*Pt) =e <L (Dax - Z)) AZLe <27r (zz + e”é))

A<e<L <<

+O | (L—A)§ sup Z e<27r<€b+52a>)
A<L<2A A<I<L q q

The desired estimate follows via the same argument in the proof of Lemma 1, where one splits into
complete Gauss sums and an incomplete one. O

The following summarizes what we need below:

Lemma 3. If there exist integers q,a,b € N with q odd and (a,q) = 1 such that

and ‘Dx - ZLb
q

2ma

D*="" <6,

then the following three estimates hold:

> ente+ 020 = 1+ 0me) (| 7] a2 + 010807,
A<tL2A i

sup Z e(Dlx + D**t)| < (14 O(AJ)) <

A
J q1/2 + O(ql/z(log Q)1/2)> )
A<L<2A A<I<L q

and

sup Z e(lz + D2€2t) =0 <<Aq1/2 + q1/2> (logq)1/2> '
z€[0,27] A<l<2A q

In fact, the first two estimates follow directly from Lemma 2, whereas the third one follows from
another Weyl sum estimate (see again Lemma 3.2 of [3]).

With these preparations, we are ready for the construction of Bourgain’s counterexample in
general dimensions n > 2.

3. COUNTEREXAMPLE IN DIMENSIONS 1 > 2

Let R > 1. As in the last section, D = D(R) is an integer to be chosen, such that 1 < D < R.
A will be a shorthand for the integer part of R/2D. We define two one-variable functions fr and
gr as in (2) and (6) in the previous sections, where we take S = R'/2 in the definition of fg.

Let Fr be the function on R™ defined by

Fr(z) = fr(z1)g9r(22) ... gr(%0), 2= (71,...,2,) € R™.
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Then the support of Fr R is contained in the set || ~ R, and
n—1
1, n-1 s 1 (R 2
9) 1R | s ey = RT71A 2 =~ R <D> :

Let

Ur(z,t) := e "2 Fr(z) = ur(z1,t)vg(x2,t) . .. vp(xn, t)
where ur and vg are as in the previous sections. We will now construct a set Q = Qr C B(0,1) in
R", for which supyci<1/p |Ur(z,t)] is large for z € Q.

The construction of €2 involves the choice of another integer @ = Q(R) with 1 < @ < R, whose
value we will only pick at the close. Denote by I(r,d) the interval (r — d,r + d). For odd primes

q<Q,let

draR ¢ 2rb ¢
Ql,q = U ) I <_W’ R1/2> and 927(1 = U I <qD7 j\D)

1<b<cqD

where ¢ > 0 is a sufficiently small constant to be determined. Then let 2 C B(0,1) be given by

0= |J Qugx0pt
q<Q
q odd prime
Suppose now x € ). Then there exists an odd prime ¢ < @, and integers a,bs,..., b, with
2
1<a< c%, (a,q) =1, and 1 < b; < ¢qD for 2 < i < n, such that
+47mR c q 2mb; < c ¢ 9 < ;<
T an i — ——| < —= for ever i <n.
! = R1/2 T 4D | AD yists
Setting
2ma
ti= —,
qD?
we have
|RY2(z1 + 2Rt)| < ¢,
which implies
\%‘1’ c 1 c 4mre + o(1)
< _ .
(10) It < ‘H— ‘+ <=t m (47Tc—|— R1/2) <
from (4) with S? = R, we get
1 1
(1) un(en,0)] > Sle(0)] = 5
if ¢ is chosen small enough. Also note that for 2 < ¢ < n,
27h; 27h;
|| < m_TDZ D §E+27rc—27rc—|—0(1)

which in light of AD ~ R and (10) shows that |z; + 4ADt| = O(c) for our previous choice of ¢. In
addition, we have

2 27b;
D?*t = cra with ‘Dafi _ LT S% for every 2 < i <mn,
q q
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which allows us to apply Lemma 3 with § = £. If c is chosen small enough, then from (8) and the
previous application of Lemma 3, it follows that

(12) onai 012 5 (| 2] 42 + 00 2007

We now fix, once and for all, a small ¢ so that both (11) and (12) holds. We thus have, for z € Q,
that

R n—1
13 sup |Ug(z,t)| 2 () ,
( ) 0<t<1/R| R( )’ Q1/2D
provided that @ = Q(R) and D = D(R) are chosen so that
R
(14) 5> Qg Q)2

(recall A ~ R/D).

We will now show that the measure of 2 is large, so that || supg<ic1/r |Ur(z,)||[L1(B(0,1)) has a
favorable lower bound. To do so, we should choose D = D(R) and @ = Q(R) so that

2c < ATR
R/2 — Q D2’
this will ensure that the intervals in the definition of €2y, are disjoint for every prime ¢ < Q. We
will also choose D = D(R) such that

(16) D? > R;

this ensures that the union in the definition of 21 ;, runs over many complete residue classes modulo
q, and also ensures that

(15)

2¢ 27

g il

AT Q
(recall A ~ R/D so (15) and (16) ensures that 2” > }02?/2 ~ ﬁR?/Q > £). The latter ensures that
the intervals in the definition of Q3 , are dlSJOlHt for every prime g < (). If we were so fortunate

that the sets €2y 4 X (237;1 in the definition of {2 are disjoint as ¢ varies over all odd primes < (@,
then the measure of {2 can now be easily computed: we would then have

D? 2c n—1
— n—1
o= X mexgllz X | |a- v (lanlys)
q<Q <@
q odd prime q odd prime

because there are at least [C%%J (¢ — 1) many disjoint intervals of lengths R216/2 in the set Q 4,

which shows

D? 2c
(17) 0l 2 | | 0= D55
and there are |cgD| disjoint intervals of length % in €3 4, which shows
(18) Q24| = LCqDJE

We make the earlier sum smaller by summing only over those ¢ that satisfies additionally ¢ > @Q/2.
Indeed, the prime number theorem allows us to count the number of primes ¢ satisfying /2 < g <
Q: for every € > 0, when Q > 1,

(19) Q) — 7(Q/2) > (1- )2

Q/ 1 Q
ogg T )1og(Q/2)>< 25) og Q'
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where 7(Q) is the number of primes < @. Hence for ) > 1, we have

1 Q D2Q 2c Q. ¢\ & @QD*Q'DV!
Q> = c—= NeED-— = .
4logQ \' R 2 R1/2 n+1logQ R3/2 Rn—1

2
(20) 2 AD
(We used the assumption (16) to bound [C%J >(1- s)c% for every e > 0, and @ > 1 to bound

legD] > (1 — E)C%D whenever ¢ > @Q/2. If ¢ is sufficiently small, we can make the coefficient on
the right hand side of the first inequality in the earlier display equation > 1/4.) This calculation
turns out to give essentially the correct answer when @ and 1/A ~ D/R are small, but is too good
to be true when @ or D/R is too big; the correct lower bound for || is given in (25) below, whose
rigorous derivation we now give.

To begin with the rigorous argument, note that the measure of 2 can be computed using Fubini’s
theorem, by first integrating the charateristic function 1q of 2 in the x; variable, before integrating
in the 2’ variables. The projection of Q to the 2’ space is

n—1
U Q2,q
q<Q
q odd prime

and for each 2’ in this projection, we may choose a prime g < @Q so that z’ € Qggl; it then follows
that

D? 2c
/RQ(xljx/)dxl Z ’QLq’ Z \‘CRJ (q — l)w

where we used (17). This shows that

D?| Q 2c 2 QD?
/ / /. n—1
/Rﬂ(xl,m Ydxy > \‘CRJ 2R > > whenever 2" € Q' := U Qy, -
Q/2<q<Q
q odd prime

(We used the assumption (16) to bound [C%J > %%.) In particular,

2 QD?
2 R3/2

(21) Q] > &
But € is the support of the function

A /
7](33) T § : 193’;1(‘% )’
Q/2<q<Q
q odd prime

and for @ > 1,

- 1 Q 1 ¢ n—1 cQ(n—l) Qn
99 o — [0) n—1 > _ D— =
(22) H77HL1(R 1) Q/;<Q Q2,4 ~4logQ (26Q AD) 27+l Jog Q An—1
q=
q odd prime

where we used (18) (together with the bound |cgD| > (3 — £)c@D when ¢ > Q/2 > 1) and (19).
On the other hand,

23)  Inllfz@ey = D Q2,4 NV Q20 [" 7 = Il 1 + > Q2,4 N Qo ["7
Q/2<q,4'<Q Q/2<q,4'<Q
q,q’ odd prime q,q’ distinct odd prime



For distinct primes ¢, ¢’ with Q/2 < ¢,¢" < @, we count the number of pairs (b,d’) with 1 < b < ¢gD
and 1 < b < ¢¢'D so that the intervals (2%, 1<) and I(27% <) intersect. This happens precisely

qD> AD q'D> AD
when
2rb  2@wb - 2¢
gD ¢D AD’
i.e.

bg —b'q| < 7TiAqq’-
But since ¢, ¢ are relatively prime, for all integers m and k, the number of integer solutions (b, ')
to the equation bg' — b'q = m with kg < b < (k + 1)q is at most 1. (If (b,t/) and (b, ) are both
such solutions, then (b — b)q’ = (b’ — b)q is divisible by ¢, so ¢ divides b — b, which implies b = b

and hence b’ = V'.) As a result, the number of pairs (b,b') with 1 < b < c¢gD and 1 < b < ¢¢'D so
that [bg' — V'q| < 5qq’ is at most

Q*D

c
D (2— "+1) <
[eD1(2—ad + )_
provided that @ = Q(R), D = D(R) are chosen so that

R
2
(24) QP>

(recall A ~ R/D so (24) impiles [e¢D] -1 < CQZD ). It follows that for distinct primes ¢,q¢" with
Q/2<¢,d <Q

21b ¢ 2t ¢ Q’D ¢ Q*
0 0y | < I|—, — I({——, = ]| < % — Y3
€24 N g| < Z Z ' <qD’DA>ﬁ (Q/D’DA>‘—C A DA CAQ’

1<b<cqD 1<b'<cq’ D

so using (19) again, we obtain

Doy N |1 < c< < = = ).
Q/2<Zq:q'<c2 el log@/ A A" log@ \ A"

q,q’ distinct odd prime

C Q"
2
H77||L2(Rn—1) < 2max {HnHle log Q <An1> } :

But then from Cauchy-Schwarz, we obtain

Plugging back into (23),

H77||L1 Rn—1)

~1
c Q"

@) > VL@ S L Dl ey, (712 g <> ,

‘ ’— H HLQ RA-1) 2 HUHL (R ) ”n”Ll(R 1 <logQ An—1

so the lower bound (22) for [|n|| ;1 ®n-1) gives

s b {20 @y
=9 2ntl]og Q An—1’ 22(”+1)ClogQ

Using (21), we then obtain our final bound for ||, namely

1 D2 ) QnDn—l
(25) Q2] = o Q T2 mm{ Tl ,1}

8




(note that this is only worse than the naive guess in (20) when @Rfiffl < 1). From (13), it follows
that

- R n—1 1 QD2 ) QnDn—l )
~ QI/QD logQ R3/2 min Rn—l ) :

sup |Ug(z,t)]
0<t<1/R

LY(B(0,1))
Hence in view of (9), we obtain

[supocecr/rUR(, |

-l 2 n nn—1
(26) L1(B(0,1)) 2R411_3< R > 2= 1 @D mm{Q D ,1}

I F Rl s () QD log Q R3/2 Rn—1
under the assumptions on D = D(R) and Q = Q(R) we have made so far, namely (14), (15), (16)
and (24).

As we will see shortly, to maximize this lower bound under the assumptions made, it is natural

to take D = D(R) and @ = Q(R) so that

QD2 QnDn—l '
R3/2 ~1 and F ~ 17
this is so that ggz achieves the maximum allowed value in (16), and so that the minimum in (26)

equals 1. In other words, we are taking D = D(R) and = Q(R) so that
(27) D~R%M0 and Q~ RTiD.

This is the choice made by Bourgain, and it is easy to check that the assumptions (14), (16) and
(24) are all satisfied. The right hand side of (26) is now bounded below by

—1 n+2 n—1 1 —1 n
Ri—spU-strn —atain) 7 o) _ pitatin —oW=s _ pamn —ol)-s

which tends to +00 as R — +oo if s < ﬁ

4. OPTIMALITY OF BOURGAIN’S COUNTEREXAMPLE

A simple linear programming exercise shows that under assumptions (14), (15), (16) and (24)
on D and @, the choice (27) of D = D(R) and @ = Q(R) maximizes the right hand side of (26),
thereby giving the optimal lower bound for the left hand side of (26).

Indeed, assumptions (15) and (16) almost implies the condition (14), because (15) says @D? <
R3/2_and (16) says D > R'/2. Together they imply
R¥? R RY?> R
Q 5 - = .« =
D2 D D D
which is (14) up to a factor of (log@)'/2. So when we carry out linear programming, we may as
well just focus on the assumptions (15), (16) and (24) on @ and D and check that the final solution
does satisfy (14). Writing D = R? and Q = R", we see that the assumptions (15), (16) and (24)
translate into

3
20 < =
+/£_2

1
, 5>§, and 6+ 2k > 1.
These inequalities describe, in the (J, x) plane, the union of the open triangle ABC, together with
the open edge (AB), where

A=(1/2,1/2), B=(2/3,1/6), and C = (1/2,1/4).
9



To maximize the right hand side of (26), we need to maximize
3—n

L(6,Kk) =20+ k + min{(n —1)d + nk — (n — 1),0}.

The line (n — 1) +nk — (n — 1) = 0 (pictured in red above) cuts the triangle ABC' into two parts,
one where (n — 1) + nk — (n — 1) <0 and

L(3, k) = La(5, ) = (n+1)5 + 03

k—(n—1)

(let’s call this region Pj; it is shaded in green above); and another where (n—1)d+nk—(n—1) > 0

and
3—n

2

K

L(d,k) = La(0, k) := 25 +
(let’s call this region Py; it is shaded in yellow above). Let

n+ 2 n—1
X = ,
2(n+1)" 2(n+1)
be the intersection of the red line with the line segment AB. The slope of the level sets of L
(namely —2%131), as for the blue line in the picture) is sandwiched between the slope of the red

line (namely —"¢) and the slope of X B (namely —2), and when n > 2, the level sets of Ly (such
4

as the purple line in the picture) makes an angle arctan(;=5) with the positive ¢ axis, which is
smaller than the angle that AX makes with the positive § axis (namely arctan(—2); here arctan is
defined to have range [0,7)). As a result, the maximum of L(d, k) on both P; and P; occurs at the

point (4, k) = X. This corresponds precisely to the choice of D = D(R) and @ = Q(R) in (27).
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