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Introduction

Introduction

» Goal: to study Sobolev inequalities for differential forms
» 3 parts of the talk:

1. Known result: the exterior derivative d in RN (elliptic complex)
2. Corresponding result for 9, complex (subelliptic)
3. A key element in the proof: a decomposition lemma

» Shall focus almost entirely on the L' theory only
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The elliptic complex Sobolev inequality for d
1! -duality inequality

The elliptic complex

>

Work of Bourgain-Brezis, Lanzani-Stein and van Schaftingen

v

Set-up: Introduce componentwise LP norm on the space of g
forms on RN

v

d: Hodge de-Rham exterior derivative

d: q forms — (g + 1) forms

» d*: adjoint of d under the Euclidean inner product
d*: q forms — (g — 1) forms

» Question: Suppose u is a g form on RN and du, d*u e L!.
What can we say about u?

v

If g =0, du is just the gradient of u, so
1 N
duel” = ue V-1,
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Theorem (Sobolev inequality for Hodge d)

If u is a compactly supported smooth q form on RN, and if g # 1
nor N — 1, then

lull o = C(lldull i+ fld”uf ).

Po-Lam Yung Sobolev inequalities for (0, g) forms



The elliptic complex Sobolev inequality for d

Ll—duality inequality

More generally

Theorem (Sobolev inequality for Hodge d)

If u is a compactly supported smooth q form on RN, and if g # 1
nor N — 1, then

lull o = C(lldull i+ fld”uf ).

> Result not true if g =1 or N — 1 (‘the forbidden degrees’,
dual to each other)

Po-Lam Yung Sobolev inequalities for (0, g) forms



The elliptic complex Sobolev inequality for d

Ll—duality inequality

More generally

Theorem (Sobolev inequality for Hodge d)

If u is a compactly supported smooth q form on RN, and if g # 1
nor N — 1, then

lull o = C(lldull i+ fld”uf ).

> Result not true if g =1 or N — 1 (‘the forbidden degrees’,
dual to each other)

» Essence of the theorem is contained in the following L!-duality
inequality:
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Theorem (L*-duality inequality)
If f = (f,...,fy) is a divergence free vector field on RV, i.e. if
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The elliptic complex Sobolev inequality for d

it -duality inequality

Theorem (L*-duality inequality)
If f = (f,...,fy) is a divergence free vector field on RV, i.e. if

»

with f; € C2°, then for any ® € C°,

Q’\
<hH

'/ ﬁ«b] < CIFl [V ®]|n.
RN

» Remedy of failure of embedding of W1V into L on RV.

» Relevant to previous Sobolev inequality for g forms because
every component of du and d*u is a component of a
divergence free vector field, to which we can apply this duality
inequality.
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The elliptic complex Sobolev inequality for d

Ll—duality inequality

» Example: ¢ =0, v is a function, du = %dsz
J
Each component of du is a component of a divergence free
vector field: e.g. é%lz satisfies

O (QuN, 9 (_0u)_,
aX1 8X2 8X2 8X1 -

This is because d o d = 0.
» Similar pheonomenon for d*u, since d* o d* = 0.

» Works as long as du is not top form and d*u is not a
function, which is why we needed g # 1 nor N — 1.
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Subelliptic Llfdlmlity inequality

The subelliptic complex
P P A model example

The subelliptic complex

» M: boundary of a bounded smooth pseudoconvex domain in
crtl pn>2

» Question: Suppose v is (0, g) form on M, and gbu,EZU el
What can you say about u?

» Problem is subelliptic in nature:
abu,(‘?zu € LP, 1< p < oodoes NOT imply u € WP

» Will associate to M a non-isotropic dimension @ > dimg(M)
and obtain a corresponding Sobolev inequality

» Recall that in Sobolev inequalities, the bigger the dimension,
the less one gains in exponent

» But this is in the nature of subelliptic analysis, and we cannot
hope to gain as much as in the elliptic setting
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Subelliptic Llfduality inequality

The subelliptic complex

A model example

We have the following Sobolev inequality for 9, on M:
Theorem (Y. 2009)
» Assume M is of finite commutator type m at every point
i.e. Commutators of Zy,...,2Zy,Z1,...,2Z, of length < m

span the tangent space to M, where Z1,...,Z, is a basis of
holomorphic vector fields tangent to M
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We have the following Sobolev inequality for 9, on M:
Theorem (Y. 2009)

» Assume M is of finite commutator type m at every point
i.e. Commutators of Zy,...,2Z,,Z1,...,Z, of length < m
span the tangent space to M, where Z1,...,Z, is a basis of
holomorphic vector fields tangent to M
e.g. strongly pseudoconvex = commutator type 2

» Also assume M satisfy condition D(qg) for some 1 < qo < n/2
i.e. there is a constant C > 0 such that for any point x € M,
the sum of any qq eigenvalues of the Levi form at x is
bounded by C times any other such sum.
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The subelliptic complex A (e areni

We have the following Sobolev inequality for 9, on M:
Theorem (Y. 2009)

» Assume M is of finite commutator type m at every point
i.e. Commutators of Zy,...,2Z,,Z1,...,Z, of length < m
span the tangent space to M, where Z1,...,Z, is a basis of
holomorphic vector fields tangent to M
e.g. strongly pseudoconvex = commutator type 2

> Also assume M satisfy condition D(qg) for some 1 < qo < n/2
i.e. there is a constant C > 0 such that for any point x € M,
the sum of any qq eigenvalues of the Levi form at x is
bounded by C times any other such sum.

e.g. strongly pseudoconvex = condition D(1).
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The subelliptic complex A et Grerme

> Let Q =2n+ m.
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(a) Let u = smooth (0, q) form on M orthogonal to Kernel((lp),
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> Let Q =2n+ m.
(a) Let u = smooth (0, q) form on M orthogonal to Kernel((lp),
where g < g<n—gqopand g#1norn—1. Then
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> Let Q =2n+ m.
(a) Let u = smooth (0, q) form on M orthogonal to Kernel((lp),
where g < g<n—gqopand g#1norn—1. Then

||U||L%(M) N HgbU”Ll(M) + Hgbu”Ll(M)-

(b) Let v = smooth (0, go — 1) form orthogonal to Kernel(d}).
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(a) Let u = smooth (0, q) form on M orthogonal to Kernel((lp),
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Sobolev inequality for 9,

Subelliptic Llfduality inequality

The subelliptic complex A (e areni

> Let Q =2n+ m.
(a) Let u = smooth (0, q) form on M orthogonal to Kernel((lp),
where g < g<n—gqopand g#1norn—1. Then

||U||L%(M) N HgbU”Ll(M) + Hgbu”Ll(M)-

(b) Let v = smooth (0, go — 1) form orthogonal to Kernel(d}).
Then

VIl oy = 196V |2 (ray-

(c) A similar inequality for (0, n — qo + 1) forms orthogonal to
Kernel(8,) by duality.
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The subelliptic complex A (e areni

Corollary

» M: boundary of a bounded smooth strongly pseudoconvex
domain in C"t1, n>2
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Corollary

» M: boundary of a bounded smooth strongly pseudoconvex
domain in C"t1, n>2

» g#1norn—1
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The subelliptic complex A (e areni

Corollary
» M: boundary of a bounded smooth strongly pseudoconvex
domain in C"t1, n>2
» g#1norn—1
» Then for any smooth (0, q) form u orthogonal to Kernel(Cp),

0],y S 1Ps0lan) + 150l o
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The subelliptic complex A (e areni

Corollary

» M: boundary of a bounded smooth strongly pseudoconvex
domain in C"t1, n>2

» g#1norn—1

» Then for any smooth (0, q) form u orthogonal to Kernel(Cp),

lull, = 19sull 2 (ary + 19pull 2 (aay

_Q
Q=-1(M

where @ = 2n + 2.
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The subelliptic complex A (e areni

Corollary
» M: boundary of a bounded smooth strongly pseudoconvex
domain in C"t1, n>2
» g#1norn—1
» Then for any smooth (0, q) form u orthogonal to Kernel(Cp),

0],y S 1Ps0lan) + 150l o

where @ = 2n + 2.
» In particular

||U||L S NOpull 1y

_Q
a1 (M)

for all smooth functions u orthogonal to Kernel(9})
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Sobolev inequality for 9,
Subelliptic Llfduality inequality

The subelliptic complex A (e areni

Corollary

» M: boundary of a bounded smooth strongly pseudoconvex
domain in C"t1, n>2

» g#1norn—1

» Then for any smooth (0, q) form u orthogonal to Kernel(Cp),

Il gy gy = 19sull 2 (ary + 19pull 2 (aay

(M
where @ = 2n + 2.
» In particular

lull, S N0bull 1

_Q
1 (M)

for all smooth functions u orthogonal to Kernel(9})
(Gagliardo-Nirenberg for p).
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Subelliptic Llfduality inequality

The subelliptic complex A (e areni

Remarks

» There is also a version of these Sobolev inequalities for
abstract CR manifolds.
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Subelliptic Llfduality inequality

The subelliptic complex A (e areni

Remarks
» There is also a version of these Sobolev inequalities for
abstract CR manifolds.

» The proof of the Sobolev inequality for O}, relies on a
subelliptic version of Ll—dua/it)i inequality (to be stated on the
next page), and the fact that Op 0 9p = 0.
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The subelliptic complex A (e areni

Remarks
» There is also a version of these Sobolev inequalities for
abstract CR manifolds.

» The proof of the Sobolev inequality for O}, relies on a
subelliptic version of Ll—dua/it)i inequality (to be stated on the
next page), and the fact that Op 0 9p = 0.

» We assumed n > 2 because our method does not allow q = 1
orn—1.
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Subelliptic Llfduality inequality

The subelliptic complex A (e areni

Remarks

» There is also a version of these Sobolev inequalities for
abstract CR manifolds.

» The proof of the Sobolev inequality for O}, relies on a
subelliptic version of L1-duality inequality (to be stated on the
next page), and the fact that Op 0 9p = 0.

» We assumed n > 2 because our method does not allow q = 1
orn—1.

» The conditions of finite commutator type and D(qo) were
made to ensure maximal subellipticity of the solution operator
to g in the LP sense.
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Sobolev inequality for 9,
Subelliptic Llfduality inequality

The subelliptic complex A (e areni

Remarks

>

There is also a version of these Sobolev inequalities for
abstract CR manifolds.

The proof of the Sobolev inequality for O relies on a
subelliptic version of L1-duality inequality (to be stated on the
next page), and the fact that Op 0 9p = 0.

We assumed n > 2 because our method does not allow g =1
orn—1.

The conditions of finite commutator type and D(qg) were
made to ensure maximal subellipticity of the solution operator
to g in the LP sense.

We also need finite commutator type for the following
subelliptic L -duality inequality that we alluded to.
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Sobolev meqlnllty for O
Subelliptic L!-duality lnequallty

The subelliptic complex A e areni

Theorem (Y. 2009)

> Xi,..., X, smooth real vector fields near 0 on RN
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Sobolev inequality for
Subelliptic L!-duality

The subelliptic complex A e areni

Theorem (Y. 2009)

> Xi,..., X, smooth real vector fields near 0 on RN

» Assume they are linearly independent at 0, and their
commutators of length < r span at 0.
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Sobolev inequality foi
Subelliptic L!-dualit

The subelliptic complex

A model example

Theorem (Y. 2009)

> Xi,..., X, smooth real vector fields near 0 on RN

» Assume they are linearly independent at 0, and their
commutators of length < r span at 0.

> Let V;(0) be the span of the restrictions of the commutators
of X1,..., X, of length <j to 0
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Sobolev inequality f
Subelliptic L -dualit

The subelliptic complex A e areni

Theorem (Y. 2009)

> Xi,..., X, smooth real vector fields near 0 on RN

» Assume they are linearly independent at 0, and their
commutators of length < r span at 0.

> Let V;(0) be the span of the restrictions of the commutators
of X1,..., X, of length <j to 0

> Let Q = Y1, j - (dimV;(0) — dimV;_1(0))

Po-Lam Yung Sobolev inequalities for (0, g) forms



Sobolev inequality f
Subelliptic L -dualit

The subelliptic complex A e areni

Theorem (Y. 2009)

> Xi,..., X, smooth real vector fields near 0 on RN

» Assume they are linearly independent at 0, and their
commutators of length < r span at 0.

> Let V;(0) be the span of the restrictions of the commutators
of X1,..., X, of length <j to 0

> Let Q = Z}le - (dimV;(0) — dimV;_1(0))
» Then there is a neighborhood U of 0 and C > 0 such that
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Subelliptic Ll-duallty inequality
A model example

The subelliptic complex

Theorem (Y. 2009)

> Xi,..., X, smooth real vector fields near 0 on RN

» Assume they are linearly independent at 0, and their
commutators of length < r span at 0.

> Let V;(0) be the span of the restrictions of the commutators
of X1,..., X, of length <j to 0

> Let Q = Z}le - (dimV;(0) — dimV;_1(0))
» Then there is a neighborhood U of 0 and C > 0 such that if

Xih+--+ X, =0

on U with fi,...,f, € C*(U) and ® € C°(U), then
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Subelliptic Ll-duality inequality

The subelliptic complex

A model example

Theorem (Y. 2009)

> Xi,..., X, smooth real vector fields near 0 on RN

» Assume they are linearly independent at 0, and their
commutators of length < r span at 0.

> Let V;(0) be the span of the restrictions of the commutators
of X1,..., X, of length <j to 0

> Let Q = Z}le - (dimV;(0) — dimV;_1(0))
» Then there is a neighborhood U of 0 and C > 0 such that if

Xih+--+ X, =0
on U with fi,...,f, € C*(U) and ® € C°(U), then

< CHfHLl(U)(Z Xl oquy + 1Pl oquy)-
=1

/ A (x)P(x)dx
U
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Sobolev inequality for
Subelliptic L!-duality

The subelliptic complex A e areni

Remarks

> This generalizes the L'-duality inequality we stated at the
beginning.
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Sobolev inequality for 3,

Subelliptic Ll-duality inequality

The subelliptic complex A e areni

Remarks

> This generalizes the L'-duality inequality we stated at the

beginning.
» Chanillo-van Schaftingen has proved the theorem above when
the underlying space is a homogeneous group and X, ..., X,

is a basis of vector fields of degree 1 on that group.
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The subelliptic complex A e areni

Remarks

> This generalizes the L'-duality inequality we stated at the

beginning.
» Chanillo-van Schaftingen has proved the theorem above when
the underlying space is a homogeneous group and X, ..., X,

is a basis of vector fields of degree 1 on that group.

» Difficulty in the current theorem:
getting the best (i.e. smallest) possible value of Q.
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The subelliptic complex A e areni

Remarks

> This generalizes the L'-duality inequality we stated at the

beginning.
» Chanillo-van Schaftingen has proved the theorem above when
the underlying space is a homogeneous group and X, ..., X,

is a basis of vector fields of degree 1 on that group.

» Difficulty in the current theorem:
getting the best (i.e. smallest) possible value of Q.
The one we had given is the best possible.
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Sobolev inequality f
Subelliptic L -dualit

The subelliptic complex A e areni

Remarks

> This generalizes the L'-duality inequality we stated at the

beginning.
» Chanillo-van Schaftingen has proved the theorem above when
the underlying space is a homogeneous group and X, ..., X,

is a basis of vector fields of degree 1 on that group.
» Difficulty in the current theorem:
getting the best (i.e. smallest) possible value of Q.
The one we had given is the best possible.
Thus Q should be thought of as the non-isotropic dimension
of 0 in such a situation.

Po-Lam Yung Sobolev inequalities for (0, g) forms



Sobolev inequality f
Subelliptic L -dualit

The subelliptic complex A e areni

Remarks

> This generalizes the L'-duality inequality we stated at the
beginning.

» Chanillo-van Schaftingen has proved the theorem above when
the underlying space is a homogeneous group and X, ..., X,
is a basis of vector fields of degree 1 on that group.

» Difficulty in the current theorem:
getting the best (i.e. smallest) possible value of Q.
The one we had given is the best possible.
Thus Q should be thought of as the non-isotropic dimension
of 0 in such a situation.

» In fact we have the following subelliptic Sobolev inequality
with the best possible exponent:
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Subelliptic Ll-duality equality

The subelliptic complex A e areni

Proposition (Y. 2009)

> Xi,...,X, smooth real vector fields near 0 on RN
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Proposition (Y. 2009)

> Xi,...,X, smooth real vector fields near 0 on RN

» Assume that their commutators of length < r span at (
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The subelliptic complex Szl <l
A model example

Proposition (Y. 2009)

> Xi,...,X, smooth real vector fields near 0 on RN
» Assume that their commutators of length < r span at (

> Let V;(0) be the span of restrictions of the commutators of
X1,..., X, of length < j to 0

Po-Lam Yung Sobolev inequalities for (0, g) forms



Sobolev inequality foi
Subelliptic L!-dualit

The subelliptic complex A e areni

Proposition (Y. 2009)

> Xi,...,X, smooth real vector fields near 0 on RN
» Assume that their commutators of length < r span at (

> Let V;(0) be the span of restrictions of the commutators of
X1,..., X, of length < j to 0

> Let Q =3[, j (dimV;(0) — dimV;_1(0)) as before
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Sobolev inequality foi
Subelliptic L!-dualit

The subelliptic complex A e areni

Proposition (Y. 2009)

> Xi,...,X, smooth real vector fields near 0 on RN

v

Assume that their commutators of length < r span at 0

v

Let V;(0) be the span of restrictions of the commutators of
X1,..., X, of length < j to 0

Let Q=37 (dimV;(0) — dimV;_1(0)) as before
Then there exists a neighborhood U of 0 and C > 0 such that

v

v
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Sobolev inequality
Subelliptic L!-duali

The subelliptic complex

A model example

Proposition (Y. 2009)

> Xi,...,X, smooth real vector fields near 0 on RN

v

Assume that their commutators of length < r span at 0

v

Let V;(0) be the span of restrictions of the commutators of
X1,..., X, of length < j to 0

Let Q=37 (dimV;(0) — dimV;_1(0)) as before
Then there exists a neighborhood U of 0 and C > 0 such that
if u is a smooth function on U and 1 < p < Q, then

v

v

4 1 1
HUHLP*(U) < C(Z ||Xju||LP(U)+||U||LP(U)) where E ="
j=1
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Sobolev inequality
Subelliptic L!-duali

The subelliptic complex

A model example

Proposition (Y. 2009)

> Xi,...,X, smooth real vector fields near 0 on RN
» Assume that their commutators of length < r span at (

> Let V;(0) be the span of restrictions of the commutators of
X1,..., X, of length < j to 0

> Let Q =3[, j (dimV;(0) — dimV;_1(0)) as before

» Then there exists a neighborhood U of 0 and C > 0 such that
if u is a smooth function on U and 1 < p < Q, then

4 1 1 1
HUHLP*(U) < C(Z ||Xju||LP(U)+||U||LP(U)) where E = ;—5

Jj=1

Moreover the inequality cannot hold for any bigger value of p*.
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Subelliptic Ll-duallty inequality

The subelliptic complex A e areni

Proposition (Y. 2009)

> Xi,...,X, smooth real vector fields near 0 on RN

» Assume that their commutators of length < r span at (

> Let V;(0) be the span of restrictions of the commutators of
X1,..., X, of length < j to 0

> Let Q =3[, j (dimV;(0) — dimV;_1(0)) as before

» Then there exists a neighborhood U of 0 and C > 0 such that
if u is a smooth function on U and 1 < p < Q, then

< 1 11
HUHLP*(U) < C(Z [ Xjulleequy+llull o)) where o = b Q

j=1
Moreover the inequality cannot hold for any bigger value of p*.

This generalizes a result of Caponga, Danielli and Garofalo.
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Sobolev inequality for 9,
Subelliptic Llfduality inequality

The subelliptic complex A Geit]) aremni

A Model Example
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Sobolev inequality for 9,
Subelliptic Llfduality inequality

The subelliptic complex /A el @EnE

A Model Example

s

» On R?, use coordinates (x,t), and let X = %, Y =x
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Subelliptic Llfduality inequality

The subelliptic complex /A el @EnE

A Model Example

s

» On R?, use coordinates (x,t), and let X = %, Y =x

> [X,Y]= %, so finite type 2 at 0,
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Sobolev inequality for 9,
Subelliptic Llfduality inequality

The subelliptic complex /A el @EnE

A Model Example

s

» On R?, use coordinates (x,t), and let X = %, Y =x
> [X,Y]= %, so finite type 2 at 0,
in fact V1(0) = span{ %‘0}'
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Sobolev inequality for 9,
Subelliptic Llfduality inequality

The subelliptic complex /A el @EnE

A Model Example

» On R?, use coordinates (x,t), and let X = %, Y = x%.
> [X,Y]= %, so finite type 2 at 0,
in fact V1(0) = span{a%‘o}, V,(0) = span{%‘o, %‘0}.
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The subelliptic complex /A el @EnE

A Model Example

» On R?, use coordinates (x,t), and let X = %, Y = x%.
> [X,Y]= %, so finite type 2 at 0,

in fact V1(0) = span{a%‘o}, V,(0) = span{%‘o, %‘0}.
» Local non-isotropic dimension @ at 0 is

1- dimV4(0) + 2 - (dimV5(0) — dimV4(0))
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Sobolev inequality for 9,
Subelliptic L -dualit

The subelliptic complex /A el @EnE

A Model Example

» On R?, use coordinates (x,t), and let X = %, Y = x%.
> [X,Y]= %, so finite type 2 at 0,
in fact V1(0) = span{a%‘o}, V,(0) = span{%‘o, %‘0}.
» Local non-isotropic dimension @ at 0 is
1-dimV4(0) + 2 - (dimV5(0) — dimV4(0)) =1-1+2-1=3,
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Sobolev inequality for 9,
Subelliptic Llfduality inequality

The subelliptic complex

A model example

A Model Example

v

On R?, use coordinates (x,t), and let X = %, Y = x%.

v

[X,Y]= %, so finite type 2 at 0,

in fact V1(0) = span{a%‘o}, V,(0) = span{%‘o, %‘0}.
Local non-isotropic dimension @ at 0 is

1-dimV4(0) + 2 - (dimV5(0) — dimV4(0)) =1-142-1=3.

Previous proposition implies

v

v

1 1 1
HUHLP*(R2) S CHvbuHLP(R2)7 E — E — §

where Vpu = (Xu, Yu), for u € C(R?), 1 < p < 3.
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Sobolev inequality for 9,
Subelliptic Llfduality inequality

The subelliptic complex A Geit]) aremni

We also have

Theorem
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Sobolev inequality for 9,
Subelliptic Llfduality inequality

The subelliptic complex A Geit]) aremni

We also have

Theorem
If Xfi + Y, = 0 on R?, with fi, f, € C°, then for all ® € C°,

/1;2 fi_(b‘ S C”fHLl(R2)Hvb¢||L3(R2)‘
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Euclidean case
Subelliptic case via model example
Decomposition Lemma

Decomposition Lemma

» Recap: So far we have hinted at that
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Subelliptic case via model example
Decomposition Lemma

Decomposition Lemma

» Recap: So far we have hinted at that
L-duality inequality = Sobolev inequality for d

Subelliptic L!-duality inequality = Sobolev inequality for 9,
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Euclidean case
Subelliptic case via model example
Decomposition Lemma

Decomposition Lemma

» Recap: So far we have hinted at that
L-duality inequality = Sobolev inequality for d

Subelliptic L!-duality inequality = Sobolev inequality for 9,
because d od =0 and 0 0 Jp = 0.
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Euclidean case
Subelliptic case via model example
Decomposition Lemma

Decomposition Lemma

» Recap: So far we have hinted at that
L-duality inequality = Sobolev inequality for d

Subelliptic L!-duality inequality = Sobolev inequality for 9,
because d od =0 and 0 0 Jp = 0.

» We have also seen the subelliptic L!-duality inequality in a

model example (X = 8%, Y = x% on R?).
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Euclidean case
Subelliptic case via model example

Decomposition Lemma

Decomposition Lemma

» Recap: So far we have hinted at that
L-duality inequality = Sobolev inequality for d

Subelliptic L!-duality inequality = Sobolev inequality for 9,

because d od =0 and 0 0 Jp = 0.

» We have also seen the subelliptic L!-duality inequality in a

model example (X = 8%, Y = x% on R?).

» We now turn to the proof of the inequality in this model case.
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Euclidean case
Subelliptic case via model example
Decomposition Lemma

Decomposition Lemma

» Recap: So far we have hinted at that
L-duality inequality = Sobolev inequality for d

Subelliptic L!-duality inequality = Sobolev inequality for 9,
because d od =0 and 0 0 Jp = 0.

» We have also seen the subelliptic L!-duality inequality in a

model example (X = 8%, Y = x% on R?).

» We now turn to the proof of the inequality in this model case.

> Before that it helps to recall how the original L -duality
inequality was proved.
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Euclidean case
Subelliptic case via model example
Decomposition Lemma

Decomposition Lemma

» Recap: So far we have hinted at that
L-duality inequality = Sobolev inequality for d

Subelliptic L!-duality inequality = Sobolev inequality for 9,

because d od =0 and 0 0 Jp = 0.

» We have also seen the subelliptic L!-duality inequality in a

model example (X = 8%, Y = x% on R?).

» We now turn to the proof of the inequality in this model case.

> Before that it helps to recall how the original L -duality
inequality was proved.

» The key is a decomposition lemma:
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Euclidean case
Subelliptic case via model example

Decomposition Lemma

Lemma (Euclidean Decomposition Lemma)

Given any function ® € C°(RN=1) and any A > 0, there exists a
decomposition ® = &1 + ®, such that
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Euclidean case
Subelliptic case via model example

Decomposition Lemma

Lemma (Euclidean Decomposition Lemma)

Given any function ® € C°(RN=1) and any A > 0, there exists a
decomposition ® = &1 + ®, such that

1
[®1][e < CAW[[ VO

1
[V e < CANT||VO| 0.
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Decomposition Lemma

Lemma (Euclidean Decomposition Lemma)

Given any function ® € C°(RN=1) and any A > 0, there exists a
decomposition ® = &1 + ®, such that

1
[®1][e < CAW[[ VO

1
[V e < CANT||VO| 0.

» The original L!-duality inequality then follows by ‘freezing
variables’.
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Euclidean case
c case via model example

Decomposition Lemma

> RecaII that the L!-duality inequality says that if fi e C° on

N and ZN af = 0 then for any ¢ € C2°,

‘/ AdPdx
RN

< ClF[[ [V [ w.
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Euclidean case
Subelliptic case via model example

Decomposition Lemma

> RecaII that the L!-duality inequality says that if fi e C° on

N and ZN af = 0 then for any ¢ € C2°,

‘/ f1®dx
RN

/ f1¢dX:/ / fiddx dx;.
RN —co JRN-1

< ClF[[ [V [ w.

» Now
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Euclidean case
Subelliptic case via model example

Decomposition Lemma

> RecaII that the L!-duality inequality says that if fi e C° on
N and ZN af = 0 then for any ¢ € C°,

‘/ f1®dx
RN

/ f1¢dX:/ / fiddx dx;.
RN —co JRN-1

> Freeze x; = a, restrict ® to the hyperplane {x; = a} and for
any A > 0 decompose ¢]{X1 g = = ®7 4 b2

< ClF[[ [V [ w.

» Now
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

> RecaII that the L!-duality inequality says that if fi e C° on
N and ZN af = 0 then for any ¢ € C°,

‘/ f1®dx
RN

/ f1¢dX:/ / fiddx dx;.
RN —co JRN-1

> Freeze x; = a, restrict ® to the hyperplane {x; = a} and for
any A > 0 decompose ¢]{X1:a} = 7 4 P3.

>
s
{x1=a}

and [|®7| oo ({x,=a}) can be estimated by the lemma.

< ClF[[ [V [ w.

» Now

< Al @a=ap 193 | Lo (pa=a})
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Euclidean case

Subelliptic case via model example
Decomposition Lemma

> Next
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Euclidean case
Subelliptic case via model example

Decomposition Lemma

> Next
/ fl(a,x’)Cbg(a,x')dx'
RN-1

a afi / a / /
= —(x1, x")®3(a, x")dx"dxq
RN-1

—c0 X1
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Euclidean case
Subelliptic case via model example

Decomposition Lemma

Jor

> Next

fl(a,X,)d)S(a,X,)dX,
2 o
_ / / R (1, X )D3(a, ') dx db
R

N— 18X1

N
= _ —_J / q)a / d ,d
/—oo /RNI Z )(J(Xl’ ) Z(Q’X) X dX1
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> Next

Decomposition Lemma

Po-Lam Yung

Euclidean case
Subelliptic case via model example

. L of
/ /N o Z 8—):.(X1,X’)¢§(a,x’)dxldx1
RN-

a

-(xl,x')%(a,x’)dx’dxl

9xj

Sobolev inequalities for (0, g) forms



Euclidean case
Subelliptic case via model example

Decomposition Lemma

> Next

’ Y. o5
N / /N - Z ai)j.(xl’xl)q)g(a,xl)dxldxl
R —

N ra
b2
= Z/ / G(xl,x')ﬁ(a,x’)dx’dxl
- RN-1 8Xj

11l ey VP3| oo (g =a})-

IN
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Euclidean case
Subelliptic case via model example

Decomposition Lemma

> Next

and [|[V®3||foc(x,=a}) Can be estimated by the lemma.
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Euclidean case
Subelliptic case via model example

Decomposition Lemma

> Next

and [|[V®3||foc(x,=a}) Can be estimated by the lemma.

» Optimize A, integrate in a and get the desired estimate.
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Euclidean case
Subelliptic case via model example

Decomposition Lemma

To prove Euclidean Decomposition Lemma, it suffices to observe
that
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Euclidean case
Subelliptic case via model example

Decomposition Lemma

To prove Euclidean Decomposition Lemma, it suffices to observe
that

» the decomposition is dilation invariant
— reduces to the case A =1

Po-Lam Yung Sobolev inequalities for (0, g) forms



Euclidean case
Subelliptic case via model example

Decomposition Lemma

To prove Euclidean Decomposition Lemma, it suffices to observe
that

» the decomposition is dilation invariant
— reduces to the case A =1

» can do a Littlewood-Paley decomposition, and simply take &,
to be the low-frequency component of ¢
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Euclidean case
Subelliptic case via model example

Decomposition Lemma

To prove Euclidean Decomposition Lemma, it suffices to observe
that

» the decomposition is dilation invariant
— reduces to the case A =1

» can do a Littlewood-Paley decomposition, and simply take &,
to be the low-frequency component of ¢

» Equivalently, can take ®5 = ® x5 for a suitable bump
function 7
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

To prove the subelliptic L1-duality inequality in the model case, we
need instead

Lemma (Subelliptic Decomposition Lemma in model example)
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Decomposition Lemma

To prove the subelliptic L1-duality inequality in the model case, we
need instead

Lemma (Subelliptic Decomposition Lemma in model example)

Given ® € C>(R?), for each a € R and \ > 0, there is a
decomposition ® = &3 + ®3 on the hyperplane {x = a}
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

To prove the subelliptic L1-duality inequality in the model case, we
need instead
Lemma (Subelliptic Decomposition Lemma in model example)

Given ® € C°(R?), for each a € R and )\ > 0, there is a
decomposition ® = ®F + ®3 on the hyperplane {x = a} and an
extension of ®3 into the whole R? such that
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

To prove the subelliptic L1-duality inequality in the model case, we
need instead

Lemma (Subelliptic Decomposition Lemma in model example)

Given ® € C°(R?), for each a € R and )\ > 0, there is a
decomposition ® = ®F + ®3 on the hyperplane {x = a} and an
extension of ®3 into the whole R? such that

1
||¢i||L°°({X:a}) < CA?MI(a)
VP3| oo (r2) < CA™3MZ(a)
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Euclidean case
Subelliptic case via model example

Decomposition Lemma

To prove the subelliptic L1-duality inequality in the model case, we
need instead

Lemma (Subelliptic Decomposition Lemma in model example)
Given ® € C>(R?), for each a € R and \ > 0, there is a

decomposition ® = &3 + ®3 on the hyperplane {x = a} and an
extension of ®3 into the whole R? such that
1
||¢i||L°°({X:a}) < C)\3MI(3)
VP3| oo (r2) < CA™5MZ(a)

where
Z(x) = [Ve®(x, t)[ 13(ar)

and M is the standard Hardy-Littlewood maximal function on R.
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

> Key idea in its proof: lifting
(also important for the general case)
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

> Key idea in its proof: lifting
(also important for the general case)
» On R3 use coordinates (x, y, t). Consider the map

T RP = R% (x,y,t) — (x,t)
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

> Key idea in its proof: lifting
(also important for the general case)
» On R3 use coordinates (x, y, t). Consider the map

T RP = R% (x,y,t) — (x,t)

» The vector fields X = %, Y = x% on R? can be lifted to

vector fields
0

- 0
Xi=—, Yi=—"+x=— R3
x 8y+X8 on

Q
!

such that dr(X) = X,dn(Y) =Y.
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

Key idea in its proof: lifting
(also important for the general case)
On R3 use coordinates (x, y, t). Consider the map

T RP = R% (x,y,t) — (x,t)

The vector fields X = %, Y = x% on R? can be lifted to
vector fields

Q
!

- 0 0
Xi=—, YVi=—+x=— R3
Ox’ oy *ar O
such that dr(X) = X, dr(Y) =Y.
ény function ® on R? can be pulled back to another function
® on R3 by letting )
b=0don.
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Euclidean case

Subelliptic case via model example
Decomposition Lemma

> Clearly X& = X¢
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Subelliptic case via model example
Decomposition Lemma

> Clearly X& = X¢ and Y& = Yo
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Subelliptic case via model example

Decomposition Lemma

> Clearly X& = X¢ and Y& = Yo
» Why is this good?
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Euclidean case

Subelliptic case via model example

Decomposition Lemma
> Clearly X& = X¢ and Y& = Yo
» Why is this good? Because R3 can be endowed with the
structure of a Lie group such that X, Y are left-invariant
vector fields:
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Euclidean case

Subelliptic case via model example

Decomposition Lemma
> Clearly X& = X¢ and Y& = Yo
» Why is this good? Because R3 can be endowed with the
structure of a Lie group such that X, Y are left-invariant
vector fields: in fact we can define

(X,y,t)'(U,V,W) ::(X+U,y—|—v,t—|—W+XV)

(Heisenberg group)
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Euclidean case
Subelliptic case via model example

Decomposition Lemma

> Clearly X& = X¢ and Y& = Yo
» Why is this good? Because R3 can be endowed with the
structure of a Lie group such that X, Y are left-invariant
vector fields: in fact we can define
(Xayat) ’ (U7V7W) = (X+ u,y + V,t+W+XV)

(Heisenberg group)
» One advantage of having a group structure is that we can
then define convolutions:

(FxG)(x,y,t):= /]12{3 F((x,y,t)-(u,v,w))G(u, v, w)dudvdw
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

> Clearly X& = X¢ and Y& = Yo
» Why is this good? Because R3 can be endowed with the
structure of a Lie group such that X, Y are left-invariant
vector fields: in fact we can define
(Xayat) ’ (U7V7W) = (X+ u,y + V,t+W+XV)

(Heisenberg group)
» One advantage of having a group structure is that we can
then define convolutions:

(FxG)(x,y,t):= /]12{3 F((x,y,t)-(u,v,w))G(u, v, w)dudvdw

> Since X, Y are left-invariant, they are very compatible with
convolutions: e.g.

(XF)« G =—F«(XG), (YF)*xG=—F=x(YG)
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

> Clearly X& = X¢ and Y& = Yo
» Why is this good? Because R3 can be endowed with the
structure of a Lie group such that X, Y are left-invariant
vector fields: in fact we can define
(Xayat) ’ (U7V7W) = (X+ u,y + V,t+W+XV)

(Heisenberg group)
» One advantage of having a group structure is that we can
then define convolutions:

(FxG)(x,y,t):= /]12{3 F((x,y,t)-(u,v,w))G(u, v, w)dudvdw

> Since X, Y are left-invariant, they are very compatible with
convolutions: e.g.

(XF)+ G =—F%(XG), (YF)*xG=—-Fx(YG)
(Cannot do these on the underlying R?!)
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

» Another observation is that we actually obtained a
homogeneous group, i.e. a group that carries an automorphic
dilation

A (x,y, 1) = (Ax, Ay, \%t)
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Decomposition Lemma

» Another observation is that we actually obtained a
homogeneous group, i.e. a group that carries an automorphic
dilation

A (x,y, 1) = (Ax, Ay, \%t)

» Define a dilation /) on functions that preserves L' norm:

(hn)(x,y, t) = A~ (A I, Ay, A %)
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

» Another observation is that we actually obtained a
homogeneous group, i.e. a group that carries an automorphic

dilation
A (x,y, 1) := (Ax, Ay, A°t)

» Define a dilation /) on functions that preserves L' norm:

(hn)(x,y, t) = A~ (A I, Ay, A %)

» Recall now the decomposition lemma:
Given ® € C°(R?), for each a € R and A\ > 0, there is a
decomposition @[, _, = ®7 + ®3 on the hyperplane {x = a}
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

» Another observation is that we actually obtained a
homogeneous group, i.e. a group that carries an automorphic

dilation
A (x,y, 1) := (Ax, Ay, A°t)

» Define a dilation /) on functions that preserves L' norm:

(hn)(x,y, t) = A~ (A I, Ay, A %)

» Recall now the decomposition lemma:
Given ® € C°(R?), for each a € R and A\ > 0, there is a
decomposition @[, _, = ®7 + ®3 on the hyperplane {x = a}
and an extension of ®3 into the whole R? such that
1
[ 7 Lo (x=a}) < CAIMI(a)
2
||Vb¢SHL°°(R2) < C)\_§I\/II(a)
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Euclidean case

Subelliptic case via model example

» To prove lemma, fix A > 0, a € R.
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

» To prove lemma, fix A > 0, a € R.
Let n € C° be a bump function on the group R3, [#n = 1.

Po-Lam Yung Sobolev inequalities for (0, g) forms



Decomposition Lemma

» To prove lemma, fix A > 0, a € R.
Let n € C° be a bump function on the group R3, [#n = 1.
The desired decomposition of ¢|{X:a} is given by

®3(a,t) == ® « Iyn(a,y,t) forall t
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

» To prove lemma, fix A > 0, a € R.
Let n € C° be a bump function on the group R3, [#n = 1.
The desired decomposition of ¢|{X:a} is given by

®3(a,t) == ® « Iyn(a,y,t) forall t

(the right hand side actually does not depend on y)
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

» To prove lemma, fix A > 0, a € R.
Let n € C° be a bump function on the group R3, [#n = 1.
The desired decomposition of ¢|{X:a} is given by

®3(a,t) == ® « Iyn(a,y,t) forall t
(the right hand side actually does not depend on y) and
¢i(aa t) = (D(av t) - cbg(a’ t)
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

» To prove lemma, fix A > 0, a € R.
Let n € C° be a bump function on the group R3, [#n = 1.
The desired decomposition of <D|{X:a} is given by

®3(a,t) == ® « Iyn(a,y,t) forall t
(the right hand side actually does not depend on y) and
¢i(aa t) = (D(av t) - cbg(a? t)

> The desired extension of ®3 is given by

®3(a+s,t) =P« | seren(ay,t) foralls,t
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Euclidean case
Subelliptic case via model example

Decomposition Lemma

» To prove lemma, fix A > 0, a € R.
Let n € C° be a bump function on the group R3, [#n = 1.
The desired decomposition of <D|{X:a} is given by

®3(a,t) == ® « Iyn(a,y,t) forall t
(the right hand side actually does not depend on y) and
¢i(aa t) = (D(av t) - cbg(a? t)

> The desired extension of ®3 is given by
®3(a+s,t) =P« | seren(ay,t) foralls,t

» Difficulty: Need to integrate away the variable we added
during the lifting process
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

> To illustrate the proof of the desired estimates, consider X ®3.
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

> To illustrate the proof of the desired estimates, consider X ®3.
> Recall ®3(a+s,t) == & « I seran(a, y, t)
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Decomposition Lemma

> To illustrate the proof of the desired estimates, consider X ®3.
> Recall ®3(a+s,t) == & « I seran(a, y, t)

a d a d
(X®3)(a+s,t) = Eq’z(a +5,t) =P x E/\/mn(a,y, t)
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

> To illustrate the proof of the desired estimates, consider X ®3.
> Recall ®3(a+s,t) == & « I seran(a, y, t)

a d a d
(X®3)(a+s,t) = Eq’z(a +5,t) =P x E/\/mn(a,y, t)

d d s
9y T >
ds VRN dr T e VWt 22
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Euclidean case
Subelliptic case via model example

Decomposition Lemma

> To illustrate the proof of the desired estimates, consider X ®3.
> Recall ®3(a+s,t) == & « I seran(a, y, t)

a d a d
(X®3)(a+s,t) = Eq’z(a +5,t) =P x E/\/mn(a,y, t)

d d s
9y T >
ds VRN dr T e VWt 22

d - .
b = X(l:m) + Y(lm2) for some ny,mp € CF°

Po-Lam Yung Sobolev inequalities for (0, g) forms



Euclidean case

Subelliptic case via model example

Decomposition Lemma

> To illustrate the proof of the desired estimates, consider X ®3.
> Recall ®3(a+s,t) == & « I seran(a, y, t)

a d a d
(X®3)(a+s,t) = Eq’z(a +5,t) =P x E/\/mn(a,y, t)

d d s
il = — I 2
ds VNF T g VRt 92
d ~ ~
-t = X(lm) + Y (lrnz) - for some 1y, 12 € C°
[(X®3)(a+ s, t)]
<|®* (Xl + YEn)|(a,y, t)

§|)~<&>*IT771|+‘§/&>*/T7]2’(37% t), T:\/m.
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Euclidean case

Subelliptic case via model example
Decomposition Lemma

\5(&) « I:mi|(a,y, t)
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Euclidean case

Subelliptic case via model example
Decomposition Lemma

\XNCD x I:m1|(a,y, t)
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

\XNCD x I:m1|(a,y, t)

uv w
/ | X®|(a+ u, t+w+ av) 771(; ) ?) —; dudvdw
Po-Lam Yung Sobolev inequalities for (0, g) forms




Euclidean case

Subelliptic case via model example

Decomposition Lemma

\XNCD* I-ml(a,y,t)
/ XP|(a+ u,t+w+ av) (Y,

Holder in w:

v 4
< [ X0+ o)t a2 2wy

Po-Lam Yung Sobolev inequalities for (0, g) forms



Euclidean case

Subelliptic case via model example

Decomposition Lemma

\XNCD* I-ml(a,y,t)

= [ Xl ok av) (2
7’

Holder in w:

/ T(a + u)llm(

u v et
. ;7W)HL3/2(dW)7' T3dudv
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Euclidean case
Subelliptic case via model example

Decomposition Lemma

\XNCD* I-ml(a,y,t)
/ XP|(a+ u,t+w+ av) (Y,

Holder in w:

u v a4
S/ I(a—l_u)Hnl(*v*aw)HL3/2(dw)T 4+3dUdV
R2 T T

Integrate in v: (Important!)

u _41 4
< [ T+ wllm( v w
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Euclidean case
Subelliptic case via model example

Decomposition Lemma

\XNCD* I-ml(a,y,t)
/ IXOl(at ut 4wt av) (Y

Holder in w:

u v a4
S/ I(a—l_u)Hnl(*v*aw)HL3/2(dw)T 4+3dUdV
R2 T T

Integrate in v: (Important!)

u _44.4
S/RI(Q‘F u)||771(;,v, W)||L3/2(dW)L1(dv)7— 4+3+1dU

Estimate by maximal function:

1 Cr
<C=> / T(a+ u)du - 745+
T J-Cr
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Euclidean case
Subelliptic case via model example

Decomposition Lemma

IX® # L-m(a, y, t)
/ |IX®|(a+ u, t + w+ av) |m(—,
Holder in w:
u v
S/ I(a + u)Hnl(*v ) W)‘|L3/2(dw)7'_4+%dudv
R2 T T
Integrate in v: (Important!)
u a4t
S/RI(Q‘F u)||771(;,v, W)||L3/2(dW)L1(dv)7— 4+3+1dU

Estimate by maximal function:

[N]

1 Cr
SC/ T(a+ u)du- 743141 < CMT(a)A~3  because A < 7.
T J-Cr
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

This basically completes the proof of the model case.
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Subelliptic case via model example

Decomposition Lemma

This basically completes the proof of the model case.
Some difficulties in the general case are:
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

This basically completes the proof of the model case.
Some difficulties in the general case are:

» In general one cannot expect the lifted vector fields be
left-invariant under a group law; rather one can only
approximate the lifted vector fields by left-invariant vector
fields of a homogeneous group.
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

This basically completes the proof of the model case.
Some difficulties in the general case are:

» In general one cannot expect the lifted vector fields be
left-invariant under a group law; rather one can only
approximate the lifted vector fields by left-invariant vector
fields of a homogeneous group. Need to take care of error
terms that arise.
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

This basically completes the proof of the model case.
Some difficulties in the general case are:

» In general one cannot expect the lifted vector fields be
left-invariant under a group law; rather one can only
approximate the lifted vector fields by left-invariant vector
fields of a homogeneous group. Need to take care of error
terms that arise.

> In general it is not possible to put a coordinate system on RV
so that X3, ..., X, are all tangent to level sets of x;.

Po-Lam Yung Sobolev inequalities for (0, g) forms



Decomposition Lemma

This basically completes the proof of the model case.
Some difficulties in the general case are:

» In general one cannot expect the lifted vector fields be
left-invariant under a group law; rather one can only
approximate the lifted vector fields by left-invariant vector
fields of a homogeneous group. Need to take care of error
terms that arise.

> In general it is not possible to put a coordinate system on RV
so that X», ..., X, are all tangent to level sets of x;. When
Xi,...,X, are linearly independent, a perturbation argument
would work, but it is not clear whether the condition of linear
independence is necessary.
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

Further directions of exploration:

» Sobolev inequality for d on bounded smooth domains with
boundaries
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Euclidean case

Subelliptic case via model example

Decomposition Lemma

Further directions of exploration:
» Sobolev inequality for d on bounded smooth domains with
boundaries
» Sobolev inequality for d on bounded pseudoconvex domains of
finite type
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Euclidean case

Subelliptic case via model example
Decomposition Lemma

Thank you!
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