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Last time we saw some remarkable consequences of the following approx-
imation lemma for functions in W1™(R"), which can be thought of as some
remedy of the fact that the Sobolev space W1 (R") fails to embed into L°°:

Lemma 1. For any § > 0 there exists Cs such that for any f € Whn(R™)
there exists F '€ W™ 0 L®(R") satisfying

i 10i(f = F)llLr < 0|V £ L
IVEln + [|Fllzoe < CslIV £l

We saw that it follows from the following non-linear! approximation lemma:
Lemma 2. There exists ¢, < 1 such that for 6 >0, there exists Cs such that
for any f € WY (R™) with ||V f|n < cn, there exists F € W™ N L®(R")
such that

[FllLe < Cs
IVE|zn < CslIV £l
2o 10i(f = F)llpe < 8Vl + CslIV fII7n-

Today our goal is to give a complete proof of this second approximation
lemma, following Bourgain-Brezis [1]. We shall not take the shortest possible
route; rather, we shall try to explain some motivations behind the construc-

tion of F', and have some trial and errors on some model constructions before
we carry out the actual one.

INote the square of ||V f||» on the right hand side of the last assertion.
1
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1. MOTIVATIONS AND A BASIC CONSTRUCTION

The failure of W™ into L™ is the major obstacle that we need to get
around. To tackle this we use Bernstein’s inequality.
More precisely, let P; be the Littlewood-Paley projection adapted to

frequency 27; in fact we shall take a smooth function x with support in
{1 < |¢] <2}, such that Yt o X(2778) =1 for all £ # 0, and define

Pif(€) = x(2796) f(6).

Lemma 3 (Bernstein’s inequality). There exists a constant Cy, such that
for all f € WLn(R™),
1P fllLoe < CallV fllzn

uniformly for all j.
Proof. One observes that

)= o JZ 2;@ (2779¢) - €. F(©),

from which it follows that there exist Schwartz functions K ® such that
(1) Pif=Y K"x0
k=1
for all 7, where
(D) () — 9i(n=1) f(0) (93
K (x) =2 K" (2 ).

One only needs to apply Holder’s inequality to (1), noting that

|&

lpany =€

independent of j. (]

Hence if f = P;f for some j, then one can take F' = P;f and that will be
an L approximation of f verifying the conclusions of Lemma 2.

Now in general,
f=>_Pf,
J

and we cannot sum up P;f in L° even though each piece is bounded. The
general construction will rely on the following algebraic identity, which reads:
Lemma 4. For any sequence {a;},

N
1—Za] H 1—a] Hl—aj
7=1

J=1 1<y5'<j
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Proof. This is just saying that
l=a; + (1 — a1)
=a+ax(l—a1)+ (1 —a)(l—a2)
=a;+a(l —a1)+as(l —a)(l —az)+ (1 —ar)(l —az)(l —as3)

Note that by renaming the indices, one can also write

N
1 —Zaj H 1—aj/)—|—H(1—aj).
j=1

= J<j' <N

Hence if we have a sequence {a;} of numbers, all of which are non-negative
and bounded by 1, then

Z a; [J(1=ay) €0,1].

Jj=—o00  j'>j

Now recall f can be written f = Zj fj, if we take f; to be P;f. In view
of the above, to approximate

(2) F=>"f
J
one would take
(3) F= Z f1Ia-65)
‘ 3>y
where G; are some non—negatlve functions such that
(4) |fil < G; <1 pointwisely for all j.
Then at least ||F||g~ < 1; in fact
!<Z|fg\H1— <ZGH Gy) < L.

3'>i J'>j
Now one would ﬁrst ask whether this could be any sensible approximation
of f. To understand this, write f = Zj fj- If we think of each f; as
fj multiplied by 1, then in constructing F' we are replacing this 1 by the
product over all 7/ > j above. In fact,

f-F= ij 1-JJa-a6y)
3>y
Using Lemma 4 to expand the latter bracket and rearranging the resulting
sum, we get

(5) f-F=) GHj
J
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where
(6) Hi=Y fy [I (1=Gm.
J<i §'<i"<s
One would then estimate 9;(f — F'); one gets
0i(f —F) =) (G H; + Y G;(0:Hj)
J J
by Leibniz rule. Now
(7) |H;j| <1 pointwisely for all j;

this is a consequence of the remark after Lemma 4, the reasoning of which
is similar to why |F'| is bounded by 1. Also,

(8) 0:H,| <> (10uf5] + 10:G).
J'<J
This is because if one computes 0; H;, either the derivative hits f;/, in which

case we get the first sum above, or the derivative hits G for some j' < j,
and the coefficient of 9;G in 0;H; is

~Hy [ -G,
§'<i"<

which is also bounded by 1. In fact,

OiH; = Z ((0ifj) — (8:;Gj)Hy) H (1—Gju).

J'<j J'<g"<j
It follows that
9) 10:(f = F) <D _[0iG51 + > G > (|03 fy] +10:Gy);
7 J J'<g

we shall hope to estimate this in L™(R") norm.

Equations (2), (3), (4), (5), (6), (7), (8) and (9) will form a basic paradigm
of all our constructions below. For given f;, we shall just take different
choices of G, as long as (4) is satisfied. For instance, as a very naive
attempt, one could try taking G; = |P;f| when f; = P;f; then we shall
then need to estimate 0;(f — F') in L™(R"™), and using (9), what we need to

bound first is HZ y |8¢Gj|HLn, which basically requires one to bound

(10) Y YRl

j n
It is well-known that this is not bounded by any multiple of ||V f||zn; in
fact it is only the square function in j of 2/|P;f| whose L™ norm that is
comparable to |V f||z», and there is no hope to gain any small factor like
0 in any direction anyway since different directions are not distinguished in
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this naive construction. We need two ideas that deals with these two issues
separately.

1.1. Controlling the low frequencies by the high frequencies. First,
if we only need to bound

(11) D YIPifIX@ip oo s, 24 Pl

instead of (10), where X{...} denotes the characteristic function of the set
where the low frequencies are controlled by the high frequencies, then we
are in a better shape, since pointwisely

(12) Y YIPifIxpipssox,, 24 ey < (C+ 1) sup2/|Pf],
- J
J

and the right hand side of this can be estimated in L™ using

(13) < C|VSzn.

Ln

sup 2’| P; f|
j

(To see (12), first fix z, and for any jp, look at the partial sum over all
7 < jo of the sum to be estimated; we need only consider jy that satisfies
20| P;, fl(z) > C > k<jo 28| Py f|(z), since otherwise the characteristic func-
tion in the last term of this partial sum is zero at x, and we are reduced to
a previous partial sum. Now assume jg is as such. Then

> 2P fl(x) = 2|y fl(x) + > 2% P fl(x)
7<jo k<jo
< (C+1)2°|P;, f|(x)
< (C+1)sup 2 |P; f|(x).
J

Letting jo — oo we get the desired estimate. The inequality (13) follows
from the trivial pointwise bound

1/2

sup 27| Pif| < [ D[P fP
j .
J

and the Littlewood-Paley inequality.) Now this suggest one to consider an
initial splitting

(14) f =3 PifxXpuipsc s, 21mn + 2 Bl X <o s, 21e0)

J J

and approximate the two sums separately. To approximate the first, one
would try invoking the above general construction, taking something like
fi = Pifxqippise s, gy ad G = |BifIxpiip >0 5, 24Py
hoping to end up with an estimate of form (11) in place of (10); this does not



6 PO-LAM YUNG

work since both f; and G are not even continuous, and cannot be differenti-
ated in the framework of (2), (3), (4), (5), (6), (7), (8) and (9). Nevertheless,
one can try to smooth this out a bit, and give it another go. This would
basically work, except that one still does not gain when one differentiate in
the good directions.

1.2. Special directions: Introducing the controlling functions wj.
To gain when one differentiates in the good directions, one needs to introduce
some auxillary controlling functions w; that controls |P; f| in the sense that

[Pif| <wj < ||Pjfllzee,
and has small derivatives in the good directions in the sense that
|Oiw;| <207 %w; fori=2,...,n, and |0w;| < 2w;.

where o >> 0 is a large integer to be chosen. The price to pay then is that
we only have

< 027DV £

LTL

where the right hand side gets big as o gets big; c.f. (13). The crucial thing
here is that the power of 27 on the right hand side, namely (n — 1)/n, is
strictly less than 1. These will be used to define the G;’s when we want
to approximate the first sum in (14)2. There will then be the second sum
in (14) that needs to be approximated, again using the scheme given by
equations (2), (3), (4), (5), (6), (7), (8) and (9), but this time it is easier
since these are terms where the high frequencies are dominated by the low
frequencies (because of the support of the relevant characteristic functions),
and when one differentiate low frequencies one gains. The relevant estimates
will be made using Littlewood-Paley theory. For that reason, below we first
turn to some Littlewood-Paley theory we shall use, and then describe the
construction of these auxillary controlling functions w; that allows one to
pick up good derivatives in all but one directions.

sup 2/w;
J

2. PRELIMINARIES ON LITTLEWOOD-PALEY THEORY

We recall here a few well-known facts about Littlewood-Paley theory and
vector-valued singular integrals. Let 1 < p < co.

(1) For ® € LP,

I@le = || [ D I1F®?

J
Lp

This is because ® +— {P;®};cz is a vector-valued singular integral
taking values in [2(Z).

2To comply with the original notations of Bourgain-Brezis, below we shall give these
G;’s for the first sum a different name, and call them U; instead.
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Also from the theory of vector-valued singular integrals, we have, for
any sequence of functions @,

1

2 2
D IVPeP ~ |1 D127 Pyl
J p J p

This is because the vector-valued multipliers & — {277|¢|x(277€) } ez
and € — {27¢|7x(277€)}jez both behave as if they were homoge-
neous of degree 0. Here x is a smooth cut-off function that is 1
the annulus {1/2 < [¢| < 2} and is supported in a slightly larger
annulus.

For any sequence ®;, we have

NI

1

2

> 1P <cf D] 1e,2 :
J J

Lp Lpr

again by the theory of vector-valued singular integrals.
For any sequence ®;, we have

1
2 2
> |May)? <c|l 12

J J
Lr Lr

where M is the standard maximal function operator
1
M®(z) = sup — O(x + y)dy.
>0 T ly|<r

This is Fefferman-Stein’s inequality for the vector-valued maximal
function.

Derivatives (and indeed any multiplier operators) commute with the
Littlewood-Paley projections P, i.e.

9i(Pif) = P(if)

for all ¢ and j.

We shall also use some special kernels on R". Let KJQ be a kernel on R

such that KJQ is piecewise linear, equals 1 in [-27771 2771 vanishes outside

[~27%2 2/%2] and is linear in between; in other words, let

KJQ(:U) =(1+ e mir | 6_2j+2m”)FJQ(az)

where F ]O is the Fejer kernels on R, satisfying

0 §
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Note that F ]Q has an explicit expression

B = 5 (22 “”’)2
2+l g

that shows that it is non-negative, and hence HFJQHL1 = 1/7;)(0) = 1. Note
also that ]K]O(a:)\ < 3F]O(a;). Next define on R"

(15) Kj(z) = K](-)(xl)K;)(xg) . Kjo(a;n)
and

(16) Fj(z) = F)(21)F)(22) ... F} (xn).
Then

Fi(s) >0, |Fllp=1 and [K;(2)| <3"Fj(z).
We shall often need the fact that for f € W1, we have
[P f| < 3"|P;f| * Fj.
This is because
Pif = P;f x Kj,
which in turn follows from the fact that f(\] = 1 on the support of ]5]7 .

3. PROPERTIES OF wj

Let o be a large integer. Given f € W™ we shall introduce an auxillary
controling function w; that basically plays the role of P; f, except that it has
better derivatives in all but one direction. More precisely, the w; we define
will satisfy the following properties:

(17) [Pif < wj < (1B fllzee;

(18) |Ow;| < 297%w; fori=2,...,n, and |dw;| < 2w;.

We shall also need the following crucial property:
(19) < C27 T | .

LTL

The key here is that the power of 27 on the right hand side is strictly less
than 1. We point out again that the analgous property for P;f is very
easy to prove; see (13). We lose powers of 27 here because we have good
derivatives in (n — 1) directions; in fact for each good direction one loses a
factor 27/, We shall also need the facts that

1/2
(20) 3 (@w))? < €27 D |V f]|

J

sup 2/ w;
J

Ln
and that w; is ‘locally constant’ on the natural scale:

(21) wi(z +y) < Cwj(z)  if [y1] <277 and |y/| < 27U~
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where C is a constant (C' = e" will do).

The construction of w; is as follows. Given f € Whn define
(22) wi(@) = sup [Py f(x —y)le?ml=2 W]

yeR?

where we wrote y € R™ as y = (y1,'), with y; € R and 3’ € R"~!. This is
like taking a convolution, except that the integral is replaced by a sup norm.
The main advantage of this over an honest convolution is that then (17)
becomes obvious (just take y = 0 in the supremum for the first inequality),
and this is a quality that is absent if we had taken convolutions. This is
important because if we want to bound the L norm of a function that one
constructs via Lemma 4, then it is essential to have pointwise estimates (c.f.
(4)). We shall think of w; as some smoothed out version of |P;f|, and this
serves as a useful guide of seeing what estimates are reasonable for w;.

On the other hand, one disadvantage of this over an honest convolution
is that w; is no longer smooth; it is only Lipschitz. Nonetheless, rewriting

(23) wj(:c) = sup ’ij(y)‘e—2j|x17y1|72j—v|x/7y/|
yeER™

by a change of variable, and differentiating under the supremum, one sees
that (18) holds a.e. Hence we gain when we differentiate in the good direc-
tions.
Note that (21) also follows from the alternative expression of w; in (23).
Now to prove (19), first we observe the following:

(24) QJ](CL‘) < C suZp |})]f| * t](l- _ 2_jr)€_|rl|—2_‘7\r'\
resn

where

t(2) == 2 min{1, (27[e) 2" > Fj(a).
In other words, it is possible to discretize the supremum defining w;. This
is because if |y| < 277, then

1P f(x +y)| < 3"|Pf| « Fj(x —y) <3"[Pjfltj(x —y) < C|P;f| x t;(x),
the last inequality following from the fact that
tj(z +y) < Ctj(x)

uniformly in j, x and y if |y| < 277, It follows that for any y € R", if we
take r € Z" such that |y —27/r| < 277, then

Py f (@ — y)e 2 =W < O1P f] x t(a — 2 Fp)e P =W |
<CIP;f| % tj(x — 27Ir)eral=21r

and hence the desired discrete estimate for w;.
We can now prove the estimate for || sup; 2/w;|z». Observe that

sup 2/w; () < sup sup 27| P f| * t;(x — 2= Ir)eIml=2771l
J j rewm
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/ (Slj}p 2w ($)> ' dzx

] ; —o,\ T
S/sup sup (2]\ij] *tj(x — 27 Ip)eIml=277r I) dx
Jj rezm

< Z Z / <2j]ij] *ti(x — 27]'7‘)67'7"1‘7270'7“,')” dx.

j rezn

SO

It is crucial here that we have discretized the sup to a discrete one; only
so one can estimate the integral of a sup by the integral of a sum. It is
also important that we are replacing the sup by the sum only after we put
the power into the expression being maximized, because this gives a smaller
sum. Now

/(\ij!*tj(fv—Qjr))ndxé/ujjf\" (/tj>n§/lpjf|"

and

Z e—n|r1|—n2’°’|r’| _ C2a(n—1).

rezn
Hence

1/n
sup 2jwj < Coc(n=1)/n / Z(2J|P]f|)n
J n j
<corin | [ S @ip )2

J
< CQU(N_I)/nHVf”Ln,
the second-to-last inequality holding because n > 2.
Finally, from (24) again,
wj(x) < C Z |Pj f|*tj(x— 2_jT)6_‘T1‘_27U|T,|.
reL”

Hence taking square function in j and L™ norm in space,

2

Z(Qjo)Z
j n

<C Z e~ Irl=277I'| Z(zﬂ‘uajfy swtj(x—277r))?
rezmn 7 I
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But the kernel ¢;(- —277r) has a radial decreasing majorant of integral |r|™,
and dominating by the maximal function, we get that the above is bounded
by

Z e_|7‘1|—24‘7"/‘|7"|n Z@JM(PJJC)(I‘))Q
reL” 7
In

D=

§C2an/ e MI=27 W |y | 4+ 277 |y )" dy Z |27 P f ()|
yeRn? J

Ln
<027V f[ 1 -

This proves (20).

4. ATTEMPT 1: LEIBNIZ RULE

We now describe two model constructions that illustrates some of the
techniques we shall use. In the first one, we take f; = P; f and approximate
f = 2;fj by F constructed in (3) where G; := w;. We shall assume
that ||V f]|z» is sufficiently small as in the statement of Lemma 2, so that
|Pjfllree <1 for all j by Bernstein’s inequality, from which it follows that
both |f;| and G; = w; are bounded by 1 in L*> by (17).

In that case, F' is automatically bounded by 1, since (4) is satisfied. To
estimate ||0;(f — F)| », where i = 2,...,n, we use (9), noting that in our
case

0:fj] < C2M(Pif) and [9,G5| <27 w;.
(The first inequality follows because 8;f; = 0;(f; * K;) = 2/f; x (0;K);
where K is the reproducing kernel introduced above, the second inequality
is (18).) It follows that both of them are bounded by C27||V f||z», and thus

0:(f —F) <D 27w+ w; > CP |V
J

J J'<y

=927 Z ijj + CZ 2jwj||VfHLn.
J J

Note the small factor 277 one gains in the first term, and the extra ||V f||z»
in the second term which will contribute to the quadratic nature of the
desired estimate. Now one has trouble estimating Zj 2Jw; in L™, because
even the smaller sum }, 27| P; f| cannot be estimated in L". Nevertheless,
the kind of splitting as in (14) (or more precisely, a smoothed out version of
that) will allow us to replace any L™ norm of ) y 2Jw; by

Ty .
22 w]X{Qij>CZk<j2kwk} )
J n
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which could then be bounded by
(C+ 1) sup 2wyl < 27|V £ o
J

using (19) since pointwisely > 2joX{2jwj>C S 2} < (C+1)sup; 2w,
as in the derivation of (12). If we are allowed to make such a cheat here,
we would then have ||0;(f — F)||pn < C277/"|V £l + C|Vf||2. (note
the count of the powers of 27 here), which would be the form of inequality
we would want to prove in Lemma 2, since the power of 27 we get here is
negative, and o can be taken to be big.

5. ATTEMPT 2: LITTLEWOOD-PALEY THEORY

Let’s take another naive attempt, in which we make estimates using
Littlewood-Paley theory. We still take f = Zj f; where f; = P;f, and
to approximate this we let F' be defined by (3), where G; := 3"|P; f| * F;
and F; are the Fejer kernels introduced above. This time we do not expect
to gain in the good directions, since there is no distinction between different
directions; nevertheless it is intructive to see how the frequency localization
in f; and G (note the convolution with the Fejer kernel in G) will help one
make estimates using Littlewood-Paley theory.

First, we still assume that ||V f||» is sufficiently small, so that ||Gj||o <1
still holds by Bernstein’s inequality. Now observe that f; = P;f = P; f * Kj,
from which it follows that | f;| < |P;f|* (3"F;) = G;. As a result, (4) holds,
and thus [|[F||p~ < 1.

Now we bound ||0;(f — F)||z» using Littlewood-Paley theory. Recall from
(5) and (6) that f—F =} . G;jH;, where H; =3 . fir [ L ju;(1=Gjn).
Since both f; and G; are supported in frequency in a ball of radius 2, H §
is also supported on a ball of frequency ~ 27; in fact

Py,(G;H;) =0 whenever k > j + 2.

(Note how the frequency support of the non-negative kernel F; comes into
play here.) As a result,

N

IV(f = F)llLn ~ (ZIVPk(f - F)|2>
k I
2\ 3

=[[ DD VPGCrasHss)

k |s>—2

L’I’L

IN

> (Z ’vpk(GkJrsHkJrs)’Q) 2

s>—2 k

Ln
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There are now two ways to proceed: the first one is to differentiate G4 s Hp s
and make the estimate

3 3
(Z ‘ka(Gk+sHk+s)‘2) <C (Z ’V(Gk+sHk+s)\2) ;
k In k In
the other is to differentiate the Littlewood-Paley projections and make the
estimate
1

(Z \Vpk(Gk+sHk+s)2> 2)
k

The first approach gives us in general a factor of 2¥*% that goes with G, H,
while the second approach gives us the better factor of 2¥. Hence we adopt
the second approach, and arrive at

IV(f = F)lln < > (Z ‘2kPk(Gk+sHk+s) 2>
k

s>—2

1
2

<C <Z ‘2kPk:(Gk+sHk+s)
k

Ln Ln

1

ol

IN

Z 27° <Z ‘2k+5Gk+sHk+s
k

L’VL
s>—2

2>%
_ (Z ‘2kaHk’2>é
k I

Now [[H[|r~ <1 by (7), and |Gy| = 3"| Py f| * Fj < 3"M (P, f). Hence

1

IV(f = F)llgn < 3" (Z (QkM(Pkf)>2>

k

<C (Z <2k|Pkf|)2>

k
<C|VfllLn

Ln

L’VL

1
2

Ln

as desired.

In reality, to gain a small factor like ¢ in estimates like this, we can only
sum over large values of s, say s > R where R is another very big positive
integer. In that case one gains powers of 27, One will then need to figure
out some other way in which the sum over small s can be dealt with. To do
that one need to replace G; by something whose derivatives are small; in fact
we need something like [VG;| to be of the order 2/~ 2. Approximations of
this kind will be used to deal with the second sum in (a smoothed out version
of) (14), where intuitively speaking the high frequencies are dominated by
the sum of lower frequencies. In effect Littlewood-Paley theory will allow one
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to shift the derivatives on the high frequency components to low frequency
ones, thereby gaining the desired factors of 2~ where R is as above. The
additional complication, on the other hand, is that we will need to take G
to be an infinite sum (with the terms corresponding to the frequencies lower
than 27), and one need to gain an additional convergence factor to account
for the convergence of this additional summation when making estimates.

6. THE ACTUAL PROOF

We have finally most of the ingredients to prove Lemma 2. Below we
begin afresh; the notations in the previous sections should not be confused
with the ones defined below.

Proof of Lemma 2. Let f € WH™(R") be such that |V f||n < cn. If ¢, is
a sufficiently small dimensional constant, then by Bernstein’s inequality, we
have || Pjf||re < 37" for all j. Fix such a ¢, from now on. Suppose in ad-
dition that P;f is identically equal to zero unless j belongs to an arithmetic
progression of length R, where R is a very large integer to be determined.
This assumption can be easily removed at the end of the argument, since a
general function f is the sum of R such functions.

Now let 0 = R/4n, and define w; by (22), so that (17), (18), (19), (20)
and (21) are all satisfied. We split f into a sum,

f=9+h,

J

J

where

9j = (ij TX{20wi <Yk 2kwk}) * Kj,
and
hj = (P]f . X{2jwj>2k<j kak}) * Kj.

Here K are the reproducing kernels defined by (15) and x denotes the
characteristic function of a set. The extra convolutions with K; does not
affect the fact that g; + h; = P;f, because K; are reproducing. But the
extra convolutions smoothes out the product of P;f with the characteristic
functions, and at the same time localizes such in frequency. This will turn
out be very handy for us, as was hinted in the discussions in the previous
two sections.

Note that wj, g;, h; are all identically zero unless j belongs to the special
arithmetic progression of common difference R that we had at the beginning.

We first approximate h = Zj hj, using the paradigm we introduced in
Section 1. More precisely, we will find functions U; such that

(25) |hjl <U; <1 pointwisely for all j,
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and approximate h by
(26) he=>Y"h [T -Up).
J J'<3j
Note that such an ~ must be in L°°; in fact
(27) 1AL <1
by Lemma 4 and (25). We shall prove that
(28) |10i(h—h)||1n < C277/" |V f|[gn+C22 V|V f|3, ifi=2,...,n,
and
(29) IV (h = h) | < G270V f]| n

upon a suitable choice of U;. These estimates will be established using
Leibniz rule, in a similar spirit as what we did in Section 4. The key here is
that the coefficient of the linear factor in ||V f||r» in (28) is small when R
(and hence o) is big.

First observe that

|7yl < 3™ (Wix(2iw; >3, 25w }) * Es

and F} are the Fejer kernels defined by (16). Hence one is tempted to take
U; as the right hand side above and run the paradigm we introduced in
Section 1. However, one would then need to estimate || 3, 9;U;|r», and for
that one needs to have some control on the support of U; (or its constituents).
To do that, we introduce smooth cut-off functions 1); on R such that

0<uy <1, W=0outside [-277,27], ¢;(0)=1, [ <2

Then define a second auxillary function

uj(r) = sup (ij{2jwj>Ek<j 2’%%}) (@ = VW) Yj—o(y2) - - Vj—o(yn),
yeR™

smoothing out w;x {200, 2Fwi} Note the similarity with the construc-

tion of w;. The advantage of doing that is that one now has control on the
support of the derivative of u;: in fact since v; has compact support, u(z)
depends only on the values of w; near . Now by (21),

uj(x) < e'wj(x).
Indeed a more precise estimate is possible: if

wi(x) < e 2" Z 2k wp(z)

k<j
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then for all y with |y1| < 277 and |ya], ..., [ys] < 27U, we have
Vw;i(z+y) < e"w;(x)
<ele 2 Z 2k wp(z)
k<j
<ele2m Z 2k wp(z 4 y)e™
k<j

<Y 2wz +y)

k<j
and hence u;(x) = 0. It follows that
u; (.T) < en(ij{ijj>e_2” k< kak})(l’)

improving our previous estimate. Similarly, the derivatives can be estimated:
for i # 1,

|Oiu; ()|
< Sl;p(ij{ijj>Zk<j 2k 1) (W01 (21 = Y1) Yo (22 — Y2) - . - j—o (20 — yn)]
<0Y° - sup ‘ (ij{ijj>Zk<j ok }) (T —Y)
Iyl|<2_]7|y2|7"'7‘y’ﬂ|<27(]70)
< CQJ_UBH(WJX{2W]'>6*2" > k< kak})(x)’
and ‘
|Vuj ({L‘)| < C2e™ ((,UjX{ijj>672n ke kak})(ZE)

Notice how we obtained control on the support of these derivatives.
Now observe that

[hj(2)] < 3™(WiX(2iw;>5, -, 2k y) * Fj (@) < 3w * Fj(x)
and that
13" uj s Fy()[| oo < 3"[Jujl| oo < 3"[wjl[Loe < 3™ P fllm < 1.
Hence we define
Uj = 3"u; * Fj
and this completes the definition of & by (26). Note (25) and hence (27) is
satisfied. Now by the same paradigm that leads to the proof of (9), we get

0:(h = )| <Y 10U+ DU > (IVhy| +[VU).
J J Jj'<j
But
Vh;| + [VU;| < CP||V £l 1n,
since
[Vhi| < C2M(P;f) < C2||Pif] L=,
IVU;| < 02 M (u;) < C¥||ujl|p < C¥||wjllz < C27||P;f]| 1,
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and ||Pj ||z < C||V f||z» by Bernstein. Also, for i # 1,
|0:U;] < Clogus| * Fj < C277(WiX(2iw; >e-2n 5, _, 2by)) * F-
Hence for i # 1,

|0 (h — iL)| <C27° Z 2j(wj‘X{2jwj>672n e kak}) * Iy
J

+ CvaHL" Z 2j(WjX{2jwj>e—2n Zk:<j kak}) * Fj.
J
We need to estimate

(30) Y Y (WiXaiusen s, 2buy) * F

J In
Here we need a lemma that says the frequency localization by convolution
against F is harmless here?:

Lemma 5. If ®; is a sequence of non-negative functions, then for 1 <p <
OO?

Yo F| <D,
j o |

Proof of Lemma 5. This is because when ®; > 0,

DO F| <Y M(®) =MD P
i i

J

Lp

and the maximal function is bounded on LP if 1 < p < co. By duality we
can extend the estimate to p = 1. ([l

Hence (30) is bounded by

(31) ¢ Z 2jij{2jwj>e*2” > kej 2Fwr}
J n

Now pointwisely,

Z 2 WiX (21w >e-2n e, Pur} S C'sup 2w;.
' J
J

This can be proved in the same way that (12) is proved. Hence (31) is
bounded by

C < C270 I f n

Ln

sup 2/w;
J

3We state it also for p = 1 for interest only; we only need to use it for p = n, for which
the argument is easy.
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by (19). Putting these together, we see that for ¢ # 1, (28) holds. Note how
we squeezed a small factor 277/ in front of the linear term in |V f|zn in
this estimate. In general, if we differentiate in the bad (i.e. 9;) direction,
the above arguments give

IV (h = B)|pe < C27C D2V f]| o+ C27 DO £,
which implies (29) since |V f||z» was assumed to be bounded by a dimen-
sional constant. This completes our approximation for h.

Next we first approximate g = » ; 95, again using the paradigm we intro-
duced in Section 1. More precisely, we will find functions G; such that
(32) lgjl < G; <1 pointwisely for all j,
and approximate g by
(33) g=>Y g [[-Gy).

J J'<j
Note that such an ¢ must be in L*; in fact
(34) 19llz <1
by Lemma 4 and (32). We shall prove that
(35) V(g g)llzr < CR2™ 27DV || + CR2C V|V f| 7.

upon a suitable choice of G;. These estimates will be established using
Littlewood-Paley theory, in a similar spirit as what we did in Section 5.
Note we do not need to distinguish between the good and bad derivatives;
all of them will be controlled in the same way. Note also that the coefficient
of the linear factor in ||V f||z» in (35) is small when R is big, since 0 = R/4n
and thus R2-F20(2n—-1) < Ro-R/2,

First there is a pointwise domination of g;, given by

lgil < (WjX{zjwjgqu okwy}) * 3" F)
S 3" ZQk_jwk * Fj.
k<j

Remember g; and w; are both identically zero unless j is in a certain arith-
metic progression of common difference R. Hence we could have also written

9] 3" 27w ¢ F
t>R

and we define G; to be the right hand side of the above inequality. Note
that
Gl < 3™ 27 |wjt * Fyllzoo < 3"||Pjf|lpee < 1.
t>R
Now we estimate ||V (g — §)||z»: note that

g—Gg=>) GjHj
j
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where

Hi=Y gr [] -G

JI<i o 3'<g’<y

For future reference, we remark that
[H;| <1
which follows from Lemma 4 and (32),

VG <3" > 27V« F; < C 2720y 5

t>R >0
and
IVH| <> (IVgeil + 1VGi-i])
>0
<CY 2 Mwp +C) 0> 2 My
>0 >0 t>0
(36) <C> 2 Muwy .
>0

Since Gj and H; are both compactly supported in frequency, P(G;H;) =0
if k> j+ 2. Hence

2\ 3

IV(g = )llen = ||| 22|V | DGt

k J

Nl
3

< Z (Z |VPk(Gk+sHk+s)|2>

8272 k n

There are now two ways to proceed: we can differentiate Gy Hgs, Or we

can differentiate the Littlewood-Paley projections. But Gy, is a sum of
components whose derivatives get smaller and smaller: indeed

—t
Gk+s =3" Z 2 Wk4s—t * Fk+s
t>R

and if one differentiate wy, 4 in the sum, one gets a factor 2875~ which is

better than the factor 2¥ that one gets from differentiating the Littlewood-
Paley projections. Hence it is natural to split G into two parts and deal
with them differently.

Let now s be fixed, and consider

1

(37) (Z |VPk(Gk+sHk+s)\2)

k n
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Let 5 be a non-negative function of s to be determined, and let

G =3" 3" 2«

J
R<t<s
GEZ) =3" Z 2_twj,t * .
t>max{s,R}

Then (37) is bounded by

1

)

1
2) 2 <0 (Z ’2kGl(cl)Hk‘2> 2
k

Ln Ln

1
2 2
) + (Z\WMG,&?SHHS)
k

Ln

(38) H (Z VPG Hirs)
k

Ln

According to the heuristics above, we estimate the first term by

C <Z ‘ZkPk(GSlSHHS)
k

and from

GUH <G <30 3 2 Fe <8 Y 2 Muy,

R<t<s R<t<s

we conclude that the first term of (38) is bounded by

1 1

c2 Yy (Z(zkthktF)Q < 027% (Z(Q’fka)Q :

RSt<-§ k n k n
which is then bounded by
(39) 27527~V ||V f]|

by (20).
To estimate the second term in (38) involving G

2)

;' we use

1

V| =e|(slvermf)
k

n

(Z VPG His)
k

Ln
Now

V(@GP Hy)| < VG| + |G|V Hy,
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and
1

(Z‘VG&QW)Q < > 2 (Z\(Vwkt)*Fk!2>2
k

n t>max{s,R} n
1
<c > 2 <Z <2k7twk7t * Fk) 2) 2
t>max{s,R} k n
1
<C Z 2t (Z <2k—thk—t>2> 2
t>max{s,R} k n
1
<C2” max{3,R} (Z(kak)2> 2
k

LTL
(40) SCQ_ max{§,R}20(2n—1)||vf||Ln

Also, by (36),

1
<Z ‘GIEQ)VH’f‘Z) 1 = > (Z@k_lMWk—sz))z)
k n k

>0

[NIES

L’I’L

S Z Z 2_t_l (Z(szwklekt)2> ‘

1>0 t>5 k n

Now we split this sum into two parts, one where ¢ > [, and another where
t <. In the first sum we estimate Mwy_; by C||V f| r», and in the second
sum we estimate Mwy_; by C||V f||zr. Then the two sums are bounded by

1

CIVFI Y > 2 (Z(Qk_ZMsz)2>2

1>0 t>max{l,5} k n
1
2
+COV YD 2! (Z(zkthkt)2>
t>s th k n

<C(1+38)27°V Sz (Z(kawQ) 2

k
Ln
(41) <C(1+5)2 527 D) v 3.
Putting the estimates (39), (40) and (41) together, we get
V(g —9)llLn

<0 Y (25 2SR T ) (1 822D |V f L)
s>—2
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Recall § was a non-negative function of s to be determined. If we now pick
s=0if s < R and § = s if s > R, then summing the above we get (35).
Altogether, if we now set B
F=g+h
then ~
[Fllzoe < [|gllzee + Al < 2
and we have now for ¢ # 1,
10:(f = F)llzn < V(g = D)lzn + (10 (h = 2)| £
< CR27 27 Cn |V f| 10 + CR2ZC D |V f |3,
+C27 M|V f|zn + C270 DV £ 12
< CR2 B f|| 1o + CR2P2|V 2.
(The last inequality follows because 0 = R/4n.) Also,
IV(f = F)llzn < CR2R27C" V|V f|| o + CR27C V|V £ 20
+ 020D f |
< CR2%P|V f]|n.

These are true whenever ||V f||z» < ¢, and P;f vanishes identically except
for j in an arithmetic progression of common difference R. Now given a
general f with ||V f||zn < ¢y, it can be written as the sum of R functions
with the previous property. Hence what we have proved implies that given
any general f with |V f|zn < ¢, there exists a function F € W™ N L®
satisfying
[F||lLe < 2R,
18 (f — F)|[zn < CR27F/A |V f[| 1w + CR2B?|Vf|2, fori=2,...,n
and
IV(f = F)|n < CR2EZ|V f| 0.

(We just multiply each corresponding bound by R.) Since this is true for any
large R, by picking R big enough, we complete the proof of Lemma 2. [
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