The fivst LFundamental fovin

Let S be & reaplar surface o R
The dot product in the ambient R Gies rise v a bilinear forw
that  descyibes thWe Tvner PWAMU" 0"; Onvieg o vretovy TPS
AS P Vomes Over S owe o(z—ﬁm,:[:b\’ pPe S and V,we-f;(SL thak
SViwd, i= V- W (ot prduct in R”),
o e Covrasponding Gradeatic fovun
o= <vvr, ¥pesS, velo,
s called the Ffirst fundamadol fomne on S Nete that
the St fundamedal o Lo deterndunns Ate  bilasr fom <03
via
<V Wy = #[IP(VfW)— 19(\/-“0} Vped, viwe To(s),
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(Ruestion: QAA&JMA Shav That the area (s (W of H~e FMMZA‘HM?
Awswer: Tf 9: VOIS 0 vt parvanebizafion widl 2(2') = x(RY,
ot YT X () vee (= o), tha ) 20 Bty ety

- X =3 %y Ty, I

— A - - = 5\4 §V
= %x, = G -1 Sr, and d3dp= de ()

j‘R\’ﬁu"Ivl Auhv = fR' l_‘ég /\_‘g,l) Olgot'z, as AMaSiced .



Exeraist . Fiad e g—'ws\’ fumAW&.Q -(:-psrvw of- the C/ty(-(w&m/
h ‘PM%MJ‘:LLOL L‘"a ¥lu,v)= (cog“/$§vt u.,v) , ué(o,ur), velk .

Avgwer * E=1, F=o, G=| Snee
X

( Sihul Cod M/O) Cw\o\ )_C-v (0101‘)

= EB=<&x %=1, F=x, x,7=0, G=<¥,%,7=1.

Eﬁéwdﬁ& . "-"wwL e *(’CVS{’ ‘FLU«AAW&Q ’Fn/u.. J‘- T %LfA
FWM“"V\-MA L"Q X (uw,v)= (VCosu; VS U, w) , u€|'R, vE(o,00)

Answer : E= Vi 1, F=o0 , &=\ Sincc
X_“: ("Vgil/ll(/ VCoS u, ‘7 O_(r\& 7_€V=(u$u,9€l«u,o )

@ E= <Xu/—u7: Vz“"; F: <X“’2<"’7=°’ é‘ <-V/—v = L
. (Picthwar Sowute: w{K‘ve.Atoq

Execise . Fidk #ae {:ws{— Mmﬁl {vvw o port f the xy V\M (% IK
\7MW"Y!L€,A L‘j X (v,8) = (7’ cos® ,roin®, O) , e(o,lﬁ') ,Yé(o,w)
Aswer = E=1, F=0, &=v" (s0 As"= dvirride”) |




\l\Jf’— Collect sone \0.&9 pvoperties Aot ‘ﬁf%-famllj o bilineay ’Y‘\!VMS (((',-}P:Peﬂ:
Q I peS, Fhen the wmap ¢, >, 0 To(S) x Tp(s) — R s

(y,w)l-—7 <V,w>‘,
(<) \oalzw) S

Zav,+bv, yWp = a<vl,w>P+b<vz,w>P \/\f‘,v,,weTPLS) , &,beR

<, Ay v, >l’ = A< v, w"(’ + bey, w27‘7 \ VoW, W, éT’,(S), a,b€R
() 5\3&/\«\”\&{""2— , 1€ <VJW>F= <W)V>‘> V\/, w (':TP (s) ok
(c'f[) POS("H\/Q, MCV\“'L, Ceg .

Ly, ue 2 o V veTF(g) ) ok <v,v7F=O & v=o € Tols)

(Bquivalontly | the wabix (£ 7)) & posidive definke ) -
@ ch V, w are CT vecks .F;g,(ats m S Hhan the fumch'm S—o R
%;m.,\ \,.,,,3 p +— (v(?7.wc(77>F RS L™ om S
In wove sdvanced  enunes, 2:4 . Gn Genaral Yiledivihyg, such a
Suweotiilyy Varying posikve Afanite  {nmen PWW M Hae ‘h}«t\yu\:" Spaces
(mk wagtssonly Couing fon an awbiont R") i Colle A & Riemaniian metric .



Cometimes i+ i Wshw‘n«} ‘o define e ‘G‘O“M;Aé functions o peS:
Ay =l ku> Gz = <EwEe T, Gu= <ty Y oA Goz = <X B,
Then 3= , 82.=49..=F |, and g,,=9
So  the finty fundanental fre can then ke waitten  as
ds = g, du”+ 24, dudy + Gpp AVT,
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2
<w,w>, = E——‘ b Qs (p) Wi W f owe g twe X, 4TP(§),

Lafer i S Cvwise * we QW (SovatAvies | 1e. vmaps between VMDWUW
swrfaces oot prescrve the fivst /Funob\wwhv( form . Tkua asdouarically
poene *he  bilinaar fovun <070, becaune Hre e 16 deterudned
\m‘) To s we fowe setn  earlier.
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Ov conkable vs Now- oviewtable surfaces

Lot S bhe o V'ux«ﬁw SW‘fmu M (Rzp, and x:U— X(W) €S Le x
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Defmition . A m;was/ swfae S n R &6 sadd 4o be Ordevkable
\{2 o6 Continuwencs C/Lwim b’s— Ltk viovuaal QX]S'\'S on S

?ropaS(Hm, et S be a YLTAQA—« $w€au. i R’ Thaw S s
draamtable , £ amd W\LB o e exat Qocal
FM&MM‘ZJCMS X.* Ui 2 X (W) €S cucly that

¥(w) = S and Vi, 3y the M,L ok Coordinales

vw;«p (4, V%) & (w5, ;) Gluen by GGy )= KX (wiy)
oup | g
Qth{WS det 9;:‘5 ;v) > e
X Avi

duy 2y
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gkl'\'(,‘/\ 01— M .
Cover S by  Xi(W)  wheve  xi-U 2 (W) ES are Lo cal

Fo.fv'awwc Hrzatlons . De&’\u

N, = (.59 w A XDy, o~ x (UE) 5
ek )y, A (20, N

it (s oo Continums  wnitt yovwanl o X (W)

1% Hhe (’/W of comwhivates (w1 ™ (w5, %) fave ‘)osiﬁv{
Jocobian  dedorminants, Haen  Ni= Ny oonw %(U)ax(W) Vi),
A Wwe obtiw %ko\ml, Continuomas chote v§— Uui€ ovmal o S'
mee«szl%, L thee s a %ﬂo\y&/ Cotinusmos  cloice 015, it
Mol N onv S, than v X)), etther N=Ni o N=-N.
I& N= N o Zc(uz), we define E(“.’:Vc):)ﬁ((“i.w);

f{' N = - N; on X (W) |, we M—{:iwe ¥ (w w) = X, (ve, w) .

I edther caae, + (M}f’v" o X PwVMMm ¥ (WY, and +lhe
cW of  corvdinate, g.).,i? fawe  positive Joacsbian Adwrminants Wiy,




If S is on ometable rgdar Sarfact in R

O Ovientution o{, S s given Im:) (one o the two)

ghobal | Confinumno hwice o wmir Novuals o

L S s ovientable snd  an ovienkafien of S s specfred,
Ahew e Soy S s an  ovienhed rzTJZ.w Surface.

eq. If F RROR i« C7 and 0 13 a vaglar volig of T,
hen F0) s oviewmble, and 6he oveutation of S
s alven lsw) Ao (%Kpbc&, Contorme )  nd  viovwad
N := - o S .

eq. T4 e aybwhv S = 4, y2)eR’ gz+z"‘=\3 (s orlemted bj

He ontward wnit vowmal sy N  then WL%:\(’T'-S N at P:(),l/o)?
C1,1,0)

Pnswer = Np)= (o, 1, 9) O O




The Ganss map Ound ¥t Second LonAamental forna

fet S be dun  oviewhedh regelar S wface i R? T we
Aave a 3)&0\9«)@, Continuena Wit noruaad N : S — Sz.
TS yuap Liom S dads S ol d the Gauss vinap.
It 4ells us o S Curves armad (n IR?.

/

Lls I(; C ¢s A P‘.&M (i ((2; then N ° S — g"[g A
Constant nAGp .

This s.,wbty.sh thot a v ol twvvakure m&;x(,\f Le defined,
‘0\3 S“\&AA,X(AJ ‘(/\0\«) N Vo an ovev tie QM'("aoL S




So lefs stuky the Afferewtiod dN of the Gauss map N
TE pES, Yhew N, 2 Tp(S) = Ty, (7).

M(P)
CP)

Obsevvation: TN¢P>(‘S) s admys pamMUl b Tp(S). Why’
Becawme bothh sve normaal v U(P)'
Comvention: IWe wit always fdantity  Tp(S)  with Tap (S, ond
think  of ANy as & liear wap  of To(S) inte tself,
(<. dNP: To(s) — TP(S) Vees.
Definitions . The Gaussion connhwe o S ok pis the detevuanank of 'o(k)‘,)

note Sian Alnoted K(P) The nean Canadue lf‘, S ax P S
@ Glf the e o —dN,, donoted H (). (KCp), H(p) weasure

e sive” o o\M‘,, Iwy K& Hip)~ S very urvedh o \ﬂ



Move ex‘,\:¢{+(j: let Ye, 6.y bLe a basis o TV(S), Winte

‘zAr\IrLe,sz Q, €, +Q,, €2
()

A'N (e‘l.): aztet + az_-;_ ez
Ay + QRyay

‘I'\,QA/\ K(P)—- au 22— Ria Ra, P H(P)—-' >
Question : What is a oyoo\ basis (€, e.9 of T(S) 2

i Ay Qip
Sub Questim 1: Can we clusost  1e,€:9 so Hut +Hae matrix (az. azz)

(S ik Siugplest form 7 24- Can we dingonalize dN.7 Yes!
Ké&a oo T\>($7 Covies o natwrol  (wner valmck 4.,-7" C/oM{vxé {;,,M
41he -firs‘\ {uno\a&wwtw( '€ovw~ (in owv caer, the Yelhaction
5"- the Eutkiokwm Lnney’ PWAMCA' /(;-ww the Aaumbient lR?’)
o c,\l\\‘7 . TP sy — T‘,(S) s self-akjoint wuitla VLQ‘)AC,‘t- o
Ay Qi
Hos  mner pm&ut(’, e, Hae naxhrix (au au> A"’F“’“A l’j (x)
S veal Stjww\.d‘\/\'c. S 9»0‘\15 ao \€,,6. ¢ orthonorua L il
voopeet 10 <Y, So dNp: Tp(6) = TplS) is diagonalieable -

3 cluict o orthonomal e, 0. € Tp(s) so that (or G2 is disgomal

Oy Gy



Sub Queskion 2:° Can we Choose a2 natuval basis 1€, €. of, TP(S) 50 Hukt
AMP(Q\) ondk AM (e,.) are Q.Mv() 4o Lava»d\'l"
Maybe € = x, ond €.z X, at a= ¥ wheve x: U= X(WES
s & local PMOKW\Q“'V\.‘LAT(M wit, peﬂu)?

Avswer: Tn vhat  case, dNp(e) = ANp (X)) and dN, ()= AN(x,),

but  dNp(x,) = 3—“ (N(.’scwvn)l wiich 7§ 3ftun  ablyeviate d t,\j

v)z=a

saging  dNp(5.) = Ni Stailery dNp(x) = N

Ad i we expreas g‘JMP(ﬁ“): Ay Bt Qo Xu (“"'r‘z‘-“’) (au a.-.)( )
AMP (x,) = Ay Xut Qq Xy, JN' ()

(<ANP(7$“), ¥udp  <ANp(3., %, >: <a" a,,_> (u AR <z<_u,zv>|,>
(ANP(ﬁv),‘_‘ 40\’\‘?(2‘,\,),}_“> A2y @y, <Zv,xu7p <Ev;fv7|>

T
I ‘L V »

“«?p P
< ( <Nu, ¥uwp <Nu,>sv>,,> _ (au Gy > (E— F) We | \
<y, %o EN, L QA Caz F o a /.

T F -
+o Compute  thae fint fundaperdal ‘FW\M (F G)“"“’l s Mvese



S Ay atz) ) (<N“/5u>(’ <Ny, %0p ~(a" Az FF)
o o covaudre Ay Qv V’-‘"‘j SNy, XY <N, XD ~\&, aﬂXFG 4
v the Qfr Lwouwd  sidke .

<N, X—u’f = - <N, é"‘“’l’

T vewaains v Conpuke
We C/(Afwvx raa X Q

e watvix

’ (Mu:z\/?p: —<N, EvuZp

SNy, x,0p = ~ <N, 2w Pp <Ny, 2,7p = — <N, ¥ %6

Indeer, f as= X-“P) . Heen tlheae follas L‘J +’\"~;t~5 \)M‘\'\A«Q deivativesy

s woand vt e Ao lUosing cqueations, and Hlen 2uleade ak (ur)=a:

& <N/ zu>)_<_(u,v)= o V[“:‘/)
LM/ £v>§£u,v7 =0

ag Qi
This qives o & Cowv‘)vd‘o\ffmal% Q‘ﬂ:t’c?u/\‘\' wey ™ evaliate (au an)

Tr 35 worth obSQVvinD thax siwe X, o = X ((ixed YMTt’wQ Aevivadives

Communte Sine X 5 C7 ) ; e hace <N, X >‘> = <N, Zu’p

Ao Hae wnaabheix ((Nu, EuSp <N XU >= (441\“,(&“), 2.7p <AM‘,(5“)11V>F>
SNy, Budp NG, 2, <ANp(x,), Buvp  <ANplx,) X

3s  veal s\gmmfnc. This S"wws \/wlweTP(S)’ {d MP(W)/W 7‘, =dw )ANP(C;') >P )



IV\A(.Q_A \‘: w = E\k"' 1’12:‘.\/ omd C\f/ = bul(\/l szzx\, (IJ\' P, then

<ANP(W *)”\: )p = 4 l," (&N‘, (ﬁ“) + blz d'\’v(ﬁv), \97,\ Xy + 'Dzz £y >P
< AN (20 XD <ANpUx ), x> b,
= (L., L\z) ( P (4 P P ) K t >
<AMP(X'V)/ XV‘)P <A‘\'?l¥v)/xv>P "22.

( L L ANP (lu‘)l 5“7', édNFLBu‘); XV>P> (LU )
(W, dNo(w >, = (b, bis
7 d p ' <A‘\‘P(7§—V)/Xu.>? <ANP(!,,),)5V>‘, ‘ﬂz

N ~
Co +lg Stﬂw\md'ma of fhe mabhix in ru\,WC lhave 43'\’P(W),W 7P= <W,0WP(~\I)>‘,,

In phriionlor, T Gorodvodiic forv -.‘lp(w)== — AN (W), WYy Vw €Tp(S)
5 el and sywamaric, omd @ Ts called the second fudonnodnl frea
ok C ok P- If w= W Xt W, %, ok p, Huw [ (w) e W, +2-\3w,w,_+3w7,
whowe €:= -<dN p(Xu), Xu?,= -<N w = L ¥ N,

friz - 40\NP(£u), Xy?o= —(dNp(x,), Xudp = -4\\‘v,xu>‘,= —LNM,Lnf = Ly, N>,,

AR ROR SE S
Owve +he (‘,aa(—{"\‘dmfs ol Hae seccond —Funiw‘l'wq "F‘V""‘. Cruvention



Fuvthernmove , i egnrlihy (AN W), & Y%p = W, dNpliR) % Vi, W €T (5)

sows  that dNp: Tols) = () 15 self-ndfoint  wire rvespect to o

ey pypduck <.,.7? As we |lawve PY‘omiStLA wrlicr . As a vesult,

if be,e.y is any ovthonovmal bag of T‘,(s) witl, vaespect to <-/.>F’ eind

()

)

g AN‘,L€¢3= a, €, +Q, 0>
ANP (€z)= (12‘6‘ + a:.z ez

then by othonovmaliny of te,e.\, a5 = (ANp(e), & For i € fu29,
ond by §e_hc—ﬂukjo{m+vu44 o ANp: Tp(S)— Tp(s), we have e = Gan

all ao z

(becamar 2= CANp(€), €%, = ¢, dNp(€2) 2, = Rpy ). This ey -(O\z. a,,.)

(¢ Heen a yeal S\}u«mzhf"c matyix , wd henee 3 oy{'lem.’& 2*7  wodrix X
-y M2

k ~ -
SWC"‘ M Q (,_, Oy  —Gn Q‘t 1S a D(Cﬂsjwwl naahiix ( o| ’a(z ) i I‘F Q= (el <.
—d'\’P(Eg-) = k‘é\;

—d "‘p €)= kzez:

N—r?

where €, € ave the columns o Q, then &) bLeconws ll
(5,?,_ é'T‘,(S) ove WV‘C—W of- "0\'\">> .

k _~
g(? -ANP {S V'Q.‘)VMUA"LA L:)A W ‘MAA*Y;X (o' :2) in e Orﬂzw\/wm& L“"'S {e‘,e,_)
o Tels), and K@)kl , Hp)= bk




The seccond fundamental form, Gauwssian Gnd mean curvatkures - Co mputation

Lets summarisk ovr  Adscussion of the S2cond ‘ﬁmo{ﬂmwi'w( ‘ﬁwm .
et S be an eviented Yﬂ.gvxlw W‘faa witth  continues i VI.OY'MAQ N om S

The second funolamcwl-d 'FD”W‘ s Hwe veal, sj,mwd-n'c, ?‘,chh'c fovin
o ascthoy
L, on Tp(s) , defined by T,(wi= R<0\M‘,(w),W>, V we TP(S)éde,, i
I x:Uu— xwW<es i a locak me{‘rimi‘fm adk p=2E@)
W(‘k‘m QA€ u) H"LV\ :(OV W= \’V( ’_(.u + W %X, € TP (S) ’ W LWL
- " € [u W,
I‘_‘)(W) = €w + Z‘F Wi, + ng <: (Wi W) (‘G’ ‘:’)> (“’z) )
W‘WL €: <Zuu, ‘\I>'y 2 ‘F: <E“V/M >‘,= 41\,“,&[7? ) %=<‘ZVV,N>P
Tn fact, 6§ w=w, %o+ Wa Xy oud W= WX, + i, X ot p, Hw e

vu[wu) Sian

odso have <ANPLW),J>F= ewt\;f\:+{:(w‘b:/;+w7_GI)+%wq_G; :<w,¢l|\|?(55))r

I{' }ANP(X“.): &u z,u‘('an—\év ok P . e _(i ‘F >= (all a.-,_ )( E F >
AMf (¥, )= &ay X + AR %y 3 STRCENAL

au QIZ
\A)LUQ— E: <Xw,£u7f ’ F: (iule?F :Cq":(XV’XV)P = °°“~(7'~"’¢ (%l 6\7,1,).



‘(é""“‘ Gunthors pr s mivas 91.'3143
&MM\MA&W

O\U al‘l
One we c,ovweud-»z, ~<0~u au) At p, we ary Campvd'e the  Qaussian

e Cr vaturt KCW nd T W~ Uervohwre H(P) |m3 't'z\k,m,é Hae
w determinant C«V\A Pl Hae b o A maatvix | D02

Ay TR22
v

“Lat g’ Kip)= ARz — Ay, Ay, H(P)-,- —
This s well ~Aefined  Indepandent 04  te  choice d x:UD S,
bﬁﬁau% Hie detormiinant and trace o'S, e Qowean rap AM : TP(S)-%TP(S)

s well- M%MO& maQP.U\chw’( Sf. He bas it HLS()«-‘" o wLuc.(« yon

Au Q2
QXPVW s Linear 'W‘“-'F. R’“‘ku’“"g - 0~u a,_,,) <§' F G' J
We (/\MQ, K(P)-..: e%“‘:: 5 H(p): eq _Z‘FF""ﬁE
Ea-T 2E6-77)

U 0%, 59 05 ovthononnal ak p, (e, i (§ &) @ fhe fdentity wabix,

Haen His simplifres becanse thaen e S(vatj have = ::‘ 62; )= (i g)

(& vesl Sypuamtdy ¢ mabix ) 7 Tn Haat case, Kp)= 63-'?1 , Hlp)= g%ﬁ_

Note. Tf we had picked Hhe oppaite oladndion and close =N inskad
t N, then Kovewaing wndunged , bur H o changes Sig |



Exﬂvw\p\é- O S(x,g,.-z) 2= Mxs ‘33 ] be a plane in R* .
Find the scond fundaunentnl  forwe of S and  Compute
the  Gaussion and Hhe wean carvatues of @iy peS,
with Vespeet o flae normal that faas a nyatice third conponent .
Solution . favardrize S via X(wv) = (Uu,v, Au + 8v) \f (u,v)e R,
Thenn Xu= (Lo, A) %, = (0,1,8)
ond  ¥uuz= ¥uv = ¥y = (0,0 0) . So
E = <X, 0> = Lt A, F= <X, %72 AB, G=<(%, % 2=(+B"

Yur¥v _ (=A,-B, 1) Nz_xumw — (A8,
WXoaxoll  (Cprge+ Ituax \l Jazgyy .

e= (24, N? = 0, £=<tuy, N = o, 3-; <Xy ,N>=0

T L)Y

o A,
Gy = QL = Q= Gy = O , ond Klpl= C‘)l‘\'(% a;_):oy
Au alz) - o

&u az,L

=-L
H(P) =75 troce



Example. Rt S= f(xg2): Xt 2R} be a ylnder of vodins R

F(V\GL the Stcond ‘Fumclawe,mmz( ‘ﬁrw 6’{— S/o.,\/\c& C/vavv»"f-
Mhe QAaussiomn and He Nean curvethaeg At QVWQ \765 p
With veoptct fo fhe odvad vt mernad  of S|
Solution . Param+vfw S Lg X(uwv)= (ngu,Rsfwu,v) )
Then %= (~Rsimu, Reosw, 0) , %= (0,0, 1)

ond Xyu= (’Kc‘asu, ~Rs'nu, 0) X, ¥

v = —vv:(a,0,0) .
r3
E =<2y, ¥, >= R , F=<x,%,7=0
Xy

- (cos“’ Stwu, 9) g orhwanvd Foiv\ﬁm(’j , So N-—-(cosu,s(wu/ O)
WX, A2V

G=<%y, % 7= |

e= (Zuu, N 7= -R , L=< tuy, NV =0, 3=<&vv,'\’>-’-' o

(&)= - (2 ENET) me (@)= (5 0)

So J-ub:wa dterminaut and Wil taee, we a),,-k K=0, W= J



Exm\c.

golu“'(ov\ N

et S= [,(x,aj,'z) D XAyt = RL] be a SQMQ of vodins R .
Find the seeond fundawenwtnl  form of S and  Conpute
the  Gaussion and  the mean cwrvahaes o vy peS
With  veoospter v 4t onhvard  wndt ovmal

we(o2m)
Pafaw\z,+vfw FAV‘\' u’.ﬁ S Lfl X, V)= g(COS W Cosv Sin K oS v, 5;"“’)’ v é(_;[. 1)‘

272
T\’\QV\ X :K(-SYMMC/OSV, Cos U Cosv, o) , X< R(- CoSu Sin v}—-Simu siu\//Cosv)

Xuu= R (—COSu.C,osV, — S Cog v, O)} Xuv= R (ﬁnu SnV  =Cosu sin\/,O) ,
ZVV=R(—D°SMCOSV,—S{wu Cosv;‘ﬁ'mv), N = (C05 u Cos v, 5K Cos v, Sinv)
E = <%u, ¥ 77KCos™ | F=<xu5,72 0, G=(x,x%2=R
e= (Zuu, NOZ-ReSy, €= C2uy, N2 =0, g=<xu, N>==R

Comptivg = (31 )= (E)ES) =7 1)

K:: —l-’i,_/ H:_]’i onn the fw‘a?z af.}_ ) C,(A.(c\c‘l’[/d; l«,ol()ls at eij PéS’,

Ty\é&o\, cll\l‘,(w): —‘ﬁw \/weTP(S) VFGS, (€. JNF-' ILKM Vrés,



Noraad O\LVV(X\'“V’Q,S’MQV"SV\C&(’S *kunwv\ and Pv{mc:?aﬂ curvatives

Jet S be an oviented wa&w« $m/§ma, in IR® Wwith a conhinuwous
choict of wnit normal N on S, and Lt peS. YU weTps) is a
Tt vectsy | Hae P(awq, t-knw,zk P that containg both w and N(p)
inberseets S on a e C, thar s @llid the novwmal Section
st S ot p aimg w. We Wony  plrametrite Tis Cunwe C wsing

ove forafh  pavanetrization Sy ol’ (-£€) = C |
»T—or Sowg £ >0 A ol(o)“—'P, o e may
than  Compure Hhe  (wesigrad) Cunahuve of this
space canve  C atr p, nowdy % =[eto)]
(becamee &= \T(>| and Tir= 'y for arc &wth’\» \owawwud &),

Tt does wot watty, which oreutafion We \?Cc_k of o; k remains unchanged
Whether we  pavanatized C as dG) 0 o(=5). We ask: what s the
Corvetive & 0".? tis Viowmd  section C ab e potnt (37.




Theovam .  The (\msirjuzl) Canahae o the vevmal  sekiodn C 4 S
ox p oqumb o Wt vedwy we To(8) s \m%iselg l‘ﬂ_\,(w)‘,

Provf. Lt peS, weTp(s) with wnit funfh and C be o
e viermadl sechem v S ot P @Qcmz w . w— >
LU\’ oL: L = C be a Pa.rmd’rfm‘\'t.a\/\ C P

ot C ba ove Qu\ﬁ{’k withh LY =p

Over Sowqe open interval L0 S“’D wifla oL (0) =W

We wed v Lokt k= Vo001 .

Bur «7(0) is Contmined in the plane Hrougls p that Contmins

W and N(p) { bednicss $lag  Ciose C. ts), audr  «M(0) s
orﬂww to ooy (brcauee one can Aifferveshate oLl(s)‘ehl(s)=l>.

PQ""‘""V\"’
L5 St Thus  &(e) is & wulriple o Npd. T Pllows +hax
'T/(O)'N(P) fzz lat (o) = | ol(0)- N(etor)] . But stnce oL'(5)- n(etes)) =0 \/s,
= Tp(wd
Aiffe rentiotionn  LiedAs «'(0) N(x0)) = —(0)- dN),  (x(e)) = L W)
W we T, (s) i J 2o P

(& O Lt vechy The lasy €Mi‘|‘3 l/‘OW"{\ becaust X(0)z p amd o(o)=w. Doe!



‘DQ g( nchon | J:—Q/f S be &Vua 0v(& ute 0( Y Z%ulﬁaf S w&-ﬂs% W, wnitt
%OVMA/Q N . iﬁ»{' (1) ‘92 &hvk f’Z;z«A,QM Ca o g
Wik o) = pe S. The vionwl Gorahwe of o

Flor-NC(p)
MPISM&%MO"“M%,,::—&—,(;%'
-—,

l
whawe Tk = i{iﬁ’)‘ is  the unit tangent +o oL (€)Y,

(t)
Theorem (Meusnier)  Tf w= ()€ Tp(S) in Hhne @J /
tbhae AfinHeor e the norwmal e

Curmtue o4 2 ak p B Pvzcg&d»a IP““’) wheve T, T p e e
'g'iYS‘\' OJ'\A <2Cown & %\&”MWD\M -&:YMS u's’ S ax V

= ’ ‘ Y]
szg ] Tt N(pd S . B 7 N (s2(4) = —_ oL Nl 77‘
o3| Jwl d’c( Jo )| >e Nh)) \t_ = fw)” t=o

Differevitiade N« o 0’___ _\ £ ey e\l\‘ (hor) > = Tp(w)
Same s previcws provk > [wi™ L(w) 7A

T Fax't'(cxv\iwl UG WGTP(S) it lwl:l, tlaan K?(w)z V\OVMA.Q Counvodhuag
of oy vegdlar Cuve UE) om S itk o= p and  x'(9)=w /!



Ps a vesut |, if S is on orceted r@AM\M Swurface Pes, and WE TH(S) with
\Wl?—', Wwe gama\-iw,«.(ﬂuu I‘;(w) S15Y) \/\owmon Curvature o§ S ax p &—10“3

d wrection W, without re.-fznzmu o Oy (o.v'h'w\ar Y‘,eprJA( cerve oLct) ow S.

Nexr we {ix P On an orvenind (zﬂulow Suw-faoc_ § ok ook at how Hae
novmald  cuvvatwre Bp(w) varies as  w varits over the set of wnif vectors

in Tp(S) Recadl Hare exiskh an  orthonormal basis Yei, €4 of TS)
and  yeol naabens K, K € R sudh o —dNple) = ke and —dNp(@)=ke,
Tn other wwds, €, € e cigpwechys of —dNp with elgpavalues KK,
Tlhe thy,vxvolws Ky and Ko of —ANo gt called Alae WWC‘VO"Q Curvatures
to S aft P, cnd  Hae direckions o whidh e 22 povt ove called

+l L \)ﬁmdpa& A/(ve.d'fms oX P- T\M-«é com b Covw‘wJG(.A “-MWJ owr owlien
A Qa
ok Yz‘)vaszw‘\'ﬂsiﬁm (&2‘ &;;:> 04_ JNP (¢3 kik,= eftymva\us "{- “((22‘ Ci{;),
1

OM-O( Mo)unvad‘uvs o -(2;" 21;) com be used 4~ Q,)(‘as’ob Hae Prihci‘ac»Q Aired’fms ih

fovms of Al loasts of Tols) wsek +v ikentify —3Np witt, "(2“ (Zl> >
U 2z



I w s & wunit vechy in To(s), Sow W= (Cos 0)e, + (5 ©)e, fov Some DR,
Haen ]I‘,Mz - <JMP<w7,w>P = K Cos'8+ k,5in'0 , so if futher kzk,, Han
k, < L(w) < k.

This shoxs that  at PES , as w varies over e set of enit
Vectrs in Hh(S), +ie wormal  wwvatioe ot p &.Qov\f) irection
(S Y\wne \oiﬁcazs’\‘ (Y’(,S?, SM[L(S‘\’}, Wlf\ly\ W= the e,((yn\/ecf\!\’ fo —J!\)P
Yt Corvegponds v the bigaer  (vesp. Sralller ) Pn’ncipa& Corvvatusg
ky (vesp. k2) at p.

‘)en;ezs ovthuo V\WWQ ot p.

T[F(eL)S ]g(m < T(e,)
Ve Tp(s) witl

<W,w>|, = 1.




Exaumple . lek S be the sudce Suy2)el€: 2= %4 Y, Drcted by
et uit novwal that fu. 2 posivive tovd conponent.
Find the Pv{mc:(nl Comatuned Al principal divections ak (0.0,0) €S

SDIW"HOV\, PM:MM.L\'V{LL S b.} X (u,v) = (u,V,uv) :Fw (u,v)élﬁz, Thaw

Xy = (‘IOIV)/ .= (0,1, w) Buu = Yyyv = (0,0,0) , Euv= (00,17,
("vf-“/l) \
N —— Henee E=14v7, Fzuv, Gg= \-ch', €=4=0, =

Twav
Henee widh Yeypect fo He basis 1%u, X9 oiS/TPS)-ANP i< Vapfmm{v_g kj
(au A \ _ o J—\%.—:-w" +v® uv 'l_- { (—-uv vt

Qqy a-;-L)- (&'—:-:fw’ 0 w4t (Hulw”“ s \ 1+Uu>  —uv >
o -\ .
At P:}_(o,o) this wasvix  vedueos 1o (-, o>. We find ik £¢?,¢WV4JM$
“A -1\ _
\?j Solv{v\% AL{' (~t “2/=0 ,+ve. Xz-l:o Ao e law‘mot‘omQ

’

(Tusv™,

Conatweo ot (0,0,0) Qre I and —| . The C,orr“l,onptcwj ,Q(y,nvec‘hvs
o -1 | [

of e wahix (-l 0/ ove (’l) and (l) rmrzcﬁ\xelj, so the c,wrmo((nﬁ
Pvimapcdl Aivethions are 1%,+(N¥%, = (1,-1,0) and ¥, +1-%,=(1,1,0).



Prample . Lot S be 4ha swfac  Jxy2) €R: z:x’;z,qj&, ond p=W2,{2,6)cS,
Find e ‘Qviv\clvc& Cawvvatures o’-ﬂ- S a P -

SOl\d’ZO\/\, P&Y&MA-Q-*V{ZL S ‘9‘3 X (uv)= (“/V, uz-("luv), _i-\rum al p= L(B,{;), wita
YE/)P’QC«{' 4o \Hee Lasis )]Z“,Xv'} 0'& T?(S), "’JMF 1= rq)wmvd‘tZA \9'3

_ @- _ 2 (7 —i7> with, eiggmvebines 23+ 377
2 3 "Ol Vb ) mz
;z'(

2243 23317
50 the PV\V\C;‘)GVQ Curvodurgs ot p ave _ﬁ:’ﬁ and $ar?

EMW\?\«L. Let S be an  ovended YzonQaw Swrknce, pe S, and Suppose
+he G\M)S;O’t—l/\ &.V\A WAL Ceniiuves o’-f— S at ‘) are “'g anJ |
Yespectively . Find Hae pincipal  Conotwes of S ot P

SO\UJ'HS\/\ T\/\Q PV\WP,,,Q Corrptves k| avw( kz Sachs{-'\z; kn 2 = "g And '<-'j—2’52': [ .

SO ‘H'\bv Cwg WVfS 0¥ )\ Z)s"g O’ and FVW\(AP[VQ C\A—W&t‘h/*vw at P 3 4_ Gml"z.





