Covartant Aiferentiofion along  Cnrves

let S be @& Yw)we.zw swv-facz (n IRB, and V:I—=3S be a CTcuwrve anS
A vectory %&o\ W OJLOVWA Y is o association v each te¢T sowa

a\wjvs*w(ﬂ: W) R+ wa o) Xy (whee %u %, owe evalaated oX ¥6)),
CW sad b be O wilE) and Wi l6) are €7 fuckions of tel.
(‘(‘Ms vs v - okq‘iwuk iwh.rzw&hf o Hae choice o Local rmmcfn'zdﬁm z)

jw(f)eTY(ac)Cs), Tu Local coovikivates | we Mmay write

Emwu. Fix o¢(-w,w). Then 7i6) = (Cos‘c sl , s Tsind, Sint) , ‘té(:g‘l'%_),
Po«aw\—v{us & (om,)({—uo\,'. on the 9(’(’\0’( SL,
If wit) = Th) € Tyiey () VeEE D), Haen wix) dufines o
C™ vechr fotd adong X
(Note sk in this aal, W is wot defined awvay fom
Ahaarg (s no obuions way tv M{\M w ot a foéwt ow iL\T(I))



Our qonl is to  Covamant Aifferentinte @ C7 vecte Leld wit) 6&0‘“3 >,
We tkes fow d do 5o l; Wit)= w ~ (F4) —Fw Sowme  C7 ety

Feld W Afimed e an optn et o S uw‘l'ﬂ&vd*\S Y(T) o W Aot Case,
We way dafie e Covardant  devivafive of  wir) alleng X6t be
VD"({)G/' ‘{: WEEU ) = W, Chtun) B duw) + Wo (Riuw) Xy (0, v)  @nd ¥ = X i) Vi)
Go Ahat Yt)= wie) ¥+ vit) X, ot ¥+ ; taen YW covarviant darvivetive
(S OJ:W“ b‘ﬁ VM‘({—)X“"' Ve, (\:’7 Xy 4 Wa ¥y)

~ a ~ ~ — 1
= i‘,*(w,(xm)) Eu + cF((w,_(ms) Xy F wil(¥6)) wit) V&xu t+ W (7 () Vi) V‘Y_qu
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T ke wit) = w (Y8)) snd W (6) s W (YW)) 5 e T ave ewlunted
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SCV\(,Q the veshrackion ocs. er&)q o Y 0‘&19{\/\& dv\jj o W)

C annd YY) lou:\’ not Hae xteusion G r{; w ) ,  we w\a.v
inodua e follawing  Anfinion -

Definchion  ( Covavinnd Aiffevantintion of a C7 vachy fld along ¥)
let UK 23X U €S be a Rocod FM&W‘G’-MZﬂ‘['{m o’,‘_ Py
Yﬂyuloaf surfac S R’. et ¥6)= X(ww),wie)) he a C~
Carve ™ S, ed W) be a C7 wehy Fld along Y. Weite
WL W) X + W@ X, (eualuated ok X7(10)). Thew define the covaviant
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Row do we vawewbe Hls fvmuda foy

D .

Tn ‘GU\(«"' Wwe a\m% w2 o ramanbey /f"uawwj VW\DCA/"{% 02‘- at -
dw

Q I;(W"’mfu* Wal)Xy) = T mer W) Fe 4 T ar wle) Dy

Px. DXy e >
@) T = Vrw® omd P = Ve Bv Ve which s W;{g(jﬂlvm)
Tw other wods, i§ YE) = W) 2+ Vi) %, , then

Dz | _ ! 2 1 *
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(
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[ Remember to clx(HlmmHM'e Xo ondk Xy whew we Covarisnt differeitink !)
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i{- it (S cwavenient o oo So).



EX&M()Q-L— Lo ¥ Z.@’,B)-‘- (C»Sd’ Cost, C,osd? S(me/ sth‘#) Le a roh«Q
povamttizating o S .Fix B¢ (mm). Lot Yi)= 2(%, mfwtéﬁ,@.

lﬁf w(t) = 'tzlz GT('C)(S) FW\O\ %hé (LQNhj ).

Since 2 ° _4>—( Sind Cos B , —Sing sinl, cosp)

Selution .
X, = Lo = (-——c»sd’ sinb, (pséc,osG , o) )

T

wl hawwe E=1Il, E=z0 G= Cos'dh , ond ﬂ‘ﬁﬁ?:ﬂéﬂ'u:o,

2
Tho=—tand, [L=Subesd. Abo, YOIz %, , wit)=+t"x,.
So %‘: ﬁ‘;(t‘)zgz +t‘%-_ = 2t %, + 7 V%,
= 2tx, + e‘r‘z +tNix, = 26%, - tTtanld) x,

= (2t =t fanl6)) (—Cost cos® , Cost sin®, 0) € Ty (S7) .

PW()OSEH«“, If Wb, wit) ae (tanguet) vech fralA olons a CTcumve ¥ on a
Pw ~ Dw

Vogudar Surface S, Hon 9 Luile), Til4r> = ¢ J,c WY H<w, g2y

d ~
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Defunition - A C™ vectw £ilh 1o ong Y 05 soad tv lee parallel,
;F 5—‘%’ =0 o.,@ouﬁ Y . waow“w@&) we Hiink of W asg “Constaut “aﬂOhﬁ{,

Exam‘:u . Let x(4.0) = (cosd cosO, cosd 5in, Sind) fov O€(-Tm), ¢pe(-T T
So Hhat it Pavamibizes e wni s(L\-We, (minus A Qonsﬂwbc ).
Fix 4,@(-‘1 1 Cousider the latthude YleY=x(b,4).

2/ L 4

Lot wilt) = Xy olong TH). Ty woit) povalde L ae/okg Y 7

Qolution. S Y41 =% and  wix) = X, ?ﬁ (¢ simply Vg, x,
= T 2+ (3% . Swe 0520, Tiz-tawd,
we fane %7‘/; = —tand tg whith 6 dhe zere vectey
if ond aly # tand =0, e F ondk oy if $=o.
So Huw vectw -g-\alo\ wit) s PWM wbub Y f ¢=o0

(ie. & V7o the Guat), and not povallel Lo Y
f’(‘ Chfo (fé.. Y s o Rafihke which @5 pot fa e&lwdw)



Remark. Here & @ pichue OLLSbﬁla{vxfs the  previens Example :

We sacd Wit) = Xg 75 net pavmllel

(or “Constaut”) OVQMf} Yo ¥ oa -

Lfibke othar than Hhe Laustr -

This may sowd shange becans wie) = 1- x4 = Y

and g cotfficiet | ¢ Counstnat olong Y-

Bk flis 7S wot So chngs, laccase we do ot bave

ony veasma to think of Xp &S “not (hanging " when e

move e e Frungust space Ty (ST) o anatlur Tyceay(S)
Heve's a -Qw-uw.. p\/u:,s\’c.s Rxpenivaent thak ca'wu W oo e ACluvnte
inhiHm  obst PAmQQd vech R, | Think 8= Gartls. A P(M% 3 sing
v the  novth— south  Alyeetivn at a &by o F(0). Ny Eartl vobabe, , Hae
pendliain’s  posiion Vs ak Ti) of Awae T, ok of the podalun s Qeft
t §wi»\j “—Frulj", than affer 2 While The quo(uh% doze net Gwﬂj’ QQ,of«f) a
novih-soull. plane  waleas ¥iae Gy B ot e,Tw‘-fwl Mo abert this som.



ow"kw Mm‘ipwt 0{» & vectry O»Qamj A Curve

Theovewr. Lot I be an open intznal c,owiu_{.,‘_zw_ﬂ 0 anl ot
VT8 Lea C° cume m a eaulas Sucfoce S in R
Than fiov any W, € Ty, (S), there exdh o wnigae  vechy
—S'-&/Qo\ w(t) a,Qm\ﬁ Y , such thwak w is Famﬂﬂo( A'Qamj Y,
o Such Heak wlo)= w,

We sty such wit) 75 Ahe pavelled Danspot of w, along ¥

o A
Tndeed , - Y)Y = T ¥+ %‘%Xz Ond  Wo= Wo Xy ¢ Wz ¥, € Tyio) (5)

Fhen W= W) X+ Wy (€) 22 16 pavalled Panspet of w,, if

Dw dw = duq k
—o . — K = ~ S_ = W (o) Ve (wee))
%ﬁ , (e dt iy =) d& 7 9 ‘E"Y k=1,2
W(e)= Wy W le)= Woy

T\z\w»‘) u’{. WA»»MV\:) diffevecdial fLaKw:h'ms shune Hlaak
o Solutiona (wllf),wz(&)) exists and s W\f?v\.e ow L.



EYAMFLL' let S = ﬁ(x,g,z)é\R% zze ) be #he X4 P(w N !R”.
bet ¥ be Gy C7 cume ™ S, and wo=(abiod e Ty (5O
-q-w sz o, belR, What (s 4l ch«ﬂa tvows prvt  of  wo C"Q""’“é ¥ ?
Solution.  Let's paranahize fae x-y plame by %) = lv,e) Y ww) R
Than Xu=(ho,0) 2~ %y=(e,1,0), a0 W, = AX+bXy ¢ Ty (S).
et wit) = wle) X + Wl £, be Mo porndll bawspnt o W,
Theu S%"Ezo —© From ® we fwwe (W)= a
wie) =w, — @ swzzw:lg,
P O we have Wit gy + Wit) Vo) 2 4 wylle) Xy + W (DVyqey Xy =0
Which  Slup(fics to W lE)%, + W/(k) Xy=0 Since V;‘;' =0
for ol 55k €hu2y (which follows sivee €,F,6 Owe 6l Comtudy)
Qo W )2 W/i6)= 0 Waaming Heat W), w(6) e both Constaufy,
Heme wiley= &, Wyr=b, o d Vo (€) Yty
Witz AY¥ +bx,= (a,b0) Vi. W, [r¢



Emmpu. Let x(4,01= (cosPcos O, cosd sin®, sinp) be o QLocak
pareuetization o the Sphare T (minus & low Cﬂ@ . Fix ¢e(-3,7)
ond 0. Lot W)= X(¢,0%) and et wo=2y ($0) € Ty L5,
ud ta PM&M& ‘h’aMs()M of w, a»&»\ﬁ

golud-?m, Lot wiey = W) X8 + W, ¢) xq be M P&VM D2ens port g w,

Y. Then Sina “{’({-)—wzg = wxz_ , we hwe

A
0= %”% = .A""IL X, + M(ﬂw(/‘)?&l + T',-le) + 5,1-(- Wal+) ( x.‘+ \/f&.
Fw, Fand 9m+w5$

e, JT = —@Sindcosd W,lt) -
dw with iw.ﬁ'a\l corndFionsg W0z | , Wz("):o.
o = Wtamé wie)

o\zw‘ _ . Jw?____ ; " .
14— {:,,((dws ok o= WSind cos ¢ S wsing cosd ytomd w, = WSing
So w‘({-)zACOS(COt sinf)-%—BSin(w'&szy.q‘ ) ‘F\"Y S~ Cam’hvv\'b A , S, ano(

Puw

3t

—-Jw

te  niFial Conditions W (0)= 1 , W)= -0 sind cosd Wye)= 0
gives A=zt , 8=0 . Henw W(lt)~ Cos (Wtsind)  and than
Wolt )= gtwa¢w,lt) Ax = S w ton @ Cos(wtsing) de = o(o“b Sin(Lotsing)

i.e. W)= cCos(wstsin + Sin(wt ) Xe
S (s 4>)§¢ in(wtsingé o



Physical intrpretation  (Foucaudts pondudum)

The previows exomple shavs tlwk T w, b=2%5 ok X($9)
W)= COS((ﬁ'tﬁtmf())&qS + st\r\(b\\tﬂh‘ﬁ) Xe st FMM "\‘WASPW“- o:j-

Cos ¢
Wo 0&»»\6 T Q.Ak‘fulkk ()

= X(¢,0t), Thas (s wndecd at Wuws (\

& pardalirm Hat imiHally swings n the novthh-south (€. Xg) divection , if
A 5 tHae MWX‘JM V¢Lodh3 "&- il rotohna a‘— Gavil : H~e &Ir.ec,ﬁm o‘%—

b m—

T 24 howrs ¢

sWM% 0:( tine T wodd wwke an (vayat WS Wity g viorth (because Xé
A Co 4, Gve ualt vechnr pom’rmj north and east msgcc,h\/d.‘a) Mw»}j ity directimn
% swing will sedly change, md it tokes time Sy fv the Airection of Swing
Tt an angle o eq - ¢=-35"ak Cavbena, Se if o p&v\otduw 2 relened
to swing frady i e ot sadty plane af Gubirn, then the diveetion
o Swing gradually become NW-SE dhen West—east 5 and ¢= 30" at Houshw

C’JVQ C"c oW

So the dirgetion cr; Swing %»%ffvm N=S fo NE-SW tp E-WW . Belew ved Ling = o Swing.
S

hon £ £ £ w3 E

t=%kv t=tohv t= |5 hy
1$min 28 min ¥2 min

t=0



Geonebie i Wherpvetation

Lt S e &Vubmﬁw Swtace R* b F:1S be a C” Crve o S,
The  povalld treuspovt aﬂm\% Y Pmcous L dor cadh te T, a Lnear
map Pe: TynilS) 7 Ty (s? . This map fms 0uF do be an
TSomabry | waeaning that (Wi WDy, = CPewe s Pewyr o) Y wiwa e T,
This can be geen by OLscwms fat  Tew Ma\ Pew, are paratlel

veehy s aﬂm\a‘) Y (so Ak( “)zo and g&-@‘f“@ °> G ance,
-&d’-ew\, (WsY = <°\ kwt) Pewa 7 ‘Pt“’n ) 3’ "“’"7"' e . W\eamiwg
Hat <Pw  Pew,> = <fowy  Powy,>= <wiwyy V€T, This wwp

Te : Too) (S) = Ty (S) s the “comect” wowy o) Thectifiying
Twor(S) with Ty (S)  ( tmd fane  bLehyeen Gny o tougonk
Spaces o S ke YD W Tren () and e €Ty ()
than we shodd Thewthy We with wy o wo= B Polu e

£ W, e be obfwimed from W, by porallel Tramspov aQo»«} :
(Neuwao«itj Wy W W, Gove Hhe Soing fanptds thn | Since eah B 15 an TSW“"':))



To vorboyote: et Y)Y be a C7 cumwe m 2 VQnyfv(M Stvfrce S i R,

©

§ we) ad T0) we panllel vectov frelds aémj Y€
ot (WY, Wity>  be a cowstint mpurwoum’c t 2

Nes . Tndaed j’% W), Gy = 47/ WS> + < Wt y%_ o

If wied s A poal@l vedn fifd olong i),

nmust  [wis] be & Costant  independent of 7

Yoo . Tndeed In@ 7 = W), witry i e Aot ?wl_mct of
{wo PMM vechw {{e,la(s a@ané Y, omd lance (S (Coumstmunt \,913 ® .

H: wilt) C:IH) avy F&.V , ien—WUvvo Ve ‘F"‘Z’(OLO Ov@w\j )/(,é_) eust
the ﬂmgﬂ-& befveemn w&) and WE) be  Constant [,,,AQ{?QM&M ot
\(QS' \ Wt L) 'S O ¢ dwiled, Gter>

he angle  befween ) and W ceo iww)]lwml)
Which s Constant {M&P%M& o t \93 O and @




F\;w\'\«u( ’Ccchh(vngs . Compuking pa,vauel ‘hfou\ASporfs

~

O I S, S oave isowadnc (annﬂa-« swkoces i R, Hun as long as one
kaows Wow 4o pavelld  ansprt onob\j & et i~ S one wenld
kine how 4 Pamﬂi s pnt a.Q/mé e Cowu‘;o»wu»j cane o S.
Thig @& becans Rt equatiot £ pavallel Dnns pork Aeped MQU I
tee  Chighoffol  cymbels, vl dopnd oy on He fist fundsnadal fomm .
Move \)vv.as(lj, 7 f:S— S is an (énme%), and W) i A
YMAM Domspnt  of A vechy W € Ty(0y(S) oLQm\? o CT e ¥ o S,

rew df (W) Tt pavallh tanspert o Ay () ahong fer)on s




Qoludion .

Check
E=E€, F=F
o :a whive

By X
F= & 209

G= LRy, %,

or ‘;‘“‘l b el O, ), the wmap X (u~r) ={usindcosy, wsind sy, ucosP )
whave  (up) € o= (0,0)4(5,7)  paranerizes o cone  (minus @ vay) of
Gperture . Fov Lixed w0, the cunve Yd= %14 (s o fwevioiel cinde
on Ml Cont - I W, = X, (0,0), il tae porallel Dasspet o w, a-qua Y.
Tdoa s Cux opue e Cont 2 unfold & Isow&h‘c% o a Flat ble.
Ler $ bt M sechv in Ha Xy plane with awsle Lnsind , parvanetiize A
by £(uw) = (usm(vsing), ucos (vsind), o) witl (w,v)e W= (0.0) x(-T,T),

o The map £ (X =xluv) Yiev) el Aefines an (sorety o § o

Z‘-(U) C Cowne Wozcl‘F(a«O [

f Wo=X ko), avd F(F)=¥t) i} Feor=F(w0)
The pavaflul ‘l‘Ymst{‘ w ) of w, O.,Q«ouré VY is rotakion of X, (¥))

by argle -3

‘[:\«rw whichh 1w pay O(L"Lthne, wit),

w«y& behvaes
wit) and ¥, (V)
Lbhvuu~ 1S é%%
Wity and X, (714) '




@ I]C S and g ave rleM SWfaaa, YY) 20 o beth S and ?, aand
Ty S = Ty (§). +hen povafled buvspt M S aleng ¥ Coinmecdes it
FMAMLQ -B/M;ow oA ,§ G,Qewz 3. :\-_MO,J&A/ .'{ wlilt)y € Tv‘t)(S)= Tﬁf)(é\) Vﬁ,
then Y Covarant  davivabee AL-»-,D ¥ o S ¢ e sz as &

Lotl. ave e “VH"""K‘“"Q \M'j‘uﬁm
ok Oﬁ% ot Ty (5)= Tﬂ”C?). Hence wlt) & (xm,JlM o S

f ank oy Ff vl 3 paalld e S

a4

Lovamont dhesvative aﬂ;wﬁ Y o~ & °

Ex&wru. Fix c(?é("%,o ) ook Consiker tie (atihdde Y(t)=(co54>cos£,asésiuf,sivuf)

o e wndt sphese S Yiv) algo lice oM A (Cotae of  aperfwe |

( Comsider tint vevoluton ¢} Hae ‘fvltmiv\j Pt’dun@) ,

prd we knew has 4 Fﬂwxﬂu s pov t
anz) a (g o} WMQ, |{3( This Aives a*'\gf(‘»

Wl an altevmativg [,,/ow() to  Calodate the
mewz {WMSVW{’ OULOMB A LoRhadke o e wat SVL\WQ,



