LOCAL SMOOTHING IMPLIES SPHERICAL BOCHNER-RIESZ
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Sogge [1] observed that the local smoothing conjecture he introduced there implies Bochner-
Riesz for the sphere. Below we give some details of that argument. (A variant of this argument,
based on a dyadic decomposition of the Bochner-Riesz multiplier, is given in Proposition 3.2 of

2].)

1. COMPUTATION OF THE FOURIER TRANSFORM OF ¢~ (119)

First, for any § € (0,1), one can define a tempered distribution =09 on R by

feSR)— / J) =10,
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(Here we need to choose a branch of log to define fractional powers of ¢t when ¢ < 0; let’s choose
the branch of log with branch cut along the negative imaginary axis from now on.) Sometimes
this tempered distribution is written as (t +i07)~(1+9) because for f € S(R), the above is also
equal to

lim ft)

50+ Ju (t + €)1+

(Note that [ Wdt 0 for every e # 0, and hence [, % = Ja Wpro?dt we can then
let € — 0" using dominated convergence theorem if f € S(R).)

One can compute the Fourier transform of the tempered distribution ¢t~0+% by noting the
pointwise equality
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# 0 and 7 = max{7,0}. In fact,

e*itT R efit‘r 5
—  dt= —  dt -
/R@Hew / gt T O

o2mie— 6 /2
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This shows
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where T'f is the upper half circle of radius R centered at the origin, going from —R to R. If 7 <0,
then |e=%*7| < 1 along '}, so
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as well, and hence
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If 7 > 0, we use instead
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For 0 <6 < 1,

R ' ' Ri ' R
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where Cp is the quarter circle of radius R from R to Ri. But [~ t %e~'dt = T'(1 — 0), while
/2 w/2 20 T
‘ / z_‘;e_zdz‘ < / R0 Feostp < Rl_é/ e RU=)qp = Rl_de_R—(eR -1)—0
Cr 0 0 2R
as R — +o00. Hence we have
R
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Letting R — 400 and then € — 0T in our earlier display, we have
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2. BOUNDING THE BOCHNER-RIESZ OPERATOR

Let 0 < § < 1 and S° be the Bochner-Riesz multiplier (1 — |¢]?)5.. We can write

(1= 1€P)% = o)L = €1 + (€)1 — $() (X + [€)° (1 — €D
where ¢ is a C* function supported in the ball [¢| < 1/2, and 7(&) is another C* function with
compact support that is identically equal to 1 in the ball |¢| < 1. This decomposes
S° =S5+ 508°

where S is given by the Fourier multiplier ¢(¢)(1 — [£]?)?, S? is given by the Fourier multiplier
(€)1 — ¢(€))(1 + |€])°, and S° is given by the Fourier multiplier (1 — |¢])%. Since S and S?
are given by convolutions against Schwartz functions, they are bounded on LP(R") for any p > 1.
Hence the boundedness of the Bochner-Riesz multiplier is the same as the boundedness of S°.
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Now writing u(z,t) = eV=2 f(z), we have

S f(r) = — / ule) = @),

Cs 1+

and hence

dt

15 e < =iy
Lz
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For [t| < 1, we write

eiitu<x7t) - 1= 67it<u(x>t> - f(l‘)) + (eiit - 1)f<$),
Hu(a:,t> — f(x) ‘

t
uniformly in ¢, when f has Fourier support inside the unit ball. In fact, if n(§) is a compactly
supported smooth function such that 7 = 1 on the unit ball, then the kernel for the multiplier

operator 7(§) et‘iﬁ is

and use
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by splitting the integral according to whether || > |z|~! or not, and repeated integration by parts
in . Hence for |t| <1,

H e tu(x,t) — f(x)’
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, SOl

for all p € [1, 00].
For [t| ~ 2%, k > 1, we let ug(z,t) := 2F/Py (282, 2F¢) and fi.(z) = 25/7 f(2F2) so that uy(z,t) =
e"™=A £, (x) and

[u(z, )| Lr@n) ks / dt
dt <2 ( t . ) ~ 27k
/t|~2k ¢i+o ~ t| 2k ot Ol e t lsllg, e

We may assume f has Fourier support inside the ball of radius 2 centered at 0, so that fk is
supported on a ball of radius ~ 2*. Let p = 2—” from now on. Local smoothing gives

il oo Se 20 el = 20 o

We choose € = §/2 > 0. Then we may sum over k, and obtain
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This proves

.

for 6 > 0 and p = 2. Hence S° is bounded on LP(R™) for all § > 0.

dt S [ fllee
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