HARMONIC ANALYSIS LECTURE 5
NOAH GORRELL

ABSTRACT. In this lecture, we finish a proof sketch of a weakening
of Stein’s spherical maximal theorem, first in dimension n > 3,
and then for dimension n = 2. Finally, we state two significant
consequences of the local smoothing conjecture.

Let us begin by reviewing the problem at hand.

For each t > 0, we define do; to be the normalised surface measure
on tS™ ' C R, the sphere of radius t centred at 0, i.e. ftS"—l do; = 1.

Following Stein (1976), we consider functions f € . (R"). For any
z € R™, the convolution f * doy(x) = [g.—1 f(z —y)doy(y) computes
the average value of f on the sphere of radius ¢ centred at z.!

Defining, M f(z) = sup,~ |f * do(x)|, Stein (1976) proved the fol-
lowing result.

Theorem 1 (Stein, 1976). Suppose n > 3. Then, we have || M f||rr@n) S
| fllze for all f € & (R") if and only if p > .

This result was extended to dimension n = 2 by Bourgain (1985),
and a simplified proof was produced by Mockenhaupt, Seeger, and
Sogge (1992). In the previous lecture we considered the following slight
weakening of this result.

Theorem 2. Suppose n > 2. We have || sup,e(; o |.f * doyll[e S || f] 2o
if and only if p > 5.

We observed that the condition p > -5 was necessary and began a
sketch of its sufficiency. Today’s goal is to complete this proof sketch.

PRELIMINARIES

Our first step was to decompose f as Pyf+> -, Py f via Littlewood-
Paley decomposition. Recall that F,f has Fourier support in a ball
near zero, and P, f has Fourier support in an annulus {|¢| ~ 2F}.

Date: September 29, 2025.
1One encounters a problem when trying to define such an average for general f €
LP(R™): namely, such functions are almost-everywhere defined and the sphere has
measure zero in R™.
1



2 NOAH GORRELL

By the triangle inequality, it suffices to obtain a uniform bound on
| sup,er o |f * doyll[z» for all & > 0.

In Lecture 4, we obtained an easy bound, by comparing with the
Hardy-Littlewood maximal function. Namely, for every p > 1,

(1) I sup |Pif * doelllze < 2 flLs.

te(l1,2]

As k — oo, this bound worsens quickly. However, this at least shows
that the map f € S(R") = sup,ep o |Prf * doy| is LP-bounded for
every k. In particular, we have a bound for £ = 0, and so we just need
to obtain suitable bounds for k£ > 1.

Insights about aa\t. Let do := do;. We have the following fact:
(2) do(€) = ay (€)™ +a_(§e >,

where [0ga+(§)| Sa (1+ €)= "2 1ol for every multi-index o (see Chap-
ter VIII in Stein’s Harmonic Analysis).

Also, by a change-of-variables, one sees that Ea\t(f )= ?12—(::5 ). There-
fore, we have |€0\t(§)| < |té|="z". In fact, since we are only taking
t € [1,2], we simply have |H;t(f)| < |€]7"z", with the implicit constant
independent of ¢. We note that this bound improves as n — oco. (The
geometric reason for the exponent —"T_l is that it counts the number
of principal curvatures on the sphere.) In particular, on the Fourier

n

support of P, f, we have |E;t(§)| < (26"

Moreover, because of (2), we think of do ~ e2ril |€|7"2" . Of course,
this is only a heuristic but, via Fourier inversion, it gives us the follow-
ing calculation:

© Pef v dota) = [ e e ag

| ~2k

Last time, we also made arguments (for example, by Sobolev embed-
ding) that the following heuristic was reasonable, although not strictly
correct:

@ Sup 1B dorl|| o gy S 277N PS 5 Aol ioesxinzi
By Fubini’s theorem, we can immediately bound the right-hand side
by 2P supye( o [| Pef * do| o ny.-

Let us apply this bound to p = 2. By Plancherel’s theorem, we have
| Pif * dot|| r2@ny = || Pif * doy||r2wn), and since the Fourier transform


https://www-degruyterbrill-com.virtual.anu.edu.au/document/doi/10.1515/9781400883929/html
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interchanges convolutions with products, we have

| sup |Pf * doyl|| r2@ny < 2K/2 sup || P f * doy|| r2@n)
te[1,2] te[1,2]

= 2k/2 sup ||Pkfd0t||L2(R7L)

te(1,2]
< 22 sup | Pef ||z | 400l o (7
te(1,2] PPtk

n—1

S 22| Pefll e (25)7F
_k(n—=2)  ——
=2 2 ||Pkf||L2(Rn)
The third inequality holds because supp(]gk? ) = {|¢] ~ 2F}.

Finally, since || Py fl/z2@n) < ||f||L2(Rn) = || f|lL2@eny, we obtain the
bound

_k(n72)
(5) | sup |Prf * doll|z@ny S22 || fllze@n)-

te(1,2]

STEIN’S ARGUMENT FOR n > 3

k(n—2)

When n > 3, the scaling term 27~ 2 in (5) decays exponentially
as k — oo, so this establishes the forward direction of Theorem 2 for
p =2 and n > 3. Via interpolation, let us now establish the result for
all 25 <p <2.

Fix —#= <p <2 and let 1 < py < p. We combine the easy bound in
(1) for LPo(R™) with the bound in (5) for L?(R™). Choose 6 so that % =

p%ﬂL% (i.e., 0 = 11/2;—_11//22)' Since the mapping f +— sup,e(y o |Pr.f* doyl
is not linear, the Riesz-Thorin theorem does not immediately apply.
We can remedy this situation by ‘linearising the operator’. In short,
for each continuous function f, we construct a linear operator T such
that T'f = supc(; g | Prf * doy| and T has the same L and L? bounds
as the spherical maximal operator. Then, we apply the Riesz-Thorin

theorem to 7. Since ||T||,, < 2F and || Tl < (2%)72*!, we have

no

1T, < (240205 = (2h) -5+,
As pg \( 1, we have § — % — 1. Therefore,
IT|l, < (2F)"FF1F5% = (2F)1m+5,
Thus, for every f € . (R"), we have

| sup [Pef  dol[[e < (25) 755 || £ 1o
te(1,2]
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By the triangle inequality, we conclude that
| sup [f % doyllze <Y (255 flo-
te1,2] 1

This bound is finite if and only if 1—n—i—% < 0, and this occurs precisely
when p > .

This establishes Theorem 2 for % <p<2andn >3.

The interpolation argument for 2 < p < oo is even easier. We
note that || sup,e(; o [f * doy|[|r < [|f]|z~, since a spherical average at
every point is necessarily bounded by sup,cg- | f(2)|. Since we also have
boundedness on L?(R™), we again linearise the operator to see that the
spherical maximal operator is bounded on LP(R™) for all 2 < p < cc.

MOCKENHAUPT, SEEGER, AND SOGGE’S ARGUMENT FOR n = 2

When n = 2, we wish to prove the spherical maximal operator is
bounded on L for p > 2. Let us consider once more the heuristic (3).
Since we are considering only t € [1,2] and n = 2, we have

Pif x doy(z) =~ / f(g)‘t(g,*lﬂe?m(tlﬁ\ﬂ-s) d¢

|§|~2F
o~ (2k)1/2/ ]?<5>627ri(t|§\+x{) df
|¢|~2*
2—k/26it\/jf(x)_

Therefore, by (4),
6) |l S |Pef * ol zaany S 272721672 f | Loz it -
ell,

The local smoothing conjecture for n = 2 (Guth, Wang, & Zhang,
2020)? determines that when py > 4, we have

1

Y 111
€™ =2 FllLro Rz i) S (25)7 0 20 || ] oo (r2).
Moreover, conservation of energy says that
it/ 11
€™ =2 Fll 2@z xpnay = (25)2 7270 fll 2 qma)-

Interpolating these results, we see that for any 2 < p < py, there exists
a number €(p) > 0 such that

. 11,
€Y =2 Fllr@expay S @627 £l 1o ge).

%In fact, there is a partial result for local smoothing that was known in 1992 when
Mockenhaupt, Seeger, and Sogge published their proof and suffices for this purpose.
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Inserting this bound into (6), we get

I sup 1Pf  doilluren) S kP9 k2 (M) 375~ £ Lo
te(l,2

—_ 27E(p)kaHLp(]R2)-

Since this bound decays exponentially as k& — oo, this determines a
bound on || sup,¢(; o | f * doy|||zr(n) and concludes the proof for n = 2.

CONSEQUENCES OF LOCAL SMOOTHING

Should the local smoothing conjecture hold, one could apply the
above approach to n > 3. Hence, we may view Stein’s spherical maxi-
mal theorem as a consequence to the local smoothing conjecture. (We
stress however that the spherical maximal theorem has been proven,
without a need for local smoothing.) Earlier in the course, we also saw
that the local smoothing conjecture implies the Bochner-Riesz con-
jecture. Here, we state two other conjectures that follow from the
Bochner-Riesz conjecture.

Restriction Conjecture for the sphere. For any f € L!(S"7!),
define a function Ef on R™ by Ef(z) = [, f(§)e*™™¢dE. The re-
striction conjecture states that F is a bounded mapping LP(S"™ 1) —
LP(R™) for all p > -2 The dual (hence, equivalent) statement is that
the map® f f]sn—l is a bounded mapping L?(R™) — LP(S™™!) for all
p < f—fl In fact, by an interpolation argument, it follows that this is a

bounded mapping LP(R") — L(S" 1) for all p < nz—fl and ¢ < Z—ﬁp’.
Indeed, this is how the conjecture is stated in Tao’s blog post on the
subject, and it is known that for (p,q) outside of this range, the re-

striction map is not bounded LP(R") — L(S™1).
(Maximal) Kakeya Conjecture. A §-tube in R" is an n-dimensional
cylinder with height 1 and radius 6. Suppose T is a family of d-tubes

in R™ pointing in a Jd-separate set of directions. Then for € > 0 and
any family of non-negative constants {cr}rer we have

n—1
Z CT]-T SE o ¢ (Z er:l|T|> .
Ln%I(Rn) TeT

TET
(Note the implicit constant here does not depend on the family {¢z }rer.)

3As noted previously, it takes some work to define this map properly, since the
values of f may not be defined on the sphere.


https://terrytao.wordpress.com/2020/03/29/247b-notes-1-restriction-theory/
https://terrytao.wordpress.com/2020/03/29/247b-notes-1-restriction-theory/
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It turns out that the Bochner-Riesz conjecture implies the restric-
tion conjecture (Tao, 1999) and the restriction conjecture implies the
Kakeya conjecture (see these notes by Oliveira).


https://projecteuclid.org/journals/duke-mathematical-journal/volume-96/issue-2/The-Bochner-Riesz-conjecture-implies-the-restriction-conjecture/10.1215/S0012-7094-99-09610-2.full
https://pi.math.cornell.edu/~itamar/mathematics/papers/Notes_Kakeya.pdf
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